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1. The Field of an Electron at Rest and in Uniform Motion, 
By H. Bateman (California Institute of Technology)*. 


§1. The Hypothetical Structure of an Electrostatic Field. 
WE shall assume that the usual ideas relating to the 


energy and momentum in an electromagnetic field 
hold good for the simple rudiant fields in which the vectors E 
and H satisfy the relations 


E?=H’, (E.H)=0. 


For the sake of generality, however, we shall multiply the 
usual expressions for energy and momentum by a constant 
factor A which, later on, will be put equal to 3. 

In these fields, then, energy and momentum flow along 
straight lines with the velocity of light, the direction of flow 
at any point being that of the momentum. Dynamically the 
state of affairs may be compared with the free flight of a 
system of particles which do not influence one another and 
are not under the influence of external forces. We may, if 
we wish to adopt a reasonable hypothesis, speak of these 
particles as quanta t, but to be on safer ground we shall call 
them jield-atoms. 

More complicated electromagnetic fields may be obtained 


* Communicated by the Author. 

+ The idea of making quanta responsible for the energy and momentum 
of an electromagnetic tield of this type and tor the forces which it exerts 
may be regarded as due to Einstein. It was developed by Lorentz in his 


lectures at Pasadena. 


Phil. Mag. S. 6. Vol. 49. No. 289. Jan. 1925. B 
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by superposing simple radiant fields *; for instance, if we 
differentiate with respect to z the components of Eand H 
belonging to the simple radiant field 


Ls a E 
I zy?’ E r( 2? + y?)’ 
eR 4 - yz 
yy e? +7"? Y rw? +7)" 
1 
H,= 0 9 E= P 


we obtain the components of the field vectors for a point 
charge of electricity at the origin. The electrostatic field of 
a point charge may clearly be obtained in an infinite number 
of ways by superposing simple radiant fields, but it does not 
follow that it should be regarded as made up permanently of 
tield-atoms, for the simple ‘radiant fields may affect each other 
in some way—the ficld-atoms may collide and form jield- 
molecules, 

An attempt to obtain some information regarding the dis- 
tribution of these hypothetical field-molecules will be based 
upon some rather crude anulogies. 

In the theory of light-quanta the number of s-fold light- 
quanta (light-molecules) of frequency vin a cubic centimetre 
of cavity radiation is given by the formula of Wolfke t, 

8mo? - er 

Ny (s) — aes e a ` e è è è œ (1) 

where ‘dv is the number whose frequencies le between v 
and v+dv. The associated density of energy is 


shy 
3 s 
(s) Sah V RT 


a e Ae a a od a R) 


Denoting the energy shy of a light-molecule by U, the 
number of s-fold light-molecules w hose energies lie between 


U and U +dU is 


while the density of energy is 


U 
’ 
(s) SrU? - kT 


5 e e ° e ° ° e 4 
s(she)3 ( ) 
The field-molecules at present under consideration are not 


* H. Bateman, Proc. London Math. Soe. (2) xviii. p. 95 (1919). 
t M. Wolfke, Phys. Zeitschr. xxii. p. 875 (1921). 
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necessarily light - molecules *, and we cannot speak of a 
temperature of an electrostatic field ; but in the electrostatic 


3 
field of an electron or proton there is a quantity, L which 


has the same dimensions as RT, e being the charge on an 
electron; and so an attempt will be made to construct 


2 
. . . ae . 
analogous formulæ in which RT is replaced by -„ , « being 


a constant which is at present undetermined. 
Since, in the theory of the Bobr atom of hydrogen, the 


bai . a ee 
kinetic energy of the revolving electron is ap? it seems 


possible that 9 


‘9 e 
sRT = Ip . 


2 would then be 4. This guess may be wide of the mark. 
Pursuing our analogy, we shall assume that the number of 
field-molecules with energy lying between U and U+dU in 
one cubic centimetre is 
Ur 
np = hkUre~ ae? | é ae ee ee oa (5) 
where k is some unknown constant factor having the same 
physical dimensions as (he)~3. The density of energy which 
lies between U and U+dU is then f 


and the total density of energy is 
Ur 


W=k ) Ue “dU, 
0 


ae = wae. © m 
=6h(""-) = katet. a: E 


The total number of field-molecules is, on the other hand ł, 
Ur 


Naa U%e dU, 
0 


wor\8 . 
Hm) ee 


æ A calculation seems to indicate that light-atoms and light-molecules 
alone would not give a sufficiently high value of the density of energy. 
A field-molecule is supposed to have stationary mass. 

+ The calculation mentioned in the last footnote is based on the 


SP 8r yl _ 
supposition that k= Cee and a=}4. 


t This law is practically the same as one used in a previous attein) t 
to determine the structure of an electrostatic field, ‘Publications of the 
Astronomical Society of the Pacific, April 1922 

B2 
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If we suppose that a certain percentage of these are moving 
outwardly in a radial direction with some velocity v which is 
the same for all the molecules of this set, the rate at which 
these molecules diminish in number owing to collisions is 
proportional to 


it is thus proportional to the density of energy, and we have 
a law analogous to the law of mass action. On account of 
the inverse cube law, the number of field molecules of this 
type that go to infinity is zero. 

If this ‘hy pothesis is correct, there is some mechanism in 
an electrostatic field which prevents the field entities from 
completely leaving the neighbourhood of the charge. Electro- 
magnetic theory itself suggests that this may be the case, for 
the coordinated motion of the set of point charges constituting 
an electron of finite size appears in simple cases, such as that 
of uniform motion, to be of such a nature that lines of 
force issuing from different point charges are permanently 
incident *. Now it may be legitimate to regard the iines of 
force of a point charge as made | up of field -atoms or molecules 
travelling with the velocity of light along straight lines t ; 
but the theorem just mentioned suggests that the structure 
of the electron is of such a nature that the emitted field-atoms 
(molecules) collide sooner or later, and it seems reasonable, 
then, to suppose that the electron uses the same entities over 
and over again in producing its field, so long as it is in 
uniform motion and free from the influence of external 
fields. 

It may be possible to carry our analogy further, and to 
suppose that at any fixed distance r from the centre of an 
electron there is a condition analogous to that of thermal 
equilibrium, The work of Pauli f and Bothe § on thermal 
equilibrium between electrons and light-quanta can be 
extended perhaps to the present problem if it is assumed 
that the number of field-molecules with stationary mass lving 
between M and M+dM, and component momenta lying 
between ((4,,G,,G.) and (G,+dG,, Gy+dG,, G:+dG.) is 


* IT. Bateman, L e. 

t Leigh Page, Amer. J. Science, xxxviii. p. 169 (1914); H. Bateman. 
l.c. The tield-atoms may move either towards or away from the 
charge. 

t W. Pauli, Zeitschr. f. Phys. xviii. p. 272 (1923). 

§ W. Bothe, ibid. xxii. (1924). 
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proportional to 


Ur 
e~ dG,dG,dG.f(M)dM, . . . . (9) 


the factor being a function of M. This isa simple generaliza- 
tion of Maxwell’s law and of the equation adopted by Pauli * 
and Bothe f. It is not certain that this hypothesis is com- 
patible with (6), and it is likely that a more general form will 
be needed if the stationary mass of a tield-molecule can alter 
in a collision. The hypothesis makes the total momentum 
per unit volume equal to zero, and the supposition of a type 
of thermal equilibrium. at the distance » seems to require 
that there should be no transverse flow of momentum and, 
in fact, that the field should .be entirely free from stress. 
Indeed an unbalanced pressure depending on r would give 
rise to a body force in the field. The pressure of the field- 
molecules must be balanced by forces between them. A 
residual pressure or tension which is constant throughout 
Space is quite compatible with the present ideas, but we are 
interested at present in the departure from uniform normal 
stress when we speak of stresses in the field. In this sense, 
then, we mav conclude that the field is free from stress. 
This conclusion should hold whether equation (9) needs 
alteration or not, and must now be discussed. 

In the classical electromagnetic theory there are stresses 
even in the field of an isolated electric charge, and their 
existence is supposed to be confirmed by the existence of a 
stress at the surface of a charged conductor or soap-bubble ; 
but in the case of an electron the supposed existence of such 
a stress presents a difficulty, as the electron might be expected 
to blow up. If, on the other hand, we adopt the above idea 
that the electrostatic field of an electron is entirely free from 
stress, some modification must be made in the specification 
of the state of stress in an electromagnetic field. A possible 
modification has already been suggested but not definitely 
adopted ł, and will now be presented in a more complete 
form. 


§ 2. Energy, Momentum, and Stresses in the Field of an 
Electron in Uniform Motion. 


Using W to denote the density of energy, (Sz, S,, 5.) to 
denote the components of the flow of energy, (Gz, Gy, G:) for 


* W. Pauli, /. c. + W. Bothe, L c. 

t Mess. of Math. lii. p. 116 (1922); ‘Science,’ lvii. p. 238 (1923). The 
calculatione in the first paper are made with a slightly different tensor, 
but the present one is mentioned as suitable. 
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the components of the density of momentum, and X,, X, X33 


Veg Vos Ver 2a Ges Zz for the components of stress, we assume 
that 
2 2 
sX,=B2+HJ—4(6t+H?)—20 g + T+ oe OO, 
ov O'Q 

2V 28 : oo _. 

3X,=E,E,+H.H, Se + ney BY, 

ey 3 bn Aap 1 òQ 

D IV a a a Ph 2 we Pret. aoe = ae 

3W=t(E +H?) + aY YE +T 2 E OO, 

Sa oF SË p’ 

: = 4 -— [H San oa = 09C 

38,=¢(E,H:—E-H,) Ys + srt 3G, 
where 

E E r- LEY 
r= (ae) 7 as) +a: ) TATI ) f 
Q= v 
and 
? 2 2 2 
non?” en on 1 d'Q 


De? + Dy? + D2 Be 


In these equations (B,, E,, Ez), (Ha H,, Hz) denote the com- 
ponents of electromagnetic field vectors that are calculated 
from the volume density p and velocity v of the electricity 
by means of the usual formule 


: LOA 
H= curl A, k=—- D -ç P, 


O 1 (lf dédnat 
L AA oi [Plg myo” 


A= eA Pe lore 


dae r 
r= (a — E) + (y-n +C- g) = e(t — T) s ATAN 


and Y is a scalar potential which is invariant under the 
transformations of the theory of relativity (for uniform 
motions), and is given by the formula 


13? cag 
y=} eea [p / 1- a ; 
anh. A ae ae rs 
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Outside the electron we have O Y =0, and so the equations 


div X— 9 =o, | 
ee 2 ck 0) 
div S+ 5e =0, 


which express the principles of the conservation of momentum 
und energy, are seen to be satistied. 
When the electron is stationary we may write 


V=O=", 
; 


where tara =e, the charge on the electron. We have then 


r= g’ g= 50? on dow 5o? 
T A? Tt? Or rË 4i? 
FE? F? or? oè oy OW 2a 6072? 
res To T p? Ox? aa aot rê ? 
2 
r : o 
X:=X,=8,=0, W= ae 


Thus there is no momentum and no flow of eneray. The 
space outside the electron is entirely free from stress. 
Kyueting the present value of W to that obtained in § 1, 


we have 1 
hates = —- =, 
Orate EESE 


The presence of the factor 3 in the expressions for X, ete. 
may puzzle the reader at firat, but the explanation is * that in 
the present theory one-third of the electric force arises from 
the field vectors E and H, while the other two-thirds arises 
from the scalar potential Y. 

The expressions for X, etc. have been constructed so that 
they will transform in the standard way in a relativity 
transformation f. 

Passing to the case of uniform motion with the aid of the 


> L.c. This cannot be regarded as definitely proved. 

t Dr. Silberstein has mentioned to me in a letter that this point ought 
to be emphasized. The terms depending on Q are analogous to those 
considered by E. Furlanetto in a solution of the problem of Morera 
(Nuoro Cimento, xvi. p. 139, 1918). 
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relativity transformation, 


ne 


we find with the aid of the invariant relation 
Xade? + X07? + Xzd2? + 2Y edy dz + 2Z,dzdu+ 2X ydrdy 
+28, dxdt +28 ,dydt + 28.d:dt—?Wdt?l= Xda? +... 
E amn A — i Widt'?, 


that W' =°W, S, Z eG,’ 2 vB:W, 


2 
v r 
X'=-58W,  X,'=X,.'=0, 
sA aA, O / Sa ee 
Y =Y, =Z; =S, =S; = 


Hence the momentum is paraliel to the axis of <, and is w'v, 
where the mass density w' is given by 


The energy and momentum, moreover, flow with velocity v 
in the direction of the axis of æv. Our tensor, X7... W’, 
thus satisfies the conditions that many physicists have 
secretly thought * ought to be satisfied by a tensor which 
correctly represents the state of affairs outside the electron. 
It should be noticed also that W’ is positive, X, negative, 
and 5,7? < W?; it is quite possible, then, for the densities of 
energy and momentum and the flow of momentum to be 
produced by moving field-atoms or field-molecules t. 

By limiting our expressions for X,... W to the case of 
the uniform motion of an electron, we avoid the difhculty 
that negative values of W appear in some places when an 
attempt is made to apply this tensor as it stands to the case 
of accelerated motion of an electron. That either the tensor 
or the field needs modification in this case appears also from 
the circumstance that the formula for the force between two 
electrons in relative motion is not quite right. 


* Judging from a conversation with Dra. Lorentz and Epstein. 

t In making this remark, I must acknowledge my indebtedness to some 
investigations of Einstein and Lorentz which emphasize the importance 
of these inequalities, which are well known in kinetic theory. 


i E 


— 
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§3. The Interior of the Electron. 


For the interior of the electron the expressions for X, ete. 
need modification, for the density of energy should be positive 
and the stress should vanish at the boundary when the elec- 
tron is at rest. These conditions may be satisfied by adding 
to the former expressions for X,... additional terms Xe... 
given by 


. 2 
3X,¢ =—20V,—2V Bp =, 
C 


IÇ a ese 

3X,‘ = —2V.Bp Fo 
3W?* = —20V,+ 2V.8p, 
35,7 = 2V.Bpr,, 


where 8 = = — and where Y, and w are the values of 
r?’ 


x 2 
Y and yf int at the boundary of the electron, these 
values being supposed constant over the boundary. The 
conditions may be satisfied in another way by replacing the 
quantities 8, p, v in the foregoing expressions by their 
constant boundary values. This eliminates the last term in 
the ensuing expression for W and gives the usual expression 
fur the total energy of an electrostatic field. ‘Ihe present 
calculations are made with the expressions given in the text, 
Lut it must be acknowledged that the alternate solution has 
some advantages. 

When the electron is stationary we may write Y=/(7). 
Using primes to denote differentiations with respect to 7, 
we have now 


ST ae ee ol ee aie 2 
ma — = — - me |2 LD a T 
p7 0OR nh 2 [2 +I | 


$ 
At the point «=a, y=0, :=0 on the spherical boundary 
ov 


r=a, Vand Y' are continuous, consequently f.z”, aay 


2 
— OO are continuous, but the discontinuity 
e v 


d? 


In. , is —qw and is just sufficient to make ~—20V,—2V aa? 
ae 
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continuous. Hence the stresses X,, X,, X_ are all continuous 
at the boundary and are consequently zero. Turning the 
axes round, we see that the boundary of the electron is entirely 
free. rom stress. 

Inside the electron 


W = hf? + Bert Yp- pa). 


Now the law of variation of p with ris determined by 
equations (10), which give 


pW’ = 2V', 
or VW = lp’, where p is a constant. Since WV is the electro- 
static potential derived from p, we write 


p = A+ Agr? + u +.. 


(3a? a bat r) ÑA (TaS)... 


and find that 
s2 Ni 
pin [1- AG 20 (a) -a 


where s = -— is given by the equation 
Ad 
= 1—3s+ ggs? +... 
This equation for s appears to have two positive roots, the 
smaller of which is Meore 
s = 2209012512. 


It may be proved that the series for p converges when s has 
this value. 

With either root of this equation, | p | decreases from a 
maximum value at the centre of the electron to a smaller 

value | Pa. | at the boundary; also V and p evidently have 

the same sign, and so pf and V.(p— — pa) are both positive. 

Lence W is everywhere positive. 

The mass m of the electron, when calculated from its total 
energy, is given by 

2—4 ar ] 12 n 2 y EER 
m” = al lis 7 z ae +" j ')+ 3 (PP, |r dı 


Y = 


M 
ER N a 


OE a ETE 
= tor FF mh -} BTI + grb Ta rj YF, 


8ro? e? 
3a bra 


——Á ee i, 


ee 


-mn A, e ee aa pun = a 
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Hence the mass of the electron is the same as that of a 
Lorentzian electron with uniform surface charge. The same 
result is obtained when the mass is calculated from the 
momentum of the electron in uniform motion*. A calcu- 
lation shows that the new electron is stable for radial 
displacements in which the electricity acts as an incom- 
pressible and inextensible fluid. 

The fact that the present analysis does not indicate the size 
of the electron need not trouble us, because the radius of an 
electron must be expressed in terms of something else and 
ut present there is no other length available. When the 
problem of the motion round a nucleus of an electron of 
tinite size has been solved, it will be possible to compare the 
radius of an electron with its distance from the nucleus. In 
Einstein's theory of gravitation the size of the electron is 
supposed to be determined by the curvature of the world. 


§4. Further Remarks on Collisions between Field-atoms. 


In $1 it is supposed that two field-atoms may combine to 
form a field-molecule with a stationary mass which may be 
different from zero. Now, if the field-atoms are light-quanta, 
the question may be asked why field-molecules do not exist 
to any appreciable extent in cavity radiation. The explan- 
ation may be that in cavity radiation a light-quantum 
is orientated at right angles to its direction of motion f, 
while in an electrostatic field this may not be the case. The 
nature of a collision between two light-quanta may very well 
depend upon their orientations f, especially if light-quanta are 


* This depends on the fact that the mean value of Xz over the 
stationary electron is zero. 

t According to Emden (Phys. Zeitschr. xxii. p. 518, 1921), a hight- 
quantum has 6 degrees of freedom, and so we can speak of its 
orientation. 

t Dr. Tolman has also had in mind the possibility of two light-quanta 
deseribing orbits round each other under certain circumstances and 
sticking together, so to speak. The idea of light condensing into some 
form of matter is used by Sir Oliver Lodge (Phil. Mag. xli. p. 549, 1921) 
and by W. D. Macmillan in several articles; it ia probably a very old 
idea. The idea seems to imply that a light-quantum has an appreciable 
intluence on the space-time metric. In this connexion it may be men- 
tioned that an interval ds satisfying Einstein's gravitational equations 
and representing a mass travelling with uniform velocity c has been 
found to be given by 


dż =d? — da? —dy’ — d2+f(.v—ct, y, =)\(dv—cdt)’, 
where os y df o outside th i he i hat light 
w = utside the moving mass. The idea that ligh 
produces a deformation of space but not of time is used by F. Famà, 
* Le radiazioni energetiche,’ Bologna, 1921; it must naturally lead to a 
different result. The formula just mentioned has been confirmed by 


Mr. H. P. Robertson, it was suggested by a result obtained by the 
author in 1910 (Proc. Lond. Math. Soc. (2) vol. x. p. 7). 
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analogous to electric dipoles. Furthermore, at a sufficient 
distance from the boundary the number of field-molecules 
per c.c. arising from the electrical fields of the material 
particles will be negligible in comparison with the number 
of quanta. 

To make this difference in orientation seem plausible, let 
us consider the generation of a line of electric force by 
emitted field-entities that travel without colliding. Jf the 
motion of the point charge is uniform and rectilinear, 
the direction of projection of the entities does not vary, and 
so the line joining two entities, emitted at successive instants, 
keeps one direction and never becomes perpendicular to its 
direction of motion. When, however, the motion of the 
point charge of electricity is accelerated in any manner, the 
direction of projection of successive entities is not the same, 
and the line joining these entities varies during their motion 
and becomes eventually almost perpendicular to their direc- 
tions of motion. This corresponds more nearly to the case 
of the light-quantum. 

A collision between two light-quanta of energies hv and 
hv' respectively may be treated very simply with the aid of 
the principles of the conservation of energy and momentum, 

Assuming that the quanta combine to form a field-molecule 
of mass m moving with velocity v, we have the equations 


hv + lw' = me? 
9 
hyl + hv U = meBr,, 
hv m+ hv m = meBry, 


fot 
hyn +hv' n = meBr,, 
where 


and (l, m, n), (U, m', n’) are the direction cosines of the lines 
of motion of the quanta. Drawing lines OA . OB of length c 
in the direction of these two lines of motion, the velocity vis 
represented by OV, where V divides AB so that 


v. VA =v’ BY. 


Similar equations hold when a field-molecule breaks up into 
two light-quanta. 

It should be remarked that collisions between lght-quanta 
which result in the formation of an exceedingly short-lived 
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field-molecule are quite compatible with the permanence of 
cavity radiation, for the existence of the field-molecules may 
then be ignored. A collision between two light-quanta may, 
in fact, be supposed to result simply in changes in direc- 
tion and energy of the quanta that conserve energy and 
momentum. 

Formula (1) indicates that the number of s-fold quanta 
whose frequencies belong to the interval (v, v+dv) and. 
whose directions belong to the solid angle da is 


shy 
2y? -Rp ; 
— e BY dydw ; 
SC 


hence the number of such quanta whose momenta belong to- 
the region dG, dG, dG, is 


g atl 
N = t 8T IG, dGy dG, 


where U=shv is the energy of an s-fold quantum of 
frequency v. 

Now the chance that a definite s-fold quantum, which 
belongs to the momentum region dG=d4G; dG, dG,, may 
hit an l-fold quantum lh of frequency u belonging to the 
region of momentum dT in the interval of time dt and pro- 
duce a deflexion which, in the system of normal coordinates 
of Pauli is represented by a line contained in the solid. 
angle dQ», is 

9 me 
NK ul dP dQ, dt = aj Ke Rra l dG aT dQ, dt, 


where K is a factor which, according to the investigation of 
Pauli, is of the form 


K = aay: 


where E=/hw and x is invariant under a Lorentz transfor- 
mation. This quantity x depends on the states of the initial 
and final quanta. 

Le: the final quanta be sıv; and J,hy, of energies U,, E, 
respectively, and suppose that they belong to the regions of 
momentum dG, dP, respectively, then we have Pauli’s. 
relation ’ 


dG AP _ dG d 
UE UR © 
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In equilivrium the direct. process will occur just as often as 
the inverse. The condition for this is 


U U 
2 ~ ia : 2 - 
T ʻ ; 
-Ke "dG dT dO, = -F Kie Tuni dG, dT y dQ. 
sth syth 
Substituting the values 
lhu ATA 
, Sah? -xr Bosse Sarhpy? - pr 
Un AR r? ? My) m c’ ? 


and making use of the relation 


U +lhu = U+ lhm, 
we find that 
X — X. 


sil rhe Fal 


This indicates that the ratio y:x, is independent of T, and 
so equilibrium is possible. 

Equations (11) are very similar to some equations which 
govern the directions of projection ot electric dipoles pro- 
jected from a primary singular point moving with velocity v, 
the radiant field beiny specified by simple expressions * when 
the directions of projection are related in this way. 

The interpretation which was subsequently wiven to the 
equations just mentioned is as follows :— 

Consider two particles P and Q moving with’ velocities less 
than c along two curves, C and l, which are very close 
together. 

A particle travelling with the velocity of light runs 
backwards and forwards from P to Q. Let P Q P.Q... be 
the zigzag path of this particle, v the velocity of P ; then 
the direction cosines (l, m, n), (l, m’, x’) of the lines P,Q, 
-Q,P, are connected approximately by the equations 


cerl + er U = v,(7T4+7'), 
ermet m = rT), ea a Se OEE) 
mu oer = v,(7+7'), 


where 7 is the time from P, to Qi, and 7’ the time from Q, 
to P,. These equations are the same as (11) if 


* See the expressions for the potentials in Phil. Mag. Oct. 1913, 


p. 581, which hold when the directions of projection are related in the 
present way, and not only in the particular way assumed then. 


8 EE EE, 0 EET 


EET TEE S tT ETT SRE, G SDT ae, TRIE (ey y ee a 
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This means that the frequency v' is inversely proportional 
to 7, and the frequency v to 7’. Regarding v as approxi- 
mately the frequency of a field-atom emitted in the direction 
P.Q.. we notice that this frequency is inversely proportional 
to the length of the interval of time between the successive 
collisions at Q, and P}. 

The equations (12) also occur in the theory of the lines of 
electric force of a moving electric pole when a line of force 
is supposed to be made up of particles travelling along 
straight lines with velocity ¢ and emitted in directions whose 
direction cosines (l, m, n) vary with the velocity v of the pole 
in a manner specified by the equations 


ll ‘dv dv dr 
cP ET eee Eg <a 
(Cae) > ve el) (1 u de ae ) 


dv, 


Bs eet 7 (c—ly,— mr yo Rts) o oe = HELD) 


Murnaghan has shown * that if (/,m,n) satisfy these 
equations, then (/', m’, n) also satisfy them, lm, n, Uy am’, w 
being connected by equations of type (12). 


§ 5. Generalized Parallelism and the Equations of 
Motion of an Electron. 


If some generalization of the theory of § 2 is correct, the 
equations of motion of an electron need modification, and so 
it seems worth while to consider some possibilities, using 
Einstein’s theory of gravitation as a guide. 

The idea of the path of a particle as a geodesic in a 
Riemann space is closely connected with Levi Civita’s idea 
of motion by parallelism f, a geodesic being a curve whose 
tangents are all parallel in the sense of Levi Civita. The 
idea of a geodesic may be generalized, then, by generalizing 
the idea of parallelism. 

One generalization has already been given by J. Lipka $, 
who has introduced the idea of conformal parallelism. 
Another generalization, which will be more useful for our 
purpose, is suggested by the equations (13), or rather the 
four-dimensional form of these equations. 

Using the notation of Einstein’s theory, a contravariant 


* Amer. Journ. Math. April 1917. 
+ Rend. Palermo, xlii. p. 1 (1917). 


t ‘Publications of the Teali Institute of Technology, II. Jure 
1923. 
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vector &") will be said to move parallel to itself along a 
curve C whose element of interval is ds if the components 
of the vector vary along the curve in a manner specified by 
the differential equations 


Ie i: 
ds 


where pis a covariant vector, Jmn a symmetric and a,m an 


m Let 
f Tori ¢ g0) E HY p, tge” apn EO) — E p, En —_ 0, 


antisymmetric covariant tensor, and mt is the Christoffel 


symbol derived from gun. The an Inny Arm, aNd P% 
may be supposed to specify the gravitational field and tho 
electromagnetic vector and scalar tields. The contravariant 
tensor y*"” is supposed to be derived from gmnin the usual 
way. 

These equations are compatible with the equation 


R ( 
inn gvm gm) -= l ; 


and so we may apply them in particular to the contravariant 
vector 


if ds is defined by means of the equation 
ds? = mn de dh, 


The resulting equations *, 


x Cy l) dm) KET 
dari : í lm } dart da ' +p +- qo) dp d Ki 
ds? i n, ds ds : KE "ds 
Tr) da) ) 
—. -p maa | 
ds is ds i 


\ 
will be studied as possible equations of motion of an electron ; 
and to simplify the discussion, we shall consider only ihe 
simple case in w hich 


d? = EdP dt — dy d. 


In order to obtain a definite case for discussion, we shall 
assume that p, is the gradient of a scalar invariant Y, and 


* These equations resemble in some respects the equations of motion 
considered by L. P. Eisenhart, Annals of Math. xxiv. p. 3807 (1923). 
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shall write our equations of motion in the form : 


d mr, 


1 
dt © a 7 ae ef Ets (r,H sa] 
a/l- 
) 


ze [v EB, +r, by vE] 


as i= OW 2 dV 
2 Ot “3 ae eae 


where m is the stationary mass, e the charge, and A 
the component velocities of the electron, while 


d_ oO fo Ò T) 
dt dt Seyr TY Oy = Oz’ 
v= vitr Hw. 


AS 
— |= 
Ke 


tys Uz) 


These equations have been chosen because they were 
suggested by, but not rigorously derived from, the electro- 
magnetic theory of § 2. They A need some modifi- 


cation because en/i- 50% — is not quite the same as 


e[E.+ -(H.—eH)] , although in simple cases the 


difference between the two is negligible, The equations 
have been thought to be worth diseussing because in the 
most important case they are readily integrable. 

Assuming that the electron moves in the field of a 
stationary ates of charge —e, we write 


—" to polar P E we have the equation 


mer r 9,2 r0 


E ae : a e 
h, e(1—" a r l- , 
A 


for the variation of angular momentum. Writing this. 


Phil. Mag. Ser. 6. Vol. 49. No. 289. Jun. 1925. C 
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equation in the form 


d 1°0 2¢? 10 
m eee E =r — Soe oe mae. ees ee ee ° 
du 0? dct G 


i 
where u= „I WE have the first integral 


vO 
= = TER Ac E“, a = r Wen. 3 ° ° ( 14) 
we 3m i 
l— 
Cc” 


where A is an arbitrary constant. 


A second integral may be obtained from the energy 
equation 


d me? e?r 


-— — -= — —_ 1 _ 2 
di J ol Sek 7,84 
r NV Tr 


and we fiud that 


where B is a second arbitrary constant. 
Writing 


v? = 7? + 7762, 


and solving for ae we find eventually that 


9= 2A e" lay 
ee iN y (Bett — 1)?—4(1 + Azure") i 
When A and B are chosen arbitrarily, the equation in u, 
(Ber—1) —4(1 + A?u?e*") = 0, 


has its smallest positive root as a simple root, and the orbit 
has an apse at the corresponding value of «u; but when the 
equation has two equal positive roots, the orbit approaches a 
circle asymptotically. Thus an electron can gradually settle 
down into a circular orbit, or it can gradually get out *, but 
of course it will take an infinite time for it te get out. The 
present theory does not give any indication of quantum con- 
ditions, but in the author’s opinion these may be connected 
in some way with the equilibrium of the electronic structure 
in an orbital motion. 


* I am indebted to Mr. R. M. Langer for the remark that it can 
get out. 
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II. Theory of the Condenser in a New Electrostatics. 
By H. Bateman (California Institute of Technology) *. 


S1. The Distribution of Stress in an Electrostatic Field. 


T has been shown recently that, by adopting a new tensor 
for the specification of the distribution of stress, 
momentum, and energy in the field of an electron in uniform 
rectilinear motion, it 1s possible to account for the existence 
of discrete electrons with a volume distribution of electricity 
of one sign, the electricity being everywhere in equilibrium. 
In the electrostatic case, when the electron is at rest 
relative to the axes of coordinates, the tensor takes a simpler 
form because the retarded potential yf, which is an invariant 
for the transformations of the restricted theory of relativity, 
then becomes equal to the electrostatic potential ¢. In this 
case we have in the usual notation f, 


DHV 140° ine | 
X.=3(S2) 1655 aR + ode —P, 
OP 0 ap OO _ 
Ow OY +> Ody Siy 
where p is the density ot electricity and p a constant which 


is zero in the ether and different from zero inside the 
electric charges. The quantity R? is defined by 


OLAN (22y a i 
E ras 
R?= SL) + (5y) + a 
and the associated density of energy is 


We ;, B+ 12 $P- 


(1) 


——~v 


A,=} 


1 
When ¢=~ the components of stress in the ether vanish 
completely, and so in the present theory the space outside a 
stationary spherical electron is entirely free from stress. If 


¢ is a solution of Laplace’s equation we have 
div.X=0, div. Y=0, div. Z=0, 


and so the stress distribution for the æther seems likely to 
be a possible one for an electrostatic field of a more general 
character. In endeavouring to apply this stress-distribution 
to problems of electrostatics we must remember that in these 


* Communicated by the Author. 

+ The tensor adopted here is that suggested at the top of p. 126 of my 
paper, “ Electromagnetism and Dynamics,” Mess. of Math. ni (1922), 
except that each component has been divided by three, and a constant 
mass-tensor is used in place of the variable one. 


C2 
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problems the electricity is not free but is associated with 
matter, consequently the stress-distribution in regions of 
space occupied by electricity will not generally be that 
specified by (1), for the matter exerts forces on the electricity 
and will give rise to an additional distribution of stress in 
the electric layer. 


$2. The Electrified Soap Bubble. 
In a region occupied by electricity the equations (1) give 


div. X=—4p 0? 4 3g 9? = rae tiA 


There is thus an candace) ally force aug 20(pd) 
which must be cancelled out by a body force exerted by the 
matter on the electricity. This new body force mav be 
derived from the system of stresses (in the charged space) 


Res Ba +4R?— O 


where C is a suitable constant. 
Adding the two distributions we obtain the stresses 


r=- (SF) teip S p+, 


ra 1 ÒQ ð$ od — pyè 
X, Tige OY mea ae 


and these should furnish the correct value for the stress 
between the body of a conductor and the outer layer con- 
taining the electric charge. 

In the case of an electrified spherical soap-bubble we may 


write =f) r) 


and consider the stress ata e Ba y=2=0. Since 


ò$ _ 7 
52 Te T= 


an ve r= 7; 


we find that ROERNE SE , 
X? = yd Cap: 
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Now X? should be continuous with the æthereal X, at the 
outer spherical boundary r =a and should consequently 
vanish 


ern one 
0= oF “SF (a) +C—p, 
1 


Za' 


z r- ; 
NX? = SIS IS a). 

At the inner spherical boundary of the electrified layer the 
electric feld must vanish, consequently /"(7)=0, and so at 
this boundary the stress X? is 


r EE T 
X: =— o, 7 (0)J (a). 


? , e | e : 
Now ;(a)=-, (a) =— „, where e is the total charge: 
* a . a” 


hence the stress at this boundary has the usual value 
9 


"2 e7 


~ Dat 
It must be emphasized that the electrical layer is supposed 
to contain matter as well as electricity. An attempt to find 
a distribution of electricity in a spherical shell which will 
make the body force, —4pyo+ 3269p, vanish and at the same 
time give no field at the internal boundary has proved un- 
successtul. 


§3. The Parallel Plate Condenser. 


In a uniform electric field whose lines of force are parallel 

to Or we may write 
p=åA +F., 
where A and F are constants. At points in the æther we 
then have 
X =4 F, Y,= =J? Z-= —1 I, 
Inside the electrical layer we have simply (if d6=/(Cc)) 
Ar eC. 

The stress component is thus constant and, being continuous 
with X, at the boundary, must be equal to $F’. This again 
agrees with the usual theory *. 

* [t seems almost certain that we shall always obtain results agreeing 


with the usual theory if pẹ is constant over each boundary of a layer of 
electricity. 
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It should be noticed that in this case we can find a volume 
distribution of electricity which will make the body force 
vanish, and so a layer consisting only of free electric charges 
seems to be theoretically possible, 
The body force is zero, in fact, if 


i.e. if p=bp?°, where b is a constant. Since p=— 
have the differential — 


Vi 
i 3e) =e- f> 


where k? is a new constant. 
If ġ and b are negative on the negative plate of the con- 


dn , we 


denser we may suppose that o¢ =0, 6=¢, for <0, then 


or 
3 
34 pu" 
KES p` 


The stress at z=0 given by e (1) is now 
= 3b Rpsp. 


Since ee and the stress X, should be continuous at the 


other boundary «=a of the electrical layer 


Io r 


3 
p= / S i 


and the stress at 7=0 is thus 


=q / T=) = 


which is the same value as before. The well-known formula 
for the stress can thus be obtained in a number of ways. 
The fact that it has been obtained in the new theory of 
electrostatics does not necessarily confirm this theory, for 
one is left with a suspicion that another theory based on a 
balance of forces may lead to the same result. 


HI. The CuH Molecule and its Band Spectrum. By 
Hersert BELL, Lecturer in Physics, University of Man- 
chester *, 


T copper bands in the region A 4700 to A 4000 have 
recently been analysed by Frerichs in Bonn and 
Bengtsson in Lund f, and the object of the present paper is 
to derive information from these regarding the copper atom. 
Frerichs has represented the fine structure of the resolved 
bands by the formula 


1A=A + B(m—})+ C(m— 4)? + D(m—})* + E(m—3)4, . (1) 


and his table summarizing results is here reproduced. 


s. v.. Bands, | A. B. C. D. E. 

0 o 4280 | 2331816 13497 —10702 —000190 0000019 
O 1 , 450 2145181 15514 -08193 —000198 0000052 
1 © W06 | 2492907 12973 —153395 —000206 0-000050 
l 1 | 4328 2306265 12956 = —1-0887  —00V187 0000053 
1 2 4690 | 21297050 12993 —0S304 ——0-00221 0000050 
2? 1 4083 | 2458418 120 —13665 —060210 0000021 
2 2 4380) | 2279257 12418 = - 11228 -000214 0000050 


A striking feature is the constancy of the columns giving D 
and E. ‘The parameter m has, as usual, integral values only 
and is zero for the “‘ missing” or faint line of the band 
centre. 

As is well known, these bands can be regarded as repre- 
senting energy changes in the molecule caused by electric 
field and impact with neighbouring molecules. The molecule 
in a simple case may have m’ quanta of angular momentum 
about an axis perpendicular to its axis of symmetry, where 
m is not necessarily integral, together with n quanta of 
energy due to vibration along the axis of symmetry or line 
of join of nuclei. The differences in energy due to changes 
in m’ and n give rise to what mav be called “ primary ” 
bands situated for the most part in the infra-red, as in the 
case of the halogen hydrides discussed in a previous paper f. 

If, now, there be superimposed upon this changes in the 
electron configuration within the molecule, then the energy 
changes will be much greater and “ secondary ” bands appear 


* Communicated by Prof. W. L. Bragg, F.R.S. 
t Both articles appear in the same issue, Bd. xx. of the Zt. fiir Physik, 
and are in many respects identical. 


t Phil. Mag. xlvii. March 1924. 
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in the visible, as in the present instance. We shall take x' to 
represent the number of quanta possessed by the oscillating 
molecule in the higher configuration and n in the lower. 
Frerichs has assigned corresponding values ny and ng re- 
spectively for these states, as indicated in the firsi two columns 
of his table for the bands investigated. The correctness ot 
his choice will be discussed below. He finds that the corre- 
sponding band centres (m=0) are well represented by the 
formula 


1/A= 2331115 + 1658-812 — 4471n? — 1903°48n, 4+ 37°18n,7. 
In discussing the halegen hydrides (loe. eit.) it was found 

convenient to use an expression derived by Born und Hiickel 

for the energy W of an oscillating and rotating dumb-bell 

molecule, viz. :— 

Wa= Uot nulul + om") — hð + dy’? — bhy m ivo? 6 (3) 


U is the force function along the radius having values, along 
with its derivatives, at the position of equilibrium when at 
rest of Uy, U,', Uy", ete., vy is the distance between the 
nuclei when at rest, u is the reduced mass, and po is the 
vibration frequency for small oscillations. The following 
abbreviations are here used :— 


DT= VV Uo”; u, oak E 
p= ro] hick . . . . . i . ( D) 
y=hjtr ur, 2. 6 wee ee O) 


b= (tar Ui OW ey. ok. hs zg. MD) 


o=(B +y 2v 2. 2. 2 1 we (8) 


We shall assume that similar equations hold for both 
configurations of the present molecule, but in the higher 
configurations we shail replace U, vy B yda by Uy D vo 
B'y © o respectively. On changing from the higher 
ae n! to the lower n the rotational quanta m’ 
deere: ase algebraically by unity or from m’+1 tom’. The 
frequency of the emitted radiation i is then given by 


n 
hv= VW; as — \\ m'y 
and on performing the necessary algebra we have 
v=(U L — Up) (ht dy! + n (v +v )— n — nvo + nÈ 
+m! (y + 2n'v a) +m? fd (y =y) 3y n + n v oe nno} 
r d i L O L a A O 9) 
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[For the Q branch v=( Wew 
= (U, P — Up) ht n'v — nvo — (028 — 208) 
+n ly =y + (n'v — nv) hm y n I i v7). | 


Determination of the Band Centre. 


The parameter m’ has not been assumed identical with m, 
and we shall write 
m'=m—e, ° ° ° . . ° s (10) 


where e is a fraction, so that the angular momentum of the 
molecule is not zero at the centre unless e=0 but changes 

from (1—s)h/2a to —ehj2m. As (1) shows, Frerichs takes 

¢=+ in agreement with Kratzer and other writers, and this 
value will be justified below. 

It is noticed at once that (9) explains the fact, shown up in 
the table, that the coefficients of më and mt are nearly constant 
trom band to band. The value of e does not affect this 
argument. materially, since the successive coethcients B,C, D 
fall off so rapidly—B:C: D=1:0-002:0-00005. Frerichs, 
uot having the above formula, remarks that “ the coetticients 
D and E which are merely correction terms, show no 
systematic variation from band to band.” 

Heurlinger divides such bands as these into two series 
separated by the zero line, the P(m) series being to the left 
ve the R(m) series to the right on a wave-number diagram, 

Rw) is identical with (9) for increasing values of m’ “from 
Pa onwards, while for P(m), —m is written for m and the 
remaining lines are thus included. We can then break (9) 
up into 


(mm) =const. + (m—e) (y' + Qn'vy'a’) 
+ (m—e)?(const. +2 vy o — nvo) t+... 
P(m) =const. + (—m—e)(¥y' + 2n'v/c’) 
+ (mn +e)? (const. + n'vo 0’ —nv,0) +... 
where the constants do not involve m. 
Subtracting, we have 
Rn) — Pm) 
= 2m(y' + 2n'vy'o') —Ame(const.+ n'v9'o' — nyc). 
If e=0 this function is independent of n, i. e. of the quantum 
number of the lower configuration or aud stage. Similarly, 
if e= — 4 the function is independent of n’ the initial st: ige. 


Hence, if this function is formed for the various bands ot the 
system and found to be identical for any set of them, we may 
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deduce that these sets either have all the same initial stave 
and e=0, or all the same final stage and e= — 4. 
Similarly, 
RQn—1)- P(m+1) 
= 2m(y' + 2n'vo'a') —4in(1 + €)(const. + n'v9lo’ — nuvo), 


which is independent of n if e=—1, and of n’ if e=0. 
Both these difference functions R(m)— P(n) and R(m—-1) 
— P(n +1) were applied by Frerichs to these bands and no 
identities found. On the other hand, he found that R(m) 
—P(m+1) was identical for the thrac sets of bands 
AA 4006, 4280 ; 4063, 4328, 4650; 4690, 4350.  Similariv, 
kons P m=i was identical for the three sets AA4280, 
4650 ; 4006, £328, 4690 ; 4063, 4380. 

Now, 
R(m) —P(m +1) = 

= (2m +1) {y +2n'v'o' + (2€+ 1) (const. + n'vy'o—nvyo) | 
and 
R Gn) —POn—1) 

= (2m—1){y' + 2n'vy'a' + (2e—1) (const. + n'vy9 o’—nyo)}. 


If e=4, the second difference is independent of n while the 
first one is independent of n’. These bands can therefore be 
arouped into sets according to their initial and final eonnaura- 
tions and at the same time the half quantum e=4% is justified. 
This gives the grouping adopted by both Frerichs and 
Bengtsson as in the above table. 

The band centres on substituting m’=—4 in (9) are now 


given by 


v= (Us? — Uo)/h £ bly — y) — y’ v”? E zzl y/o — yiv) 
+w (1 +o'/4) —1'78’ — nv L+oa/4) +776. . (11) 
«Application of Formula. 
Comparing equations (1) and (9) we have, since m—4 is 
now seen to be wm, 
eB=y +n no, . Sse. te ee a ALZ) 
cC=} (y y) 3y vy? n n tno, . (13) 
and therefore 
e(B—2C)=y + 0y" n? t nne o ‘ťa’ (TA) 


It follows that for series having the same end configuration 
(n' alone varying) ¢B should vary from band to band by the 
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constant amount 2y)/o’ and cC by the amount vọ'o'. The 
following table shows how far this is fultilled. 


ity. ie À. B. C. 
[0 U 4280 13-497 — 1:0702 
4 — ‘024 — ‘269 
'1l 0 4006 12:973 — 1:3395 
(0 1 4650 i3-d14 — 08198 
| —:558 — 267 
< | 1 4328 12:956 — 1:0867 
i —'536 —'280 
C2 1 4063 12:420 — 1-3665 
[i 2 4690 12-993 — 0:8304 
{ — ‘578 — "292 
L 2 2 4380 12-418 — 1:1228 


Frerichs in fact derives from his table the relation 
B=13°50—O°54n,, . . . . . (15) 
more or less in agreement with this table, and therefore 
2v o = = 054e. 2. 2. 2. ww 1B) 
Frerichs gives the further relation 
C= —1:07—0°27n, + O0°'25n,, . . (17) 
from which, on comparing with (13), 
wo = — 025e . . . wee 18) 


The Radial Quantum Numbers n', n. 


We have now satistied ourselves that the columns in 
Frerichs’ table assigning integers to nı, ng can be also 
assigned to n’, n as regards the relative succession of values, 
but we have no means as yet of determining the absolute 
values of the latter. The values down the n column for 
example might all be increased by unity, as in fact Bengtsson 
has done for both columns. If ave knew that the values of 
nı, ng Were also those of n’, n respectively, we could equate 
cveflicients in (2) and (11). Failing evidence, however, we 
write 

n =n +p, n=n+ p, 
and substitute in (2). Equating coefficients and using the 
known values of v co’ and vo, we obtain 


ò =44°71e, 6=3718e,. 2. . . (19) 
vy [e= 1058-9489 4p',. 2. 2 «we (20) 
ypjc=1903°54+744p.. 2. 2 we. (21) 

From (1) and (9) we have 
D=coefficient of m3 = —2y3/cvy*. . (22) 
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Also y’—O0'54dn'e = cB = (13°50 — 0547 )c 
hy (15), so that 
y je=13 50 + 054p 0. 2 2 7]. (23) 
Hence substituting in (22) from (20) and (23) we have, to a 
first approximation, 
D=—0:00179(1+ 0012p"), . . . (24) 


This gives Frerichs’ values for D for the4280 band for small 
values of p’, but plainly D would need ‘to be very exactly 
known to enable us to use (24)-for determining p, It does 
not seem possible therefore to determine p' rt p from 
internal numerical relationships *. 
By inspection, however, of (13) it is noticed that since 
n'vo s and nyo are always small and C always negative, 


y <y, tee. by (6) T9 >r 


JIence the nuclear separation decreases as the body falls back 
to the lower configuration. The force function, and its 
derivatives, is therefore very probably much elie d in 
the higher configuration and Vo < Vo- 

Now by inspection of (20) and (21) it is seen that, if p’ 
exceeded p by more than 2, vy would exceed van, from which 
we deduce that p'—p is in any case small. Both Frerichs 
and Bengtsson take p'=p since this gives identical valnes 
for n’ anid. n to the predominant band rn4 250. This assump- 
tion has since received justification from another quarter. 


The Isotope Lines. 


Frerichs finds for A4250 and A4328 that the lines of 
higher quantum number (—m) in the P series are accom- 
panied by satellites on the short-wave side. These have since 
been attributed to the isotope (ug; of copper by Mulliken i, 
who gives the formula for their distances from the main 
lines 

Ars (lefse s «4 4 & a) 
where s denotes the wave-number separation of the line from 


* The constant E. From the values of y and r, given below we may 
similarly calculate the coetticient E, 


E = 0000073 — 00000054 p' + 00000093 p, 


as against the value 0:000050 found by Frerichs. It must be kept in 
mind, however, that the coetlicients of m't are practically determined by 
quite a few lines at the end of the band and that, moreover, a more 
complete. expansion might demand a term in m”* with consequent 
modification of E. 

T ‘Nature,’ April oth, 1924. 
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the band centre, and p is the ratio of the “ respective molecular: 
vibrations.” By (4) p?= p/m, where 
1/p3=1/M.+1/m, V/,=1/M,4+1/m, 
and assuming, as established below, that Mm we easily 
find that 
1 — p* = m(M, — M,)/M?. 

The following table by Mulliken gives the agreement 

between observed and calculated values of Av for the two. 


bands, 


14280 Band. 14328 Band. 
in, S. Ar cale. Av oos. | n. 8. Avenic. Av obs. 
--2 AH 0389 o3 | -17 59 032 023 
-23 8 O42 02W —— -18 58B 034 02B 
-24 990 O45 045 ~19 69 037 026 
-%5 981 O47 OH —- 691 O40 022 
-2 143 O31 OG? | —21 746 O42 O45 


—2?7 1107 0:53 0:56 | 
-23 172 O57 060 | 
The isotopes are all supposed to have the same arrange- 
ments of electrons, and since gravitational attraction plays- 
only a negligible part in the dynamics of the system the 
quantities U}, r and £ in equations (4).... (9) are unaffected. 
Uther quantities are affected, through involving y. We have- 
Al /p=1/pe—1/p,= (Mi — M,)/M?, 
so that with M>m as before, 
pAl/u=1—p’. 
By (6), since y x 1/n, 
Ary/y=LA1/p=1—p’. 
Similarly, since by (4) vo% 1/pè, 
Avy /v)=4(1—p’). 


and by (4) and (8) wo x 1/par/2, 
so that Ano=3(1—p’). 


Substituting these results in (9) we have 
avl- =n) e) 
= (n'vo — nvs) +3n'ro o (m + 4) — (n? — n°8) 
(m Hey +m” {hly y) 6y Av + Zin vwo —nvya) } 


3 


— 4n "y 


i hal 


"ive". s+ (26) 
The distance s of the line from the band centre is obtained 
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by subtracting (11) from (9). With the result thus obtained 
(26) can to a sufficient approximation be expressed in the form 


aenn 
= $+ i(n vg — nvo) — (n8 — 8) — 2m? ry"? v, a (27) 


which is practically Mulliken’s formula for w =n=0. For 
the case of copper hydride M,—M,=65—63=2 and m=1, 
so that 1—p?= —0-002532. 

Taking n’=n=1 the correction to be applied to s by (27) 
amounts when multiplied by 1—p? to —0-06. With this 
correction the column Av calc. for A4328 is obtained. On 
the other hand, for n'=n=0 for 14280 (25) applies directly 
and the corresponding Av obtained. A further correction of 
0:06 either way to these columns would be a definite misfit. 
and although the observed and calculated columns are not 
quite in step, we must conclude that n’=n=0 for A4280 and 
that therefore p’=p=0. A difference of unity or more in 
the n’ n values for these bands would plainly, since vo and 
vo are large, be completely at variance with these results. 
Bengtsson takes p’=p=1 on account of two additional bands 
A4007 and 14228, w hich i in the present scheme would require 
mevative values of n'and xn. The latter band, however, is 
obtained from earlier less accurate work of Hartley's s, and the 
former, although visible on Bengtsson’s plates, could not be 


analysed and may well belong to some other system. 
4 
Molecular Constants. 


By (6) 
oA h 


= ere / 
dry ám°y'Mmy (L+ M/S), 


To 
where M is the mass of the copper nucleus and X that of the 
other component of the molecule. Writing M =63m and 
X=2my, where my=1°662 x 107% gm. is the mass of the 
hydrogen nucleus, we obtain on substituting for y' from (23), 
with = 6°55 x 10-7 and reo 


ry =0:1978 V1 +63/x . 107° cm. 


Writing x= 1:008, 
we have ry = 1:578 ångströms, 


whereas «=16, corresponding to a CuQ molecule or any 
similar heavy constituent, gives values of ry much smaller 
than is consistent with Xir ray data for the radius oË the 
copper atom. We are therefore dealing with a Cull 
molecule. The probability of this is kept in mind by Frerichs, 
who points out that the presence of hydrogen in some foim. 
is necessary for the production of the bands: Kratzer was 
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the first * to point out that many of the metallic bands are 
due to hydrides. 
From (14) and (18) 
yle =B —2C— 0-006 = 15°63, 
and by (t) ro = 1467 x 107% cm. 
Also ry [ro= v y/y' =1:076, 
so that there is roughly an increase of 8 per cent. in linear 
dimensions in the higher configuration. 
Again, vy /c=1658'9, ¥y/c=1903°5. 
These fundamental frequencies correspond to infra-red 
primary band svstems of wave-lengths 6°03 u and 5°25 p 
respectively. If they or their overtones could be observed, 
the values of n' and n would be placed beyond doubt. 
Solving equations (16), (18), and (8) we readily find 
o =—163x10-!; o= —1:32 x 10-4, 
B'=—179 : B=—6°9. 
Fig. 1. 


ee 


Pestoring force in arbitrary units 


C Argstrems from tS Cu Nucleus 20 
The acceleration of the hydrogen nucleus when displaced 
a distance z from its equilibrium position is by formula (20) 
of the previous HC] paper given by 
w= — im cf 1 +48 2/1 t y's (58? —48 y) (rr)? +....}. 
This function is drawn to scale in arbitrary units in fig. 1. 
* Ann. d. Phys. lxxi. p. 102 (1923). 
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The full lines represent the lower configuration and the 
broken ones the higher. The greatest amplitude of oscilla- 
tion in each case is also indicated by the horizontal lines. 
The acceleration curves are not drawn near the end of the 
oscillation range, since the above expansion is not convergent 
enough to be accurate for high values of x/r. The change 
from lower to higher configuration seems to be accompanied 
by a uniform expansion of the electric field. 

Fig. 2 is a reproduction of the Kramers diagram for the 
copper atom. 


Fig. 2. 
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The writer wishes to thank Professor W. L. Bragg for the 
facilities given and for his kindly interest in this work. 


4 
Summary. 


A formula for band spectra in the visible is developed and 
applied to the copper bands recently measured by Frerichs 
and Bengtsson. 

The half quantum for the rotating molecule is established 
and the molecule itself verified as being Cul. 

The distances between the copper and hydrogen nuclei for 
the initial and final configurations are calculated and a 
diagram given showing the variation of the radial force 
function with distance. 

Physics Department, 


University of Manchester, 
June 1924. 


Digitized by Google 


IV. The Influence of the Length of the Radiating Column 
on the Width of Spectral Lines. By B. VENKATESACHAR *. 


[Plate I.] 


N a paver entitled “On the Widening of Spectral Lines” t 
the late Lord Rayleigh has discussed the five possible 
canses of the widening of spectral lines, 

The Doppler eftect arising from the thermal avitation of 
the Inminons centres (the first of the five causes) accounts, 
almost within the limits of experimental error, for the entire 
width of a line in the radiation from a thin layer of low- 
density luminous gas. In the case of a long column, 
“complications arising from the multiplicity of sources in 
the line of sight” must operate and increase the width of a 
line. The radiations corresponding to the less intense parts 
of a line in passing through the luminous vapour between the 
place of their origin and the observing optical system mav be 
expected to sufter proportionately smaller absorption than 
the mora intense radiations in the centre of the line, and 
therefore to be relatively brighter in the light from a long 
column than in that froma thin layer. A striking instance 
of the relative increase in brightness of the weaker members 
of a group of neighbouring lines in the radiation from a long 
column is provided by the line 5461 Ain the spectrum of 
the radiation from a low-density mercury-vapour lamp. 
When the light from a thin layer of the luminous vapour is 
examined in spectroscopes of high resolving power, this line 
can be resolved into a group of twelve lines of greatly 
varving intensity. But in the end-on radiation from a 
column one metre long carrving a current of not much 
more than 0°05 amp./sq. em. all the satellites except — 0'24 
are found to be nearly of the same brightness t. Though 
an effect ot this kind ought to manifest itself in the 
case of a simple line, there seems to be no instance in 
which it hes been detected or measured, for Lord Rayleigh 
in the paper alluded to says “it must certainly operate, and 
yet it does not appear to be important in practice.” He 
alludes in his paper to some experiments carried out bv him 
in which the radiation from a number of sodium flames 
placed one behind the other was examined. It was found 


* Communicated by Prof. A. W. Porter, D.Sc., F.R.S., F Inst. P 

1 Phil. Mag. xxix. pp. 274-284 (1915). 

t Metcalfe & Venkatesachar, Proc. Roy. Soc. A, ev. pp. 520-531 
(1924). 

Phil. Mag. S. 6. Vol. 49. No. 289. Jun. 1925. D 
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that the presence of the flames Lehind the one nearest the 
observing svstem did not increase the brightness or the 
width of the D; and D, lines. Buisson and Fabry * in 
an Important paper “on the width of spectral lines and the 
kinetic theory of gases” state that “this cause of widening 
ean intervene in the case of flames of great thickness, but 
plays no role in the emission by the gas of Geissler 
tubes.” In making reference to the case of “flames of erat 
thickness, these authors have possibly in mind Wanner’s 
statement that he observed a broadening of the D Pe 
in the radiation from a sodium flame placed between 
two concave mirrors. But Woodt has repeated these 
experiments, and does not confirm Wanner’s observation. 
Hicks in his * Analysis of Spectra’ (1922, p. 14) says that 

‘in practice, however, no effects are observed which ean be 
put down to these causes,” one of these causes being a possible 
damping of the emitted light, and the other the presence of a 
number of emitting centres in the line of sight. The heavy 
absorption exerted ‘by luminous mercury vapour on the lines 
of the first and second subordinate series of triplets, viz. 
l pi—md and l pi—ms, in the are spectrum ef mercury 
suggested to the author the possibility of detecting and 
measuring the widening due to this cause. 


Preliminary Considerations. 


(i.) In the case of a thin layer of low-density luminous gas 
the only cause of widening is the Doppler effect arising from 
the thermal agitation of “the luminous centres. The distri- 
bution of intensity in such a case is governed by Maxwell’s 
law of velocity distribution, and is represented by the 
relation 

Bepe OSN ewe aie ee 1 
where Eù is the intensity of the line in the centre and E that 


at A. Also 


M c? 
ym a aa 9 
FA SA, YRg A? . e e e e . (2 ) 


and 
M = mass of luminous centre, 
R = the universal gas constant, 
0 = the absolute temperature of the gas, 
e = the velocity of light. 


* Buisson & Fabry, Journ. de Phys. ii. pp. 442-464 (1912). 
t Wood's ‘Opties, p. 596, 
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Tf wave-length is replaced by wave-number r=, there 
will result for the distribution of intensity the relation 
k= Bye Shes re) 
where a be a 


ai.) In an electrically excited gas it is not a priori 
certain that the temperature of the luminous part of the gas 
is the same as that of the containing tube. But the experi- 
mental work of Michelson, and subsequently of Buisson and 
Fabry. on the visibility of the interference fringes produced 
by electrically-excited luminous gases, clearly ‘points to the 
conelusion that the temperature of the luminous part is not 
appreciably different from the temperature of the tube. 

(iii.) The ratio of emission to absorption remains constant 
within a simple spectral line. In other words, if, in a simple 
line radiation from a thin layer of low-density luminous gas, 
E is the intensity of radiation at wave-length A and A the 


x 
4 


corresponding coefficient of absorption, the ratio x remains 
| : . E 
the same throughout the line. This constancy ot k 


throughout a simple spectral line may be shown to result 
from the following considerations based on the quantum 
theorv. With Einstein, let us consider each individual act 
of emission or absorption of radiation by an atom as a 
directed process resulting in a transference of impulse to the 
atom. Det E, and Ea represent the internal energies of an 
atom of the radiating gas in the emitting and absorbing states 
respectively. E, and Ea are independent of the translatory 
motion of the atom. IE an excited atom in the energy level 
Ẹ in passing to the energy level Ea emits in the line vi slolit 
the quantum hev of frequency ev, the resolved part of its 
velocity in this direction changes as a consequence of the 
recoil due to radiation from, sav, v; to vg. Considerations of 
energy and impulse before and after emission give respectively 
the equations : 


dm? +E, = bmi? + Ea hev. a. (1.) 


hev z 
and m(n = u) =— e‘ IL) 
; 


As «, is small in comparison with e the velocity of light, 
i u l 
higher powers of -' than the first do not matter, and the 


€ 
D2 
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principles of ordinary mechanics are applicable. Writing 
hev for E,—E,, we get from (i.) and (it) the relation 


v= Yo 
Vy Ug — Uae 
€ 2e 
. tli — Uo . . . š ` S Ulis 
Since —- --~ 18 necligible in comparison with —’ we mav 
2e rm C v 
: Vy Uy s 
write jee Ta oren IE oye e a «: m1) 
U, c 
ie 
U 


and vy may be taken to be the wave-number of the radiation 
emitted by an atom at rest. Equation Gii.) embodies the 
ordinary Doppler effect in the case of a source approaching 
the observer with velocity u. 

Since an elementary act of absorption results in the 
transition of an atom from the energy level E, to the energy 
level E,, the quantum hey propagated in the line of sight may 
be absorbed by an atom in the state E,, only when the line of 
sight component of its velocity just before absorption is ts 5 
for equations (1.) and (ii.) hold also in the case of absorption, 
and E,, Ea, and v remaining unaltered, 1 and us do not. 
change. As has been pointed out before, u; — u is negligible 
in comparison with u. In the case of an atom of mercury 


e hy e é r) 
u,—u i.e. ~, is about 0°36 cm. sec.~! for a line atiod61 A. 
I 


Therefore, in estimating the concentration of the emitters of 
any given frequency in a simple line radiation and that of 
the corresponding absorbers according to the Maxwellian 
law of distribution of velocities, we are justified in taking 
their respective velocities, viz. u and wy, to be equal. 

In unit volume of a luminous gas the number of atome 
dN in the energy level E,, whose velocities in the line of 
sight lie between « and u+ du, is given by 


dN,= xa/P eTR du, 
TT 


Similarly, the number of absorbing centres dN, in the 
t 


energy level Ea within the same range of velocities is 


t À 2 
dNa= Na \/ ere du. 


N, and N, are the res} ective concentrations of the atoms in 
the states E, and E. If the frequency corresponding to. 
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the line-of-sight velocity u is cv, E the intensity of radiation 
at y per unit thickness of a thin laver of unit cross-section is 


proportional to 
v B — us 
N, v , 


and the corresponding coefficient of absorption is proportional 


to 
N, V 
T 


Tae ratio of emission to absorption at v is given by 


E_ GN, 


AS CN, à a 2: a & ° (x) 
and is the same at all points of the line. In (a), C, may be 
termed the emission factor for the transition B,- E., and Ca 
the absorption factor for the transition Ba > E. C, has a 
significance analogous to that of the radioactive constant in 
radioactivity. C,and (C, are independent of the mode of 
excitation of the gas, and depend only on the states E, and E.. 


Jt is possible for two lines to have the same ratio .,”, and 


Nu 


E A | 
vet for A to vary from one line to the other on account of 


the factors C, and C, being different for the two. In the 
case of elements of group LI. of the periodic table, emission 
and absorption lines corresponding to LS—1p,and LS—Ipsy 
have not. been detected, and are ruled out according to 
Sommerfeld by the principle of selection. In these cases 
C, and Ca separately vanish. For corresponding lines of 
i-vtopes we should expect the ratio of emission to absorption 
to be the same, for the factors C, and Ca and the concen- 
tration ratio of the emission and absorption centres, viz. 


N 


Tv 
TT 
e'a 


the other. 


. of one line are the same as the corresponding ones of 


V may depend on the mode of excitation of the gas. 
ern 


It was found by Metcalfe and the author* that low-density 
mercury vapour through which a true are discharge is 
passing exhibits much higher absorption for lines of the 
series lp;—md and lpi—ms than when the discharge is 
not a true arc discharge, though the emission line may be 
actually brighter in the latter case. 


æ Proc. Roy. Soc. A, c. pp. 149-166 (1921). 
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To take a particular instance, in a mereury-vapour lamp 
designed so as to run on low current densities, in which the 
length of the discharge was 13 em., there was a sudden and 
marked increase in the absorption exhibited by the luminous 
rapour for lines of the series mentioned above, when the 
voltage between the electrodes fell from 60 to 20 volts. 
Sice. the emitting centres are in higher energy levels 
than the corresponding absorbing centres, the above experi- 
mental result implies that the ondi onsi in an are discharge 
are favourable for the production of excited atoms of lowe er 
energy level in relatively larger numbers than in a non-are 
dischar ge. Jor pressures of the order of 0-1 mm. of mercury 
the electric intensity in luminous mercury vapour is least, 
and is approximately independent of the current density 
when the radiation is the result of an are discharge. It 
appears, therefore, that an increase in the electric intensitv 
has the etřect of producing a relatively larger number of 
excited atoms in higher enerev levels. It is of interest to 
remember in this connexion “that a rise of temperature in 
thermal excitation increases in concentration of atoms in 
higher energy levels. 


I. 


Intensity distribution in a simple line radiated from the 
end of a luminous column of finite length. 


Let AB represent. a column of luminous gas contained in 
a uniform tube of unit cross-section, the observer’s spectro- 
scope being sitnated on its axis at a distance large compared 
with the length of the column. If Eyde is the intensity in 
the middle of the line radiated by a thickness dx along the 
axis of the tube, the intensity at wave-length A is given by 


Ede= Rye ON de. 


Representing the coefficient of absorption per unit thickness 
of the column for radiation of wave-length A by A, we write 
Adex tor the coefticient of absorption of a lay rer of thick- 
ness dv. 

The ratio 


Edr Be a 
Ad. r B A 


is the same at all points of the line, and will be denoted by I 


and Eo -A-A ae 
. re KN AF Ave A(r Xo)" 
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where A, is the coefficient of absorption for radiation of 
wave-length Ap corresponding to the centre of the line. 

The axial radiation dR along AB in the wave-length 
interval A and A+dÀ from an element dæ at a distance œ 
from the remote end A of the radiating column AB of length 
lis given by 


Rehe al. 
Fig. 1. 


E- 
dx 
L 
Sò the radiation along AB from the whole column J is 
given by 
l 


| dR= eaf "e 
= 0 
BJA —A 
=. A (l—e t) 
= Ka. ee oe 


K(X 


2 E 
Making the substitutions I and Age for A and A 


respectively in (3), we get for the intensity distribution in 
the line radiated by the column the equation 


—A(A=—Ay}* 
Ksi t z a > (i) 


Writing Ky for the intensity in the centre of the line, i. e. 
at A—Ay = 0, 
~k(A—A,)2 
K  1L—e Av s 
Kole gro ry) 8) 
0 


where Si D 


and D={l-rtre S, poe g AO) 
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In order to draw the intensity curve, the values of A — Ap 

are calculated for assigned values of r, i.e. - . In the 

v 

following calculations 1 have taken the case of a luminous 
column one metre long. This length was actually used in 
certain absorption experiments by Metcalfe and the author 
(loc. cit.). O4 is takenas the value of Ay. This was the 
experimental value of ihe absorption ee ent for the 
complete creen-line group 5461 .\ in the radiation of low- 
density mercury vapour carrying a current of 20 mill- 
amperes per sq. em., so that O 4, the coethcient in the centre 

of a simple line, say the main line of 5461 A group under 
the conditions of the experiment alluded to, is, if anything, 
an underestimate. : 

In the following table the ratios (r) of the intensities at 
different points in the line to that at the centre are shown 
against the positions X—Ay, the temperature being 400° 
absolute. 


TABLE J. 
_k 


K,’ A—A,. 
99 00488 
90 l OEG 
“SO 09595 
TO ‘062 1 
50 “QOG66S 
OO) "0721 
21) 00756 
"10 0808 
05 00555 


The results are shown graphically in fig. 2. 

For purposes of comparison, the intensity distribution curve 
for the radiation from a thin laver is also shown. The wave- 
length scale is the same for both curves, but the intensity 
scale in the case of the thin-layer radiation is so chosen as to 
make the curves touch at A=Ap. 

If with Rayleigh we denote the half-width of a sym- 
metrical line as the wave-length separation * between its 
centre and a point on either side where the intensity falls to 
one-half the maximum and denote it by w, we see that the 

* There is some diversity in the conventional definition cot the width 
of a line. According to the above detinition the width is 2te. Buisson 


and Fabry substitute 2-3 to for 2 te. According to others, the width of a 
line is the wave-length separation between two points where the intensity 


] ; : 
S eth of the maximum, about 2-4 w. 
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half-width of the line radiated by a column of vapour one 
metre long considered above is more than twice that of the 
same line radiated by a thin layer under the same conditions 
of experiment, the calculated half-width in the latter case 
being 0-0027 A. 

The marked flattening of the curve in the middle of the 
line has a large influence in reducing the resolvability of two 
neighbouring lines. Two lines having the same coefficient 
of absorption, Ag=0°4, and separated from each other bv 
a wave-length distance of 0°01 A=2ad (see fig. 2), could 
be separated in a spectroscope of the necessary resolving 


Fig. 2. 
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power (of the order of 700,000) when the source isa thin 
layer of the luminous vapour ; on the other hand, the lines 
would coalesce and not be separated in the axial radiation of 
the long column considered, however high the resolving power 
of the spectroscope may be. Of the satellites of the complex 
mercury line 5461 A, the two closest to the main line are of 
wave-lengths +0086 A and —:0087 A. Since the half- 
width of the main line is about ‘0027 À, a spectroscope whose 
resolving power is about 700,000 would show the side satel- 
lites separate from the main line in the radiation from a thin 
layer ; whereas, if the radiation is froma long column of the 
vapour under suitable conditions of excitation, the widened 
satellites would fuse with the main line, and not be separated 
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from it in any spectroscope. Further reference will be made 
to this aspect of the question in describing experiments in 
which the widening of lines has been poliser. ‘ed. 


II. 


The evaluation of the eneray content of a line radiated from 
the end of a column of sinite length. 
The radiation in the wave-length range A and A+dA is 
given by 
— hA =A n)? 
= -A‘e i \ e 
Kia = 1 fie i Lin. s « (7) 


The energy content of the line on expanding the ex- 
potential becomes 


i) Ka 
\-A, = ® 
a es ee ee 
ae | | Ale AX = Ào) a) 5 + ad inf. i dA. 
A-Ag=—@ a 


Finally, writing & for Al, we have 
| Ka 


a 2 5 
=| a po £ ota adik}, z . (3) 
V kC 21v? 313 

The summation of the series inside the brackets (N), correct 
to three places of decimals for values of & even as low as 
4 or 5 requires the use of an inconveniently large number of 
terms. When Æ is more than 10, the summation becomes 
hopelessly cumbersome. In Table I]. the calculated values 
of S are shown against the corresponding values of £. 


TABLE IT. 


£. S, 
l "720 
2 1:112 
í 1:341 
4 1:459 
5 1:593 
6 1:672 

10 1:909 


The dominant term in the asymptotic expansion of the 
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above series S has been determined by G. H. Hardy *, and is 


g fon Fy 
mT 


This term alone will give the value of S for very large values 
o` & The accompanying diagram (fig. 3, a) represents the 
relation between A,/ and the radiation along the axis (fig. 3). 
Itis plain that the radiation froma huninons column does 
not asymptotically approach a finite value as the length of 
the eolumn is increased. Nevertheless, it is manifest that 


Fig. 3 


Q \ 2 3 4 5 6 7 8 9 10 


for large values of E—i.e. Agl—the rate of increase of N with 
E is small, and approaches zero as & approaches infinity; 
for instance, if we have a luminous column of mercury 
vapour one metre long, and the current density is so adjusted 
that the absorption coefficient is °05, AgJ => and S=1:593 
(see Table IT.). If the column is doubled, other conditions 
remaining the same, Agf=10 and S=1:909. Therefore 
doubling the column does not alter the radiation by more 
than 0°316, i.e. by more than about 20 per cent. If the 
coefficient of absorption is considered to remain constant 
throughout the line and equal to 0°56 A,, which is its mean 
value between the centre of the line and a point where the 
intensity is 1/10 that at the centre, the radiation R from a 


* Proc. of the London Math. Soc. ser, 2, ii. p. 428 (1904). 
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column of length lis given by 


R= 1ist(t-e"), LT. 
\ y 


“ny e e ad 7 io 
l'he radiation asymptotically approaches the value 1°78 1\/ z 


In the case of two neighbouring lines which have the same 
ratio of emission to absorption but are of unequal intensity 
in the radiation froma thin layer, the weaker one approaches 
in brightness the stronger line on increasing the length ot 
the radiating column. If the absorption coefficient is not 
taken to vary from point to point of a line, the weaker line 
should more rapidly approach in brightness the brighter one 
as the length of the radiating alun is ereaseil than if 
the coefficient varied from point to point as postulated in the 
above discussion. Certain experiments carried out by 
Metcalfe and the author on the components of the green- line 


group 5461 A in the radiation from long columns aistinetly 
support the latter postulate (loc. cit.). 


Experimental eridence of the widening of lines due to length 
of radiating column. 
As the width of a simple line of the 5461 A group in the 
axial radiation from a long column of low- density mercury 
vapour, through which an are discharge is passing, is of the 
order of -O14.A ata temperature of 400° absolute, the cor- 
responding width in the case of the thin-layer radiation 
being *006 A, it becomes necessary to use instruments of 
high resolving power in experiments carried out with, the 
object of observing the change of width from 'ʻ00G A to 
hae À when the jiluminating source is changed from a thin 
layer toa long column. In the experiments described below 
a Lummer-Gehreke plate, made by Hilger and of resolving 
power exceeding 200,000 at 5461 A, was ne in conjunction 
with a constant deviation spectroscope which produced the 
preliminary dispersion. Por: proper understanding of the 
cea described below, proving the existence of 
the widening of lines we have been considering, a knowledge 
of the performance of the resolving apparatus used is 
essential, The following are the data of the Lummer and 
(rehreke plate I have used in these experiments :— 


d (plate thickness) = 0°47 cm., 
p at SAGLA = 1°51108, 
du 
D SOON 
OA = '*2?712 À. 
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The relative positions of the components of the 5461 A group 
between two successive orders of the main line are shown in 
fig. 4, where the full lines stand for the nth order com- 
ponents and the dotted ones for those of the n + 1th order. 
the mercury-vapour lamp shown in fig. 5(i.), was con- 
structed with the object of providing a long low-pressure 
radiating column GH (length 30 cm. and diameter of tube 
Qscm.). The horizontal part is the seat of the long column 


Fig. 4. 
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arc discharge between the elecirodes An and K. In order 
te facilitate the starting of this arc, provision is made to 
run a subsidiary arc between electrodes An’ and K, K 
functioning as the common cathode for the two arcs. The 
tube is provided with two bulhs, b, and bs, which are intended 
to condense the vapour issuing from the anodes and the 
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common cathode when the lamp is running. The lamp ië 
evacuated by a mercury pump till the pressure falls below 
‘Ol mm. of mercury. The passage above the subsidiary are 
leading to the pump is closed by the screw clip C and the 
subsidiary are started. As soon as the stream of mercury 
vapour issuing from this are reaches the surface of the 
anode An, the lone are GH starts, and the resistance R is 
adjusted so that the current in GIL is not less than 1°35 amp. 
The subsidiary are is now guenched without affecting the 
steady running vf the main are. In order to prevent 
the rush of mercury vapour along GH, connexion with the 
pump along GC is restored by loosening the elip C. The 
observing apparatus, consisting of a constant deviation 
spectroscope and the Lummer-Gelireke plate already referred 
to, is placed properly aligned at sufficient distance from the 
tube to ensure full effectiveness from all parts of the are GH. 
When the green-line group 5461 A is examined in this 
apparatus, with the resolving plate in position, the difference 
between the pattern produced by the radiation from the are 
just above the anode (thin layer) and that due to the long 
column radiation is very striking. In addition to being 
greatly enhanced, all the lines except —:24 are distinctly 
widened, with the result that the lines of demarcation between 
the several components become so indistinct that the pattern 
may be easily mistaken for one produced by a high-pressure 
lamp. In the reproduction (Pl. I. fig. I) the enlarged 
pictures of the two patterns are shown in juxtaposition. The 
appearance presented by —O0°24 and +°085, marked B and 
(is particularly interesting. In the thin-laver pattern I (a), 
— 0-24 is hardly visible, whereas +°085 is bright and sharp, 
but in pattern I (b), produced by the long column, B, — 0-24 
is greatly enhanced in brightness owing to feeble absorption, 
and stands ont as the brightest and sharpest line of the group, 
whereas C, +085, the heavily-absorbed satellite, is com- 
paratively weak but distinetly widened. The difference in 
sharpness, striking as it is in the reproduction, is mneh more 
so when observed in the instrument. The most convincing 
proof of widening is no doubt to be looked for in the dis- 
appearance of the line of demarcation between two close 
lines as the illuminant is changed from the thin laver to the 
lone column. In fig. 4 are shown the relative positions of 
the lines in the observed pattern ; at P41) the main line O 
and the close lines —‘008 and —:020 are not resolved in the 
instrument. The line of separation between groups A and F 
was very distinct in the thin-layer pattern, but was entirely 
absent in the pattern due to the long column when the 


C y u Se 


the Radiating Column on Width of Spectral Lines. 47 


current in it was of the order of 1'5 amp. This is distinctly 
shown in the reproduction (see PI. T. fig. I). Here again the 
actual appearance in the instrument is much more pronounced 
and striking. In this case £ the product of the cvethcient of 
absorption and the length of the radiating column is of the 
order of 1000 for —0-020 A. : 

The wave-length separation ad (see fig. 2) between the 
centre of the line and the point on one side where the 
intensity falls to (say) 0°99 of that at the centre Increases 
with Agl (see fig. 6). Therefore ad for the line — 0020 A, 
which is more heavily absorbed, is greater than ad for the 
line —-O47 A. If from 027 the wave-length distance 
between the lines —*047A and —*020A we subtract 
ad+a,d, (see fig. 6), which is approximately ‘Ol4, we get 
013, and if the instrument, is unable to resolve two lines 
with a separation of °013 A, the line of demarcation dis- 
appears ; and this is so in the case of the instrument used. 


Fig. 6. 
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Tn this method of observation the instrumental width of a line 
and its physical width are made to assist each other in wiping 
out the line of separation between two close lines. 

If, however, ad +a, d, > aa, the two lines fuse together 
and the line of demarcation disappears, even in an instru- 
ment of infinite resolving power, for which the instrumental 
width of a line is zero. ‘The observed effect is not due to the 
brightening-up of the group F in a long column. In order 
to make sure on this point, an experiment was made using as 
source an arc produced in the tube shown in fig. 5,11. The 
pressure Was increased to 1 cm. of mercury hy the intro- 
duction of air, and the are was run with a current of 2 amp. 
The group of lines F increased very much in brightness, and 
the line of demarcation between F and A was distinctly 
visible. Neither the increase of width due to a pressure of 
lem. nor the consequent increase of brightness could blur 
the line of separation ; if anything, the line of separation 
was more distinct than before the increase of pressure and 


48 Mr. B. Venkatesachar on the Influence of Length of 


current. With an echelon spectroscope of resolving power 
100,000, the line of demarcation between +085 and +: 12s, 
sharp in the pattern produced by the radiation from a thin 
layer, was distinctly blurred in that of the long-cclumn 
radiation, The resolving power was reduced by diminishing 
the apertnre of the echelon till the line of demarcation 
between these satellites disappeared in the long-column 
pattern, Under these conditions the use of a thin luminous 
layer in place of the long column again revealed the 
separating line. 

The group of lines 5769 A and 5790 A were similarly 
examined, and it was found that the satellites +-044 A and 
—-050 A for 5769 Å were distinctly widened in the long- 
column radiation, with the result that the iines separatinge 
them from the main line, which are sharp in the Lummer- 
plate pattern, due to the thin-layer radiation, grew indistinct 
when the long column, GH, was used as the source. These 
satellites and the main line have been reversed on a con- 
tinuous background by Metcalfe and the author (Joc. cit). 

In the case of 5790, the satellites are very much brighter 
in the long-column radiation, but remain sharp and well 
separated trom each other. This result is in agreement with 
the fact that it was not possible to reverse them on a con- 
tinuous background, indicating that their absorption co- 
etħcient is of a different order from that of the two satellites 
of 5769 À. 

Experiments proving the existence of the widening 
indicated by the theory having been described, the rest of 
the paper is devoted to a discussion of the bearing of this 
widening on certain physical investigations in w hich experi- 
mental methods depending on the visibility of interference 
fringes have been employed. As preliminary to the dis- 
cussion, the following problem is considered. 


IIT. 


The visibility of interference fringes produced by the arial 
radiation froma luminous column of sinite lenuth in an 
interjerometer of the Michelson type. 


In the case of a thin laver of gas at a low pressure, in 
which the emitting centres ve: a velocity distribution 
governed by Maxw oll’s law, the visibility of the interference 
fringes in an interferometer which produces the pattern by 
splitting the incident beam into two of equal intensity and 
after they have travelled different distances subseque ntly 
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combining them, has been worked out by the late Lord 
Rayleigh, and is given by 


Vee 7 (2 ge é a w a (9) 


where the visibility V, according to Michelson, 


= I max.—I min. I = intensit 
~ [ max.+I1 min. ~~ y» 


and 2p = the path-difference between the interfering beams. 

As a result of photometric experiments, Lord Rayleigh 
(doc. cit.) arrived at the result that the variation of brightness 
from a maximum to a minimum cannot be recognized when 


V falls to J, îe. to °025. 


Lb 


Setting 5 for V in (9), we get for 


ery 


A 


Tai a M 
a O aN “oR Vo 


srra /™, E EO) 


The expression for the visibility takes a more complicated 
form in the case of a column of finite length. If two 
coherent beams of equal intensity and wave-number v 
overlap, they produce an illumination which is given by 


2A°(1 + cos 4mpyv), 


where A? is the intensity of either beam and 2p is their path- 
difference. If the source which has given rise to the two 
interfering pencils gives a line with an intensity distribution 
given by (say) y(x), where «æ is the wave-number distance 
trom the centre of the line, the illumination at the point ot 
the interference pattern under consideration is to be evalu- 
ated by summing up the illuminations due to the several 
elements into which the radiation line may be split up. 
The illumination dI due to the radiations in the wave-number 
range and z+ dx is given by 


dl=(a2){1+cos4mrp(yt+a2)}dr, . . (11) 


where v,is the wave-number for the centre of the syinmetrical 
line. The illumination at the point is obtained by integrating 


Phil. Mag. S. 6. Vol. 49. No. 289. Jan. 1925. E 
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(11) between the limits + 0 and — œ. 


far = (y (x) {1 + cosérp(vtae)}yde 


=È yade + cos 4r pvo fe cos dorpeda 


— sin imp | (x) sin dorprd.r, 


and (a) by a slight transformation of (6) is given by 
Kdv=p(a)da 
( py, AKT? 
=1}1—e7™ le. 


As the line is symmetrical, the third integral is zero. Let 
the first und the second integrals be represented by C and 
D respectively. 


+ o 


C= [yee 


— V 


Vn 3 3 j 
=In/7 Ta a aa aa (12) 


The second integral may be written thus 


© 
ah 2 oka, E -8h,a2 
D=I E see Se T 4 Fe p =... |eostr peda. 


The intensity I is given by 
I=('+ D cos day. 


Since the brightness of a line is reduced almost to zero ata 
wave-number distance æ from the centre which is very small 
compared with yp, the variation of intensity in any given 
region of the interference pattern is governed by cos 4zpy,; 
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t. e. a variation in 2p which changes the value of 
cos 4arpvy from +1 to —1 does not produce any appreciable 
difference in D. Therefore J, =C+Dand I pin =C—D ; 


i. “5 y I max. -I min 
; = 
I mar. + I mun 
_D 
ar a | 
J 
_ iep £ __ im?p 3 _ dm?p? 


(14) 


As the path-difference 27 increases, the clearness of the 
fringes falls, and when 2p assumes the value which makes 
V =0-025, they become unrecognizable ; 


i.e., 
x» E” 1 
S(r E i 
as l 
eo. Ee -=0°025, . . . (15) 
> —] n=1 ea ee 
A ) n n 
_ dnlp? 
where y=e A, 
4n4p2 
It is easily seen that (15) reduces to e~ 4% ~ =0-025 when 


A,l approaches zero, i. e. to Rayleigh’s equation (10) for 
the case in which there is no absorption or the radiating layer 
is thin. 

For assigned values of ¢ (i. e., Aol,) y may be evaluated by 
a somewhat laborious method of successive approximation. 


TABLE ITI. 


=AL xX: 
0 023 
1 O91 
2 165 
3 "233 
4 295 
5 30 
40 “O09 


E 2 
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For large values of &the method becomes too cumbersome. 
In this case, however, the visibility can be ealculated by 
considering the graph of the intensity distribution curve to 
be a trapezium with a flat top (see fig. 2). In the case 
Aol=40 this method has been adopted. The result so 
obtained is sufficiently accurate for all practical purposes.. 


dr?p? 
Now, since y=e7 k , we get by suitable transformation. 
I 
after making the substitution k; = kA = =i NG 
N 2p f -bex 7 


=P=] 2R 


PAU erana s as AO 


For a thin layer we have from (10): 


2) g 
EE EVAT 


Therefore N _ { =ler x E T 
No Ulogg40 J}? 7o (17): 


Buisson and Fabry have replaced 1:427 by 1:22 in (10). 
This means that according to these authors the fringes cease- 
to be recognizable for values of V higher than 025. Inthe 
calculations embodied in this paper, Lord Rayleigh’s value. 
0:025. based on photometric measurements carried out by 
him, has been used. The use of 0'025 gives higher values 
for the limiting order of interference at which the fringes 
cease to be visible, and hence supplies a more severe test Pot 
the widening of lines. 


Tase IV. 


z. xX. x: . N. p. 

0 025 1-000 101 x 10° 27-5em, 
] 091 *805 “Sst x 10° Oy 
2 165 "699 TO x 106 E2. 
3 233 "628 ‘63 x 106 i73, 
4 "295 ‘O73 TI x 106 158 ,, 
3 350 ‘ool "007 & 106 147 


7 


40 HCD 396 40 x 106 10:9 


,,- 
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According to this, the difference of path 2p when the 
fringes become unrecognizable should fall from 2 x 27°5 em. 
to 2x 17°3 cm. when the thickness of the radiating column 
is increased from 0 to 7 cm. in the case of the are discharge 
of mercury vapour considered for which the coefficient of 
absorption is 0*4 per cm. ; when the thickness of the layer 
is increased to one metre, it should fall to 2x 11 cm., t.e. to 
4) per cent. of the value fora thin layer. Ifa Fabry and 
Perot interferometer be used, and if the above result which 
has been obtained by considering only two coherent rays of 
equal intensity be taken to be applicable to this case also, 
the fringes should become invisible when the distance 
between the plates is 11 cm., but with a thin luminous layer 
under the same conditions of excitation as source they should 
be recognizable even when the distance is as much as 27°5 cm. 


Fig. 7. 


The experimental verification of this result in the case of 
mercury is rendered difficult by the complexities of the 
heavily-absorbed lines of the first and second subordinate 
series. Cadmium lines which are comparatively simple 
would be more suitable for this purpose. 

The curve in fig. 7 relating p with &(Aj/) shows that the 
distance between the plates, », at which the fringes cease to be 
visible diminishes rapidly with increase of & for points on 
the curve for which £ is small, and as we move to the right, 
i.e. when & is large, this rate of diminution becomes very 
low. This means that, if the coefficient of absorption is large, 
a few centimetres of the radiating column are enough to 
cause considerable falling-off of the limiting order of inter- 
ference at which the fringes cease to be discernible. The 
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above considerations suggest that in experiments carried out 
with the object of determining the masses of radiating par- 
ticles by visibility experiments, such as those of Buisson and 
Fabry, the use of an end-on tube should be avoided as likely 
to give too low a value for the mass of the luminous centres 
if the line radiation used for the purpose is appreciably 
absorbed by the luminous vapour. 


Experimental values for the limit of interference 1 =N 


are slightly lower than the calculated ones, and the diserep- 
ancy is explained on the supposition that the temperature of 
the gas is slightly higher than that of the containing tube. 
Where end-on tubes have been used, part of this discrepancy 
at any rate may be attributed to the cause we have been 
discussing. Knowing the mass of the luminous centre and 
the limit of interference N, we can calculate from equation (10) 
the temperature of a thin layer of radiating gas. If the same 
equation is used to calculate the temperature of a long 
column, the calculated temperature may be far in excess of 
the true temperature, as equation (10) takes no account of the 
widening due to the length of the column. Taking the second 
case in Table IV. for &=1, a radiating column only 2°5 em. 
long whose coefficient of absorption is 0:4 per cm. would give 
an experimental value of 612° absolute for the temperature 
of the vapour, whereas a thin layer would only give 400° 
absolute. If we take the sixth case, where the length of the 
radiating column is increased to 100 cm. under the same 
conditions of electrical excitation, the fictitious temperature 
works out to be 2540”. 


IV. 


A very interesting application of interference methods has 
been made by Buisson, Fabry, and Bourget * to the deter- 
mination of the temperature of the Orion nebula and the 
masses of the luminous centres which give the lines attributed 
to nebulium, the hypothetical element supposed to be present 
in nebula. The method consists in producing Fabry and 
Perot interference-fringes on the image of the nebula ina 
telescope by means of a suitably placed Fabry and Perot 
etalon, and taking a series of photographs of the nebula with 
gradually increasing distances between the plates of the 
interferometer, the radiation used being the hydrogen line 
H,. This limit of interference and that found for the same 
line in the laboratory are used in determining the temperature 


* The Astrophysical Journal, xl. pp. 241-258. 
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of the nebula. Representing by N; and N, the limits for the 
radiations from a laboratory source and the nebula respect- 
ively, and by @, and @, the corresponding temperatures, we 


have 
a M T = g": 
N, =a r` Nyt @: On’ 


N,\2 

i 6, = ~ 6). 
Here it is taken that the distribution of intensity in the 
radiated line in both cases is that of the radiation from a 


thin layer and of the form eK AA” Even though the 
gaseous material of the nebula is at a very low pressure, the 
widening due to absorption owing to the enormous thickness 
of the radiating matter may be considerable. In the case of 
the hydrogen line of the Balmer series, an absorption has 
been detected and measured by several observers. Jung- 
johan * finds that in one of his experiments the absorption 
in the case of H, and Hg was 100 per cent. with a layer of 
6cm. An extreme instance of the enormous influence which 
this widening may have on the observed temperature is 
provided by the mercury-arc discharge considered (see 
Table IV.). When A,l=3, i.e. when the length of the 
radiating column is 7°5 cm., the limit of interference under 
the conditions of excitation cited above is ‘63 x 108, whereas 
for a thin layer it is 1:01 x 10° Using this tube end on 
would give 1120° absolute for the temperature of the vapour, 
whereas the correct temperature as judged by the limit of 
interference obtained with a thin layer as source of the 
radiation would be 400° absolute. 

A column one metre long, as already stated, would give 
an estimated temperature of 2540° absolute. In the case of 
hydrogen the absorption coefficient is small, and probably is 
considerably less than in the case of the mercury-are dis- 
charge, but enormous thickness of the radiating matter in the 
case of nebule may make up for the possible low value 
of the absorption coefficient. The uncertainty of the extent 
of widening due to absorption considerably diminishes the 
reliance to be placed on determinations of nebular tem- 
peratures by interference methods. 

Buisson, Fabry, and Bourget remark that 15,000° the 
temperature of the nebula calculated from their observations, 
is a maximum, every other cause tending to lower this value 


* Zeitschr. Wiss. Phot. ix. (Oct., Nov., Dec, 1910) 
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But the present discussion indicates that the true temperature 
of the nebula may be far lower than 15,000°. If Aol is of 
the order of 40, the temperature falls down to 2350°. For 
if ĝo is the true temperature of the gas and @ the fictitious 
temperature calculated without taking into account the 
effect of absorption in the radiating column, we have from (10) 


Oo RAJ 
07 NN 
where No and N are respectively the limiting orders of inter- 


ference for the long-column radiation and the radiation from 


a thin layer of the same gas. If A,l=40, a ='396 (see 


Table IV., column 3) ; and taking the fictitious temperature 
to be 15,000°, we have for the true temperature 


6, = 396? x 15,000 = 2352° absolute. 


A gas column 1000 kilometres long, with a coefficient of 
abserption ‘4 x 107° per cm., is sufficient to give this result. 
The discovery of dark irregular nebula and the resemblance 
existing between the spectra of bright irregular nebulæ and 
the spectra of stars involved in them have recently influenced 
astrophysicists in holding the view that irregular nebule 
are not self-luminous, but that the luminosity is due to the 
high-temperature stars associated with them. A low tem- 
perature for the nebula is consistent with this view. The 
almost invariable presence of B-type stars near a bright 
nebulous region and the absence of bright nebule near red 
stars, strongly suggest that the luminosity of the gaseous 
material of nebulæ, like the Orion nebula, is due to. photo- 
electric excitation and electronic impact produced by high- 
frequency radiation and electron emission from the high- 
temperature stars involved in the nebule. 

What has been said of the temperature determination holds 
also for the determination of the masses of the luminous 
centres which, give rise to the so-called nebulium lines 
3726 A, 3729 A and 5006 A. Here the data for calculation 
are supplied by the limiting orders of interference in the 
case of H, and ‘the lines of unknown origin. Equation (10) 


gives the relation 
M, [Ne ; 
= : = e « « LES 
TERENI (re) 


where Mz and Mg are the masses of the luminous centres of 
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the unknown element and of the hydrogen atom respectively, 
and N, and Ny represent the corresponding limiting orders 
of interference. Equation (1), which takes account of the 
length of the radiating column, gives 


N d( rA ol) M, 

— eae s a (19) 
Na? (uå): My 

where -Ao and yAg represent respectively the absorption 
coefficients of luminous nebulium and hydrogen for the 
respective lines considered, and / is the length of the radiating 
column which is taken to be the same for the two lines. If 
we asxume that these coefficients are equal, equations (18) and 
and (19) become identical. But this assumption is by no 
means warranted, for it is known that different lines behave 
differently with respect to absorption; for instance, in the 
case of a mercury-vapour lamp the coefficient of absorption 
is jarge for the lines of the first and second subordinate 
series of triplets, and comparatively small for other lines. 
Consequently the limiting order of interference would be 
much smaller in the case of the heavily-absorbed lines than in 
the case of the feebly-absorbed ones. If a thin layer is used 
this discrepancy does not arise, for 


Lt (Aal) = 1°427. 


A l—-»U 


Using equation (18), the authors cited above have come to 
the conclusion that there are two unknown elements in the 
nebula with atomic weights 3 and 2 respectively. In the 
light of recent facts, if it be admitted that there are no 
elements with atomic weights between 1 and 4, the low 
values 3 and 2 obtained by interference methods have to be 
accounted for by supposing that 


h(x A ol) > (Ay) : 


Since @(A,/) diminishes as A, increases, l remaining 
unaltered, the above inequality means that the absorption 
coefficients of the unknown elements for the lines used in 
the calculation are larger than the coefficient of luminous 
hydrogen in the nebula for H,. 

Buisson and Fabry* by an ingenious interferometer method 


* Loc. cit.; also Astrophysical Journal, xxxi. p. 98 (1910). 
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have measured the widths of some of the absorption lines in 
the solar spectrum. 


TABLE V. 
Observed width in solar 


Temperature width radiation 

Radiution, at GOQ02, ( Buisson & Fabry). 
6563 A (Ha) occ 362 960 
4861 A (Hg) ......0..0.. -270 750 
5896 A (Dy) ...cceeeeee. ` E “160 
5890 A (De) veces, a ATS 
Tron line at 4400 A... 033 "070 


They account for the observed width by assigning part of 
the widening to the temperature (60009) of the solar 
reversing lave rer, and part to the influence of the pressure 
there. Basing their calculations on the pressure-shift of the 
lines towards the red end of the spectrum, they arrived at 6 
atmospheres as the value of the pressure in the reversing layer. 
Ina subsequent paper *, while re-discussing their results, they 
attribute the shift of the solar lincs to the Einstein gravitation 
effects, and consider the pressure in the reversing Tavor to be 
low. Fowler and Milne (Monthly Notices Roy. Astr. Soe. 
ixxxiii. p. 416, 1923), from considerations of the intensities 

of spectral lines in stellar spectra based on the theory of high- 
temperature ionization, conclude that the pressure in the 
reversing laver is of the order of 107* atmos. (about 0'1 mm. 
of mercury). In the paper of Fowler and Milne there is a 
summary of the available astronomical evidence in support 
of the view that the pressure in the reversing layer is low, 
some of these estimates being as low as 107° os. gle. ret 
‘OUL mm. of Hg. If it be granted that the pressure in the 
reversing laver is small—say of the order of Ol mm. of 
mereury,—that part of the widening which was originally 
attributed to the effect of pressure remains unexplained, To 
take a case discussed by Buisson wail Fabry, the observed 
width of a solar iron line at 4470 A is ‘070 A, while the 
calculated value, taking into account temperature only, is 
033 A at 6000°, If the effect of pressure in widening the 
solar lines is ruled out, the additional widening (viz. ʻO: 37 A) 
has to be traced to the influence of the depth of the reversing 
layer. The increase in the observed width of other solar 
lines, such as Ha and Hg of hydrogen and DP, and D, of 


* C. R. clxxii. p. 1020 (1921). 
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sodium (see Table V.), over and above what can be ascribed 
to temperature, has to be accounted for in a similar manner. 
It is of interest to note in this connexion that an increase to 
1000 miles of the length of the radiating column of luminous 
mercury vapour, under conditions of excitation considered in 
the calculations embodied in this paper, increases the width 
of a heavily-absorbed line of the 5461 A group only to 
“028 A, 

The mercury reasonance line 2537 A is easily reversed in 
a prism spectroscope on the continuous background of the 
spectrum of white light which has passed through unexcited 
mercury vapour at 60°C. At this temperature the 
temperature width of the lines at 2537 Ais too small for 
the reversal to be revealed in such a low resolving power 
arrangement as a prism spectroscope ; but Agl, the product 
of the coefficient of absorption and the thickness of the 
absorbing layer (1 cm.) of normal mercury vapour at 60° C. 
(pressure ‘02 mm.), is nearly 440, as may be calculated from 
the observation recorded by R. W. Wood that the intensity 
of the resonance radiation in mercury vapour at 20°C. 
‘O01 mm. pressure) falls to 1/3 in a distance of 0°5 mm. 
This high value of Ao/ has the effect of increasing the width 
of the absorption line ; and if the line is complex and has very 
close satellites, the effective region of absorption is greatly 
increased as the absorption lines of such satellites widen out 
and fuse with the absorption line of the main component. 


Description of Plate. 


Spectrogram II. was taken when the pressure in the small lamp 
(fiz. 5, ii.) was 3 mm. The arrow-head shows the position of the sepa- 
rating line between A and F. This separating line is absent in the 
long-column pattern I. (b). Spectrogram III. was taken with the pres- 
sure kept low in the long column (fig. 5, i.) by the use of a liquid-air- 
cooled charcoal tube. The difference in "the uppearance of patterns IT. 
and IHI. is distinct, the lines in the long column pattern ITI. appear ing 
fuzzy and widened. The arrow-heads in III. show the positions in 
two consecutive orders of the unresolved main line, which has suffered 
comparatively greater absorption by the luminous vapour cooled by the 
neighbouring air-blast directed against the bulb b, (fig. 5). I.b and Il. 
are long column patterns. 
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V. Absorption Spectrum of ` Potassium Vapour at High Tem- 
peratures. Dy N. K. Sur, M.Sc., and R. N. Guosn, 
MVSe., University of Allahabad * 


{Plate Il.] 


NAHA'S well-known theory of thermal excitation of 
elements at. hich temperatures states that as the tem- 
perature of a mass of gas is gradually increased the gas is at 
tirst capable of absorbing the wave-lengths helonging to the 
primary series characteristic of the element. As the tem- 
perature is further raised the primary lines are emitted. At 
this stage there will be some atoms for which the valency 
electrons will be in the orbit of next higher energy level 
than that of normal position. Such atoms are called excited 
atoms. With the rise of temperature, the proportion ot 
neutral atoms, which are only capable of absorbing the lines 
of the primary series, diminishes, while those in the excited 
condition of next higher energy level, viz. in the 2p orbit, 
increase, At this stave the characteristic wave-lengths ot 
the subordinate series are capable of being absorbed by the 
heated gas. The intensity of the absorption lines belonging 
to the subordinate series can be easily calculated from Fowler 
and Milne’s t extension of Saha’s s theory. Let the numerals 
1, 2 denote the possible stationary states of a given neutral 
atom, arranged in order of decreasing negative energy; the 
numeral 1 denotes the atom in its normal state. Let Pye ats 
denote the energy of the levels, so that æ, is the ionization 
potential, xı — «xis the first resonance potential, ete. Further, 
let 91, q2 be the weights of corresponding states. Let œ be 
the fraction of atoms ionized ; let P, be the partial pressure 
due to electrons from all sources, and let o be the number of 
valency electrons in the atoms in equivalent orbits, and let 
fr be the fraction of neutral atoms in the rth state. Then f, 
is given by the formula 


Ta ey (1 


_ 1-7.) _ (1-73) 
AT kT 


b(T) = + ne + G30 e 


The fraction n, of the total number of atoms whieh are 


* Communicated by Prof. M. N. Saha. 
t Monthly Notices of Royal Astro. Soc. vol. Ixxxii. 
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neutral and in the rth state is given by 
n=f(1—2), 
where x is the fraction ionized. 
nf qe TT) 


approximately. For monavalent atoms 


Temp. absolute. | N | 
zwo 4x10- | 
900 | 2-9 107" | 

1100 , 49x10- 

1300 | 95x 10-7 


This theory has been put to test at least qualitatively by 
King * for a number of elements. He heated the substance 
under examination in a tube-resistance furnace of carbon to. 
temperatures of about 3000° C. The absorption of the lines 
of the subordinate series by potassium vapour has been 
obtained by Narayan f by heating potassium in a steel tube 
raised to a high temperature by surrounding it with wire of 
suitable material and carrying electrical current. He also 
used Bunsen burners simultaneously to facilitate the 
increase of temperature. In view of the necessity for pure. 
thermal excitation of the atoms, the experiment on potassium 
vapour has been repeated by heating it in a steel tube in a 
coal furnace described below. 


Experiments on Potassium Vapour. 


One of the earliest experiments on the absorption of 
potassium vapour is due to Bevan. He recorded the 
absorption of the principal series in the ultra-violet down to 
the seventeenth number and observed the absorption bands 


è Astrophysical Journal, lv. pp. 380-390 (1922). 
+ Narayan and Gunnayya, Phil. Mag. xlv. pp. &31-&34. 
t Proc. Phys. Soc. London, 1910; and Proc. Roy. Soe. Ixxxiii. (1910). 
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in different parts of the spectrum, to which reference will be 
made later on. A more complete study of the principal 
series has been made by Datta *. The method adopted to 
obtain the reversal of the lines of the subordinate series is to 
vaporize the metal in an iron tube 40 cm. long and 3 em. in 
diameter, as shown in figure 1. 

The ends A and B were closed with plate glass sealed in 
brass sockets screwed to the ends of the tube. The joints 
were made air-tight by sealing-wax. To keep the ends cool, 
cold water was kept circulating through two outer jackets of 
brass ( and D near the ends of the tube. The central 
portion of the tube containing the metal was heated strongly 
by surrounding it witha rectangular oven E made of clay 
and of suitable dimensions, through the end faces of which 
the tube could pass snugly, the top of the oven being kept 


Fig. 1. 


D ieh 


open for introducing coal. One of the side faces of the oven 
was fitted with a brass tube F, through which a strong blast 
of air could be admitted from a blower, By this means 
sufficiently high temperatures could be attained quickly. In 
fact, the temperature was high enough to melt the iron tube. 
To start with, the tube was aly tys carefully exhausted by a 
Gaede oil-pump. If desired, the tube could be put in com- 
munication with the pump during the course of experiment. 
The source of light was a fifty candle-power point-o-lite lamp, 
and the spectrum was photographed on panchromatic plates 
in the first-order spectrum of a ftive-foot concave grating of 
dispersion 11°128 per mm. The wave-lengths were me: asured 
by means of a comparative spectrum of iron. 

As soon as heating is begun dense vapour is formed, and 
the incident light is totally cut off. When the temperature 
of the tube is raised to 500° C. the colour of the transmitted 


* Proe. Roy. Soc. ci. pp. 539-547 (1922), 
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light is green, and at the temperature of red heat the colour 
changes to bluish green. At this second stage no absorption 
line is observed in the visible region, but the spectrum is 
traversed by a number of channelled absorption bands. At 
the third stage, when the temperature is further increased, 
the absorption bands become more complicated and they 
ure accompanied by one or two absorption lines scarcely 
visible on the plates. When the inner walls of the tube 
were raised to yellow heat a number of sharp absorption 
lines were obtained, and this state was found to be most 
suitable for obtaining reversals of lines of subordinate series. 
The temperature attained was about 1300° C., above which 
the iron tube melted. The following absorption lines were 
obtained :— 


Series notation. mM, À (A.U.,. 
5802 

2 P—ins 5783 } 

” 5323 


4 
6 5099 
T 


TE HUBA j 
er 
5097 


2 p— md 


In addition to these, the following absorption lines were 
also obtained at high temperatures, but they could not be 
identified with known lines of potassium nor could they 
be allotted to any series relation. It may be noted here that 
some new tines have also been recorded by Datta *. 


A(A.U.). 
5225 
5212 
5206 
5186 
5167 
5155 
5136 


The line A=4641 (1s—2d) was easily obtained on all the 
plates. That this is an exception to the principle of selection 
of Bohr has alreadv been pointed out by Foote and Mohler t 
and by Dattat. The occurrence of the line in the present 
case where no external electric field is present supports their 
views. 

* Loc, cit. 
+ Phil. Mag. xliii. (1922). 
t Loe. cit. 
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The presence of channelled bands in the absorption 
spectrum of potassium vapour has been noticed previously 
by Bevan * and Narayan f. Bevan noticed channelled bands 
in three distinct regions, (A) red, (B) orange-green, and (C) 
blue-violet. The edges of these absorption bands are regions 
ot greater absorption and lie towards the violet. As in the 
case of the line spectrum the channelled bands also undergo 
variation with rise of temperature. First the bands of the 
red region appear in absorption, next, the bands in the blue- 
violet region, and lastly the bands in the orange-green 
region are obtained. These bands are clearly seen at low 
temperature (about 600°C.), but at higher temperature 
(about 1000° C.) they diminish in intensity. At intermediate 
temperatures the channelling tends to disappear and merges 
into wide bands. This is shown for the case of bands in the 
orange-green region in figs. 2 and 3 (P1. II.). The D lines. 
of sodium appear as impurity. Some measurements have been 
recorded both by Bevan and Narayan for the wave-lengths of 
the heads of the bands in the red region, but none of them has 
given any measurement for the bands in the other regions.. 
A list of wave-lengths of the heads of the channelled bands. 
in the orange-green region is recorded below. 


No A (A.U.) 
I EA 6024 
P E E A 6001 
e E 5979 
eet ee een 5957 
T EE A 5923 
O raanei D914 
T 5870 
n EEEE 5846 
E E EE R24 

DO aeaareeaseecatues 5804 

I ETETE 5734 

1 aa iuan 5766 

| ts Sennen Una 5746 

Dic ee EE 5729 

| Ea E AS 5Tl4 

l E E EE 5699 

l AEAEE E 5652 
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* Loc. cit. T Lue. cit. 
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VI. On the Depth of Farthquake Focus. By SupyHansu 
Kumak Banergi, D.Sc., Director, Bombay and Alibag 
Observatories *. 


VER since the late Dr. G. W. Walkerf made the 
startling suggestion that the depth of earthquake 
focus is of the order one-fifth of the earth’s radius, or about 
1250 km., the subject has excited a great controversy f. 
It is not my intention in the present paper to enter into this 
controversy, or to discuss the accuracy of the values of the 
emergence angle of P waves measured at Pulkovo on which 
Walker relied for his conclusion. My object is to point out 
certain consequences of assuming a considerable depth for 
the focus on the different phases in the seismogram and to 
ask whether, in view of these consequences, it is reasonable 
to consider the focus to be very deep-seated. When the 
focus is very deep, any disturbance that starts there cannot 
at once initiate the surface waves. It can only give rise to 
three-dimensional longitudinal and transverse waves, which 
will travel to the observing station either by a single brachi- 
stochronic path or by several brachistochronic paths, after 
undergoing one or more reflexions at the earth’s surface or 
in the heterogeneons mass of rocks constituting the earth’s 
crust. The arrivals of all these waves are identified in the 
seismograms, and are designated as P, S, PR,, PR, etc.; 
SR, SR, ete.; SP, PS, etc., waves. If the observing 
station is at a great distance from the focus it is not of mu: h 
consequence, so far as the intensity of these waves is con- 
cerned, whether the depth of the focus is 100 km. or 
1250 km., for the intensity will depend on the lengths of 
the brachistochronic paths. The maximum differencs that 
is possible between the lengths of the brachistochronic paths 
which these waves will take to reach a very distant observing 
station, from two foci, one on the surface and the other at 
an internal point on the same diameter, is equal to the 
distance between the two foci. Consequently, even when 
the depth of the second focus is 1250 km., the amplitudes of 


* Communicated by the Author. 

t Phil. Trans. Roy. Soc. A, cexxii. pp. 45-51 (1921). 

t See, for instance, a note by the present writer in ‘Nature, Jan. 26, 
1922; the Report of the discussion on the depth of earthquake foci 
held at the Meeting of the Roval Astronomical Society, March 3, 1922 
(The Observatory,’ April 1922); and the Twenty-seventh Report of 
Bees ef Seismological Investigations, British Association, 

ull, 1922, 


Phil. Magy. S. 6. Vol. 49. No. 289. Jan. 1925. F 
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the P or S waves received at a station very near the anti- 
podes from the two foci will differ by a small quantity from 
each other. 

This is, however, not the case with Rayleigh waves. Had 
the earth been an unlimited elastic solid, there would have 
been no surface reflexion and also no production of Rayleigh 
waves. But the earth has a spherical boundary, and conse- 
quently the portion of its surface known as the epicentral 
tract—that is to say, the region lying vertically over the 
internal focus—will be the first to be aft ected by the arrival 
of the longitudinal and transverse waves originated there. 
The disturbance in the epicentral tract will be maximum 
compared with the other parts of the earth’s surface, the region 
being nearest to the focus, and will act as a secondary source 
for the production of surface waves. If it is then admitted 
that a part of the energy carried away by the longitudinal 
and transverse waves is transformed into surface waves on 
these waves reaching the surface, there is no reason to con- 
sider that the production of the surface waves would be 
confined to the epicentral tract alone, although no doubt the 
largest effects will be produced there. This is probably 
the reason why the long wave phase in the seismogram is a 
prolonged disturbance and is followed by a coda lasting for 
hours, particularly in the case of great tectonic earthqu: akes. 
The amplitudes of the longitudinal and transverse waves at 
any point in the epicentral tract will vary as inverse powers 
of the distance of the point from the focus. The depth of 
focus has therefore a considerable influence on the produc- 
tion of surface waves. 

All records of distant earthquakes, if these have not been 
vitiated by the imposition of the free periods of the hori- 
zontal pendulum in the recording instrument, show that 
the amplitude of the long wave phase is generally much 
larger than the amplitudes of the other phases. This is what 
we should expect, because the surface waves being two- 
dimensional must acquire ata great distance from the source 
a continually increasing preponderance over the other waves. 
If, therefore, the effect of a considerable depth of focus on 
the production of Rayleigh waves is so great. as to make the 
long wave phase in the selsmograms “at large epicentral 
distances merge into insignificance compared with P and S 
phases, then the hypothesis of a very deep focus will 
obviously have to be abandoned. I proceed, therefore, to 
investigate the effects of various focal depths on the relative 
importance of the different phases in the seismograms. 

In the mathematical treatment of this problem, the source 
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of disturbance has to be assumed to be of a specified type, 
but may be assumed to be situated at any depth below the 
earth’s surface. In an actual earthquake the source is not 
of the ideal tvpe we represent by the usual mathematical 
forms. Even with simplified assumptions regarding the 
source, the mathematical difhculties in obtaining complete 
solutions of the elastic equations of motion consistent with 
the boundary condition, which is one of zero stress at the 
earth’s surface, are very great. The displacements at any 
point on the earth's surface deduced trom the solutions thus 
obtained agree, however, in their main features with the dis- 
placements recorded by seismographs. The effect of the 
complex nature of an earthquake source is mainly to intro- 
duce complexities in the character of the waves of the 
different phases in the seismograms and to prolong the dis- 
turbance in each phase, but not to alter the essential features 
by which these phases are recognized in the seismograms. 
No doubt, if the earthquake be supposed to originate ata 
fault, the mass movement there may be horizontal, i inclined, 
or vertical, or of the nature of a twist; and this mass move- 
ment may influence one type of waves more than the others, 
and the energy sent out in different azimuths and at different 
vertical angles may be dependent on the direction of the 
fault andon the nature of the mass movement. But the law 
of divergence holds, and the two-dimensional waves always 
gain a continually increasing importance with distance over 
the three-dimensional waves, unless there are factors which 
make the immediate production of the two-dimensional waves 
impossible, aud make them dependent for their initiation on 
the arrival of the three-dimensional waves at the surface. 


9. Seismic Waves due to a Source situated at the 
Earth's Surface. 


In order that any purely theoretical consideration can be 
made applicable to form an estimate of the depths of earth- 
quake foci, it is essential first to prove that the kind of 
motion we obtain at any point on the earth’s surface due to 
a single impulse of a specified type situated on the surface 
of the earth agrees in its main features with those observed 
In an earthquake. When this general similarity has been 
proved, we can then examine what happens when the focus 
is situated at a definite depth below the surface. 

In a well-known paper published in the ‘ Philosophical 
Transactions of the Royal Society, A, cciii. (1904), Pro- 
tessor Horace Lamb has investig: ated the propagation of 


F2 
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tremors over the surface of a semi-infinite elastic solid. He 
takes the source of disturbance to be a single arbitrary 
impulse of the type 


situated at a point on the carth’s surface, ¢ denoting the 
time, T the duration of impulse, and R a constant. This 
expression meuns that the pressure at the source changes 
from one constant value to another according to the law 


A+B tan"! i 7 
where A and B are constants. The disturbing pressure has 
no definite epoch of beginning or ending, but the range of 
time within which it is sensible can be made as small as we 
please by diminishing T. 

The horizontal and vertical displacements of the ground 
due to a single impulse of this type have been calculated by 
Professor Lamb in pp. 37-40 of the paper above referred to, 
and the whole progress of these displacements has been 
plotted on p. 40. These show that as the wave system 
passes any point of the earth’s surface, the horizontal dis- 
placement shows first of all a single w ell-marked oscillation 
on the arrival of the longitudinal waves (P). This is followed 
hy a period of comparative quiescence, and then another 
oscillation corresponding to the epoch of arrival of transverse 
waves (S). The whole of this stave constitutes what is called 
the “minor tremor”; it is, of course, more and more pro- 
tracted the greater the distance from the source, and its 
amplitude continually diminishes not only absolutely, but 
also relatively to that of the “main shock”, which is iden- 
tified with the arrival of the Rayleigh waves. Similar 
statements apply to the vertical displacements. 

These results have been obtained for a semi-infinite elastic 
solid bounded by a plane, and cannot strictly apply to a 
spherical body like the earth. But then, if we confine our 
attention to the two principal waves P and S arriving at 
the station direct from the focus as well as the Rayleigh 
waves travelling over the earth's surface from the epicentral 
tract, and ignore for the present all waves which arrive at the 
station after undergoing a single or multiple reflexions and 
are recognized in the seismograms by the notation PR,, SR,, 
SP P,S,,, (nel? ses m=1, 2 ey the chief qualitative 
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diference introduced by the curvature of the earth would be 
that. P and S waves would be (at distances comparable with 
the earth's radius) accelerated relatively to L. On account 
of che shorter routes along which the P and S waves will 
now have to travel, they will be a little more pronounced 
compared with L. 

A comparison with the broad features of actual seismo- 
grams at large epicentral distances will make it clear that 
the figures given by Prof. Lamb on p. 40 of his paper give 
a reasonable representation of the effects due to a single 
impulse. The long wave phase appears to be a little more 
pronounced compared withthe P and S phases than in actual 
seismograms at great distances, and this may partly be due 
to our neglecting the curvature of the earth and the source 
being supposed to be situated on the surface, and partly to 
the usual high preponderance of Rayleigh waves over the 
longitudinal and transverse waves when dissipation due to 
viscosity and other factors is neglected. 


3. Seismic Waves due to a Source situated at a Depth (f) 
below the Farts Surjuce. 


The source of disturbance may now be supposed to be 
situated at a depth f below the earth’s surface. The origin 
of coordinates is supposed to be situated on the surface, the 
z-axis passing through the focus and the plane boundary 
coinciding with s=0. The form to be chosen for the source 
must be of a type which is possible in an elastic solid, 
Assnming first that the motion is simple harmonic (e*'), the 
elastic equations of motion are satisfied by 


ob, òX _a¢, Yx d$ 


= = SA = L h k- 
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e °. e (1) 
where u, v, w denote the components of velocity at any point, 
and ¢ and y are given by 


(V2+h)p=0, (VHE ©. (2) 


al 


where 3 2 
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p denoting the density, and A, u the usual elastic constants, 
a.b the reciprocals of the wave velocities corresponding to 
the irrotational and equivoluminal types of disturbance 
respectively. The source of disturbance at the point 
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(0, 0, r), distance / below the earth’s surface, may therefc-re 
be assumed to be of the type 


ew thr 


p=" = X=0 ať‘ a‘ A) 


r denoting the distance am this point. 

The values of @ and y at any point have then to be 
obtained consistent with a source of this type and the con- 
dition of zero stress on the plane boundary. This has been 
done by Prof. Lamb. The horizontal and vertical displace- 
ments at any point on the earth’s surface are calculated 


by (1), and these are given by 


_ ww ke EB ia - 
n= pa Ea oo 
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Wy 
where 
go = horizontal displacement, w= vertical displacement, 
a= FH BPH EK, w= (aty), and 
F(s QEP =E aBa e a a ao o a a A) 


For a detailed analysis of this case, reference is made to 
Prof. Lamb's paper (pp. 33-36). 

These are the complete expressions for the horizontal and 
vertical displacements at any point on the earth's surface, 
and comprise within themselves all the different phases of 
seismograms. In order, therefore, to fully interpret these 
integrals, these have to be broken up into terms of different 
orders of magnitude. 

The generalization of these results so as to apply to an 
arbitrary time variation of the source, as has been pointed 
out by Lamb, follows much the same course as in article 9 
of his paper. But so far as the effect of depth on the rela- 
tive amplitudes of the three principal phases is concerned, 
the type of the source is probably not of much consequence. 

In order to understand fully what the expressions (5) 
mean, we may enter into a little more detail. 

If we assume the existence of an equal source at the image 
point (0,0, —f), and denote distance from this point by 
rand take 

thr <ih’ 
p=" f, y=. 2... (D 
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then these expressions will account for all the retlexions of 
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longitudinal and transverse waves that occur on account 
of the existence of a bounding surface. But these do not 
satisfy the condition of zero stress on the boundary. Now, 


in the neighbourhood of the plane -=0, 
*@ 4-a(ztf) o ya(z—f) 
=| Eoad | seme ae 
e0 VO á 
— í SLEP T e a = ° š ° (3) 


e 0 


Consequently, if [p.-]o and [p.. ]o denote the vertical com- 
ponent of the stress and the component of the stress in any 
horizontal direction respectively on this plane, we have 


Credo =e) CLO e-get . . (9) 


[Pow] o = 0. 


In order, therefore, to annul the stresses on the plane ==0, | 
we have to assume the existence of a system of negative 
vertical stresses of the type 


-2p E= oI (Em)E dE . w (10) 


distributed over the plane, find out the displacements corre- 
sponding to these latter stresses, and then integrate with 
respect to Æ from 0 to ©. The displacements * at any point 
on the surface due to this distribution of stresses are 


pof FORE O PP eva, (bm Ede, 
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These, when added to the displacements derived from (7), 
give the complete expressions already given in (5) for the 
displacements at any point on the earth's surface consistent 
with the type of source assumed and the condition of no 
stress on the boundary. 

We now understand the genesis of the Rayleigh waves. 
Mers reflexions at the bounding surface of the waves gene- 
rated at the internal source do not explain the whole 
phenomenon. Something more is required to satisfy the 
conditions which must hold ata free surface. The satisfaction 


v9 


* See p. 32 of Prof. Lumb’s paper. 
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of these conditions requires the imposition of a properly 
distributed system of stresses at the boundary surface, the 
imposed stresses accounting for the production of surface 
waves, 


5. Eject of the Depth of Focus on the Rayleigh Waves. 


{,We now proceed to an analysis of the complete expres- 
sions (5) lor the displacements at any point on the surface 
due to an internal source situated at a depth f below the 
surface, and to an examination of the effect of depth on 
the amplitude of Ravleigh waves. 

The parts * of gy and wy which are most important are 


2 
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where « is a root of the equation F(€)=0; that is, 


E E E)E Ao WPNE aa 


and æ, 8; are given by 
a= ehl, BES eke. 


Ata great distance a, we have 
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We easily identify that these expressions represent the dis- 
placements due to Rayleigh waves. It is important to notice 
the occurrence of the factor e~*¥ in these expressions. This 
represents the effect of the depth of the focus. The ampli- 
tude is seen to diminish with increasing distance according 
to the usual law (wt) of annular divergence. 

The influence of the factor e~¢¥ on the amplitude of the 
Rayleigh waves may now be examined in detail. If the 
material of the earth be supposed to satisfy Poisson's con- 
dition between the elastic constants, namely A=yp, then 
W=3k, The cubic equation (13) then has all its roots real. . 


.. (14) 


* See p. 36 of Lamb’s paper, expressions (161). 
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It has been shown by Rayleigh that only one of these three 
roots gives rise to real Rayleigh waves. This root is 


We have then 


n ee al leer 
seee [E-i]. 


— = [(1-088)?—2] 4 = (0924). 
1ererore 


á 


Yearly 


2, = 0:924 = 0°92 x ye ’ 


where T = the period of Rayleigh waves, mainly 12 seconds 
and 20 seconds, and 
] e , © Pe y te 
= the velocity of propagation of transverse waves 
; À 
= 4 km. per second. 
Taking T = 12 seconds, we find a, = 0°12, 
and T = 20 seconds, we find a, = 0:08. 


We therefore take a, to be roughly equal to h. 

If, now, A denotes the amplitude of the Rayleigh waves 
recorded at any station, produced by an earthquake the focus 
of which is situated on the surface, then, when the focus is 


(1) 10 km. deep, the amplitude = Ae7?, 
(2) i00 km. deep, the amplitude = Ae~”, 
(3) 1000 km. deep, the amplitude = Ae, 


the sources being supposed to be of the same intensity and 
all in the same vertical line. Since e=2°72 nearly, the 
amplitude of the Rayleigh waves undergoes a very rapid 
diminution indeed with increasing depth of the focus. 


5. Eject of the Depth of Focus on the P and S Waves. 


It has already been pointed out that the most important 
terms in the complete expressions (5) for the displacements 
of any point on the surface are those numbered (12). The 
general form and the order of magnitude of the residual 
disturbance have also been obtained by Lamb* when fo 
and kw are large, æ denoting as usual the distance from the 


* See p. 36 of his paper. 
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axis. The lowest order terms depending on is in the resi- 
dual expressions for Qo and wy are of the types 


pt 72 „—ikwcoshu pipe (2 p ikw coshu 
! | : lu aud í £ 
ahe agree A as ( n - ee o a fai e a 
(kar)3 Jy (cosh wr)? (kæ) do (cosh v)? 
By considering the asymptotic expansion of these integrals, 
Prof. Lamb has shown these to be ultimately comparable 
with i 
¿P(t — bw He hos)?, 


which therefore represents the most important term in the 
transverse waves (S). In the same way the terms in gy and 
wy Which correspond to the longitudinal waves are ultimately 
comparable with 


eta) 1( ka), 


The depth of the focus does not enter into these expressions, 
but the amplitude diminishes inversely as the square of the 
distance from the source. This is simply because there is a 
boundary. Had the elastic waves simply diverged from a 
centre in an unlimited medium, the amplitude would have 
varied inversely as the distance. 

It is not difhcult to understand why the effect of the depth 
of focus on the P and S phases at large epicentral distances 
(large compared with the focal depth) is negligible. When- 
ever there is a boundary, the law of di ergence for the 
P and S waves is always the inverse square of the distance. 
Since the maximum difference possible between the distances 
of an observing station from a focus situated on the earth’s 
surface, and one at a depth f below, is the distance between 
the foci, the maximum value of the ratio of the amplitudes 
of the P or S waves arriving at the station from the two 
foci (supposed to be of equal ‘stren oths) is 
2 of 


= 9 ; 
E eS = 1, approximately, 


CET 


; f 
in all cases where -- can be regarded as small. 
T 


6. Possible Depths of Earthquake Foci. 


In the seismograms we have a ready means of deter- 
mining the relative amplitudes of the different phases. The 
records of all aperiodic seismographs for distant earthquakes 
definitely show that the amplitudes of the L phase are much 
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greater than those of the P and S phases. If, therefore, we 
can prove that when the focus is 1000 km. deep (say) the 
seismogram at a distant observing station ought to show 
the amplitude of the L phase to be much smaller than those 
of the P and S phases, then, this being contrary to the facts, 
we must conclude that 1000 km. is too large a depth for the 
focus. 

Let us take an extreme case, but a typical one. Suppose 
that there are two sources of disturbance of equal strengths, 
one at the earth’s surface and the other at a depth of 1000 km. 
Let the observing station be at a distance of 20.000 km. 
measured circumferentially from the first focus—that is to 
sav, very near the antipodes, the earth's radius being 
0500 km. (say). If we are permitted to regard the sources 
as simply point-sources, and if we suppose that the ampli- 
tudes of P, S, and L waves produced by the surface source 
at unit distance (here 1 km.) from it are all the same and 
equal to A (say), then the amplitudes of these waves at the 
observing station will be 


A A A 
(13,000)? (13,000)? (20,000)! 


respectively, P and S waves being supposed to have travelled 
by straight paths passing almost through the earth’s centre. 

This means that although at a distance of 1 km. the ampli- 
tudes of all these waves were the same, when these waves 
have reached the observing station, the amplitudes of the 
L waves are about 12x 10° times greater than the amplitude 
of the P or S waves. 

The amplitudes of the waves received from the second 
fecus will, on the other hand, be 


| A A Ae 
(13,000 — 1000)? (13,000 —1000)?” (20,000): 


respectively. Thatis tosay, the conditions are now reversed, 
and the amplitudes of the P or S waves are 2°38 x 10* times 
greater than the amplitudes of the Rayleigh waves. It is 
inconceivable that there is any factor we have ignored which 
can restore this enormous reduction of the amplitudes of the 
Rayleigh waves and make them larger than the amplitudes 
of the P or S waves. A depth of 1000 km. is therefore 
impossible for an earthquake focus. 

If the depth of the second focus is only 100 km., the 
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amplitudes of the P, S, and L waves at the observing station 
will be 


See ete, eee ee 
(13,000—100)??  (13,000— 100+? (20,000): 
respectively. 


This makes the amplitude of the Rayleigh waves about 
55 times greater than the amplitude of the P or S waves. 
100 km. is therefore a possible depth for an earthquake 
focus. 

A focal depth of 200 km. will make the amplitude of the 
Payee! waves received at the observing station about 
ne of the amplitude of either P or S waves. A depth 
ot even 200 km. will therefore appear to be too large an 
estimate for the earthquake focus. 


7. Discussion of the Problem when the Earth ts assumed 
to be Spherical, 


In a recent paper Jeans® has discussed the problem, 
particularly in certain of its aspects which seem to have 
a direct seismological importance, of the vibrations of an 
clastic sphere in which the mutual gravitational attraction 
of the parts is taken into account as Well as the variation of 
the physical constants of the earth’s material with distance 
from the centre. The free vibrations are deducible from the 
functions of the type 


P = Fy (r)S,.(8, $) cos pt, 

w = filr) Na (0, p) cos pt, 

S = F,(r)8,.(0, 6) cos pt, (Secondary vibrations’, 
where 8,6, 6) is a surface harmonic of degree n, and F, (7), 
Ai(v), Fẹ(r) satisfy certain differential equations with respect 
tor. A natural earthquake shock can be regarded as being 
made up in great part of free vibrations in which the order n 
of the surface harmonic is large, which is tantamount to 
neglecting all earthquake waves except those of wave-length 
short in comparison with the earth's radius. With this 


assumption the solution for N, throughout anv small range of 


values of 7 in the neighbourhood of r=a— j, can be written 
in the form 


sear fan n(gtiye 2 
x cos {[ n(n-+1)]#6 + pt}, 


* Jeans, Proc. Roy. Soc. A, cii. pp. 554-574 (1923). 


e 
} (Primary vibrations), 
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where 
1 p j ; ; 
r=; aay EG +1) A , @=earth’s radius, f= focal depth, 


the focus being supposed to be situated on the radius 0=0. 
This can also be written in the form 


S = B exp. |- }2n(n+ 1% l cos {[a(n+1)]i 0 + pt}, 


showing that the amplitude at any point on the earth’s sur- 
face, r=a, decreases with respect to the focal depth according 
to the exponential law 
eTii 
where 
a= Vf 2nint+l). 


As shown by Jeans, these surface waves represent a com- 
plete system of free vibrations, and so travel round and round 
the globe without any loss of energy except that due to dis- 
sipative forces such as viscosity; there is no tendency for 
these waves to diffuse into the earth’s interior. Now, 


pone Ye! 
a= N2. 


v being the velocity of propagation of the waves considered ; 
that is to say, 


Dma 40,000 ,. 
z= V2 = 30x4 /2 = 707 nearly, 


taking T=20 seconds, v=4 km. per second, and 27a=cir- 
cumference of the earth=40,000 km. If, then, A denotes 
the amplitude of the surface waves recorded at any station 
produced by an earthquake the focus of which is situated 
on the surface, then, when the focus is 


(1) 10 km. deep, the amplitude = Ae~*, 
(2) 100 km. deep, the amplitude = Ae~®, 
(3) 1000 km. deep, the amplitude = Ae~?"’, 


This shows a more rapid diminution of amplitude of surface 
waves with respect to the focal depth than what was found in 
art. 4. When these results are used with the arguments 
employed in art. 6, it would appear that a depth of even 
100 km. is too much for an earthquake focus. 

To obtain the surface waves caused by the primary 
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disturbance, we assume that in the neighbourhood of r=a—f 
the solutions of the differential equations (60) and (62) in 
Jeans’s paper are 


w' = Ae" cos {[n(nt+1)]?8 + pt}, 
P, = Be~" cos { [n(n +1)]26 + pty, 


where 
2 n(n+ 1) oP aie n(n +1) op P 


go that the boundary equation (65) in Jeans’s paper becomes 
n(n +1 n(n +1) oP)? 
lm- 2 L) = ar —ip A i 
H 
Squaring both sides of this equation and substituting for ? 
and m’, we obtain 
an +1) _ 2 e] Fee +1) _ p 1?(n +1)? 
(a-y')? (ary P Atp) a 


+1 4 
= pnt ps P| 
ad u 


When f=0, this equation simplifies to 
(N+ 2) 85—8(A+ 2) 6? + 8(3A + 4u)O—1O(A+ u) = 0, 
where = HEL 1) Bo. 
a” P 
These surface waves then become identical with the usual 
Rayleigh waves. Now, 


[2 == + ai 1) (1+: A =r 
a“ H 


_” mt O42 p a l 
a a tent 


ave) [1-04 a, 


and 
»_ (n+ I) £) 3 P 
m” = a (1+ —; ery 
( 27 
_" "Dike 
u” li a; 


since for the earth A“ is probably about 1ġ. 


Depth of Eurthgquake Focus. 19 


For these types of waves, then, the laws of diminution of 
amplitude with respect to the focal depth are 
1-0 f 17-80 fy} 
ag a) and e \ #4 +a) 
for w' and Po respectively, 
where has the same value as before, namely 


= WH 2n(n+1). 
Now ,/8=0°9218 and we get therefore for these waves a 


siightly more rapid diminution of amplitude with respect to 
the focal depth than what we found in art 4. 


8. Evperimental Evidence in support of “ Muh” and 
Co i 99 7 $ 
Deep” Focus. 


A method for estimating the depth of focus, based on an 
empirical formula for the reception of primary waves at 
stations near the anticentre, has been recently developed 
by Prof. Turner *. The methed suggests a normal depth d 
for the focus, which has some such value as 0°04 of the earth’s 
radius. Several earthquakes have been studied by Turner 
by this method, and focal depths both above and below the 
normal depth have been assigned to them. There is some 
uncertainty about the value of d, but the following cases of 
“hich” focus wiil not be inconsistent with the results 
obtained in this paper :— | 


Year. Date. Epicentre. Focal Depth. 


TUIE Baty eden Sept. 7 17 15 5l 46° 9 N,, 15194 E. d — 030 
oh: Steen „ 8& 0 93 i o d — 030 
Da miersi » Ill + 6 83 vy a d — ‘030 

T919 sc assa May 6 19 40 45 6°:0 S., 15390-0 E. d — 039 


The values obtained for the depths of the “deep ” focus are 
inappropriate with the conclusions of this paper. 

Dr. Dorothy Wrinch, by an altogether different procedure, 
finds that the obser vations ofthe Catabrian earthquake of 1905, 
September 8, taken at stations at distances of between 40 
and 220 km., give 40 to 50 km. as an upper estimate of the 
depth of its focus, in agreement with the results obtained in 
this paper. It will perhaps be better to postpone criticism 
of the experimental results so far obtained till a method has 
been determined for finding out the actual depth instead of 
the relative depth of the focus from the observed data; but the 
suggestion may be put forward that the systematic deviation 


* ‘Monthly Notices of the Royal Astronomical Society,’ Geographical 
Supplement, vol. i. no. 1 (1922). 
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from the time of arrival of the first waves as given by the 
empirical formula of Turner, which any particular earth- 
quake is liable to show at all antipodal stations, may to a 
certain extent be due to the effect of the rotation ofthe earth 
which the formula does not take account of. The effect 
will be negative or positive, according as the wave systems 
travel in or against the direction of rotation of the earth. It 
is proposed to discuss this effect in a subsequent paper. 


9. Summary and Conclusion. _ 


The conclusions of this paper may be sammarized as follows. 
When the earth is assumed to be an infinite solid bounded 
by a plane, it is found that— 

(1) The amplitudes of the long wave phase in the seismo- 
gram undergo a very rapid diminution with increasing depth 
of focus. If f=the depth of focus, the amplitude is propor- 
tional to e-%f, and when f is expressed in kilometres, the 
value of a}, under typical conditions, is 4}. 

(2) The effect of the depth of the focus on the amplitudes. 
of the P and S waves at large epicentral distances is almost 
negligible. 

(3) If the depth of the focus is 1000 km., then the seismo- 
gram at a station very near the anticentre should show the 
amplitude of the P and S waves about 2°7 x 10% times larger 
than the amplitude of the L waves, assuming that all these 
waves had the same amplitude at unit distance from the 
source. This is contrary to facts, and therefore a depth of 
1000 km. is too large an estimate for the depth of earthquake 
focus. 

(4) If the depth is 200 km., then the amplitude of P and 
S phases at the same station would be 400 times larger than 
the amplitude of the L phase. The earthquake focus is 
therefore probably not even 200 km. deep. | 

(5) If the depth is 100 km., then the amplitude of the 
I, waves is about 55 times larger than the amplitude of 
the P or S waves. Roughly speaking, therefore, 100 kin. 
or anything in the neighbourhood of 100 km. or less than 
100 km. is a possible depth for the earthquake focus, 

When the earth is assumed to be a perfectly spherical body, 
it is found that the effect of the focal depth on the amplitude 
of the Rayleigh waves becomes more accentuated, and the 
results indicate that the depth is probably less than 100 km. 

My best thanks are due to Sir Gilbert T. Walker, F.R.S., 
for the interest he has taken in the paper. 

The Observatory, 


Colaba, Bombay, 
July 7, 1924. 
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§ 1. Jntroduction. 
We Osborne Reynolds's criterion of turbulence 


agrees fairly well with the behaviour of the fluid in 
a pipe, vet in the open air it is known that the up-gradient 
of temperature exerts in addition a strong controlling 
influence. This problem is explored by observations, which 
are brought into relation with a theory already published. 


§2. The Vertical Difference of Temperature. 


In order to measure the temperature-difference, a thermo- 
electric arrangement was set up (as shown in fig. 1) partly 
on an iron mast, partly on a tree. The junctions æ and 8 
were 4°4 and 18:3 metres above the ground. Radiation and 
rain were screened off by horizontal zine plates, two above 
and one below each junction. The uppermost plate was 
about 30cm. in diameter. This type of screen was a modi- 
fication of one devised by the Indian Survey Department. 
A thick eureka wire passed directly from one screen to the 
other, and from its ends copper wires were led to a very 
sensitive moving coil galvanometer of 1°9 ohms resistance 
by Hartmann & Braun. 

The arrangement was standardized by preparing two 
vacuum jacketed flasks containing paraftin oil at slightly 
different temperatures. One junction was placed in each 
flask, the galvanometer was read, the flasks interchanged, 
and the reading repeated. The temperature difference of 
the oil was taken before and after by mercury thermometers. 
Five comparisons were also made with an aspirated thermo- 
meter carried up and down the mast. These readings 
confirmed in a rough way the standardization by oil, but, 
as they were not simultaneous at top and bottom, they are 

è Communicated by the Author. Read at the British Association 
for the Advancement of Science, Toronto, 1924. 
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considered to be less accurate. The galvanometer could be 
read to 0™003 C., and was certainly reliable to 0°03 C. 

Care was taken not to record any observation when either 
junction was likely to be wet by rain, nor when horizontal 
sunbeams fell on it. 


Fig. 1. 


Fig. 2 shows the diurnal variation of the difference of 
temperature. If the zinc radiation-screens were inadequate, 
then the upper junction would on the average be warmest, 
relatively to the lower junction, at mid-day when sun could 
shine directly on the zine plates of the upper junction, 
while the lower junction was under the shade of a fir-tree. 
Actually the reverse is observed, hyper-adiabatic gradients 
being frequent between 10 h. and, 16 h. G.M.T. These 


Ct 
ST 
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facts lead me to believe: firstly, that. the screening was 
efficient ; and sccondly, that hyper-adiabatic gradients did 
really exist. At the times when such gradients were 
recorded the galvanometer oscillated irregularly, as we should 
expect if, owing to the instability, the warm air was rising 
in streaks and patches. 


Fig. 2. 
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$3. The Mean Wind and the Gusts. 


The wind velocity and direction were measured by a 
Dines anemometer at a height of 26 m. above the ground, 
and at a height of 2m. by a small windmill Anemometer 
also of Mr. W. H. Dines’ design. 

The turbulence at 26 m. was indicated by the range of 
gusts shown on the trace of the P.T. anemometer. By 
wusts are meant those variations of wind which cause the 
anemometer pen to go to and fro many times within an 
interval of ten minutes. The slower variations having 
periods lying between say 10 minutes and an hour are 

not discussed here. It being common knowledge among 
meteorologists that the range of gusts is, on the average, 
proportional to the mean velocity at the same level, the 
ratio of the former to the latter has been given the name 
* custiness,” and has been a subject of various studies. 

Fig. 3 exhibits the gustiness at 26 m. as a function of 
the difference of temperature ina laver below that level. 
In xpite of the considerable scatter, which may be due to 
the different exposures in directions here lumped together, it 
is evident that the gustiness varies on the average somew hat 


Oe 
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in the way indicated by the line drawn on the diagram. 
Asx we should expect, the gustiness is small when the air is 
much colder helow, and increases as the labile adiabatic 
equilibrium is approached. It is surprising, however, to 
observe that, as far as the scanty observations go, ‘the 
unstable hy peradiabatic condition did not correspond to 
still further increased gustiness. 

An analogous peculiarity has heen noted in the upper air, 
as may be seen from the dotted line in the diagram on 


p. 78 of “ Weather Prediction by Numerical Process” *, 
Fig. 3. 
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Let us now consider winds from directions in which the 
trees were much further away, subtending an elevation of 
only 1° at the instruments instead of 7°. It was found that 
for adiabatic conditions :— 


Mean wind at 26 m............. T5 m/s. 4 m/s, 
Range of gusts at 26 m. .. ... m/s. 25m. 


range of gusts 0-67 0-69 


Gustiness = 
mean wind 


* Cambridge University Press. 
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It is seen that on fig. 3 the corresponding ratio is 0 95 
When the trees subtend 7°. 


$4. The Theoretical Criterion of Just-no-turbulence. 


Another way of regarding the turbulence, a way which is 
less simple but more likely to give us insight into the 
processes at work, will be to bring the observations into 
relation with a certain “criterion” deduced from theory, 
in a paper on the Supply of Energy from and to 
Atmospheric Eddies. It may help to clear ideas if I repeat 
ina simple form the fundamental notions of the previous 
paper, especially as it dealt with the whole thickness of the 
atmosphere, whereas our present observations are in a layer 
comparatively thin. 

Imagine a horizontal slab of air bounded by fixed pres- 
sures p+68p and p. Its mass per area is ôp/y, and remains 
fixed as it is warmed. If @ denotes its absolute temperature 
and y. denotes the specific heat of air at constant volume, 
then the rate at which the slab acquires thermal energy is 
denoted by (8p/y)y-.00/d¢, where ¢ is the time. We shall 
suppose that specific heats are expressed with ergs not 
calories. As the slab is warmed, it swells, lifting the air 
above, which therefore acquires gravitational energy. It 
may be shown that the rate of increase of this gravitational 
energy is (dp/q) .b00/dt, where b is the yvas-constant in 
p=bp0. This is also evident because y,+b=,, the 
specific heat at constant pressure, and because we can 
include both effects by simply thinking of the air as being 
warmed at constant pressure. If the material of the slab 
were a solid such as copper or marble, then, as Fourier 
stated, the excess of the heat flowing in at one face over 
the heat flowing out at the other just accounts for the rate 
of increase of the heat contained in the slab. No heat 
appears or disappears. But if the slab is air and the flux 
of heat is due to eddy-conductivity, then the excess of the 
Hux into, over the flux out of, the slab does not in general 
equal the rate of gain of thermal energy in the slab. There 
is an extra part, which may be of either sign, and which is 
presumably a rate of gain or loss of energy of the eddies. 
To put these things in the notation of the former paper we 
have the diffusion equation 


87 =(" "2 (eP), 


where 6 is absolute temperature, ® potential temperature, 


e L. F. Richardson, London Roy, Soc. Proce. A, vol xevil. p. 354 
(1920). | 
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namely the temperature which the air would attain if 
brought adiabatically to a standard pressure p;, and £ is the 
turbulivity. 

Instead of making a partial integration, as formerly, let us 
apply the formula for the differentiation of a product to 
the second member. Then after multiplying by Yp. ôp/g 
we have 


DO , 87 BO, Br B Fry _d® 
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The first term in this equation is the rate of increase of 
thermal energy inside the slab, the second term is the 
associated rate of increase of gravitational energy in the 
whole of the atmosphere above the slab. In the second 
member the first term has been shown elsewhere to be 
the difference between the fluxes of heat over the two faces 
of the slab. Consequently the last term must be the rate, 
per area and per time, of a supply of energy to the eddies. 
After various uninteresting transformations it is shown that 
this supply to the eddies amounts per volume to 


cg [09 ys OF cay 
0 Lon = on J x) Say, 

where ò0,/òh is the adiabatic up-gradient of temperature 

and c is the “ eddy-conductivity ” defined by 


Dd 190 ( af 
Ss SS x C —— 

De poh oh” 

where pis the density and D a differentiator following the 
mean motion. 

The other causes of supply of energy to and from eddies 
must now be named. As Osborne Reynolds showed, eddy 
energy is produced by shearing of the mean-wind at a rate 
per volume equal to 


‘Oe PIE : Ory i 
d ),5 xn ( a) T Ayu ( P i 
where pyy, Myy uve eddy-viscosities. 


Next it 18 obvious that molecular viscosity p, damps out 
eddies. In the former paper it is shown that in some 
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: i 2-1? , 
instances, taken as typical, (Qe'/dt);= — Fa , Where l is a 
conventional linear dimension of an eddy and p is the air- 
density. 

Lastly it seems likely that eddy-energy, produced in a 
thin layer, surrounded by non-turbulent air, will not all 
remain in the layer, but that some of it will disperse as 
eddy energy. A rough experiment to illustrate this ettect 
was made in a domestic bath full of still water. A fountain 
pen-filler, 1+1 cm. in diameter, was drawn in a straight line 
through the top of the water at a speed of 31 em. see.7! 
and was squeezed meanwhile so as to leave a wake of inky 
eddies. These gradually spread out into the still water. 
The extreme width s of the ink-trail was observed in 
the middle of the bath every 20 seconds. It was found 
that #* was proportional to ¢ the time from the forma- 
tion of the trail. The standard deviation of the ink from 
the middle of the lamina must have been of the order 
of s/3, so that, if we had to do with the spreading of 
a lamina in a medium of uniform diffusivitv, and this is 
a very rash hypothesis, s? would be proportional to t, and 
the diffusivity would be of the order of (s/3)?/2¢. In the 
present instance this diffusivity came very roughly to 
4 cm.?sec.~'. Such a diffusivity, if it exists, probably 
increases both with the size of eddies and with the speed of 
their’ particles. All we can do at present in connexion 
with turbulence among trees is to neglect this effect, and to 
notice whether we are thereby led to false conclusions. As 
a reminder of its existence let us denote this part of the rate 
of supply per volume of energy to eddies by (de/0¢),. 

Collecting terms 


E GELE 
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= @ Lok” Dh dh) E GA 
Duer? , (Oe 
= aa +(S). © (1) 


G. I. Taylor* and Schmidt f have given reasons for 
believing that c = pyy = tyg. If we neglect the dispersal of 
eddies, then as the term —2y,7’e’/(pl?) due to molecular 

° G. I. Taylor, “ Eddy Motion in the Atmosphere,” Phil. Trans. Rov. 


Sac. A. cexv. (1914). 
T Schmidt, Akad. Wiss. Wien, 1917. 
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viscosity tends to make de'/ðt negative until ¢’ vanishes, it 
follows that eddies will just die away if 


ors A (oy = q hoe 00, | oe (2) 
Oh oh 0 \ dh dh 

C. K. M. Douglas * has recently shown that this criterion 
(2) will explain the scarcity of sudden inversions of tempera- 
ture in the upper-air. 

When we compare formula (2) with observation we have 
to replace infinitesimals by finite differences, and it must be 
admitted that the differences of 14 and 24 metres which 
have been employed are rather too large for this region of 
steep non-linear gradients; and further that it would have 
been better, had it been possible, to have made the two 
ranges coincident, to have measured the turbulence in the 
middle instead of at the top, to have recorded the direction 
of the lower as well as of the upper wind, and to have had 
the trees quite uniform in size, kind, and arrangement. 
However, in spite of all these imperfections, we shall find 
something of interest. 

If ry, and v, are the wind speeds in metres per second at 
26 and 2 metres above ground, and if the junction at 18:3 
metres is ¢°('. warmer than the junction at 4°4 metres, 
then formula (2) takes the approximate form 


Wry t) = LAKE+O137). 2 2 a a (3) 


The approximation consists in neglecting the variation of 
wind direction between the two levels. T doubt if it ever 
exceeded 20° and consequently it was not important. 

To compare the observations with formula (3) a diagram 
(fic. 4) has been constructed having vertical temperature- 
difference for one coordinate and vertical wind-difference 
for the other. Each observation is represented by a point 
on the diagram, and the range of gusts on that occasion is 
written on the diagram as a number having its centre at the 
point in question. The curve represented by eqnation (3) 
is plotted on the diagram, and it is found that it does really 
lie near the boundary of the region of no gusts. This is 
surprising when we consider that among trees the mean 
wind does not flow in straight lines but bends round every 
leaf and twig, so that we might reasonably expect that 
friction with the trees would generate eddy-energy at a 
considerable rate, in addition to the part represented by the 
first member of (2). The present observations therefore 


* Quart. Jourr. Roy. Meteor. See. Oct. 1024, p. 359. 


Vertical Temperature Difference near Trees. &9 


suggest that the two members of equation (2) are derived 
from the most important parts of the rate of veneration of 
eddyv-energy, even when there are trees close below the 
Jevel where the turbulence is measured. 


Fiv. 4. 
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$5. Vesrees of Turbulence. 


Most of the observations lie far away from the criterion in 
the gusty region. Isopleths of range of gusts have been 
sketched to represent the observations. In this region the 
eddyv-energy would be increasing if the second member. 
of (2) represented the only cause acting to decrease it 
There is of course another cause; the breaking up of large 
eddies into smaller ones which in turn are damped out by 
molecular viscosity. Apparently this cause is important 
when turbulence is great and yet negligible near the 
criterion. 


§ 6. Personal. 


These observations at Benson Observatory (Long. 1° 6' W., 
Lat. 51° 37’ N.) were begun as an official duty on the field of 
Mr. W. H. Dines, by whom they were helped on. The screens 
were made by Mr. B. C. Lewis. The results are communicated 
by permission of the Director of the Meteorological Office. 
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(1) Statically unstable vertical gradients of temperature 
were common between heights of £4 m. and 18:3 m. in 
the middle of the day. Nee fig. 2. 

(2) The “ gustiness ” at 26 m. increased as the layer 
below became less statically stable. But after the layer had 
passed the labile adiabatic condition, the gustiness did not 
further increase, although the layer below was definitely 
unstable. See fig. 3. 

(3) The criterion of just-no-turbulence, published by the 
author in 1920 *, is in rough agreement with the observed 
facts; in spite of the friction of the air on the trees. See 
fig. 4. But the observations do not give a definite answer 
to the question as to whether a factor of 2 does come In, as 
it would according to calculations by G. I. Taylor if the 
eddies developed from waves in shearing lamine. 

(4) lsopleths of the range of gusts are drawn on fig. 4 tor 
the region far from the criterion. 


VIII. Periodic Precipitation in Dilute Gelatine Gels. 
By G. W. corr Blair, B.A., Trinity College, Oxford t. 


‘Plate IIL.) 


HEN the solution of one salt is allowed to diffuse 

into a jelly containing another salt with which the 

first interacts to give a sparingly soluble compound, the pre- 

cipitate is formed in many cases in separate rings instead 
of in a continuous band. 

This phenomenon, which was discovered by Liesegang, 
has been shown to be the cause of many periodie formations 
in nature, and is thus of considerable importance. 

The efect of the conditions of the yel on the phenomenon. — 
The a of Dreaper (Koll. Zeitschr. xiv. p. 163, 
1914), Kauer (J. A.C.N. xliv. p. 951, 1922), and Chapin 
(see Holmes, J. A. C. S. xl. p. 1189, 1918) have shown that 
the phenomenon can take place in the absence of gels ; but 
there can be no doubt that the nature and concentration of 
the gelatine exert a profound influence. [See Liesegang, 
Koll. Zeitschr. ii. p. 73 > Hansmann, Zeit. fiir Anora. Chem, 
sl. p. 110, 1904; Köhler, Koll. Zeitschr. xix. p. 65, 1916 ; 
Bradford, Biochem. Journ. x. p. 169, 1916, ete.] 


* Roy. Soc. Proc. A. xevii. p. 354 (1920). 
7 Communicated by the Author. 
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Liesegang points out in the paper quoted above that the 
age of the gel may modify ring formation, but he does not 
arrive at any very defiuite conclusions on the subject. 

It seemed that further work should be carried out on 
the effect of the age of the gel on the formation of rings. 
Experiments described in this paper and illustrated in 
Pl. IIT. show the rather remarkable effect of age. In 
these experiments silver nitrate diffused into potassium bi- 
chromate in dilute gelatine. The gels were made up 
under standard conditions—10 per cent. silver nitrate, 
0-019 per cent. potassium bichromate, and 0'5 per cent. 
and later 1 per cent. gelatine being used. It will be seen 
that in a given tube in which ring formation occurs the 
number of rings formed is quite definite, and the distance 
from the surface of the last ring to be formed is quite 
sharp. This distance is called “a .” It will also be seen 
that a, increases regularly with the age of the gel from 
zero-age to about ten days. With gels older than this, 
ring formation ceases to take place at all (traces of irre- 
gular vertical striations are, however, produced in the tube 
instead of regular horizontal bands). Then, with gels of 
very much greater age, the power of ring formation is 
found to be recovered once more (not shown in figure). 
The “ Ageing series” exhibited by gels of aye varying 
from 0 to 10 days is clearly shown in the figure. 

A similar progressive increase of a, was not found with 
other salt pairs; but with silver nitrate and potassium 
chromate, the second part of the phenomenon (failure 
to produce rings after a certain limit of age) made its 
appearance. In the case of the bichromate, this age-limit 
was found to increase on increasing the gelatine con- 
centration (see Table I.). 

Special experiments were nade to show that the effect of 
ageing was not due to any of the following causes :— 

(1) Changes in the rate of diffusion of the ions through 
the gelatine, since not only did the electrical 
conductivity remain unchanged as the gel aged. 
but also the observed rate of diffusion of various 
coloured salts and dyes through the gelatine 
was found to he independent of its age. 

(2) Changes in the H-ion concentration of the system. 

(3) Changes in bichromate concentration due to 
chemical interaction with the gelatine. 


Some change in the structure of the gel is therefore 
indicated as the cause. 
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Tanne I. 


Effect of gelatine concentration on aye-limits for 
ring formation, 


Percentage Gelatine, Age-limil to ring formation. 
OD: jaaiet 6-13 days, 
LSet eee 23-28 hrs. , 

2 ee ner ie 10-46 hrs. 
OF wade Boia hanna ds 10-23 hre. 


Vote.—Throughout the course of these experiments, 
the room-temperature at which they were carried out varied 
over about three or four degrees. 


The effect of light on the phenomenon.—That light has 
a profound influence on the phenomenon has been shown 
by Davies (J. A. C. S. 1923, p. 2261), Kuester (Koll. 
Aeischr, xiii. p. 192), Hatschek (Proc. Roy. Soc. 1921, 
pe 496), and Sen & Dhar (Koll. Zeitschr. xxxiv. p. 270, 
1924). The first of these authors found that blue light 
was more effective than red in its action in the case of 
the reduction of gold chloride in silicic acid gels in which 
coloured bands are produced. The second found that ring 
formation became impossible in complete absence ot light 
(though, since he used gels of varying ages, any gene- 
ralization of his results seems impossible); and the third 
that in a few special cases abnormal ring formation takes 
place under the influence of light. The work of Sen & 
Dhar extends and verifies that of the above-mentioned 
workers. 

Work has been done by the author on the effect of light 
of different wave-lengths on the production of silver- 
bichromate rings in gelatine. and it bas been shown that :— 

(1) Kither intense white light (4 watt lamp 6 in. range) 
or complete darkness cause irregular ring formation, and a 
decrease in the value of a,. 

(2) The diminution of a, is greater in the case of blue 
light than in the case of red light of the same intensity. 

(3) The action of any kind of visible light is irreversible, 
in the sense that, after reliquefaction and resetting of the 
gelatine, the anomalous formation persists. 

(4) Ultra-violet light from a mercury-vapour quartz lamp 
makes the formation of rings in a gel exposed to it for even 
afew hours quite impossible. 

(9) Unlike the effect of visible light, which is permanent, 
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that of ultra-violet light does not persist if the gel is re- 
liquefied and reset. This remarkable ditterence seems to be 
fundamental. 


If the gel is exposed to the action of both types of light 
simultaneously, reliquefaction and resetting reverses the 
action of the ultra-violet but not of the visible ligit. Ring 
formation is then exactly as if the gel had been exposed to 
visible light only. These curious phenomena were observed 
repeatedly, and not merely on a single occasion. 

Incidentally it may be remarked that the action of ultra- 
violet light does not alter the rate of setting of the gelatine. 


The cause of the phenomenon.—It is clear from the above 
that outside factors, such as the physical conditions of the gel 
and the action of light, have a protound effect on the pheno- 
menon : but, as pointed out already, the periodic nature of 
the precipitation is not itself essentially dependent on the 
presence of the gel. 

The only theory as vet put forward in the literature to 
explain rhythmic handing which seems to be supported by 
strong positive evidence [see Morce & Pierce (Zeit. jär Phys. 
Chem. xlv. p.589, 1903), Jablezynski (Bull. Soc. Chim. 1923, 
p. 1594, ete.) ] is that of Ostwald, who postulates that the 
resultant salt is retained in supersaturated solution until a 
sharp limit of concentration (the metastable limit) is reached, 
after which a precipitate is formed. Back-diffusion then 
impoverishes the zone immediately below the precipitate to 
such an extent that the metastable limit is no longer exceeded, 
and a clear space ensues. This process is repeated. 

Although QOstwald’s theory is undoubtedly the correct 
explanation of the phenomenon in its essentials, it requires 
considerable modification in detail. Three serious objections 
to it, as it stands, arise :— 

(1) Hatschek (Koll. Zeitschr. x. p. 124, 1912) has found 
that previous sowing of the gel with nuclei of the precipitate 
does not relieve supersaturation, but that ring formation still 
tukes place. The experiments, which were repeated by the 
author, consisted in adding a little lead nitrate to an agar sol 
containing potassium iodide before the sol set, so that on 
setting, the vel was filled with small particles of lead iodide. 
On allowing a solution of lead nitrate to diffuse into this gel, 
rings were formed quite independently of the presence of the 
lead-iodide nuclei throughout the gel. 

(2) The fact that the condition of the gel has a profound 
effect on ring formation is quite unexplained. 

(3) On the simple Ostwald theory, the values of a/y‘¢t 
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(where a is the distance of any ring from the origin, and ¢ is 
the time interval from the addition of silver nitrate to the 
tube until the ring is formed) should be constant. Morse & 
Pierce found that this was approximately the case (lor. cit.) ; 
hut the author, by observing carefully the exact time of 
formation of the rings, has shown that the values fluctuate 
about a mean constant value to a degree unexplainable on 
the hypothesis of mere errors in measurement (see p. 96). 


The following modification of Ostwald’s theory, which 
seems to avoid these three difficulties, has been suggested to 
me by Mr. C. N. Hinshelwood. There is no absolutely sharp 
metastable limit, but only a region of concentration where 
precipitation hecomes very probable. In the immediate 
neighbourhood of the ordinary solubility limit precipitation 
is very unlikely, in the sense that it would only occur on the 
average after a very long time. This probability of erystal- 
lization increases very rapidly when we get to a certain 
region of concentration, but there is no sharp limit above 
whieh precipitation does occur and below which it does not 
oceur (¢7. Hinshelwood & Hartley, Phil. Mag. xliii. p. 78, 
1922). The second suggestion is that the micelles of the gel 
itself may act as crystallizing centres for the formation of 
precipitate, just as colloidal particles of the right size were 
found to provoke the crystallization of supercooled liquids 
in the paper referred to. 

The first part of this suggestion has been tested by the 
author in two ways, and in both cases the evidence obtained 
seemed strongly to favour the above explanation. In the first 
place, as mentioned above, the exact times of precipitation of 
rings in about & tubes simultaneously were noted, and values 
of a/ s/t were worked out. The curves obtained by plotting 
the number of values of af Vt within various fixed distances 
from the mean valueare given, and give a curve of the usual 
probability type (see enrves 1—4). It can be easily shown 
from known errors in a that the discrepancies in a/v t 
are far too great to be due merely to experimental error 
in measurements of a and ¢ (see p. 96). 

In the second place, the idea of a metastable region 
as above described should manifest itself in a falling oft 
of the number of particles in the rings from the centre 
in accordance with the ordinary chance distribution. Certain 
lates of Hatschek and Liesegang seem to show such a 
falling off (e.g. Soc. of Chem. Ind. Proe. xxx. p. 256. 1911), 
though neither author comments on it: but it has heen 


Number ef Re adings 


Number of Particles. 
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found possible in this work to get much more detinite 
information on this score by producing rings so wide, and 
containing so few particles of precipitate, that the number 
in different parts of the ring could be counted under a 
high-power microscope. The resulting curves (curves 5-8) 
are of a form in complete accordance with the probability 
theory. It is not surprising, on this theory, that the con- 
ditions of the gel should affect ring formation. Whether we 
consider the formation of a visible precipitate as spontaneous 
crystallization, or as the coagulation of already formed 
colloidal silver bichromate, is immaterial. In the former 
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ease it is possible, as stated above, that the micelles of the 
gelatine act as crystallizing nuclei when of the appropriate 
size and when the appropriate concentration is reached : the 
variation of effectiveness with age depends on the supply 
of micelles of appropriate size, since ageing is known to 
increase the size of the micelles. (This increases a, , whereas 
the action of light, which is shown to diminish the micellar 
size, diminishes the value of a,.) If we take the second 
view, the condition of the gelatine would certainly influence 
the phenomenon profoundly, in so far as it would exert 

a greater or less protective effect on the coalescing particles. 
Bat further, the idea that the micelles of the gel of : appropr iate 
size are themselves ery stallizing centres, avoids the difficulty 
of the inoculation experiments, | 
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Proof that the discrepancies in values of ajv t are not 
due to reading errors :— 


Data: 
Measurements gave the following :— 
Menn value of a/y t for all readings (y) ....-- 000908 \ 
Mean value of a m % lu a 04897 | 
Mean value of ¢ a 5 (EN ae 3063 > c.g.8. units. 
Mean error in reading a (determined) (4c) ... OOl 
Mean discrepancy in a/ 0. sin, aoia (Ay) ... 0:00049 / 


From these figures we can caleulate what the error in 
reading ¢ should be, if we assume that the discrepaneies 
in ai are due entirely to errors in reading. 

From the equation 


logy = loga— + log: 


l/y . Ay = l/a . Aa l2. af, 
es At = U(Aala — Anly). 


we get 


Assuming the errors in a and y to be 
(1) Of the same sign: | (2) Of opposite sign : 


t = 6126(0:0011/0°4897 t = 61260-0011 0-4897 


+0°00049/9-00908 ) | —0: 00049, 10'009DR) 
= 61960-05621 = 6196 x 0-05171 
= 5 min. 44 sec. | = i min. 17 see. 


In either case this is absurd as a mean error in reading t, 
which can be read easily to the nearest second at the outside, 
so that the original assumption is unjustified, and we are 
brought to the conclusion that the discrepancies in alv t 
are not due merely to errors in reading a and t. 


Conelusions. 


It is shown in this paper that the age of gels profoundly 
influences Liesegang ring formation in hem. 

The effect ol light “of various wave-lengths has heen 
investigated. A fundamental difference between the effects 
of ultra-violet light and of visible light has been found. 

A new moiifeation of the Ostwald theory of the pheno- 
menon is discussed, and evidence in its favour put forward. 


In conclusion, I should like to express my gratitude to 
Mr. C. N. Hinshelwood, who has directed this research 
throughout, and whose suggestions and criticisms have 
made possible the production ae this paper, 


Trinity College, Oxford, 
July leth, 1924. 
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IX. On the Forces at the Ends of a Vibrating String. By 
W. H. Georce, M.Sc., University College, Nottingham *. 


Summary.—The paper deals with the magnitude and frequency 
of those forces at the ends of a vibrating string which are due to 
the tension of the string. The intluence upon the length of the 
string of its change of shape when vibrating is calculated, and 
the result is used to determine the increase in tension. Inci- 
dentally, the maximum tension for a given amplitude of vibration 
is determined theoretically, and numerical values are calculated 
and compared with the tensions used for pianoforte strings where 
high tensions are shown to be of great importance. The effect of 
the inclination of the vibrating string upon the longitudinal and 
normal forces at the ends of the string is illustrated graphically. 
Calculations of the resultant longitudinal and normal components 
for two steel wires of different diameter are given and show the 
importance of the longitudinal component which is of double fre- 
quency. Experimental work by Barton, Raman, Berry, and others 
dealing with actual bridges and showing the presence of the double 
frequency vibrations in the longitudinal motions of the bridges, is 
quoted. Finally, an anomalous excitation of the nth partial by 
striking a string at 1/nth of its length from the nearer bridge is 
discussed, 


P treating of the theory of the transverse vibrations of 
strings, the string is usually taken to be a pertectly 
uniform and flexible filament of solid matter stretched be- 
tween two fixed points, and the tension is assumed to be 
constant throughout the motion. The string used in experi- 
mental acoustics approximates closely to this ideal, and the 
small deviations from the ideal have heen studied theoreti- 
cally and experimentally by various workers. It would 
appear, however, that the yielding of the supports is of 
special importance and is worthy of still further study. It 
is well known that the aerial vibrations directly set up by a 
vibrating string are almost if not quite inaudible, and that the 
audible vibrations are generated by the motion of the larger 
surfaces to which the ends of the string are attached. If, 
then, these ends were fixed, the vibrating string would be 
inaudible. Motion of an end of the string is also tacitly 
assumed when the tuning of the string is tested by pressing 
the stem of a vibrating tuning-fork upon one of the ends. 
Rayleigh [‘Sound’, i., § 135] has considered in what 
manner the vibrations of a string are liable to be modified 
by a yielding of the points of attachment. Assuming the 


* Communicated by Prof. E. H. Barton, F.R.S. 
Phil. Mag. S. 6. Vol. 49. No. 289. Jan. 1925. H 
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system frictionless and symmetrical with reference to the 
centre of the string, he finds {(i.) that if each end be attached 
to a particle of mass (M) there is a rise in pitch, the rise 
being greater the lower tle component tone, and (ii.) that if 
each end is urged by a spring (æ) towards the position of 
equilibrium then the pitch of the whole series of partials is 
slightly lowered. In an actual case, where both mass and 
spring factors are present, the raising or lowering of pitch 
will depend on whether the natural note of the mass (M), 
urged by the spring (x), is lower or higher than that of the 
component vibration in question. Experimental work bearing 
on the motion of the ends will be referred to later, and we 
will now consider the forces which cause this motion. We 
have (i.) the change in length and consequent change in 
tension of the string due to its change of shape, and (ii.) the 
change in direction at the ends of the string of the force due 
to its tension. 


EXTENSION OF THE VIBRATING STRING. 


Since the increase of tension can be calculated from the 
increase in length, we will first calculate the increase in 
length of the string due to its varying shape. The shape 
of the string at any instant ¢ is given by the equation 


=a 
8 s 


y= & sin F (A cos +B, sin 7), - (1) 
s=1 (P) Q 0 


giving the displacement y of any point x, the origin of co- 
ordinates being at one end of the string, which is here 
assumed to be perfectly uniform and flexible, to be held fast 
at both its ends distant lọ) apart, and to vibrate under 
uniform tension in one plane only. The notation is 
otherwise as in Rayleigh’s ‘Sound, i. §124. Since the 
length (l) of the string is given by 


‘ly fDi ce 
l= VW 1-- (dy/dc)? . dx, 
0 


we have: 


en s=0 62772 STX 1442 3 
i= È + > rai cos? Š (A. COs nA + B sin a dx 
0 - lo ly s ly ` 


s=] ly? 
e e e (2) 
String Sounding Fundamental.—To calculate the order of 
magnitude of the extension we must take some special case, 
since the values of the coefticients A, and B, depend on the 
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initial values of (y) and (dy/dt). The simplest case, from 
which all others can be deduced, is that of the string 
sounding its fundamental only. If the maximum dis- 
placement of the middle point of the string be A, then 
equation (1) reduces to 

sAn e aoa BO ae om a (ba) 

lo 
and 
Am? Tr 


Tlo 
= í 1+ —., - cos“ 
T ey 
This can be rewritten: 
ne lo S N a 
l=v1+ K | uf ie i+ kK? sin? L de, 


where K = Arji. Changing the variable by putting 
@ = rll, we have: 


Ql, TFE | 4/1- K eg. ; 
L EET 1 j4 Kas” p.d. . (2a) 


Fractional Extension (44,— 1). 


0 0.005 001 0015 0.02 0025 
Fractional Amplitude (Ady). 


From a table of the complete elliptic integral of the second 
kind numerical values of the integral in equation (2a) were 
obtained and were used to plot the graph shown in fig. 1. 
The fractional extension (//l)—1) produced in a freely 
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vibrating string due to its changing shape when sounding 
the fundamental tone only, is there plotted against the 
fractional amplitude (A/l). The assumptions used in the 
calculation are stated after equation (1). 

If Y=Young’s Modulus for the material of the wire, and 
ris the radius of the wire, the increase in tension 6T is 
given by 


ST = mY (ll —1). 


On account of the high speed of propagation of longitudinal 
disturbances the variations of tension with position along the 
string may be neglected. It wiil be noted tbat (i.) the 
increase in tension is not directly proportional to the ampli- 
tude, and (ii.) the longitudinal component (along the axis 
of z) varies with a frequency double that of the string’s 
vibrations. Perhaps the best experimental illustration of 
this second result is shown in a paper, “ Photographs of 
Vibration Curves,” by C. V. Raman (Phil. Mag. xxi. 
pp. 615-618, May 1911). The string used to obtain the 
photographs there shown had one end attached normally to 
a sounding-board, and the other end attached to a rigid 
support. When the string vibrated in a horizontal plane it 
was found that the motion of the sounding-board had «a 
frequency strictly double that of the vibration of the string, 
no matter how the string had been excited. When, however, 
the vibrations took place in a vertical plane the fundamental 
appeared, due to the fact that the equilibrium position of the- 
string was then a catenary and the change in length about 
the equilibrium position unsymmetrical. In the simultaneous 
vibration-curves of string and bridge photographically ob- 
tained from a monochord by E. H. Barton and J. Penzer 
(Phil. Mag. xiii. pp. 446-452, April 1907), the vibrations of 
double frequency are strongly present in the longitudinal 
motions of the bridge, although the fundamental can be 
detected in all the figures (see Pl. XI. figs. 7-13 and 27-39, 
also Pl. XII. figs. 40-47). The longitudinal displacement 
of the bridge was found to be about seventeen times the 
amplitude of the transverse motion. The motions of the 
violin bridge have been studied by E. H. Barton and T. F. 
Ebblewhite (Phil. Mag. xx. pp. 456-1464, Sept. 1910), and 
were found to be still more complicated than the motions of 
the monochord bridges. The vibrations of double frequencies 
were sometimes present in the longitudinal motions, but other 
figures are shown in which a vibration much slower than 
that of the string is present (see, for example, Pl. IX. 
figs. 31, 37, 50, 60, 66, and 71). In a paper “On the 
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Pianoforte Bridges,” by G. H. Berry (Phil. Mag. xxii. 
pp. 113-118, July 1911), two photographie records are 
given, fig. 3 showing the transverse vibrations of the “ free ” 
bridge, and fig. 4 the longitudinal vibrations ; the latter are 
of strictly double the frequency of the former. It is of 
interest to note that the string was here stretched vertically. 
We shall return later to the consideration of the frequencies 
of the string’s terminal forces. 


-Maximum Amplitudes and Tensions.—In order that a 
stretched string may behave elastically, it is necessarv that 
its tension shall not exceed a certain value which is a 
constant for the material of the wire, although for a par- 
ticular wire it depends also on the previous history of the 
wire. Hence, there is a theoretical limit to the amplitude 
of the vibrations of a string stretched with a given tension 
between firm supports. It is believed that the following 
considerations show the practical importance of a calculation 
of this theoretical limit. In the study of the struck string, 
it is found that the time of contact of the hammer and the 
string is usually some fraction of the period of the funda- 
mental tone of the string. Hence, the whole of the energy 
communicated to the system has to be transferred from the 
hammer to the string in an exceedingly short time, which 
may well be one five-hundredth of a second, or less. Thinking 
now of the acoustics of the pianoforte, it is clear that either 
the loudness of the the sound or its duration, or both, will 
in a given instrument depend on the energy communicated 
to the system. The greater the tension, the greater the 
work done by the hammer in producing a given displace- 
ment of the string, and consequently for a given amplitude 
of vibration more energy can be given to the system. The 
length and linear density of the string can be adjusted to 
leave the pitch of the string unaltered without affecting the 
validity of these considerations. Hence we see the impor- 
tance in pianoforte construction of using tensions as high as 
possible. Whether the increased supply of energy appears 
chiefly in louder sounds or in sounds of greater duration, 
will depend upon the construction of the sound-board and 
upon other considerations, studies of which by the present 
writer it is hoped to publish in later papers [see also Phil. 
Mag. xlviii. p. 42, July 1924]. Itis of interest to note that 
in instruments involving the struck string the greatest difh- 
culty has always been the communication of sufficient energy 
in a single blow to yield a sound sufficiently loud and sus- 
tained. The material used for the strings has been gut, silk 
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prepared by a special process, latten, gold, silver, brass, iron, 
and, finally, steels of increasing tensile strength. In 1867, 
the breaking stress for carefully prepared steel wire of 
0-77 mm. diameter was 226 lb. wt.; in 1893 this figure 
kad been increased to 325 lb. wt. The increase in the 
tensions of the strings made possible by this increase in 
tensile strength resulted in a corresponding increase in 
intensity and duration of the tones. * It is not too much to 
say that the improvements in the tenacity and elasticity of 
steel wire made during the last century have rendered 
possible the modern piano,” Wolfenden, ‘Treatise on the Art 
of Pianoforte Construction,’ 1916, p. 6. 

If T be the original tension of the string, OT the maximum 
increase of tension due to the change of shape of the string 
when vibrating, and T’ the tension when the elastic limit ts 
reached, then we may write for a maximum T= T'—oT. 
The value of T so found will then be the desirable tension 
for the particular wire in order that the energy of a vibra- 
tion of given fractional amplitude may be a maximum, In 
Table I. are shown values of T for certain cases of practical 


TABLE I. 
Probable 
Frequency. lo r. eT. T+T. breaking tension T'—(T +T). 
per sec. em, cm. dynes. dynes. ee 
+1354 54 OH 261x10% 79°61 x 108 1222x 10" 426x 10° 

20699 102 00425 295 79:95 136:1 56:1 
10346 1925 ©0045 3:31 80:31 147°7 GT- 
5173 36 00475 368 80°68 162°8 82-1 
2586 683 005 408 81-08 170:8 897 
1293 1310 00525 449 81:49 182:4 100-9 


interest, calculated from data given in Wolfenden (loe. cit. 

. 28-29), on the assumption that A//, shall not exceed 
0-01. The writer was unable to tind numerical values for T” 
for piano wire, but since the elastic limit, the vield point, 
and the breaking point are in this case close together, values 
of the breaking stresses have been used for T’. It will be 
noted that the original tension of all the strings here con- 
sidered is the same. For a consideration of the factors 
which determine the tensions chosen for the strings of a 
pianoforte, the reader is referred to Wolfenden, lor. cit., 
especially pp. 5-23, or to the ‘Dictionary of Applied 
Physics,’ iv. pp. 464-470. 
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INCLINATION OF THE STRING AT ITS ENDS. 


It is convenient to resolve the force due to the inclination 
of the string at ıts ends along and perpendicular to the equi- 
librium position of the string, since the rigidness of the 
supports actually used in experiments is usually most con- 
veniently considered in these two directions. If the tension 
of the string be T, when the inclination of the string with its 
equilibrium position is ¢, we have components T, cos ¢ longi- 
tudinally and T,sing normally. We may note that (i.) the 
longitudinal component is again of frequency double that of 


Increase of Porce +; T). 
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the string’s vibrations, and (ii.) the inward force at the ends 
of the string is decreased when the string is displaced, this 
acting in opposition to the increased force due to the exten- 
sion of the string. It would appear that the longitudinal 
component was much greater than the normal, but it should 
be remembered that when the string is at rest the longi- 
tudinal component is T, whilst the normal component is zero. 
We are, therefore, concerned rather with the component. 
(T, cos @—T) which represents the change in the longitudinal 
force when the string is vibrating. In the lower curve of 
fig. 2, this component, divided by T, is plotted against the 
fractional amplitude (A//,). In the upper curve the (normal 
force) + (T) is similarly plotted. Since in fig. 2 the tension 
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has been assumed constant, we see the influence of the incli- 
nation alone, whilst in fig. 1 we see the influence of the 
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extension alone. The two influences are combined in fig. 3, 
which deals with two actual numerical examples, those of 
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steel wires, for which Y=20x 10"! dynes per sy. cm., 
T=77 x 10° dynes, and r=0°05 cm. and 0°04 cm. respec- 
tively, A length 68°8 cm. of the string for which 
r=U'V05 em. would give a fundamental tone of frequency 
258-6 per sec. The two upper curves deal with the longi- 
tudinal and the two lower with the normal components 
respectively, The importance of the longitudinal component 
ot double frequency is clearly shown, but it should be noted 
that the audible vibrations do not usually proceed directly 
from the bridges, but from the sound-board to which the 
bridges are attached. The maintenance of a vibration by a 
force of double frequency, as, for example, in the longitudinal 
form of Melde’s Experiment, is quite common, so that it 
may well happen that the longitudinal force of double 
frequency actuallv helps the maintenance of the single- 
frequency vibrations of the sound-board. It is hoped ina 
Jater paper to discuss the results of an experimental study 
of the motion of an actual sound-board, since in the accounts 
ot the experimental work previously quoted there are not 
sufficient data concerning the mass and spring factors of the 
bridges there used, to enable one to calculate, for example, 
the theoretical amplitudes of vibration of the bridges. 


Struck Srring DURING IMPACT. 


So far, we have considered only the freely vibrating 
string. A curious point arises in connexion with a string 
struck near one end when we consider the frequency of the 
forces exerted by the string upon the nearer bridge during 
the impact. At the beginning the transverse disturbance 
travels outwards from the struck point along each of the two 
portions of the string. One-half of the disturbance soon 
reaches the nearer bridge, is there reflected, and again 
reaches the hammer. At the hammer it is reflected, and so 
on until the hammer quits the string. Since the duration 
of the impact is of the order of the fundamental period of 
the string [i. e. the time (0) taken by the transverse dis- 
turbance to travel twice the length of the string], it follows 
that the disturbance is reflected a number of times at the 
nearer bridge. For instance, if the string be struck at 1/atn 
of its length, and if the impact last for @(n—1)/n, then the 
nearer bridge receives (n— 1) impulses in the time @(2—1)/n. 
Hence we see that if a string be struck near one end at a point 
distant 1/nth of its length from the nearer bridge, then, 
unless the duration of the impact be very near to the 
theoretical minimum, the nth partial is encouraged at the 


nearer bridge. 
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Fig. £ shows a typical displacement-time curve of the 
initial motion of a point of the string between the hammer 
and the bridge. In this example the mass ratio (m/M) of 
hammer to string was unity, the length of the string was 
316 cem., the struck point was distant 72 cm. 5 and the 
observed point 35°2 cm. from the nearer bridge. The 
length along the time axis corresponding to the fundamental 
period (0) of the string is indicated. The rapid impulses 
illustrated in the figure are of frequency 4°39 times that of 
the fundamental. The experimental details will be found in 
the second paper of this series (Phil. Mag. xlviii. pp. 34-37, 
July 1924). Fig. 4. 


Se 


It is believed that this anomalous encouragement of the 
ath partial by striking the string at I/nth of its length 
from one end is connected with a special feature of piano- 
forte construction. In laboratory experiments with the sono- 
meter, the two bridges are equally important, and the system 
is approximately symmetrical about the mid- -point of the 
string. In the pianoforte the vibrating length of the string 
is determined by one “fixed ” bridge and one “ free ” bridge. 
The fixed bridge is a projection on the massive iron frame- 
work which sustains the hnge combined tension of all the 
strings ; this bridge is not directly connected with the sound- 
board, and it plays but a small part in the communication of 
the string’s vibrations to the sound-board. The free bridge 
is glued and screwed on to the sound-board itself, and is the 
more important in the communication of energy to the sound- 
board, Now, the string is struck near the fix ud bridge, hence 
the initial rapid impulses of frequency 2/8 (where n may or 
may not be a whole number) are not Jirectly communicated 
to the sound-board. 

It is hoped to publish in a later paper quantitative results 
of a study of the manner in which the forces considered in 
the present paper are able to produce the aerial vibrations 
actually heard when a string is coupled with bridges and 
sound-board of known properties and simple construction. 


In conclusion, the writer wishes to thank Mr. F. Under- 
wood, B. Sc., and Mr. N. Davy, B.Sc., for their kindness 
respectiv ely in verifying the ie hënatics and checking one 
or two of the nuinerical calculations. 

University College, 


Nottingham, 
Sept. 1924. 
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N. Un the Rejlerion of Waves penetrating normally into 
a Stratijied Medium. By J. A. WILCKEN, B.Sc., Ph.D., 
Lecturer in Electrical Engineering at Armstrong College, 
Vewcastle-upon- Tyne *. 


T question whether a gradual transition between two 

media of different refractive indices gives rise to any 
disintegration of an incoming wave-train, comparable to the 
retlexion in abrupt transition, has been the subject of much 
discussion. It is known that certain phenomena of polari- 
zation of reflected light are readily explained as due toa 
surface-film of varying index (of. Maclaurin, ‘Theory of 
Light,’ Camb. 1908); and if that theory is adhered to, the 
possibility of a reflexion being caused by a continuous varin- 
tion of properties must be admitted. It remains, however, 
to be examined whether a reflected wave is always set up in 
any variable medium, and to be determined on what charac- 
teristic qualities the intensity depends. The problem has 
acquired renewed importance in connexion with wireless 
signals of great wave-length. 

The late Lord Rayleigh ft has discussed in detail the 
problem of a vibrating string whose longitudinal density 
varies inversely as the square of the distance from one end, 
extending the application to phenomena other than those of 
sound, and concludes that reflexion is appreciable only when 
the transition is so sudden that the thickness of tbe variable 
laver is of the order of a wave-length ; a later investigation ł 
deals with a medium built up of homogeneous strata of 
different qualities. From the standpoint of the electro- 
magnetic theory of light, Gans § finds that within a certain 
range of approximation, characterized as “slow” transition 
and “applicable in the domain of astrophysical optics, there 
ix no reflexion; and Emden || discards the reflected wave 
completely, the ‘legitimacy of his arguments being disputed 
by Wallot 7. An earlier controversy between Schmidt ** 
and Seeliger tt turns on a similar problem in solar physics. 

It appears that previous writers have confined the discus- 
sion froin the outset toa more or less specialized character 

* Communicated by the Author. 

t Proc. Math. Soc. xi. pp. 41-56 (1880). 

t Proc. Roy. Soc. A, Ixxxvi. pp. 207-226 (1912). 

§ Ann. d. Phys. xlvii. pp. 709-736 (1915). 

|| Sitz. Ber. d. Bayr. Akad. p. 417 (1918). 

€ Ann. d. Phys. 1x. pp. 734-762 (1919). 


** Phus. Zeitschr. iv. pp. 282, 341, 458, 476 (1902); v. p. G7 (190-4). 
t+ Ibid. v.p. 237 (1904). 
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of the transition ; and the alternative method of approaching 
a continuously varying medium from the consideration of 
one built up of finite homogeneous strata has been strongly 
criticized by Uller*. It might therefore be of some interest 
to pursue a different line of investigation, with a view to 
establishing a general expression for the relative intensity of 
a reflected wave, without making any special assumptions 
except as to the reversibility implied in ihe linear equation 
of motion. 

To avoid the complications arising from the change of 
direction involved in oblique incidence which I have dis- 
cussed in a previous paper ft, we consider a train of waves 
proceeding in the direction of positive x and impinging 
normally at the boundary, #=0, of a plane stratified 
medium, and take, as the equation of motion freed from 
the time-variable, 


“r thU=0,. . 2... M 
where k is a real continuous function of w, 
= 2ar/X = 2arnp/e, =k 7=9 = hy. 
The solution may be written, without loss of generality, 
US Aol E Beer, x. & a a 4. C2) 
where @ and W are real functions of «æ, satisfying the 


equations 
Ta + (“t) -CE k=)... (3) 
dae? de 
dy yh dd o | 
T A 


In the homogeneous medium x <0 we have 

U = He" 4+ Keo", 2 2 ww. (5) 
where H represents the amplitude of the incident positive 
wave, and K the amplitude of the reflected negative wave ; 
supposing the variable medium bounded on the right by 
x=% 50 that beyond this plane k retains the value it t has at 
that point, k| 77" =k, say, the solution for «>w, can be 
written 


USC T e a wa ae O) 
there being no reflected wave in the homogeneous medium 
T> LU). 


* Phys. Zetschr. xvii. pp. 369-373, (1916): xviii. a : ‘ 5-41 (1917). 
t Proc. Camb. Phil. Soc. xxii. pt. 2, pp. 124-131 (1924 
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The boundary conditions of continuity require that 


l dU -° 1 dU)J| +" 

Gan “Uae (7) 
1 dU ‘1-9 1 dU (7149 l 
C Ue (3) 


and, further, 


‘0 ty 
H/o =0, Z| ite, UM asie «a HON 


© dæ 


Writing now 
7 ld ° Udy | 71 | 
K/H=8, A/B=a, = fo, ig = fi; p 


dx 


1 
=, 


we have the conditions 
—-ik,(1—B)/(L+B) =fotikyla—l)/(a+l),. . -© (10) 
— ik, = f, + ik, (a'h eH) /(aei + e7), (11) 
and find, from (11), 
a = —fie ™] (fit 2ik), & ee sae oh (12). 
which, on substituting in (10), gives 
ga Shile h) + lh fom bofie™") ry 
— fofi (l—e) — Riki fo kofi) — 4h okt | 


symbolically ; the ratio of the intensities of the reflected and 
incident waves becomes, after reduction, 


B = RR + tkk) 2 2. | AD 


where 
R = (Ajo koh)? + fofi {(2koky +4 fofi)(1—cos 24) 
+ (hy fom kofi) gin 24t. (15) 
The phase-difference is 
5 = tame Chilo hh cos 2h) + fa sin Dah 
tof (1—cos 2) — 2ko fi sin 2, 

i 2(kı fo— kofi) + fof: ein 24r 

Johi — cos zipi) + 4koki 
It is seen from the expressions (14) and (15) that the 


reflected intensity depends mainly on the values fo and f, 
so that, if f,=0, there is no reflexion in the variable medium,, 


—tan 
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and the reflected wave in the medium w <0 depends entirely 
on the conditions at the boundary «=0 ; on the other hand, 
if 79=0, the reflexion depends wholly on the boundary values 
ki and fı; if both fọ and fiare finite, the thickness of the 
layer comes in through the terms 1—cos 2, sin 2W;, 
entailing a certain “ fluctuation ” of intensity, with minima 
for such values of . as make ẹyi =mr, m being anv integer. 
It also appears, from the equation (4) and the condition (9), 
that fo and fı depend ultimately on the values of dk/dx at 
the boundaries, and this is brought ott more clearly by the 
following. 

The equations (3) and (4) may obviously be satisfied by 
taking — 


dy os k, Yy = í Fau and d= —+ log k, (16) 
I0 


dz = 


provided . 2 2]. 
a(S) = 28S ke ee (17) 


‘which is true, exactly, if 
k = khl tar)? 2. 2. 1... (18) 
If k is continuous, we may take the development 
hokjth'e+... 2. w (19) 


ns correct to the first order for sufficiently small z, and we 
may also choose “a” in (18) so that the development 


kg t+axr)7? = ko—2koar+ ... 2. . (20) 


will fit (19) as closely as we please. Hence, for sufficiently 
small x, we have 


dy : 
ape 

l dk 0 , 
to EA 2k, dv 9 ° e ° e e (21) 


‘and a similar argument applies, on account of symmetry, to 
the boundary r=2. 

It may therefore be inferred that reflexion from a con- 
tinuously varying transition-laver depends primarily on the 
discontinuity of the gradient of the refractive index ; if both 
the refractive index and its gradient are continuous through- 
-out there is no reflexion. <A similar conclusion was drawn 
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by Gans for the approximate solutions discussed (J. ¢.), and is 
not contradictory to Lord Rayleigh’s result in so far as the 
form of variation considered (l.c.) does not admit of a 
vanishing gradient for any finite a. 

The form referred to corresponds, with a slightly different 
notation, to 


= k(l tar), 2... 2 6. a (22) 


leading to 


@?=tlog(lt+tar),. . . 2... (23) 


Y = (Ao?/a?—4)'? log (1+ar); . . . (24) 
and thus, 
f= 4a. tax)! 
1 dk 
aa Sr e > è ò è © è œ (25) 
If the function defined by (18) be adopted, we obtain, as 
the general solution, 


= pin (ae le a Be 1), . . (26) 


which may be used as approximate, in case (dk/dx)? and 
k~) @k/dz? are small of the second order. This approxi- 
mate solution has been discussed by Nicholson *. (Cf. also, 
Gans, l. c.) 
Another case of interest is where 
k = kot k'at bes 


may be taken as correct to the first order, k’ being small. 
The solution may be approached by writing 


dPtinp= P= tiko + petdra?+..., . . (27) 


where p and r are small constants of the first order. The 
function ef will satisfy the equation (1), provided 


CP dỌN? : 
da t Pr +k? = 0, 16. +e. & (28) 


and on substituting, and equating to zero coefficients to like 


* Proc. Roy. Soc. A, lxxxi. pp. 286-299 (1908). 
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powers of z, the coefficients are found subject to the 
(approximate) conditions 


meee See (29) 


r+2ik,p = 0, 
which are satisfied by taking 
r= tik p=—k'/2hy. 
The solution may thus be written 
U = ekrk {Aei y Beirt, | (30) 


We now have p= = — k; 2ko and so the intensity ratio. 
becomes 
|B | 3=— KPC k — Å) + 2kyk,(1 —cos 2v)} (3 1) 
k'?4 (hy — hy)? + kokil — cos 21) } + LGA k? 


neglecting, in this expression, cubes and higher powers 
of X. 
Introducing the refractive indices and taking w,=1, we 
find 
een te ee VTD eas a 
p(w? — 2p cos 2, +1) + birn p/e 


The reflocted intensity is thus always small, as was to be 
expected from the assumed smallness of 4’, and it nearly 
vanishes for values of z such that 


p = kye tika = mo, 
or, in terms of the wave-length A, 


(2ar/Ay)(e— Ai? /2A_) = mT, 
leading to 


w= (MADU Vlen). a (33) 


Even a small change in the thickness of the layer may 
thus cause an appreciable relative change in the reflected 
intensity. 
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XI. Note on the Application of the Ultramicrometer to the 
Microbalance. By R. WHIDDINGTON, M.A., D.Sc., 
Carendish Professor of Physics, and E. A. Loxe, B.Se., 
Assistant Lecturer in the University of Leeds * 


U” to the present the most sensitive microbalances which 

have been constructed are those of Steele and Grant t, 
Ramsay and Gray $, and Pettersson §. In all cases, however, 
great sensitiveness has been obtained only at the expense of 
the maximum load and the general robustness of the appa- 
ratus, and the smallest change in weight measurable was of 
the order of one ten-millionth of the total load. 

They have certain points in common. In each case the 
balance proper was made entirely of fused quartz, and en- 
ciosed in an airtight case, so that small changes in weight 
might either be compensated by or compared with the eftec- 
tive change in weight of a small air-bulb, produced by 
altering the pressure in the case. Deflexions of the beam 
were observed by the reflexion of a beam of light from a 
small mirror on the balance. 

The first two, however, were supported by knife-edges, 
while the last was suspended by two very fine quartz fibres. 

With the knife-edyve type of balance the sensitiveness is 
no doubt limited by” the sharpness of the knife-edge, but 
with the quartz suspensions, which work with no friction, 
the limit, as Pettersson suggests, appears to be imposed 
solely by the smallness of the tilt which can be measured by 
the optical device employed. Thus finally the problem 
resolves itself into one of measuring an extremely small 
distance, since the measurement of the distance moved 
through by the end of the beam amounts to the same thing 
as measuring the angle of tilt. 

Now, the * Ultramicrometer”’ || devised by one of us 
provides a means of measuring distances of an extremely 
ininute order. 

This note is an account of an attempt to apply the “ Ultra- 
micrometer ” to a balance of the Pettersson type. 

Two possibilities were borne in mind: one being the con- 
struction of a balance of greater absolute sensitiveness than 
those mentioned, and the other being the construction of one 

* Communicated by the Authors. 
t Proc. Roy. Soc. A. Ixxxii. p. 580. 
1 Proc. Roy. Soc. A. lxxxiv. p. 536. 
§ Proc. Phys. Soc. xxxii. p. 209 (1920). 
|| Phil. Mag. xl. p. 634 (1920). 
Phil. Mag. S. 6. Vol. 49. No. 289. Jan, 1925. I 
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of greater relative sensitiveness. Our experimental arrange- 
ments made it more convenient to attack the second problem 
first. 

Suppose that we have a balance with a beam about 9 em. 
long, one end of which descends through a distance of the 
order of 1073 cm. for an increase in weight of 10-6 gm. = It 
was estimated that an ultramiecrometer attachme nt, “such as 
could be adapted to this balance, would measure a change of 
2x 1077 em., so that one might reasonably expect by this 
method to measure changes in weight of the order of 
10-9 gm. with a much heavier balance than those mentioned, 
and hence a greater load. 


Principle of the Instrument. 


The “ Ultramicrometer” has been fully described pre- 
viously in this Magazine *, but it may be mentioned that it 
consists essentially of two similar thermionic valve circuits 

capable of maintaining continuous oscillations of a frequency 
of some millions. The frequencies may be made to differ by 
such an amount that the beats produced by the two together 
give a note of audible frequency in a telephone receiver. 
Any slight change in capacity in one circuit produces a 
change in its frequency and hence a change in the 
frequency of the audible note. 

In principle the method is merely to attach to each end of 
the balance light metal plates opposite and parallel te two 
fixed ones, thus i in effect producing two condensers, one at 
each end of the beam. 

A slight tilt of the beam has the effect of increasing one 

capacity while decreasing the other, the frequency of one 
circuit is thereby decreased and that of the other increased, 
so that the audible note changes. Incidentally, the total 
change is double what it would be if the movement were 
only applied to a condenser in one circuit. 

Actually, of course, this arrangement involves two elec- 
trical connexions to the two plates on the beam. This is 
undesirable and is avoided in the final form of the instrument 
by a device described later. 


General description of the Balance. 7 


ae 
Fig. 1 is a diagrammatic sketch of the balance as actually 
used, with the case shown in section. 
The balance is enclosed in a thick brass cylindrical case, 


* Loc. cit. 
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provided with two windows (a). This case is flanged and 
ground on toa brass base, an airtight fit being obtained with 
the aid of a little rubber grease. Being too heavy to lift 
conveniently it is suspended by a wire passing over pulleys 
and its movement is controlled by the guide-rods (d). 


Fig. 1. 
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The beam, described more in detail later, is suspended 
from a horizontal rod capable of adjustment in two di- 
rections at right angles in a horizontal plane. The block 
{e) supporting this rod is made to move up and down 
the pillar (f) by the gear wheels (g), which are actuated 
from outside the case by the rod (b). The latter makes an 
airtight fit by means of a ground joint and engages in a 
slot in the rod (ce). 


Particular details embodied in the design. 


(a) The case.—This is made of thick brass in order to 
minimize the effects of temperature changes. 


. 
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(b) Zhe beam.—Qn account of its physical properties fused 
quartz was used for the beam, as in other microbalances. 
The beam is shown separately in tig. 2. The central trans- 
verse rod has a small mirror cemented on one side, to permit 
of the use of a lamp and scale in the adjustment, and a tiny 
nut working on a fine screw cemented on the other side. 
This nut, which has a small projecting arm to enable it to be 
tarned easily, is for rapidly making fine adjustments of the 
centre of gravity. . 


i 


(c) The suspenston.—The beam is suspended by two very 
fine quartz fibres, drawn out of the ends of the central trans- 
verse rod itself, and these are cemented to the support 
mentioned in the general description. 

(d) The air-weight and counterpoise.—From each end of 
the beam a fibre ending in a hook is drawn. One carries a 
small air-bulb of about *3 c.c. external volume, and the other 
a quartz counterpoise made in a form suitable for attaching 
additional quartz weights. These hang in closed glass tubes 
fitted by ground joints to the base. To make use of the air- 
weight the case of course has to be evacuated, so a side tube 
is provided and connected with an exhaust-pump and mercury 
manometer. 

(e) Condensers attached to the beam.—To avoid any direct 
electrical connexion to the beam, the single condenser at 
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each end, mentioned earlier, was replaced in the instrument 
as used by two condensers in series. Fig. 2 shows one pair 
of condensers only. The two middle plates (p and q) of 
each pair are cut from a single piece of aluminium sheet, as 
thin as possible consistent with rigidity, and cemented by 
the connecting portion to the beam. The two extreme plates 
(x and $) of each pair form the fixed plates, which are 
arranged under the connected plates and mounted on ebonite 
blocks. These blocks are connected by stiff ball and socket 
joints to metal blocks (4) moving on parallel pillars (7), and 
are moved by the screws (4). From the fixed plates leads 
pass through insulating plugs in the base to the inductances 
of the oscillating circuits. 

The fixed plates also serve as an arrestment for the beam. 


The Electrical Circuit. 


The electrical circuit is essentially the same as that 
described in the account of the “ Ultramicrometer “° *, the 
condensers being incorporated with the balance, as explained 
above. Instead of putting the telephone-receiver directly in 
the plate circuits of the valves, a three-valve low-frequency 
amplifier and a loud-speaker were used. In order to bring 
the beat-note to a suitable audible frequency, a parallel plate 
uir-condenser, one plate of which can be moved by a micro- 
meter screw, was connected in parallel with the capacity in 
one of the valve circuits. Additional control can be 
obtained if necessary by varying the pressure in the case. 


Setting up the Bulance. 


Setting up and adjusting the balance are operations 
requiring some patience, chiefly owing to the accidental 
breakage of one or other of the quartz fibres, and the fact 
that condenser plates have to be cemented to the beam. 


Precautions necessary with the Electrical Circuits. 


The extremely sensitive nature of the “ Ultramicrometer ” 
gives rise to certain difficulties which are briefly enumerated 
below, with the steps taken to minimize them. 

(a) Mechanical vibration was prevented as far as possible 
by placing the apparatus on thick rubber corks on a rigid 
slate bench in a room in the basement. Even so, trouble 


* Loc. cit. 
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was traced to movements and disturbances in other parts of 
the building and, in fact, outside it, so that it was found 
necessary to work very late at night or in the early morning. 

(b) All leads were of stitf enamelled copper wire to prevent 
vibration. 

(c) By suitably spacing the leads and portions of the appa- 

ratus stray capacity effects were minimized, as they might 
become appreciably large in the aggregate compared with 
the condensers used, thereby decreasing the sensitiveness. 

(d) The apparatus was effectively scr cened against capacity 
changes due to movements of the observer by earthing the 
case and the negative side of the L.T. battery, and by en- 
closing other portions in earthed tin-lined cases. 

(e) The batteries should be in excellent condition. A 
slight change in filament current alters the frequency *, 
but it is found that the current can be adjusted so that 
either an increase or a decrease produces a change of note 
in the same direction, 2. e. this oceurs at a turning point on 
a frequency filament-current curve (with anode voltage con- 
stant). The curve is fairly flat at this turning point, so that 
at this critical adjustment any slight fluctuation due to the 
batteries is less likely to affect the note. 

There is a similar point on the frequency-anode voltage 
curve (with constant filament current) t, but in this par- 
ticular instance it was not possible to take advantage of this 
fact owing to the necessity for keeping the anode voltage as 
low as possible, in order to minimize the electrostatic attrac- 
tion between the plates. 

(f) Soldered joints were used throughout. 

(7) The cellar room temperature was found to be sufh- 
ciently constant for the experiment. 

(h) Owing to the inequality in the separation of the 
condenser plates, there was an appreciable deflexion due to 
electrostatic attraction when the valves were switched on. 
This was made as small as possible by keeping the anode 
voltage low and by altering the pressure slightly until the 
plates were more equally spaced. 

This additional force which is introduced into the balance 
system proved to be greater than expected, but as the plates 

can be almost equally spaced, and as the changes in weight 
it was desired to measure produce only a minute tilt, it did 
not interfere with the working of the balance. 

æ Proc. Roy. Soc. A. xcvi. p. 455, and A. xevii. p. 191. 

t In some unpublished work carried out in this laboratory by Miss C. 


E. Watson, M.Sc., it was shown that the frequency falls toa minimum 
value and then rises again when the anode voltage is varied. 
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Method of using the Balance. 


The centre of gravity was adjusted until the balance had a 
sensitiveness of the order mentioned earlier. 

On varying the pressure the deflexion of the light-spot 
was found to be reasonably uniform, with the zero constant 
over a considerable period, showing however a slight creep 
in several days. 

The constancy of zero was further tested by altering the 
anode voltage and bringing it back to its original value 
several times. 

A long piece of very fine constantan wire was weighed 
and measured carefully, and a very small portion was cut 
off and measured. The change in pressure necessary to 
counterbalance this was used as the standard. It agreed 
sufficiently well with the value calculated from the volumes 
of the bulb and counterpoise. 

A vessel of known capacity (about 1 litre) was also con- 
nected to the apparatus through a tap, and by measuring 
the change in pressure when this vessel was connected with 
the rest of the apparatus at various pressures, the internal 
volume of the case etc. could be calculated. 

As a change of l mm. pressure produced a greater change 
in weight than was required, an additional adjustable mano- 
meter was attached and the bore of the fixed limb found. 
A small movement of the open limb produced a slight known 
change in volume from which the change in pressure could 
be calculated since the volume was known. ‘The change in 
weight corresponding to this is known, so that we were able 
to produce changes in weight of the order desired. Of 
course the same end could have been attained by using a 
smaller bulb, but it was found more convenient to retain 
the larger bulb and use the method described. 

With the valve circuits in action the note was adjusted to 
such a frequency that it gave a few beats per second with 
the note emitted by an audible frequency circuit used as 
standard, also provided with a loud-speaker so that the 
beats could be heard some distance away. 

The pressure was then varied by steps over a small range, 
and the standard circuit adjusted each time by altering its 
capacity. 

Results obtained. 


As the note varies somewhat until the circuit has been left 
in operation for some minutes, time must be allowed for heat 
effects to become steady. 
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The slow beats were found to vary periodic: illy about some 
mean, presumably owing to the natural swing of the balance 
which was unexpectedly persistent, and it was consequently 
impossible to count them. On this account the fullest use 
could not be made of the * Ultramicrometer ” principle in 
the application of which the slow beat method is essential 
for highest accuracy. 

The standard note was therefore adjusted to give the mean 
note each time the pressure was varied, and fig. 3 shows the 


Fig. 3. 
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kind of results obtained, where the change in weight is shown 
plotted against the corresponding: c capacity in the standard 
circuit. The points lie fairly well on a straight line, which 
is to be expected if the movement of the condenser plates i 18 
small compared with their separation. 
The slopes of these lines are all practically the same, and 
the same note could be restored by returning the pressure to 
its original value. 

The smallest change in weight which was used in obtaining 
the curves was 1°67 x 107 gm., which is rather less than 
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one ten-millionth of the load, that is to say this arrangement 
is a few hundred times more sensitive than with a lamp and 
scale. 

A change in weight of about 5x 10-® gm. produced an 
unmistakable change in the number each time, but since 
this change was of the same order as the variation of the 
note about the mean, it was impossible to measure it with 
any accuracy. 


Conclusion. 


Our experience indicates that if the slow beat method 
could have been used it would have been possible to measure 
a change of as little as L0-® gm. or even less ina load of 
about 0-2 gm. 

Unfortunately the practical difficulties have forced us to 
the conclusion that the instrument is not sufficiently simple 
in operation to be generally useful. Apart from this the 
balance is not sufficiently sensitive for the purpose for which 
it was originally designed. 


We wish to thank Messrs. Ludbrook and Beecroft for their 
assistance in the workshop and Mr. L. G. Stanton for pre- 
paring the diagrams. Part of the cost of the balance was 
defrayed by a grant from the Royal Society. 


Physics Laboratories, 
University of Leeds, 
September 1924. 


XII. On the Elastic Impact of the Pianoforte Hammer.—lil. 
By S. Buareava and R. N. Guosa, Department of 
Physics, Allahabad University *. 


È the June number of the ‘Philosophical Magazine, 

vol. xlvii., the authors have shown that the elasticity 
of the hammer felt must be taken into consideration for 
calculating the duration of impact. Kaufmann’s approximate 
theory with the additional consideration of the elasticity of 
the hammer felt agrees fairly with the experimental results. 
In'the present paper, calculation is made of the transmission 
of energy to the string by the elastic hammer, and the effect 
of stifness upon the duration of impact has been shown to 
diminish it, whatever be the tension of the string. Finally, 
the law of pressure and the resulting amplitude of the 


Communicated by Prof. M. N. Saha. 
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partials have been calculated. It is found that Helmholtz’s 
term plus two other terms are present, which are not 
Insignificant. 


2. Calculation of the Communication of the Eneray 
to the String. 


[lelmholtz’s Case. 


In this case it is supposed that the impact is over before 
the disturbance produced by the hammer has travelled out- 
wards. The pressure p has been shown to be given by 


p = ry(uM)' sin {uM 2 . 2. (1) 
where vg is the initial velocity of the hammer. The duration 


of the impact is given by m(y/M)7*. The displacement of 
the hammer is given by 


Yo = to(M/y)' sin {u/M)'t}. 2 6 ee (2) 


The velocity of the hammer when it leaves the string is 
easily found to be the same as the initial velocity: 


Velocity of rebound = —t». 


Thus we see that in the ideal case of localized disturbance there 
should be no loss of energy by the hammer; but that energy 
is lost in producing waves in the piano string is beyond 
doubt: hence the assumption of no wave-motion during 
impact requires modification. The expressions (1), (2), and 
(3) are different from those derived by Mr. W. H. George*, 
who by introducing a new quantity, namely the velocity of 
m 


rebound v, has obtained at t=; the value of maximum 
pressure, 


Mr , 
P =—yp Cote), 
where T is the duration of impact, while from (1) we obtain 
ONE 
= ge 
a T , 
Further, at t=% velocity of the hammer should be zero 


2 
when the pressure is maximum. These facts are represented 
by (1) and (2), while George’s expression gives for the 
velocity of the hammer at the same instant 4(vy—v). If, 


* Phil. Mag. xlvii. p. 506 (1924), 
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however, the above condition be imposed on Helmholtz's 
expression for the pressure, 


-p = F sin at/T, 


oMr 
F = Py = > 
then George’s equation (2) will be modified as follows : 
z = tro + to(cos mt/T—1), 


from which it is evident that at t=T velocity of rebound is 
—ro It is the same as the initial velocity since the loss 
ot energy of the hammer =4Mr,?—4Mcx,?, where v, and t3 
are velocities before and after impact. In this case 1,=13, 
and theretore there is no loss. 

In a case when the hammer spring is supposed to be 
bounded by a cylindrical surface which impinges upon the 
string, producing a localized dimple of the sume size, 


we have 
p= T(8y/ay, 2. wwe ee (4) 


where a is the radius of the impinging cylinder. The 
equation of motion of the hammer is given by 


d? 
Mo? = — p, : š P ‘ : e e (5) 


where p is the pressure between the hammer and the spring. 
Further, pa 
p= pe and Yo = yt. b a E (5 a) 


y and y are displacements of the string and hammer ; & is 
the compression and p the strength of the spring. From 
(4), (5), and (5a) we obtain to a first approximation, 
Jo = y+ akt, 
where : PE IE? 
ap ( ( A 
a= aT? and (1+ 2a) +a) +n'E = 0, 


where n? = p/M. 
For small values of «, an approximate solution for £ is 


2av,? 
cos nt + 
n? 


: 2avo? 
È = vn sinnt — = 


vy the initial velocity is supposed to be small compared with n. 
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The duration of impact is measured by the interval from 
the beginning of impact to the instant when the pressure is 
again zero. In this case it is T= (m/n +4avy/n?) and 


T ere a 
Y= dt pear $ 


At +=0, j= and y=0; 


e e ] IU, 4 
at t=T), jy=0 and y= (14 ae seswa ); 
l 


at t=T, y= — m and y=0. 


Hence, when the hammer rebounds, no wrinkle is left in the 
string, and in this case, too, there is no loss of energy by the 
hammer. The case is different, however, when the wrinkle 
does not remain localized during impact. 


Kaufmann’s Case. 


Kauffmann considered a case when the length of the string 
was finite and it was displaced during impact. He took the 
case when the striking distance a was small, but he regarded 
the hammer as hard. We have shown that the elasticity 
of the hammer felt must be taken into consideration. Re- 
garding the hammer felt as equivalent to an elastic spring of 
strength u, and neglecting terms of the order 1073 in com- 
parison with others, we obtain a solution for the case of the 
elastic hammer : 

K 


y = Ae 2 ‘sin gt, ee eS, A6) 
T ux ) cz] 
2. ee K2? 
4 baw tea all 
_T pa ) 
SEN T + pa 9} ° e e e ° . ° (1) 


ef T t= 
As uC 2 ° 


The duration of impact is approximately given by 


and 


T ôt, 
7 


where ôt =a/C approximately. 
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T\ _Ke . . 
yy =A(1+ e 2 singt . . . . (8) 


and Hh es Be"? q cos w- sin qt f : 
where B = A(1+T/ma), ry = Ba, 


and v, the velocity of rebound, 
wh 
= Bye vz approx. 
The energy absorbed by the spring 
z= tMi —4 M? 
„kK 
=1M,A*g*(1—e™ ¢ ) approx. 


The loss of energy in producing waves can be calculated 
by evaluating the “potential energy of the wave-motion in 
the string. The a of ——— is 


ia mal re 


Neglecting the effect of the reflexions from the shorter end,. 
we must have 


Ke , 
atv=a, y=Ae 2 singt, 
andat r=0, y=0. 


Assuming y o eat Ri42), 
OY = (q+ iK/2)/Chy 


“ y= Rae sin G(Ct-#+a). - (9) 


This holds true only up to 0<t<l—a/C. 


The total energy of wave- motion (kinetic plus boven) 


= r a) da = ae i (1—e7 Japs 


It is found that the energy is a same as lost by the hammer 
after impact. 


3. Efect of Stifness on the Duration of Impact. 


The effect of stiffness on the free vibrations of a finite- 
string has been investigated by the late Lord Rayleigh * 


æ ‘Theory of Sound,’ vol. i. art. 137. 
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He found out the increase in the potential energy due to 
stiffness, and then calculated the effect upon the periods. 
The same can, however, be done by an alternative method, 
which will be employed to evaluate the effect upon the 
duration of impact. 


du dM 
M = El- TD T +F=0. 
M = bending moment, E=Young’s modulus, l= moment 
of inertia of the cross-section perpendicular to the plane of 
bending, F =the shearing force. 
The “equation of motion of a stretched string now takes 
the form 


a? y oF 
x’ 


dy 
P de = =l 


Assume 
STE 
yx sin- -Q, 
where ¢ is the normal coordinate. 
T $r? EI sr? 
$=- p fiti hd. 
EI êr? 
Vis amm - —. — 
a onfi sr p 
where T;’ is the period when stiffness is considered, and 
T, is the period for a perfectly flexible string. Equation 


(10) is the same as formula (2) of art. 137 of Rayleigh’s 
‘Theory of Sound, vol. i. 


Returning to our problem, we observe that 


(10) 


p=% O<xr<a, 
° (10a) 
naren aces, i 


y = /J( (Ct) v= a, 


ae 
where F, is the shearing force due to stiffness on account of 
the change of inclination from yı to yo in the neighbourhood 
of the point struck. 


M= ed (“") -( a) 


(2) 


and 


dM 7 d? yo 4 dy an 
em Mec mee (i) 
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where Ge and (2) are the inclinations on the two 
7 de 1 de 2 
Sides. 
The equation (12) * is modified to the form 
T ee pee Tdy Ty 
\ pee ee Ne YY 
O+ CM/ dë Cdt a 
_ MIT dy EIM d'y 
pC dé ep dt 
A fall solution of (12) will be cumbrous, and so of little 
value. We shall be content with an approximate solution 
by neglecting terms which are comparatively small. The 
right-hand side can then be assumed to be zero. Then the 


solution is of the same form as before (equation 12, loc. cit.), 
bat the numerical magnitude of g, now comes out : 


TEI x | i 
ee A D pa 
I = aM (ne) sat a a qla) 


Hence we find that the direction of impact is decreased 
and that the diminution increases with I. For circular wire 


w (22) 


[= Fai, so that the duration of the contact diminishes as the 


fourth power of the radius. Formula (13) shows that 
the duration of impact is always shortened, whatever be the 
nature of the hammer. Further, the effect is independent 
of tension. 


4. Calculation of the Law of Pressure. 
From (12) and (10 a) p is easily found to be 


sin gt 


poatenity + Geos +6, ~ . (14) 


N 

e A dann: 

From (14) it is observed that the pressure on the string 
is not zero at the instant of impact. it is equal to TAg/U, 
and at the end of the interval a/g its magnitude is again 
the saime, and becomes zero after a short interval ôt obtained 
by putting t=a/q+ ôt in (14). The fact that the pressure 
is not zero at the instant of impact is also confirmed by 
Professor Raman’s curves tf, where the hammer is considered 
to be perfectly hard. The interval ôt is very small; it is 
approximately equal to a/C. Hence we shall neglect it, 
aud consider the duration of impact to be given by miy 

æ Phil. Mag. xlvii. p. 1145 (June 1924). 
+ Raman X Banerjee, Proc. Roy. Soc. xevil. A, p. 105. 


J 
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This amounts to neglecting the second term of equation (14); 
then the pressure is given by 
AT _k, . P 
p =— ez singe . 2... . (15) 
a 


5. Calculation of the Intensity of the Partials. 


The equation of motion of a point on the string in terms 
of normal coordinates is given by 


C 2 
$s +(" Ne. ip 


where ®, is the generalized component of the force. And 


K, 
®, = Asin Tte 2 sin qt’. 
If œ, and dy both be zero initially, then for ¢> 


g 


~ STA 
2A Sin- 


l _K r e . ’ 
= - Wena sin n(t—t') singe de 
lup r 


ame -o ae e 


2A sin y | Pees i sinn(t- 5) Ksin- yp cosa(t+ J) 
ag 


= dnp - q 77? 2(q—n)? 
x sın n(t+7) = sin n (—7) “i 
Kr  \ g Rr B a i 
Loy (q—n) dy lyn) --+_ | approx. 


f Notations follow Ravleigh’s ‘Theory of Sound, vol. i. art. 134.) 


The final solution for the displacement y becomes, when 
we substitute the value of (to the same order of approxi- 
mation), 


9 


in eine Nay cos( 7) sin en t z) 
ae ie fa EN a a 


pr 1  s(lg— srl) 7 (lq +smrC) 


20. = { 
„ sin co ") -cos [7 e- aj : 
K Ili l ZY K 


SEDU ee PN 2y7d, S smh =)] 
2 (ly—s7C) dal mn K («4 

R sa "a 
Kar sin [7 ( g Ce ee (16) 


tg “(ly + sr EC) ly sr) 0 


=x 


.: 
ae. FO a a 
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Equation (16) shows the first term obtained by Helmholtz 
and other terms which appear on account of finite displace- 
ment of the string during impact, but on account of the 
presence K of their magnitudes are small. The con- 
vergence of the first two terms is of the order s~%, but 
the last two terms converge more slowly. They increase 
if K increases—that is, when the striking distance « 
Increases. 

For a given striking distance the first term disappears 
for those partials whose periods are 2/1, 2/3, 2/5, 2/7 of the 
duration of impact; but the other three terms do not 
disappear, hence the existence of a feeble intensity of them 
is explained. 

When the point struck is very close to the first node of the 
sth component, then the sth component will be absent ; but 


n i ; : l 
it at the same time the duration of impact EA approx. 


q Us 


1 23 
then sin` =] and sin, pre is are both of the 
2lq l 2lq 


same order of smallness: the first term and the third term 
completely disappear, but the second term does not. Hence 
we tind that a component having a node at the point struck 
is not entirely absent if the duration of impact is half the 
period of vibration of the component. Hipkins and others 
have found this experimentally to be true. 

A given component will converge more rapidly the greater 
the value of q, which decreases as æ increases. According 
to Helmholtz, however, the convergence is independent of 
the striking distance. 


Conclusions. 


These formule have been proposed tentatively, and the 
authors hope to verify them experimentally on a future 
occasion. 

Physics Department, 

Allahabad University, 


Allahabad, India, 
July 15th, 1924. 
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XII. Note on the Problem of the Quantitative Formulation 
of Bohrs Correspondence Principle. By Ricnarn C. 
Totman, Ph.D., Professor of Physical Chemistry and 
Mathematical Physics at the California Institute of 
Technology *. 


I. INTRODUCTION, 


T has been shown by Kramers + that the frequency of 
the light emitted when an atom passes from one 
quantum state to another may be regarded as an average of 
the frequencies which would be emitted, on the basis of the 
classical theory, by the various mechanically possible states 
intermediate between the initial and final quantum states. 
Bohr’s principle of correspondence indicates that the 
intensity of the light emitted should also be calculable 
by a suitable average of the intensities which would be 
emitted by these intermediate states on the basis of the 
classical theory. In two recent articles, Hoyt has used 
six possible methods of obtaining this average, including 
one suggested by Kramers, to calculate the relative 
probabilities of transitions between various pairs of 
quantized Kepler orbits, and has tried to test his results 
by data on the intensity of X-ray and Balmer series lines. 
Unfortunately, the experimental information available was 
not sufficient to permit a definite decision as to the proper 
method of averaging 
It is the purpose of this note to present the results 
obtained by using these different methods of averaging, 
to calculate the probability of transitions in the case of 
three very simple quantum systems with only a single 
degree of freedom—namely the harmonic oscillator, the 
rotating dipole, and the simplified hydrogen atom with 
circular orbits. These systems are so simple that the 
calculations can be made without approximations, and 
the significance of the results can perhaps be more readily 
appreciated than in more complicated cases. It is a matter 
of interest that only one of the methods of averaging leads 
to the value zero for the probability that an electron will 
fall into the nucleus from the innermost orbit in the 
hydrogen atom, the other methods leading to an infinite 
value for this probability. 


* Communicated by the Author. 

t Kramers, Kgl. Danske Vidensk. Selsk. Skifter, 8. Raekke, iii. 3, 
p. 327. 

t Hoyt, Phil. Mag. xlvi. p. 135 (1923); ibid. xlvii. p. 826 (1924). 


Formulation of Bohr’s Correspondence Principle. 131 


II. THEORY OF THE CALCULATION. 


F Consider the transition of a system of one degree of 
Jreedom between two stationary quantum states S’ and S”, 


which have for the phase integral (@ pdg) the values 


I'= n'h and ["=n"h, . . . . . (1) 
where n’ and n” are the quantum numbers corresponding 
to the initial and final states, and A is Planck’s constant. 
Let the value of the phase integral for mechanically 
possible intermediate states be given with the help of the 
auxiliary variable A by the equation 

T= +a"), e 2. 2 we (2) 
where à can assume values between unity and zero. 

In accordance with the equation of Kramers, the 
frequency v of the light emitted by the transition is 
connected with the frequency tw of the corresponding 
harmonic in the Fourier expansion for the motion of the 
atom by the expression 

A=1 
v= (rw)dr, o. ew we B) 
_A=0 
where the corresponding harmonic is the one in which 
the order number 7 is related to the quantum numbers 
n' and n” by the equation 
(4) 


T= nmen" ae . 1 1 ew 
and the fundamental frequency w in the motion of the atom 
is related to energy E and phase integral I by the classical 
equation JE 


S a ke ee a O) 


On the basis of the classical theory, the average rate of 
energy emission corresponding to the rth harmonic and 
a particular direction of polarization would be 

dR ; 

Thar gerw, o. a (6) 
where the proportionality constant g has the value 1674/3, 
and the quantity C, is the amplitude of the rth harmonic 
in the Fourier analysis of the expression for the electric 
moment of the atom in the direction of polarization under 
consideration. On the basis of the quantum theory, the 
average rate of energy emission corresponding to a 
particalar transition would be 


dR\ an A 
de)a” N Ae 
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where A,” is the probability, as introduced by Einstein, 
that the atom will make the transition in question in 
unit time. In accordance with the correspondence } rin- 
ciple, we should expect the quantum theory expression to 
be some form of average of the classical expression which 
might be expressed by the equation 
A" hy = I [gT wt] «© . . . (8) 
X, Y, Z 
where the summation sign indicates the necessity of taking 
into account the amplitude of oscillation parallel to each of 
the three axes. Or, if in accordance with the spirit of the 
correspondence principle * we take Q as the amplitude of 
the “virtual oscillators” of frequency v, which for the 
purposes at hand could be substituted for the atoms, we 
might write 
A "hv = È [9r] = E [gC Ttw] . a (9) 
I, %7 I, Yy z 
The following six possible methods of performing the 
indicated average, and thus determining the amplitude Q of 
the “virtual oscillator,” are the ones to be investigated :— 


Q? = (cra, b eB Ee we GK) 


logQ = ( log C, dà, iC) 
Oy = í CF T'otdA, (D) 
e 0 


Q = [ete o a 
0 


"1 
log (Qu) = í log (C To?) dà... o. (BY 
e0 
III. EXPRESSIONS USED IN THE CALCULATIONS. 


In order to perform the indicated integrations, we shall 
have to express amplitude C, and frequency of motion w in 
terms of the auxiliary variable A. This can be easily done, 
however, since the relation between the phase integral I and 
the variable A is given by equation (2), and C, and œ are 
completely determined when the value of I is known. 

We give below, for the three systems considered, all that 


* See Bohr, Kramers, and Slater, Phil. Mag. xlvii. p. 785 (1924). 
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remains of the Fourier expansions for the electric moments 
E. n, and ¢ parallel to the three axes, the amplitude C and 
frequency of motion œ for mechanically possible motions 
lying between the states determined by the quantum numbers 
n and n+1, and the frequency v of the light emitted by a 
quantum transition from n+1 to n. For convenience, the 
results are expressed in terms of the quantities C, and œ}, 
which are the amplitude and frequency of motion in the 
quantum state where n equals unity. 


l. The Lincar Harmonie Oscillator. 
E = Ucos 27 at, 7=CF=0; 
Ca (n+)? C, ; 

w = w; 

V = @). 


2. The Rigid Dipole Rotator. 


E = C cos 2r wt, n = Ccos(2mot+7), E 2 0; 


C=; 

w = (Vn +A) a, 5 
> 

y = Cai 1) Wj. 


as 


3. Lhe Simplified Hydrogen Atom (Flectron in 
Circular Orhit). 


4 4 T 
E = Ceos ?rot, n = C cos(2rot+ 3) =; 
-æ 


C = (+A) Ci; 
= @| P 

XRAN 
2n+1 

W(n+1)? 2° 


RESULTS OF THE CALCULATIONS. 
The results of the calculations for the three systems are 
presented in tabular form. The first column gives the 
method of averaging employed; the second column the 
square of the amplitude of the * virtual oscillator,” Q7, 
corresponding to the transition from quantum number n+ 1 
to n; the third column the probability, Añ} that this 
transition will occur in unit time ; and the last two columns 
the values assumed by these two quantities for the special 
case of the transition from quantum number one to zero. 
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IV. Discussion OF RESULTS. 


It is a matter of interest that all the methods of averaging, 
with the exception of F, iead to an infinite robability that 
an electron in the TT orbit of the ices atom 
would fall during unit time into the nucleus. On ahe other 
hand, method F leads to what we must regard as experi- 
mentally correct—namely zero for the eliane that the 
electron would fall into the nucleus * 

Although this result would seem somewhat strong evidence 
against all except method F, attention should be called to 
the fact that the treatment given can hardly be regarded as 
absolutely exact, since it assumes that the inverse square law 
of attraction would hold down to zero distance between 
nucleus and electron—an assumption which does not agree 
with the finite mass and hence finite enorgy of the hy ‘drogen 
atom. Furthermore, it should be noted that Hovt’s results 
seemed unfavourable to method F. Further work on the 
problem is much to be desired f. 


Norman Bridge Laboratory of Physics, 
Pasadena, Californian, 
July 24th, 1924. 


* If we are permitted to trespass for a moment in a field of visionary 
speculation, it is interesting to note that although method F leads to zero 
tor the chance that an electron w ae fall into the nucleus during unit 
time, it leads to a finite value, 2eyC,4w,4, for the rate at which energy 
would be emitted by hy drogen atoms in the first quantum orhit, since 
the vanishingly small number of transitions is multiplied by the intinite 
energy emitted in each transition. This result might have astrophysical 
signiticance in connexion with the difficulty of discovering a sufficient 
source for the energy emitted by some ot the stars. The falling of an 
electron into the hydrogen nucleus would presumably lead to the 
destruction of the atom with the production of an amount of radiant 
energy equivalent to its mass. The fact that our treatment would make 
the energy emitted infinite when an electron falls into the nucleus may 
not seriously affect the approximate correctness of our figure for the rate 
of energy emission. 

+ The writer wishes to express his thanks to Mr. I. S. Bowen for his 
kindness in reading the manuscript and checking the calculations 
involved in the above article. Mr. Bowen has also made an interesting 
generalization as to me results of diiferent methods of averaging. If 


we take log (Quy=\ | log (Cw*)dA, then it can be shown that the 
condition a>1]'5 will “wake the probability zero that an electron in 


the first orbit will fall into the nucleus. If we take Q7” = {2 Cold, 
then we may distinguish two cases. When 2r+1>3y, we must have 
3x<?2y in order to make the above probability zero. When 2 2r+1<3y, 
we must have r+y<1 to make the probability zero. 


Cang 


XIV. The Period of Mesothorium 2. By W.P.Wippowsoy, 
B.A., Scholar of Christ Church, Oxford, and A. N. RUSSELL, 
MUA., D.Sc., Lr. Lees Reader in Chemistry *. 


N ESOTHORIUM 2 was discovered in 1908 by O. Hahn f, 

who found its half-value period to be 6'2 hours. 
MeCoy and Viol $ found the value 6°14 hours. Recently in 
an unsuccessful attempt to isolate a second product of 
mesothorium 1, corresponding to mesothorinm 2 as uranium 
Z does to uranium X., we made several determinations of 
mesothorium 2’s period. Our mean value is 5°95 hours, 
which is four per cent. smaller than Hahn’s. 

In chemical properties mesothorium 2 (atomic number 
8&0) resembles the rare earths and is usually described 
as being similar to lanthanum. When fractionated along 
with the rare earths its isotope actinium appears to be 
concentrated in the neodymium and samarium fractions § so 
that they are homologues of the missing element of atomic 
number 61. In qualitative analysis mesothorium 2 is precipi- 
tated as hydroxide by ammonia, but quantitatively only in 
aisence of a moderate quantity of ammonium silts. Its 
parent substance, mesothorium 1, when very concentrated 
contains radinm and therefore also products both of the 
thorium and the radium series. The separation of mesotho- 
rium 2 from mesothorium 1 (atomic number 8X) has conse- 
quently to be carried out in the presence of products of 
atomic numbers 90 (radicthorium), 88 (radium, thorium X), 
$t (radon, thoron), 84 (radium <A, thorium A, ete.), X3 
(radium C, ae C), and 82 (radium B, thorium B). 
There is, however, no difficulty in this. 

The procedure we found best was as follows :—Tirst we 
precipitated products of atomic numbers 90, 89, S4, 83, 
and 82 from those of atomic number 88 by dissolving a 
preparation of mesothorium bromide, equal in y-ray activity 
to 6 mgrms. Ra Br, in water, adding to the solution another 
containing the nitrates of lanthanum, thorium, and barium, 
and precipitating with carbonate-free ammonia. Meso- 
thorium and its isotopes alone remain in solution with the 
barium. This solution was then acidified and set aside for a 
time. It lost radon and thoron freely so that their products 
soon decayed to a negligible concentration. After a month 


* Communicated by the Authors. 

+ O. Hahn, Phys. Zeit. ix. p. 246 (1908). 

t H.N. McCoy & C. H. Viol, Phil. Mag. xxv. p. 333 (1913). 
$ A. Debierne, Compt. rend. exxxix. p- 538 (190-4). 
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the concentration of thorium X had fallen to about 0:004 of 
its original value, mesothorium 2 had attained its equilibrium 
amount, and a small quantity of radiothorium had grown. 
A small quantity of thorinm, free from all products but 
radiothorium, was then added, ‘and precipitated from solution 
by carbonate-free ammonia. This removed all radioactive 
products from the solution except isotopes of mesothorium 1. 
The filtrate was acidified, a small quantity of thorium added 
to it, and half-an-hour later the thorium was precipitated by 
ammonia, This thorium precipitate was found to contain 
mesothorium 2 only which had grown in the interv: al, for 
the -ray activity decayed exponentially with a period of 
about six hours, and the residual activity was very small. 

Several determinations of the half-value period were 
a out by freeing the active solution from mesothorium 
2, allowing this product to accumulate for times which 
varied from seven minutes to twenty-four hours, and precipi- 
tating it along with thorium with ammonia. (Thorium was 
used instead of lanthanum as a nucleus for the active material 
because it is precipitated by ammonia even in presence of a 
large amount of ammonium salts, and in the active solution 
employed these were accumulating. It was prepared free 
from all its products except radiothorium by adding to a 
solution of it, a solution of lead, bismuth, lanthanum, and 
barium njlnites. almost removing the acidity by ammonta, 
and precipitating the thorium with excess of a solution of 
m-nitrobenzoic acid. The thorium so precipitated is entirely 
free from all its products.) The thorium precipitate con- 
taining the mesothorium 2 was washed, dried, ignited, and 
its activity observed in a -rav electroscope. These obser- 
vations occupied about five minutes. In none of the prepar- 
ations was any initial abnormal decay observed ; the active 
material decayed exponentially to zero. In seven of the 
best experiments the following values of the half-value 
period in minutes were obtained :—360, 352, 359, 361, 356, 
354, and 356. The mean value is 357 minutes or 39°95 hours. 
The period of average life is consequently 8°58 hours, and 
the disintegration constant A is 0116 per hour. This value 
of the half-value period is probably within 3 minutes of the 
true value and is 15 minutes less than Hahn’s 

The experiments described show that. there is no appreciable 
quantity of another product of mesothorium 1, isotopic with 
mesothorinum 2, if such has a period between 3 minutes and 
6 hours. For a hypothetical product with these properties 
would become concentrated in mesothorinum 2 by an operation 
which removed them entirely from solution and then allowed 
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them to grow for an interval of time which is of the same 
order as the period of the more quickly-changing product. 
This product should then be revealed by an initially abnormal 
decay of the separated products. For example, supposing 
that the hypothetical product has a period of 7 minutes, and 
that in equilibrium it emits one -particle for every 500 
B8-particles emitted by mesothorium 2. After both have 
been removed from a solution of mesothorium 1 and allowed 
to grow for 7 minutes, the ratio is raised from 1:500 to 
1:10. Seven minutes later when these products have been 
separated from the solution and are ready for measurement 
in the electroscope the ratio has fallen to 1: 20, but this is 
high enough to allow the presence of the minor but more 
quickly-changing constituent to be shown by the measure- 
ments of decav. The closer the periods of the isotopic 
products, the greater must be the proportion of the minor 
constituent in the mixture to make detection possible. In 
none of the experiments which we carried out was any trace 
of a minor isotope revealed. If, however, such an isotope 
had a period of about 2 minutes or less it would have escaped 
us unless its concentration was considerable, for 5 or 6 
minutes was necessary to filter off the products and prepare 
them for the electroscope. 

If the hypothetical product had a period considerably 
larger than that of mesothorium 2 it would be found in 
appreciable concentration only in the first precipitate of 
lanthanum and thorium hydroxides from the original 
solution of mesothorium. This precipitate was dissolved in 
acid, a solution of lead and barium nitrates added to it, and 
the lanthanum separated from the lead by sulphuretted 
hydrogen, from the barium by carbonate-free ammonia, and 
from the thorium by m-nitrobenzoic acid. The intensely 
active precipitate was then allowed to decay for several days 
until mesothorium 2 had attained a negligible concentration, 
and examined from time to time to see if a long-lived isotope 
was present. A small quantity of a -ray body remained, 
but this proved to be, by its emanating power and period, 
thorium X, doubtless either adsorbed by the lanthanum or 
precipitated in small amount by ammonia in presence of air. 
This substance was dissolved in acid, a solution of barium 
nitrate added to it, and carbonate-free ammonia added in 
excess. These operations were repeated. The concentration 
of thorium X in the precipitated lanthanum was then found 
to be negligible. There appears then to be no appreciable 
amount of a second product of mesothorium 1 with a 
longer period than that of mesothorium 2 in the preparation 
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with which we worked. Our preparation was one that 
had a y-ray activity equal to that of 6 milligrams of radium 
bromide. Naturally before such a question can be settled 
more active preparations must be examined. 


Summary. 


1. A strong source of mesothorium was examined to see 
if it gave a branch product isotopic with mesothorium 2. It 
is found that no second product with a period smaller than 
that of mesothorium 2 exists in any detectable amount. 
Preliminary experiments indicate that the existence of a 
product with a greater period is also unlikely. 

2. The half-value period of mesothorium 2 has been 
measured accurately. It is 5°95 hours. This value is 
probably less than one per cent. in error. It is four percent. 
smaller than Hahn’s original value, 6°2 hours. ‘lhe new 
value of the disintegration constant is 0°116 per hour. 

A grant from the Government Grant Committee of the 
Royal Society kindly made to one of us was usedin purchasing 
materials for this piece of work. 

Dr. Lee’s Laboratory, 


Christ Church, Oxford. 
October 1924. 


XV. Note on the Poynting-Flux in a Gradually Varying 
Dielectric. By J. A. Winckes, B.Se., Ph.D., Lecturer in 
Electrical Engineering at Armstrong College, Newcastle- 
upon- Tyne *™. 


N connexion with the transmission of energy along high- 

tension cables the problem has arisen of the influence 

of grading, or variation of the dielectric constant of the 
insulating material, on the Poynting-F lux. 

To approach the problem, we consider a plane stratified 
medium, in which the dielectric constant e, and the perme- 
ability u, are real continuous functions of x, and take the 
medium bounded to the left by the plane r=0. A train 
of plane waves impinges on the boundary, coming from «<0, 
and we consider first the case of polarization in the incidence- 
plane wy. 

Max well’s equations, connecting the components X, Y, Z, 


* Communicated by the Author. 
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of the electric force, and a, 8, y of the magnetic force, 
become 


(0% _38_32) 
EzE òr Oy | 
ða O44 

Ey Oy S’ ry . ° ° . (1) 
apd | 

EJ da J 


Differentiating the first equation, we find 
06 30 (1 L) 1 ò’Z 
“ae Or\wd Oy?’ 


and substituting Z=¢ge'"*, g and being real functions 
of rand 3 y, this equation splits up into the two real equations, 


op _ ò$ 1 ðu ð$ 


-o e e 


oa? t ay f T ap de s 


-4( (St) +( 4 as) — pine} 0 n C) 


(rE) (e i LOSE Sy a0. 3) 


When @¢ and have been found, determining Z, « and 8 


can be obtained from the equation (1), viz. 


-AR 


1i ò¥_ oP pilpt+y) 

B= ,(¢ 3: ar)’ ' 

and the field is defined by the real vector-components, 
ZL=¢ cos 0 | 
a=acos(0--£) 
B=bcos (@—n) 


142 Dr. J. A. Wilcken on the Poynting-Flux 
TES 
we aiT 
where Pa $? (SE) +G b j r 
12 ooon 
E) 
m 
a JDA fh dN g 
= ine 
£= tan I on 


n= tan”! {291430 i 
P= pt+v. 


The physical interpretation of this result is that the 
gradual variation of the dielectric causes the magnetic force 
to get out of step with the electric force ; but it should be 
noted that this effect is not accumulative, and depends, at 
any point, only on the local variation at that point. 

Further, the magnetic force is slightly curved, as is 
evident from the difference in the time-lags & and 7; in 
fact, the wave ceases to be plane. 

In what follows, we shall take the variation of the diclectric 
to he “slow,” us compared with the wave-length, so that the 
amplitude ¢ is practically constant over a considerable range. 
It would appear that only in this case are we justified in 
speaking of a “wave” as represented by the function 

e(pe+), The magnetic and electric forces will now be 
practically at right angles, swinging in the wave-fronts of 
constant phase J= const. „ and the direction-cosines of the 


Or’ Oy 
respectively. An approximate solution of this problem has 
been discussed elsewhere *. 

Evaluating the radiation-flux, according to Poynting, 
taking the fines average over a complete period, we vet 


(6) 


wave-normal at any point will be proportional to 


P= ae (—ZB)dt 


pet nl, d aes a mire ee os (pt +) 


+ 2$ sin (pt +y)} dt 


a ee ee) 


* Proc. Camb. Phil. Soc. xxii. pt. 2, pp. 124-131 (1924). 
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See Fed LO ° . (3) 
Smpn” Oy 
It is seen that the radiation is propagated along the wave- 


normal, as in a homogeneous medium. 
Moreover, we have, on account of equation (3), 


~p2-=0, 6. 6 « wo a‘ (9) 


in accordance with the non-absorbing character of the 
medium, and this result is not dependent on the slow variation 
of quality. 

It should also be noted, that in the case of normal inci- 
dence, which is most important from our point of view, the 
equations contain only one variable, x, and there is complete 
svmmetry around the ray, which is then strictly normal to 
the plane in which the electric and magnetic forces are 
swinging at right angles to one another. The time-lag 
between the vectors will, however, persist. 

In case of polarization in the .rz-plane, the fundamental 
equations become 


0X _ OY 

ot OY 

BY __ dy 

at Ow 
oy OY ðX 


which are seen to be completely analogous to the equations 
(1), leading to similar results. 
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XVI. On Crographic Precipitation. By SumMixosukE Ono *. 
§ 1. Introduction. 


T is a well-known fact in meteorology that the amount of 
precipitation depends on orographie conditions. We 
have many reports in which statistics show that the amount 
of precipitation increases with altitude in the mountain region 
near a sea-coast. The point of maximum precipitation, how- 
ever, is not the summit of the mountain. The small rainfall 
of the basins of Bohemia and Hungary surrounded by the 
enclosing mountains of Germany and Austria, on which 
the rainfall is comparatively heavy, is a well- known tact. 
in Japan, the province of Shinano is also a region of small 
precipitation surrounded by mountains with somewhat heavier 
precipitation. These phenomena show evidently that oro- 
graphic precipitation decreases extremely behind a mountain. 
A theoretical explanation of these phenomena has been given 
by Prof. F. Pockels tf. His calculation shows that under 
certain assumptions the amount of precipitation increases 
with the altitude of the land, tending to a maximum at the 
point at which the inclination is a maximum, and vanishing 
at the summit of the mountain. This solution must of course 
be only a first approximation. In the present paper a more 
general solution, which can be applied to the region behind 
the mountain, is given; the numerical comparison being 
taken with the observed values of snow in Yamagata pro- 
vince, which lies in the north-eastern part of Honshu in the 
Japanese Islands. 


§ 2. Stream Function. 


Though the actual cause of meteorological precipitation 
may be very complicated, there is no doubt that the precipi- 
tation is directly related to the vertical currents of the 
atmosphere. The real motion of atmospheric air is actually 
very complicated; it is not steady; it whirls everywhere 
under the action of viscosity ; but our observed data are 
actually statistical, and the theoretical results which are cal- 
culated under very simplified conditions may illustrate many 
phenomena in the atmosphere satisfactorily. 


* Communicated by Sir Napier Shaw, F.R.S. This paper will be 
submitted to the publishing committee of papers to be dedicated to 
Professor Nagaoka to commemorate the twenty-fifth anniversary of | 
his professorship. 

t Poekels, Ann. d. Physik, (4) iv. pp. 459-450 (1901). 
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As is generally done, I shall now assume the current of 
air to be steady and continuous, free from whirls and fric- 
tion, and, moreover, all conditions to be two-dimensional, 
t. e. the current is assumed to flow everywhere parallel to a 
definite vertical plane. 

If we designate by z and < the horizontal and vertical co- 
ordinates respectively, and by ¢ the velocity potential, which 
may exist in consequence of the conditions assumed above, 
then the horizontal and the vertical components of the 
velocity u and v are 

of ,_o¢ 
Oa’ ~ Os" 
As is well known, the hydrodynamical equation follows 


O(px) | A(pr) 
Ou Ox 


or 
d'p , Od | 1 dp dg , 1 dp OF _ 
02? E Ò p Oc Ou + pards O? l (1) 


in which p is the density of air. 


In this equation the term oe may be assumed to be zero, 
and oF takes various functional forms corresponding with 
the assumed conditions. In this paper the following four 
cases are discussed, but in every case, terms of density 


variation due to the hydrodynamical effect are neglected. 


u v 


+ = 0, 


Case A.— Constant density. 
This case is applicable when the consideration is restricted 
to a comparatively small vertical height. 


Since in this case F = 0, we have 


2 2 
> -+ os — | ae a or (2) 


The solution of this partial differential equation is 
SAG ete) +$(e-iz)}=0, . . . (3) 


$j being an arbitrary function of a complex variable. In 
many practical cases it will be convenient for calculation if 
trivonometrical and exponential functions are used. 


Phil. Mag. S. 6. Vol. 49. No. 289. Jan. 1925. L 
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Case B.—lIsothermal. 


In this case, by Boyle’s law, the density of air is directly 
proportional to the pressure, and the relation between the 


pressure p and the vertical coordinate z is given by a 
logarithmic relation, viz., 


In this equation q, is T g, R, and T denoting the 


acceleration due to gravity, the gas constant, and the abso- 
lute temperature of air respectively. Consequently 


is a constant, and the equation (1) becomes 


dp dS d$ l 
ze Toz =i RN we ie ee (4) 


Pockels * gave a particular solution of this equation with 
a series containing trigonometrical terms which may cor- 
respond with Fourier’s series representing an arbitrary 
orographic form. But we may have a more general solution 
of this equation as follows :— 

Changing the coordinates 2, z into the cylindrical co- 
ordinates r, 0 (i. e., c=rcos@, z=rsin@) and substituting 
eime+ni0K (r) for œ in the last equation, we may have | 


oK 10K nay, n? 3 
dr? +A (2) +a} =o wo a (5) 
_ Since this equation is satisfied with the cylindrical func- 
tion of imaginary argument, we have the solution of 
equation (4) 
p = Q(z). x+ elt EE (Anj cos nO; + Bu sin n,) Ki (igiri), 
jn , 
= w (0) 
in which K,(3q17,i) denotes the cylindrical function, and 
G(:).2#= | at tently 
qı J 
is a particular solution, a, c, Aaj, and Ba; being constants. 


* Pochels, loc. cit. 
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An example of equipotential surfaces and stream lines 
calculated by this formula is shown in fig. 1, in which the 
following values of the constants are used :— 


a = 0-01 km./sec., A, = —0°001 km.?/sec., 
qı= 0°125/km., and all other constants vanish; viz. 


$ = ax + Aeta cos 8 Kj (4q;7r2). 


Height in KM. 


3 4 5. 6 7 


Distance in km. 


‘Equipotential surfaces and stream lines in an isothermal distribution. 


Case C.— Adiabatic equilibrium. 
In this case we have 
P — RT To 
P ? ò 
ae EE 
poz pode Toz TJU; 
in which J and C, denote the mechanical equivalent of heat 
and the specific heat of air under constant pressure respec- 


tively, the other symbols being the same as those used in the 
former cases. 
L2 
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In virtue of the last equation, we have 


T=Ty— ye = Me) so ee © 


in which T, is the temperature at the point :=0, and -p 
. ° JC, To 
is designated by «. Consequently we have 


1d ee 
po: RT ICT 
l 

a a e 


zi being designated by qı. And equation (1) becomes 
' 0 


2 2 1 
De 4 8 _ (a —e) a SE =O. . . (8) 


The solution of this equation may be considered as a special 
case, which is discussed in the next paragraph. 


Case D.—Pseudoadiabatic equilibrium. 


This is a case where a special state of equilibrium holds, 
water or ice precipitating steadily in the air. In this case 
the relation between the temperature and the height is * 


l sw 
ar IG FRI 


aor ee ye e e . . ° 9) 
dz , 1 db e 
Cpt sw b aT 


The notation in this equation is the same as in the former 
cases, except s, b, and w, by which the latent heat of vapori- 
zation (from liquid phase or solid phase), the saturated vapour- 
pressure, and the mass of the saturated water vapour in the 
unit mass of air are designated respectively. And in these 
w is given by the following formula, 


w = 0°622 A 
p 


in which 0'622 is the ratio of the molecular weight of water 
vapour to that of air. Practically sin the above equation 
may be considered as a constant, while b is a function of the 
temperature. There are many formule: by which the rela-- 
tion between the vapour-pressure and the temperature is. 


* Humphreys, ‘ Physics of the Air,’ p. 34 (1920). 
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expressed. But among them is Regnault’s formula *, which 
has been checked by various authors with their measure- 


ments, vez. : 
? ee — Iota Moe, 
logb = e+p +c Y; 


c, c',c', B, and y are constants, and ¢ is the temperature. 
Since among these 8 and y are very near to unity, ex- 
panding Bt and 9 in a series of ascending powers of ¢ and 
neglecting terms of higher order than the first, the loga- 
dra value of b can be expressed by a linear function 
of t, riz. : 


logh = c4 +e" + {c'(B—]1) +e" (y—1) }e. 


Or, designating the value of {c (8—1) +e" (y—1)} by l, we 
may write 


b = bye! T- 


where T is the absolute temperature, and bọ denotes the 
value of b when T is equal to T,, the temperature at 
the point :=0. 


For the value of p, since rep =— ni 


p 02 


, we have 


Pz 


- ml 
P = [ve J, KT e 


And the equation (9) becomes 


1 = 07622 sb 2 (7g 
9454 by pr-ti int | 


(9) 
['O 


‘ w : 1 
But since i and swl are small compared with J and 


Cp respectively, it is evident that the first approximate 
solution must be given in the form 


T= T1 —« =), 
where 
DE E a wi-th mmt) 
K dia aE iy RT po . J 


C +0022" ptor h a 
P Po 

T, and :, being the mean temperature and the mean height 
respectively. To obtain a more approximate solution, if we 


* Regnault, Rél. des exp. 
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put T,(1—«’:) for T in the right-hand side of the equation 
(9’), there results 


z 1 ooN sbo oT: EE eer 
of 5+ er Aegi | 
ren- J` RI o Po A 
0 


C,+0°622 


ə shel ane Gane RT 
Po 


(10) 
and this may be expressed in a power series of <, 
T = T(m t" n) 2 2 . (10°) 
On the other hand, 


13p__13p, 192 
poz pos Tò: 


= ait def 


y >) tt 
RT, K +2" z+... 


Lae tet 
| = Q(z), say. 
And we have 
OK ANEK 4.) OP _ 
zr T Qs? a mn ©... (IL) 
Or, if we neglect the terms of higher order and put 


g Js E 
RT, a 


oe + Of ee J. (LD) 


This equation is quite similar to equation (8) in the case 
vf the adiabatic equilibrium. 
To solve this equation, if we put 


y 
$ = (l—-«:) yf, 


it follows that 


we have 


dp oy PaNNa 
Ou” 02" E. 2 ) acy =? 
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In this equation, since «’ is very small, we can put 


PEE. E 

(l—«'=)? 
9 ' 

and denoting the value 1 —7* by 19% 
ov OF 2 

Sat a Ate. 


Now changing the variables x, z to 2’, z', which are defined 
by the following equations : 


eae. 


z +i = 


sa 


fecto]? l 
Ji’ = K! l y e-i 1} f 


the equation (11’) becomes 


g? à? 2 
aat ge ah =O 


, oe ee (12) 


which is quite similar to equation (4). Thus the solution 
of equation (11') must be 


$ = G (=) ok 
+(l—:)~ K EE (Ay cos nð; + B,; sin nd, NK, (3r E i)» 
where “a 


"2 fz g , =) 
G(z) =atel e) reds = a4 my (1—8: ETE, 


t 


s l Bate ’ . š 
riser 242% = Se ee ead. 
1 ofan’ 
0' =n log , 9 
l r 


z' and «’ being defined by equations (12). 
But this solution is rather impractical ; a more practical 
one (though it is a particular solution) is as follows :— 
Equations (2), (4), (8), and (11) can be written in the 


form 
pA o$ Q(z) ) oF = SG ow 4 AD 


Where Q(z) is a naa of z satel the value of 
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-7 Sp, and it is evident that the function Q(:) can be 


expressed as a power series of <, 


QG) = (letrat ...). 
Thus if we put ; 
d= oy Q(z) dz+ F(a, z) 


this satisfies equation (14) when the constants as, as and 
e,e’ in the following expression for F(z, z) are suitable. 
F(z, 2) = ay + arot + az + agot? + ag Hs + az? + ... 


! 
æ 1 


+elogr+e logz+ T = h ae o a (15) 
Or more simply, if we put i 
F(x, z) = celog e+e logz+aytar+Bzt+h'2+ ..., (15) 
as the condition for satisfying equation (15'), there follows 
e—e=0, e7'—e = 0, 
ae = Q0, Be' = 0, 
a+ B+B HABE = hy? ~ Ager 
ABR! + G8" + 6B"! = dy Gee 
Of these the first four equations are satisfied by the 
following four sets of values :— 
(is) ese 1, e=0, ax=Q, 
(i). €= eS 1, aap =U, 
(iii) e=0, e'=1, 8=0, 
(iv.) e=e'= 0. 


It is evident that the first two sets of these correspond to 
the particular solution 


G(s)e = | a+c f a de \ CP 


and the others become the solution which may be written in 
a form e@?* Kiz), E(z) being a function of z only. Here 
we can take, for convenience’ sake, a? +6?=4q?. And the 
solution for ġ becomes 


E Ne ye ee ee a-r+B.2 
d= fate g) Omeg: i zte?) SET Ki (2). 


e J 
(16) 
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As a special case of this solution, if we put Q(:)=q 
(a constant), E;(z) becomes constant. Designating this 
constant by Aj, it follows, 


$ = (a+ : e) z+} AjesyttAjtio n Ț (16°) 
J 


Or more practically, if we express a; and 8; in the form 
of a complex number 


a; = A; mjt, 
Bi+4y = Hjtnji, 


taking æ +8 =47, it follows that 


m? — Ai + ni — pi + pjg = 0, 
2mjr; + 2njpj—n;q = 0. 


And the stream function becomes 
ġ = (a+ <a). + ZA; cos (mæ +n; +0) ete, (16") 
Jj 


in which a, ¢, Aj, and @;are arbitrary constants. Pockel’s 
solution is a special case of this. In his solution, the con- 
stant y; in this equation is restricted to be negative. But it 
seems to be rather natural if it is taken asa positive constant. 
An example of the recent observations in Japan is shown in 
Table I. The figures are the mean of 14 observations which 


TABLE I. 
Height. Wind Veleai ty. | Height. Saal vee ty. 
km. m1. ‘sec. km, m/sec. 
0-1 3-3 30 8-0 
0-3 41 | 35 g2 
1-0 4-4 | +0 8-4 
15 43 | 45 11-4 
20 55 | 50 12-2 
25 6-7 | 55 147 


were made by Mr. S. Sekine in 1921 and 1922, by the 
method of pilot balloons, at the Tokorozawa Military 
Meteorological Station, where the orographic effects, if any, 
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are considered to be very small. In fig. 2 this relation 
between the horizontal velocity and the height is shown 
graphically. By these we can see that the horizontal 
velocity v can be given by a simple exponential function. 
The curve in this figure represents the value calculated by a 
formula Ae#*, the values of the constants being 


A = 327 m/sec. and pp =+0:274/km. 


Fig. 2. 


29 


X Observed value. 


Wind Velocity in M/sec. 
5 


Height in km, 


Relation between wind velocity and height at Tokorozawa deduced 
from observations of pilot balloons. 


§ 3. Equation for Stream Lines. 


The constants in the above formulæ for the stream func- 
tion, solved in the last paragraph, must be determined by 
the boundary conditions. For the purpose of determining 
these constants, we must have the equation for the stream 
line. If we denote this equation in a form y=0, the 
function y must be given by the relation 


ð$ dx , OF OX _ 
Ou oa oz yh 


When the stream function ¢ is defined by equation (14), 


O° Fb Qatt 
2 + 02? QC) ao 
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it is easily shown that the function y must be given in the 
following form : 


SNo HE f (17) * 
in which N is the constant of integration and G'(z) is 
“(G&)), and ¢ is ġ — G(z)z. 

* The lower limit of the integration in the first term of this equation 
is omitted. If we take this limit of the integration as c= y, and express 
the first term as i} De: ©”, this is equivalent to the addition of a term 
| ea a] which is a function of z only. But in this case it is 


evident that another term, 


+y acre: ("= (9 Jew 
= (Sde § <4 l - 7)dz 
e { 9 dz, a age a TA) 


must be added at the same time, for the sahe of satisfying the necessary 
coudition which is given by equation (14). 
If we put now 


oO? 
L= 1 Qe 
‘ ey ò- 
since 
Bei t YA- =o, 
we have ; 
À dp: 7 V OKA $, 
Z=-— = = z =~ Q(z) = ; 
{ > | x Oe | aN {SP - aS? poe 


=| LG)... 294") > 


-J [Gs] 


Solving this equation, we shall find that 


_,) aa: BIE =) QM) d= gz 
Z=.) aj ON d? de, 


This is a term which cancels with the term shown in (A). 
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The following formule are solutions for various cases :— 


(a) If Q(:) = q, a constant, 


7/0 : x Cogs & a= 
=Í (Sorteer iee D a e= 0, 
. . (18) 
q 
0) TE $= A cos @ Ky"($ri)e2! + ae, 


7 T 
x = A sin 0 Ky” ( ri) e" +i K”? rie? 


E +Ner=0. (19) 


q. 
If @ = LAjcos 8; KG niet + ar, 
) 


q KOl) e3 
= = E sin 6; Ko (3 rji) +iK™( nj) } co 
j 
4° 4NeH=0. (19') 
q 
(c) IE 6 =G(c).ct+Dest8 E,(s), 
J 


k , j 
= so a oe i LA mem J ~ 
eE Le BOH (<) 
+ G(s) oe) err ( “G(s)e ~fFaee ay 


+N VOE O, (20) 


Ifẹ = act ÉE A; cos (mje +n; +0;) ejt teje, 
J 


m;i +A ip 
x=5A; | 7 
J 


m? TEY 


R a 


= ie zn a sin On; v+nz+ 0. i) | edi tuys 


’ cos (m;e +n; + 8;) 


In this equation, if we put 


MN; + Aj; 


I (' ; 
; = ('- cos a;, 
J mA? J J 
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we can write 


y = 2 C;cos (m; +njz+ 0j + aj) 4+%+Ne¥ =. 
j E a s- {21} 
The dotted curve in fig. 3 is an example of the last equa- 
tion representing the smoothed form of the assumed stream 
line, approximating to the actual profile of the ground of a 
lecal part in Yamagata Province. (The ordinate in this 
figure is magnified to exaggerate the irregularities of the 
form.) The actual section of the ground cut by a vertical 
plane in the direction N.W.-S.E. is shown with a full line. 
And the shaded forms of summits show the situation of 
mountains which are very near to the section. 


Fig. 3. 


X Observed value in mm 
Orographic precipitation 


Profile of ground 
and stream line. o 
~_— straight line 
‘ts z*z: *D(x-x) 


pas 


Med tree 
Ted _ stots 


Distance in km. 


In the case of such application it is sufficient if we take 
two special cases: 2. e., 


(i.) n=O, A; =), and a;+0; = 0. 
(ii.) m; = 0 and a;+0; = 0. 


And for the profile of the ground, since the value of z, which 


represents the height of the ground, is very small compared 
with the other distances, we may have 


sin n;e = njz, cosnz=1, æf = l1+p;z, and e” =1+¢:2. 
Consequently 


G; C; 

— K + 1) : = Ny COS mj — Sia or 

i. q J n= a0 NY _m=0N9 99 

$ C. = tt 4, (22) 
1+ È N, Hj COS mjg -+ > Re uj ej 


n=U0,A=0 q m= 
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By such simplification the constants are easily determined. 
The values in the present example are 


TABLE II. 
Je ts ; ije nj. a+ 0;. rj Hy. 
q 
1 +0°25 27/48 0 0 0 —0°0894 
2 +025 2/24 0 0 0 -0:216 
3 +070 0 +0°0272 0 — 0:0578 +0:051 
4 +0:70 0 +0°139 0 —0°148 +0051 
and 


$4 = m = p, = 0-051, 
ae 1) t Z 0-60, 
q 


the unit of length being taken in kilometres. 
It must be remarked that the value of N, in these, remains 
arbitrary. 


§ 4. Amount of Precipitation. 


It is evident that the amount of water or snow precipi- 
tated in unit time in the air-current through unit area of a 
horizontal plane will be given by 


—ò(vwp), 


in which p is the density of air, v the vertical component of 
the air-current, and w the amount of water vapour contained 
in a unit mass of air. Or, if we consider that the precipita- 
tion is produced within certain limits of height A% and hg, the 
amount of the precipitation produced in a vertical column 
with unit area of the cross-section is 


MY (rw 
-Í; OOP) al = UWP; —UzgW@ePo,  « . (23) 
in which vi, œw, pı and Vz, wə, py are values of v, w, p at h=h, 
and A= h respectively. Here we may expect that the value 
of twp; is very small in most cases, because vz must be very 
„small. 

Now we have to consider how the precipitation falls 
through the air, and what is its distribution on the ground. 
It is evident that the precipitation does not fall vertically, 
but flows some distance with the air-current, and this 
distance depends upon the velocity of the air and on the size 
and the form of the precipitation. But the size and the 
form of the precipitation are not entirely constant. For 
the sake of convenience I shall now consider statistically the 
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distribution of flow of the precipitation condensed in a 
vertical plane perpendicular to the z-axis. A part of the 
precipitation condensed in a vertical plane e=2’ will fall in 
a plane not far from that plane z=2’, but some part will 
flow to a very distant place. Such a distribution must be 
considered as a function of 2, and in ordinary cases it will 
have a maximum point for a certain value of 2, and must 
vanish when r=o. Such a function can be expressed by a 
series of exponential functions * ; t. e., 


T(z) = È qes- 


where z> z’ and the »,’s are constants. In the present case 
the maximum point of f(x) can be considered to be very 
near to the plane r=2’, and we may write very approxi- 
mately /(2)=ne-"¢-*), and the precipitation at any point 
will be proportional to 


r r 
W= ( (riwipi) nea dz! —| (vwp:)ne "a dz’, 
e T1 eT 
zı being a certain value of x which shows the limit of the 


region producing the precipitation. 
Thus, if we use the equation (16), viz., 


$= GG) eter tr Ej() 
we have 
v= ò$ = G' (2) r+ ec +8? $ BE (2) —E’,(z)}; 
Oz M a j\*) $3 
hence 


wW = {G'(z2,)axp = G'(z2)@,p} [e-men — ena ~)} 


ee e a [(BjEy(e1) + El) Jome 


g (8;E;(z3) + E';(z2)) wpet: | (esit — e* ne=nz-m) | ; 


I 
-o (4) 
Or, in the case of equation (16”), we have 


p= (a+ g” )etEAy cos (ma +njz +0) ertas, 


v = cel’, ero A; {uj cos (mjæ + njz +0;) 


—Nn . Q9) ; ra . Attu? 
n; sin (mjæ+njz+0,;)} e^it teyz 


* Some notes about this are given in the author's other paper (Journ, 
of Met. Soc. of Japan, 1923, p. 127). 
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T e ; 
Neglecting rewope, 


W =ce!"'@ 1p, x— v eT’ — Ly ene i} 
n 


Ajo pin 
HEA tn] 
j my + ( jtn) 


[S; cos (mje + nz + 0;) 
+S)! sin (mje + jz, + 8;) Jerte! 
— [8; cos (mei + nj: + 9) 
+N; sin (mx +02, + 8) | ertem, (25) 
where S; = pj tn) +m 


S/= pmj— nAj tn). 


Of course this formula is applicable to the region where >0. 
x 


When there are many maxima and minima in the curve of 
the stream line, let v=x, be the vertical plane in which the 


air-current begins to ascend, and x=.’, the vertical plane 


in which the first maximum point of the stream line lies, 
æ= x; the vertical plane in which the next minimum point 
lies, =, the vertical plane in which the second maximum 
point lies, and so on. 

Then it is evident that 


y 
w= | (viwp ne "2-7 da’ for y<< dg. 
Ti 


"LQ = 
Wee | (riwipe E” dal = Wiert for ay <u < tg, 


+ 


T z 
w=] (eyo pine" TESI (vw 1p) en") dir’ 

Tı e 73 
io for w3<@%<r, 
If the top of the mountain is higher than the lowest limit 
of the precipitating cloud, the value of zı must be considered 
as a function of z. In this case the integration will be very 
complicated. But for practical purposes an approximate 
calculation can be obtained easily. Since the maximum dif- 
ference of z in a stream line near to the ground is not so 
great compared with the other length, and terms of higher 
orders containing z can be neglected, we may have approxi- 
mately 


t= = A;4 —nj sin (mj w+ 0;) +p; cos (n; + 8;) 


4 ‘ À 
+ (— 20 ju; sin (mj + 0;) + (u? — n7) cos (mje + Gj) er, 


a R a fe T 
i o AT, 
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and pw = pyw{ 1—(lx'Ty—x«’)=} 
= pow l —rz) say. 


Here, in the expression of v, a term ce? ..x is omitted for 
the sake of avoiding troublesome complications. Though 
there is some necessity for this term, it is evident that the 
integration for this term is very easy. 

By such simplification we have 


ripio = powo YA;[ —2; sin (mje + 0;) + u; cos (mjav+8;) 
J 
+ {n;(r—2p;) sin (m;e +8;) 
+p’ — prn’) cos (mje +0) j] er. 


Moreover, if we assume a short part of a stream line near 
to the ground as a straight line, represented by the equation 


= = 2, + D(2—2,), 


it is evident that this value for : can be used for approxi- 
mate calculation. An example of such straight line, which 
is used for numerical calculation in this paper, is shown in 
fig. 3. 

“Thus we may have 


*r 
W= í (ipw )ne TE?) da 


= pœ EA me" ( ” (P +Q’) cos (mje! +0;) 
f a (P' + Q'az’) sin (m;a! + 8;)t Ut de’ 
= powe XA mli (L+ M)cos (mx +0;) 
+(L'+z'M')sin (mæ +0 peta À 
where 
P = pj+ (>ur tp’ =n’) Ds, 
P'=—n; + n (r= 2p) — Dz), 
Q = (=ar +u? —n?)D, 
Q= n;(r—2p;)D, 
Phil. Mag. S. 6. Vol. 49. No, 289, Jan, 1925, M 
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(P— M)(Q; +) —(P'—M')m; 


and ‘= (Aj +y) : 
(P—M)m-+(P'—M')A; +7) 
iea CE 


Ota e 
W= i; + WA; + 7) 
(A + Pm? 


Asa numerical example, taking the values of the constants 
given in Table II., the calculated values of W are shown in 
Table III. The value of 7 in these is calculated using the 


TaBLE ITI. 


x (KM) secs 0 6 12 18 22M 30 386 42 4% 
Bee ats Gtr 0 0-008 0-028 0-017 0010 0-022 0013 0-008 0-005 
NY Pawn 


observed values which are shown in Table IV. The value 
of W between w=12 km. and æw=24 km. and between 
v=36 km. and x=48 km. can be assumed as a mere function 
proportional to ve 1t) and we can determine the value 
of » by the relation 

_ log (ratio of orographic precipitation) 


acl distance f 


By such method we have values n=0076/km. between 
v=12 km. and w=24 km., and 7=0:092/km. between 
= 36 km. and e=48 km. The mean of these is O-084/km, 
In the present caleulation this mean value is used. 

The points giving maximum and minimum heights are 
approximately i 


Minimum height. Maximum height. 
P N id = 0 km. et’ = 14:3 km. 
eS 2A: eS 4 as 


For the caleulation between v=0 and the second minimum 
point the formula (25) is used, assuming 3 =05 km. By 
this assumption 2;=0°5 km., a little part of the ground be- 
comes higher than this height. But since such part is short, 
the same formula is assumed to hold good over this rance. 
Tor the range between the second minimum point and the 
second maximum point the formula (26) is used, taking 
values 2) =04 km. and D=0-0417, 
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The curve representing these values is shown in fig. 3. 
We can observe that this curve resembles very well the dis- 
tribution of snow in the mountain region. To compare such 
values calculated by the formule with the actual amount of 
the precipitation, the amount of snow precipitated on the 
20th and the 21st Jan., 1921, is estimated from observations 
made at several local stations in the vicinity of the region 
taken in the present example. This precipitation was due 
to a cyclone which passed through the northern part of 
Hondo Island from west to east. But the direction of the 
wind in this locality was N.W. during the time of precipita- 
tion. The observed values were plotted on a map, and, 
drawing the locus of the points of equal precipitation, the 
amount of the precipitation at the points in the present 
example was estimated from such locus. Such estimated 
values are shown in Table IV. The numbers in the row 
specified as orogr :phic precipitation are the difference between 
the precipitation at that point and that at e=0. These 
values are also shown se ve in fig. 3. 


Tase IV. 
SA S EE 0 6 12 18 24 30 36 4 48 
Precipitation, in mm. ...... 15 SW 40 2 25 30 W 5 W 
Orographic Precipitation, } 0 15 25 1 10 15 15 10 5 


in m. seeesnosasonococos 


We can see that the part of precipitation which is 
considered as orographic precipitation has fairly good 
coincidence with the calculated value. 

The absolute value must also be calculable from the 
formula. According to observations at Yamagata metcoro- 
logical station *, where observations are made every two 
hours, the total precipitation during January 1921 was 
73-2 mm. on 26 occasions, the total duration being 
316 hours. The author has proved in another paper f that 
the mean duration of such phenomena, calculated from the 
result of the periodic observation, is longer than the true 
mean value by one period of observation. In this case, 
since the period of the observation is two hours, the total 
daration as computed must be considered as longer by 
2 x26 hours than the true duration. Or the true duration 
will be (316—52)h.=264 h. Thus the mean precipitation 
in unit time is 


18:2 
-ue ana mm./sec. = 0°82 x 1074 mm. ‘sec. 
264 x 3600 
# Yamagata station, about 65 km. distant from the origin of present 


example. l 
+ Ono, doc. cit. Journ. of Met. Soc. of Japan, 1923, p 127, 


Al 2 
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On the other hand, at the point .=30 km. in the former 
example the amount of the mean precipitation is estimated 
to be from 5 times to 10 times greater than that at 
Yamagata. If we assume the value of W at the point 
x= 30 km. to be 


5 x 0°82 x 10-74 mm./sec. = 42 x 1075 em./sec., 
we must have | 
4:2 x 107° gm./em.? sec. = Ngwopy x 0°022 gm./em.? sec. 
In this equation, if we put 
w = 3°745 x 1078 (at O°C.), 
po = 1:293 gm./em.*, 


then 
4°2 107° 
Ng = SS CN Se = 3° ./see. 
NG = 35575 x 1-293 x 10-* x 0022 CM /SeC. = 3*9 m/sec 
And since, ( = E2 1): = — 0'00, 
Ng 74 


a = (1—0 60 7)Ng = Nq = 39 m./sec. 

This shows that such amount of precipitation in this 
locality can be produced when Ng=39 m /sec., which is 
approximately proportional to a (the horizontal wind velocity 
in the flat region). The locality of the present example is 
one of the most snowy places in Japan. By this calculation 
it is shown that an amount of snow in this locality can he 
produced merely as the result of the orographic effect, if 
there is a wind of 39 m./sec., in the mean, during 264 hours 
in the month of January. Or, since the orographie precipi- 
tation is proportional to the value of Ng, if the total mean 
velocity of wind in January is greater than 1'4 m./sec., such 
an amount of snow can be precipitated in this locality. With 
this result we can conclude that the snowy climate in the 
northern localities of Japan is due chiefly to the orographie 
precipitation. | 


I wish to express my thanks to Prof. T. Okada, Prof. S. 
Sano, and Prot. T. Terada for their kind advice and en- 
courayement, and to Messrs. K. Morita, K. Funayama, and 
S. Sekine for their kindness in having sent me the result 
of their valuable observations, Iam also much obliged to 
Sir Napier Shaw, who has shown much interest in my work 
and has kindly introduced my paper in England. l 
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XVII. Ona Method of comparing Inductance and Capacity. 
Bu Prof. J. M. Ganeuut, M.Sc, Physics Department, 
Victoria College, Gwalior, India*. 


FEW vears back Prof. W. E. Forsythet, of the 

University of Wisconsin, U.S.A., gave an interesting 
and quite a convenient method tor comparing “inductance ” 
and “capacity.” It was apparently meant to get rid of 
some of the difficulties in the ordinary bridge methods, and 
being tried in his laboratory is said to have given good 
results. In the ordinary bridge methods there being 
generally two conditions of balance, the one due to steady 
current and the other due to reactance (the latter being more 
or less dependent on the first), it is, as the author says, 
“often dificult to know just what resistance to choose.” To 
quote from him again, “ [t often happens that with the 
capacity and inductance to be compared, the first will be so 
chosen that the second balance cannot be obtained.” 

In his method he has tried to get over this difficulty by 
making the two conditions independent. Finding the ex- 
periment interesting | tried it under different conditions with 
different inductances, and observed that though it was more 
or less satisfactory in some cases it did not work well, 
especially when the ohmic resistance of the inductance was 
increased, 

The theory, to quote from the author, is this :— 


Cc 


The connexions are shown in the above sketch. P, R,S. 
Q, r,s, are non-inductive resistances, L the inductive coil, 


æ Communicated by the Author. 
t The Physical Review, June 1913. 
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and C the capacity. a and d are connected to an alternating 


e.m.f. of frequency x. 

“To obtain the conditions of balance, make P=K, then 
the impedance of tle arm b-d must be equal to that of «-d. 
Let Z equal the impedance of the part of the arm b-d made 
up of inductance and capacity. We then have 


1 1 1 
LO a Se 
where X=oL, K = T , w= 2mn, n being the frequency of 
alternations. wC 
] 1 
die ey wa es HR) 


Z7 STs 


aH 


From (1) and (2), 
1 1 ] 


Q—iK trik = Se 
or clearing 
(S—s) (r +iK)+(S—s)(Q—iX)=(Q—iK)(r4iX). ., (3) 
Equating the reals 
(S—s)r+(S—s)\Q=Qr4+XK, . . . (4) 


whence 


AK =(S—s)Q+(S—s)r—Qr . . . (5) 
From the imaginaries, 
(S—s)K—(S—s)X=QK—rX, © 
K((S-s)—Q]J=X[(S—s)—r]. . . . (6) 


Now it is known that for the bridge to balance the steady 
current condition must hold, that is, the resistance of the 
arm c-d must equal that of b-d, i.e., 


S=s¢+Q. . . ... . (7) 


or 


From (6) and (7) 
(S19) =r 6. aye ee gs oe RS Ay OS) 
From (5) and (8) 
XK = 
or LSC: s s s wa ew KY 
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Thus there are three conditions of balance, as follows : 


S=s¢Q, a. : I. 
S=s¢tr....... l 


L=, . .. .... UL 


From I. and II. it is seen that Q must equal r. Thus to 
balance the bridge set Q=r, and then with direct current on 
the bridge, obtain the steady current balance Q+s=5S. 
Then with the alternating E.M.F. applied to the bridge, obtain 
the inductive balance with either an A-C galvanometer or a 
telephone.” 

In trying the experiment I used different capacities and 
different inductances. The results were at first more or less 
satisfactory, though there was usually some uncertainty 

regarding the exact value of Q when obtaining the balance 

with the telephone. Changing Q by a few ohms one way or 
the other had often no appreciable effect on the telephone. 
In such cases the two limits of Q which the telephone could 
detect were noted and the mean taken as the value of Q. 

The significant thing observed in the experiment was the 
effect of the ohmic resistance of the inductance. When the 
ohmic resistance was low and the inductance hivh in com- 
parison more or less good values were obtained, but the 
inconsistencies become more and more evident as the resist- 
ance of the inductance was increased. In the theory given 
above in obtaining equation (7) for steady current. the 
resistance of L was ignored, for which purpose Q must be 
very great. As the resistance of L is increased Q also there- 
fore must be increased very much, so that the resistance of I, 
might still remain insignificant in comparison with Q +s. 
In my experiment Q was also therefore increased, but it was 
found that in that case the sensibility of the balance was 
sacrificed so much that sometimes when Q was about 2000 
ohms it could be altered through 50 or 60 olims and some- 
ties more without being quite perceptible on the telephone. 

The method is therefore more of a qualitative than of a 
quantitative value, and the defects noted above much discount 
the advantages enumerated by the author. 

More detailed investivations, theoretical and experimental, 
are in progress which will be communicated later on. 
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NVI. On the Dependence of the Ke Doublet with different 


Chemical Compounds. By B. B. Ray, D.Sc., Lecturer, 
Calcutta University *. 


| has been found by Lindh f that the absorption edges 

of elements of lower atomic ‘numbers (P, S, and C1) 
are not to the same degree as the lines of the X-ray spectra 
independent of the physical and chemical conditions under 
which the element in question exists, but that these edges 
rather depend on such factors as the valency, that is, 
whether the element in question is monovalent or divalent, 
etc., in the chemical compound used as anticathode. 
Recently Lindh ł, Tandberg §, and Coster || have extended 
this work to the K and the L absorption edges of other 
elements. In this connexion Prof. Bohr writes: ‘In 
agreement with what has been brought to light by investi- 
gations on absorption of X-rays in elements of lower atomic 
number, such as have been performed in recent years in the 
Physical Laboratory of Lund, we understand immediately 
that the position and eventual structure of the absorption 
edges will to a certain degree depend upon the physical and 
chemical conditions under which the element investigated 
exists, while such a dependence does not appear in the 
characteristic emission lines” In the measurement of the 
Ke doublet difference of elements of lower atomic number 
by Prot. Siegbahn and the author **, it is found that this 
difference does not vary from element to element in a quite 
regular manner in the lower elements, but that there are 
some sudden changes in the iron group and also in the 
chlorine group, as may be anticipated from the Bohr model. 
In this experiment pure metals were used as anticathode so 
far as they were available, and in the absence of pure metals 
monovalent. salts were used. In this connexion Prof. Sieg- 
bahn suggested that there may be a difference in Ad of the 
Ke doublet when different salts, having different valencies 
for the element in question, are used as anticathodes. The 
following experiments were undertaken according to his 

* Communicated by Prof. Manne Siegbahn. 

t Diss. Lund, 1923, also Siegbahn’s book, pp. 157-143. 


t Ark. f. Mat. Astr. o. Fys. Bd. xviii. no. l4. 
§ Loc. cit. 


| Zeit. f. Phys. July 1914. 


€ ‘The Theory of Spectra and Atomic Constitution’ (Camb. U. Press), 
p. 120. 


#e Ark. f. Mat. Astr. o. Fys. xviii. no. 19. 
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suggestion to find out whether there is any difference in 
Ad for four elements (Cl, K, V, and Fe) under different 
chemical conditions. 


Experi ment. 


A Hadding tube was connected to a vacuum spectrograph, 
the width of the slit being 0:09 mm., and the photographic 
plate was placed at a distance of 12°15 cm. from the axis of 
the reflecting face of the calcite crystal. A current of 
10 m.a. at about 50 k.v. was passed through the tube from 
an air-cooled transformer. In order to get sharp images of 
the Ke, and the Ke lines, the time for exposure Was 
necessarily shortened, and in ‘these experiments it only took 
10 minutes for all the plates to secure uniform blackness. 
To put the powdered salt on the copper anticathode, the 
latter was scratched with a knife and the salt was pressed 
into the scatches. The anticathode was thoroughly cleaned 
with a fine iron file when salts were changed, and it was 
-cratched again. This process was repeated whenever new 
sults were to be put on the copper anticathode. a this 
experiment only four elements, CI (17), K (19), V (23), 
and Fe (26), each having different chemical compositions, 
were examined. 

The following table gives the values of Ad for the Ka 
doublet in X-units :— 


Chlorine. Vanadium. 

Cow puund. AA in X.U. Va Powder......... 3 AS 
|S ©) ear 315 Aw. vanadate...... 3°60 
Ba) oaan 3°15 
KCO oaeee 2°99 
Ba ClO sje. seori 2-08 
ROO i cantons: 2°92 

| : Tron 
) . Compound. AÀ in X.U. 
Potassium. , Fe(powder) ...... +20 
Compound, AA in XU, | (NH,). FeSO, . 4:13 
leata io 340 | NH, Fe(50p, `.. 401 
BiG OG naan a 3:22 K, Fe(Cy),......... 1:06 
KOO oy eaac 3:16 Ka Fe(Oy), ve. 399 


In this connexion, it may be pointed out that we do not 
know whether the salts used as anticathode retain their 
original nature under heavy electronic bombardment. In 
the above table Cl (17) is ‘monovalent in KCl and BaCl, 
- and has five valencies in KCIO; and Ba(C1Q3), + 2H.O, and 


has seven valencies in KCIO, (see Siegbabn’s book, p. 142). 
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So also K (19) is monovalent in KCl and has five valencies 
in KCIO; and seven valencies in KCO, The distance 
between the two Ka lines is measured by a comparator 
from the photographie plate : only the mean value is tabulated 
above, the error being less than 1 per cent. It is to be 
noticed that the value of AX decreases as the element. in- 
vestigated attains higher valencies in different chemical 
compounds. 


Changes of a, and aa. 


The photographic plate holder was then mounted with a 
fine cross-wire, and in tuking the exposure with chlorine and 
potassium salts it was kept fixed in the required position. 
In different exposures with different chemical salts, the 
position of the plate holder was not changed, so that the 
image of the cross-wire on the photographic plate was 
formed always at the sume angle with KCl, BaCl}, NCIO,, 
Ba(ClO3)o+2H,0, KClO, for chlorine, and with KCI, 
KCIOsg, and KClO, for potassium. The time of exposure 
in all these plates was only 15 minutes. 

The distance between the position of the cross-wire and 
the corresponding positions of the two lines (a, and Kas) 
was measured by a comparator, and found different for 
compounds having different valency for the element in 
question. This shows that the characteristic emission lines 
are not quite independent of the chemical conditions under 
which the element investigated exists. It is very difficult to 
get the exact value of the changes of the Ka and the Ka, 
lines, but one can be sure of such changes. In order to 
find out an accurate value for such a change, a larger 
number of plates should be examined with many more 
compounds as anticathodes and possibly with different 
crystals. The author wishes to examine this point more 
fully in a future paper. 


It gives me great pleasure tothank Prof. Siegbahn for his 
many valuable suggestions and his keen interest daring the 
progress of the paper. My thanks are aiso due to Mr. R. 
Thoracus for occasional friendly help. 


Upsala, Physical Laboratory, 
Sweden. 
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AIX. Ona Dynamical Illustration of the Pressure of 
Radiation, By B. L. Nicorai * 


| Fa a recent paper Prof. T. H. Havelock f has drawn 

attention to a dynamical illustration of the pressure of 
radiation, originally devised by Lord Rayleigh f and Sir 
Joseph Larmor §. One end of a uniform string is fixed, and 
the string is supposed to pass through a hole in a moving 
plate. The pressure of radiation on a moving perfect 
reflector is illustrated by the pressure of the vibrating string 
vn the moving plate. Prof. Havelock finds the value of this 
pressure by calculating the rate of decrease of energy of the 
vibrating string ; he ‘also points out that the pressure so 
culeulated is less than the resolved force on the plate due to 
the tension of the string. 

What is the reason of the pressure on the plate not being 
equal to the resolved statical tension of the string?’ The 
energy-method gives no answer to this question ; in fact the 
mechanisn of the pressure of the vibrating string on the 
plate remains concealed. In the present note another mode 
of treatment of the same problem is proposed, which seems 
to give a clearer idea of the action of the string on the plate. 
The pressure of the string on the plate can be calculated by 
the equation of momentum applied to an element of the 
string which slips through the hole in the moving plate 
during an infinitesimal interval of time ||. It is found that 
in this mode of treatment second-order terms must be 
retained ; tortunately the transverse displacements of the 
string are to be calculated to terms of the first order only, 
so that the usual differential equation of the transverse 
vibrations of the string remains valid. This method leads 
to a result in which the well-known formula of Prof. Larmor 
for the pressure of vibrations on an ideal reflector is included. 
The result may be slightly generalized by assuming that the 
plate, while travelling along the string, performs small 

oscillations in a direction normal to the string, Thus an 

# Communicated by the Author. 

+ T. H. Havelock, “Some Dynamical Illustrations of the Pressure of 


radiation and of Adiabatic Invariance,” Phil. Mag. xlvii. p. 754 (1924). 
T Rayleigh, “On the Pressure of Vibrations,” Phil. Mag. iji. p. 338 
1902). 
i § Sir Joseph Larmor, * On the Dynamics of Radiation,’ Proceedings 
of the V. Internat. Congress of Mathematicians (Cambridge, 1913), 
vol. i. p. 197 (with an Appendix by Prof. T. Levi-Cività). 
il A calculation of the pressure of vibrations on this line of argument 
was given by the author ina note, “On the Pressure of V ibrations,” 
Annals of tbe Petersb. Polytechu. Institute, xviii. p.49 (1912) | Russian `. 
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illustration of the reaction of radiation on a moving source 
of light is realized. 

In the paper quoted Prof. Havelock has ziven a particular 
solution of the problem of the vibrating string for the case 
of a fixed and a moving node, the velocity of the moving 
node being constant. This particular solution corresponds 
to a normal vibration of the string in the limiting case of 
infinitesimal velocity of the moving node. Tt may ‘be shown 
that the general solution of the problem is made up by a 
series of particular solutions of the type indicated *. 


§1. A uniform endless string is stretched along the axis 
of ww; Ty is its statical tension. The string is supposed to 
pass through a small hole in a movable plate. The string is 
performing small transverse vibrations, and the plate travels 
along the string with (uniform or non-uniform) velocity v. 
while performing small oscillations perpendicular to the 
string. The resolved pressure of the string on the plate in 
the direction of the w-axis is to be calculated. 

Let y be the transverse displacement of a point of the 
string ; it is a small quantity of the first order. We shall 
have to consider longitudinal displacements of the string too; 
let u be the longitudinal displacement; the string perfor ming 
transverse vibrations, v is a small quantity of the second 
order. Let E and » be the coordinates of the hole in the 
plate ; they are given functions of the time: 


E=), n=l), 


n being a small quantity of the first order. 
The extension ø vf the vibrating string at every point of 
it is determined to terms of second order by the formula 


ou 1 Ò 
O.r T al Ow 


The dynamical tension T of the string is 


C= 


T=T, + Loo. 
(E Young's modulus, œw section-area of the string). We 
` 
suppose the statical tension T, to be great, so that a is a 
small quantity (of the first order). 
* This general solution was given by the author in a paper, On 
Transverse Vibrations of a portion of a String of uniformly variable 


Length,” Annals of the Petersb. Polytechn. Institute, xxviii. p. 275 
(921) Russian! 
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The values of es immediately to the left and immediately 


to the right of the plate will be denoted by & ) and @ ) : 

BEJA Owe 
_and similar notations for other quantities (as y, u, ow a ete.) 
will be used. ot 


§ 2. Now let us apply the equation of momentum to an 
element of the string of length vdt, which slips through the 
Lole in the moving plate during an infinitesimal interval of 
time dt. Resolving along the axis of x, denoting the line- 
density of the string by. p, and assuming v to be positive 
when directed from left to right (in the positive z-direction), 
we find 


prdt (Sr) — e = [T cos as—T cos a+ N, Jat, 


where 2, and a, are the inclinations of the string to the axis 

of x immediately to the left and to the right of the plate 

and N, is the resolved reaction of the plate on the string. 
To terms of the second order we have 


1! A 
Now putting N,=— P, where P, is the resolved pressure 


of the string on the plate, we have 


= TA (Sy (3), fer (8°), - (877, F 


This result shows that P, is a small quantity of the second 
order. In calculating P, to terms of the second order only, 
we may put _— and so obtain 


aa 7,4 (2") ") 1 he ¢ TR rte (1) 


It is to be noticed, that while calenlating P, to terms of 
the second order we have to calculate y to terms of the 


174 Mr. E. L. Nicolai on a Dynamical 


first order only. The usual differential equation of trans- 
verse vibrations of the string being valid, we have 


Oy 0°" 
Or =° ò po 


with c wN 
p 


Now the condition at the plate (7=&) is n;ọ=v,. Dif- 
ferentiating with regard to time, we find 


GA GA alarh Ge) a 


Now we have 


Bha- Ghe- a) 


Assuming the hole in the plate to be perfectly smooth 


e d s 
and accordingly o,=o, and putting dg =v, we obtain 


dt 


&)-G),-{(QN- GN} 


By (1) we find 
rere- [GI-GI e 


This result includes the formula of Sir J. Larmor for the 
case of the ideal reflector ; it can also be applied to the case 
of a travelling source of vibrations. It may be noticed that 
formula (2) holds good for the case r?<e¢? only, the funda- 


; , ' 
mental assumptions as to the smallness of y, a, Oy ete, 
being valid only for this case. 

§ 3. In Prof. Larmor’s case we have 7=0 and (2") =0, 
2 
the string being at rest to the right of the plate. We 
obtain 


P= 4p(c? 2? (Sry. TEPEE 


From this result Prof. Larmor’s formula is found at once 
as is shown in Prof. Havelock’s paper. The pressure 
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P, given by (3), is less than the resolved statical tension of 


the string, which is 
m (24) = ou) 
PON a, 


71 


We see now the reason for this fact. Ev ery element of 
the string, while slipping through the hole in the plate. is 
gaining momentum in the direction of æ. This gain of 
momentum is due to one part of the resolved statical tension 
of the string : the other part of the tension produces pres- 
sure on the plate. 


§ 4. To havea dynamical illustration of a travelling source 
of light, assume 
y= F (ett x) (=x <0 E 
=P(ct— x) (Exc), 
The condition at the plate is y=” for z=&. Hence 
Feet+H=O(), Plet-H=d%, - - (4) 
and thus the waves F and ®, emitted by the vibrating plate, 


are determined. 
Now we have 


(arep, (3), =-e erp, 


and from (4) we obtain 


(+r) (t+) =O(O, (e oP. 
Hence 
(è) _ 1 dn ce _ ld 
Or), crdi’ au), car dt ` 


Substituting in (2), we obtain 


1 1 o : 2pcr cry 
~~ 2 7? a i —_— ——__. : =—-—- '. g : 
ae apli i ) { (e+ r)* (c— ry? J a) Nl 


Let e be the energy radiated by the plate in unit time. 
We have 


mee (Hero ref e= a) 


Hence 
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and this is the formula of H. A. Lorentz * and M. Abraham t 


for the reaction of radiation on a travelling source of light. 


y 5. It may be noticed that the same line of argument, by 
which formula (2) for the resolved pressure P, of the vibrating 
string on the plate in the direction of the a-axis was found, 
can also be used for a calculation of the resolved pressure P, 
on the plate in the direction perpendicular to the axis of w. 
Using the equation of momentum, we find 


P= pee { (52). — ($2), F 


Applying to the case examined in § 4, we obtain 


dn 
P,=—2 
y 2pc 7 - dt’ 
This result accounts for the damping effect of radiation on 
a source of vibrations. 


6. In Prof. Havelock’s paper the motion of a string of 
finite length, one end being fixed and the other passing 
through a uniformly moving plate, is discussed, and a par- 
ticular solution of the problem i is given. We will show that 
the general solution of the problem may readily be obtained 
as a series of terms of the form indicated by Prof. Havelock. 

Let x=0 be the fixed node and x=ct the moving node 
(v=const.). We have the differential equation 
dy 20Y 
dge “32? 
with the boundary conditions: y=0 for 2=0 and y=0 for 
we=rl, 
The general solution is 


y= F (ct + w) — F (ct — a) E te. wee 4 (5) 


where KY satisfies the functional equation 
rete 
P(e) =F). 


Now put z=". w=log:. Denoting F(e*)=W(w), we 


y (e + log Z) = Y (w) : 


* fA. Lorentz, Enzykl. der mathem. Wissensch. Bd. v. art. 14, p. 270. 
+ M. Abraham, ‘Theorie der Elektrizität Bd. ii. p. 119, 
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Thas y(t) is a periodic function, the period being 


c+r 


log Expanding in a Fourier series and denoting 
c— 
2m 
as. +r” 
Pe 
we obtain 


(w) =S {C, sin nzw + D, cos naw}, 
n=0 
C, and D, ae arbitrary constants. Hence 
Fiz)= = = {C, sin (na log z) + D,, cos (na log 2) }. 


Saine in (5), we obtain after some reductions the 
general solution of our problem in the form . 


y= Sai i log =] fA, cos i — log g(h- ‘0 
n=1 ty sty” 


+ Basin [Flog (7 — i” 2 AE (6) 


to being the initial time (and hence ctọ the initial length of 
the string) and A, and B, denoting arbitrary constants, 
related in a simple manner to the constants Ca and D,. 

The constants A, and B, are defined by the initial con- 


ditions of the problem. Let y=/(2), ou =g(x) for t=ty 
and O<.2<cty. By (5) we easily find 


F (cto +z) = $r) TA y(ajda, (—vto< z< rto), 
0 


2 
where 4 a — flr) and g — x)= — g(x) is assumed. Also 
r = AN Bleht x) sin fna log (1+ alr vie a 
pe D xe f te y i f Z) dx | 
Dan _„ FClo+ z) cos fns log Ge T 


It is easily verified that the limiting values of (6) and (7) 
for infinitesimal velocity v are the w ‘ell-known expressions 
relating to the vibrations of a string of constant length. 


Polytechnic Institute, Leningrad, 
Sept. 29, 1924. 


Phil. Mag. 8. 6. Vol. 49. No. 289. Jan. 1925. N 
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XX. On the Permanent Electret. By Mororaro Ecvcuti, 
Professor of Physics, Higher Naval College, Tokyo, 
Japan *. 


Introduction. 


LECTRET ” is the name given to the dielectric which 
is electrized f permanently by a special treatment 
due to the author. Some waxes and resinous materials 
have moderate conductivity in their liquid state, while they 
are very good insulators in the solid state. The electrical 
conductivity of these materials varies gradually with the 
degree of solidification, and when the materials get mode- 
rately hard the conductivity becomes practically nil. The 
author let solidify a mixture of these materials in a strong 
electric field applied through all the time in which the 
solidification went on. The dielectric taken out of the field, 
after having been cooled sufficiently, showed very strong 
polarities on its two surfaces which were kept in contact 
with the electrode plates during the preparation. The 
electrization of such a dielectric could not be destroved by 
several treatments, such as touching by Bunsen flame, 
exposure to X-rays, planing with knife, washing with some 
solvents, &c. Nor did it die away after the lapse of many 
years. Prom several subsequent studies, it has become 
evident that the electrical change of the dielectric is not of 
a superficial nature, but that it is a permanent internal 
change within the material. 

The name “ Permanent Electret” or simply “ Electret ” 
was given to the special dielectric at the ordinary meeting 
of the Physico- Mathematical Society of Japan, February 21, 
1920t¢. Later, I found in Oliver Heaviside’s ‘ Electrical 
Papers’ the section with the title “ Electrization and Electri- 
fication. Natural Electret” §. In this paper he proposed 
for the first time to use the term “ Electret” to fill the want 
for; describing an intrinsically electrized body, and some 
possibilities of electrets were discussed on the theoretical 
points of view. The present method of preparation was, 


Communicated by the Author. 

t The term “ Electrization” is used after Heaviside to signify the 
internal electrical change of a material, which is different from superficial 
electrification. 

t Mototaró Eguchi, Phys.-Math. Soe Japan, ser. 3, vol. ii. no. 4 T (1920), 

§ Oliver Heaviside, ‘Electrical Papers,’ vol. i. 8 xii. 
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however, obtained independently and also ina way utterly 
ditferent from his discussions. 

The electret shows so great an intensity of electrization 
that the electric force exerted in front of the surface of the 
electret may attain the greatest sustainable value in the 
atmosphere. The permanency is also so good that we have 
detected no sensible decaying for these three or more years 
since the preparation. 


$1. Preparation of the Permanently Llectrized 
Lhelectrie. 


From the study of the variation of conductivity with the 
solidification of waxes und some other materials *, I came to 
think it possible to get a permanently electrified or more 
correctly electrized dielectric by allowing some kind of 
waxes to solidify in a strong electric field. 

After many trials, it bas been ascertained that the disk- 
shaped electret of a certain size is one of the most convenient 
forms for several reasons, except for the cases in which 
special studies are wanted. The method of preparation of 
the disk-electret is, therefore, briefly described here. 

A shallow circular metal basin B (fiz. 1), depth 1 cem., 
diameter 20 cm., is put on a pole-plate P, a little larger in 
diameter than the basin. The plate itself is placed on three 
sulphur insulators 8,, Sa}, 83, which are laid on a wooden 
tripod stand T capable of levelling by the three screws 
Jw Ía fz- 

As the other electrode, a hollow metal disk P, is suspended 
by three insulating cords, £, te, t3. These cords are made of 
Japanese fishing-lines, Tegusu (a kind of thick silk thread), 
whose surfaces have been treated with a mixture of some 
waxes and resin to get rid of. the surface leakage. The 
basin and the disk-electrode are coated with tin-foils (not 
shown in the figure). The lead sheet L is used as a 
weight to cause the foil tightly to attach itself to the 
disk. 

As the preparatory adjustment, the levelling of the basin 
B is first effected by three screws fi, fo, fa; secondly, the 
hook at the end of the cord C is transferred from the 
arrester h, to another ho, and the plate P, is so regulated 
by three screws Sc’, Se”, Se’” that its lower surface comes 


æ Mototaro Eguchi, Phys.-Math. Soc. Japan, ser. 3, vol. i. nos. 10-11 
(1919). 
N 2 


180 Prof. M. Eguchi on 


just up to the margin of B. Another cord (" stretched 
through a hole perforated near the end of the guider g serves 
to prevent the oscillation of the electrode P.. 


Fig. 1. 
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After raising the disk-electrode P up to a sufhcicnt 
height, the material melted at a temperature far above its 
melting-point (about 130° C.) is poured in to fill up the 
basin B, and then P., is put on the melted dielectric so that 
it rests just on the surface of the dielectric. The air 
bubbles, if any, on the surface of the melted material may 
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be easily taken off by touching with a small Bunsen 


flume. 

Care was taken to adjust the voltage of the high tension 
source in order to prevent any undesirable effect such as 
brush discharges between the electrodes along the surface of 
the dielectric when it solidified partially. Tin-foils were 
applied on the electrodes, so that not only did the dielectric 
not adhere directly to the metal surface, but it might also 
contract freely as it cooled, and when the dielectric solidified 
completely the disk-shaped material might be easily taken 
off from the basin. Moreover, with the disk-electret thus 
obtained, both surfaces upper (U) and lower (L) might be 
studied at will. 


$2. The Charge of Temporary Nature and the Permanent 
Electrization of the Electret. 


As the material for the permanent electret, a mixture 
consisting of equal parts of carnaiiba-wax and resin with or 
without a certain amount of bees’-wax was found to be 
very good as regards the intensity of electrization and the 
permanency. If we prepare a disk-electret of this material, 
joining for instance the upper surface (U) to the positive 
pole of the high tension source, and the lower surface (L) 
to the negative, we first detect in general a surface charge 
of negative sign on the upper surface, and one of positive 
sign on the lower, soon after we take the electret out of the 
preparing arrangement. But these kinds of charges are of 
temporary nature, and they die away gradually, in a 
comparatively short time (in one or two days). After the 
complete decay of such charges, the surface charges of 
opposite signs respectively to the above gradually grow up. 
The positive charge on the upper surface and the negative 
on the lower, which are respectively of the same signs as 
those of the applied poles of the source during the preparation, 
tend to grow to their ultimate values in a few days. The 
manner of growth of these charges on both surfaces and 
their values do not vary much even when the method of 
preparation is modified in some way: for example, when 
hoth electrodes are completely insulated from the earth, or 
when either one of the electrodes is completely earthed and 
the other insulated. The permanency of these charves is so 
good that we cannot detect any sensible decay after many 
years, as will be shown later on (see § 8). We shall call 
these surface charges of the electret the free charges due to 
its proper electrization. 
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§ 3. On the Method of Measuring the Surfuce Density 
of the Free Charge. 


Before entering upon the details of the behaviour of the 
electret, it will be convenient to describe the method of 
measuring the surface density of the free charge which was 
found to be the most simple and reliable. 

The arrangement is shown in fig. 2. P is an induction 
plate of a circular form, diameter 12 cm., with a guard- 
ring G. The induction plate may be kept at any desiped 
height by means of three insulating suspension cords ci, Co, C3, 
and a thread ¢ attached to the common joint j of these cords, 
passing over pulleys p and p’. The size of the plate was 


~ 


chosen so large that the electrization of the portion of the 
dielectric under the plate was quite uniform, and the guard- 
ring G witha small air-gap was employed for eliminating 
the end effect on the induction plate. To the induction 
plate, a calibrated electrometer El and a variable condenser 

C are connected by means of soft springs of thin wires. 
Putting the disk-electret together with its metal basin in 
the proper position under the induction plate, the earthed 
guard-ring is first laid on the surface to be measured. The 
induction ‘plate i is then put in its position on the surface, the 
system being always kept earthed during this process. 

Nisconnecting the earth line of the plate system, and lifting 
the plate to such a height that the influence of the dielectric 
on the plate was no longer sensible, the electrometer reading 


the Permanent Electret. 183 


was taken. As to the insulation of the condenser, special 
care was taken to get rid of the surtace leakage. The 
metal rods of the condenser plates were suspended through 
the central holes of the sulphur pieces moulded in the form 
shown in fig. 3. 

Such a moulded piece of sulphur has a sufficient 
mechanical strength, and it was ascertained that the 
condenser mizht be used in any wet atmosphere without 
fear of any appreciable leakage. 


= m S, sulphur ; 
€e, ebonite ; 
m, metal. 


The surface density o of the free charge of the electret 
may be calculated from the observed numbers as follows :— 


1.V 


mr? ’ 


c= 


where C is the capacity of the condenser system, V the 
potential read by the electrometer, r the effective radius of 
the circular surface of the induction plate (radius of the 
plate +one-half of the air-gap). Any conducting agent, 
such as moisture, dust, free ions, &c., if present on the 
dielectric surface, may reduce the electrostatic induction on 
the plate. It is very difficult to keep the surface quite free 
from such disturbances. Moreover, the irregularity of the 
surface of the electret may have an influence on the induc- 
tion of the plate. The valne of o estimated as above may, 
therefore, be somewhat smaller than the true value. 

The sign of the induced charge was determined every 
time and that opposite to this sign was taken as that of the 
free charge. 


-§4. Action of X-rays on the Electret. 


If the surfaces of a disk-shaped electret are exposed to 
X-rays for some time, the free charges on the surfaces 
apparently disappear. Thesurface density of the free charge 
reappears, however, gradually, and attains its final proper 
value estimated before the exposure. However many times 
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the exposures are repeated, the recoveries are always com- 
plete. By the time of exposure, the nature of the X-rays 
and the intensity of the rays, the rate of recovery is influenced 
in greater or less degree. But in any case, when the free 
charge has recovered itself completely, the final surface 
density i is always the sume, and shows a definite value proper 
to the electret. 

Several methods of exposing the disk-electret to X-rays 
were tried. In one case, the X-rays were sent in the direction 
normal to the disk-surface, allowing the rays to pass through 
the dielectric material. In another case, the X-rays were let 
go along the disk-surface, the edge of the disk being protected 
from the rays by a lead band of a sufficient breadth, and 
thus the rays were cut off and could not go through the 
dielectric material. In either case, we did not find any 
material difference in the temporary disappearance of the 
free charges and their spontaneous recoveries. 


Fig. 4 
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This temporary disappearance of the free charge and its 
recovery afterwards might be explaiued on the view that 
the ions in air produced by X-rays are caught on tothe 
surface by the charges of opposite sign respectively, and 
when the action of the X- -rays ceases, ‘the ions fly off spon- 
taneously from the surface by their kinetic energy of 
agitation, opposing the electrostatic attraction of the free 
charges of the dielectric surfaces on the ions. A few 
examples of the observed facts are given below. 

In fig. 4 the time curve of the recovery of the free charge 
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atter an exposure to very soft X-rays is plotted, the surface 
of the disk-electret being kept bare during the recovery. 
The recovery obeyed very nearly an exponential law, 


V'—V=(V'—V,)e-™, 


where V is the potential of the electrometer at time ¢, and 
V’ the final potential which corresponds to the ultimate free 
charge. 

In fig. 5 the simultaneous recoveries of the charges of both 
surfaces, upper and lower, of one disk-electret are given. 


Fig. 5. 
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The small difference of the ultimate values of the surface 
densities for the two surfaces will probably be due to the 
difference of the condition of the two surfaces, such as the 
non-uniformity of the electrization near the rim of the 
surface, Kc. 


§5. Evidences for Permanent Internal Electrization 
in the Dielectric. 


Many experimental studies were carried out for testing 
the author’s view that the electrification measurable as the 
surface density of opposite signs appearing respectively on 
the two surfaces of the special electret are the free charges 
of the permanent electrization within the material. The 
wae description of the results of these studies will be given 
below. 


(1) Temporary disappearance of the free charges by 
X-ray exposure and their complete recovery after the with- 
drawal of the rays (as stated in the preceding section). 
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(2) The behaviour of the free charges after the treatment 
of i surface by a Bunsen flame is very similar to the effect 
of X-ray exposure. 

When the surface of the electrized dielectric was treated 
with a Bunsen flame in such a degree that some surface 
layer of the dielectric material was melted and again 
solidified atter the withdrawal of the flame, the surface 
charge was very much reduced, or sometimes it completely 
vanished, if measured soon after the treatment. This dis- 
uppearance was, however, only temporary, and the free 
charge recovered itself, as was seen in the case after an 
X-ray exposure. 

(3) Effect of planing with knife. 

I planed with a sharp knife both upper and lower surfaces 
of an electrized dielectric to some depth, so that the old 
surfaces no longer remained. The free charges were 
apparently reduced to a small amount, but they recovered 
gradually as they did after the exposure to X-rays, the only 
difference from the latter case being that the recovery was 
somewhat irregular. When the free charges had recovered 
completely, I tried the knife treatment once more to the 
depth of some mms., after which the recovery was also 
similar and perfect, and the ultimate values of the free 
charges were very near to those before the treatment. 


(4) Effect of washing with some reagents. 


I studied the effects of washing the electret surfaces with 
some reagents such as water, acids, alkalis, absolute alcohol, 
ether, benzene, &c. Though the free charges disappeared 
after such a treatment, they always recovered some time 
after the dielectrics were made completely dry. The results 
were, thus, also affirmative for the permanent internal 
electrization of the material. : 


(5) Comparison of two pieces of dielectrics of the same 
materials, one of which was electrized by the special treat- 
ment, the other merely superficially charged by means of an 
ordinary process. 

The dielectric material was solidified in a metal basin 
under conditions otherwise the same as in the preparation of 
the special electret in every respect, but applying no electric 
field. After the solidification was completed, the material 
was put under the action of an electric field for a sufficiently 
long time of one hour or more. Such a dielectric, soon 
after the treatment, takes strong surface charges of opposite 
polarities on its surfaces. Though these surface charges 
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displayed some weak residual charges, their intensity and 
durability were of very small order quite incomparable with 
those of the electret. 

(6) Effect of electric force on the electret. 

Different electric forces were applied on some disk-electrets,. 
and the effect of such forces on the electrization of the 
material was observed. I took two of them of which the 
sense of electrization was known. For convenience’ sake, 
the electric force in the same sense as the field employed in 
the preparation for an electret will be called “ positive,” and 
that of the opposite sense “negative.” To the first disk A, 
a negative electric force was applied for thirty minutes, and 
afterwards the variation of the free charges was observed. 
The results of the observation repeated three times suc- 
cessively are plotted in fig. 6, the surface density of the 
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upper surface U only being shown in the figure, since the. 
other surface L showed a behaviour similar to U in every 
respect but with the sign of its charge opposite. 

As we see on the figure, seven days after the preparation,. 
the disk had a free charge of negative sign on surface U and 
of positive on L, nearly settled at their full values. By the 
application of the negative electric force for thirty minutes, 
the surfaces got moderately large surface densities of the 
signs respectively opposite to those of the free charges of 
the proper electrization. These temporary charges, how- 
ever, decayed rapidly, and the gradual growth of the surface 
charges due to the original electrization followed. When 
the r-te of growth of the surface charge became very small, 
the second and the third applications of the negative electric 
forces were tried successively, and the results were always. 
of the same nature as in the first application. 
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With the second disk Wo, the effect of applying the 


positive electric force was studied. Though small temporary 
increases of the surface charges were observed after the 
application of this force, they settled rapidly to their proper 
value due to the electrization. The results are depicted 
in fig. 7. 
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From these experiments we may safely conclude that, by 
the application of an electric force, positive or negative, on 
a prepared electret, the surface electrification may be 
disturbed in some degree, but the permanent electrization of 
the electret remains almost unaffected. 


$6. On the Intensity of Electrization of the 
Permanent Llectret, 


From many experimental studies made by the author * 
the internal electrical change of the permanent electret was 
concluded to be of the nature of “ polarization,” i. e. every 
portion from element to element of the dielectric material 
was in a state of having acquired equal and opposite electrical 
polarities on its two ends. 

The surface density of the free charge measured by means 
of the method described in §4 may, therefore, be taken as 
the intensity of permanent electrization within the dielectric. 
Most electrets of which the materials consist of carnaiiba- 
wax and resin with or without some percentage of bees’-wax, 
have so great intensities of electrization that they exceed 
the greatest possible surface densities of the electrifications 
charged on some good insulators such as sealing-wax, shellac, 
sulphur, &., by means of mechanical friction. The following 
numbers are given to show the comparison of these surface 
densities. 


* Mototaré Eguchi, Phys.-Math. Soc. Japan, ser. 3, vol. v. no. 8 (1923). 
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TABLE I. 


Maximum attainable surface densities by mechanical 
friction *. 


Rubbed on wool. Rubbed on silk. 
Material. Max. surf. density. Max. surf. density. 

Sealing-wax ......... 570 E.S.U. 5-40 E.S.U. 
Shellac ............... SST, 5°12 
Sulphur .............. 5438 .. 539 
Ebonite ............... 482 .. t43, 
Amber 0.a... EEN 418, 411, 
Glass .................. 269 a, 2°90 

TABLE II. 


Surface densities of the free charges of the internal 
electrization of the permanent electrets. 


Disk-electret O,, prepared Oct. 27, 1919. 


: Electric intensity 
Date (d). eee a Surf. Surf. density in air in front of 
prel oe (s). (o). the surf. (E). 
Mar. 22, 1921... |e caine U -57T ESU. — 72 E.S.U. 
L +62 ,, +I n 
Mar. 3, 1022.. age U -065 ,, -8&2 ,, 
L +62, +78, 
Disk-electret R,, prepared Oct. 30, 1919. 
d. t. s. G. E. 
Mar. 22, 1921... leo U —56 E.S.U. —70 ES.U. 
L +56 ,, +0 , 
Mar. 3, 1922... E U 60 , -75 ,„ 
L +038 ,, +73 ,, 


The electric intensities in air in front of the surfaces of 
the electret are calculated from E=4mo, and are given in 
the last column in the above table. Lord Kelvin found that 
the electric intensity sustainable in air was 130 E.8.U., and 
therefore the corresponding surface density was 10 E.S.U. 
These numbers might, however, hardly be realized in a very 
good condition of air. The numbers of the permanent 
electrets are not much smaller than these limiting values. 
It will be observed, in what a higher order of intensity of 
electrization the electrets are than the ordinary residual 
electricities in dielectrics hitherto known. 


* L. Graetz, Handbuch der Elektrizität und des Magnetismus, Ba. i. 
Saite 10 (1918). 
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§7. On the Permanency. 


The disk-shaped electrets are kept usually with their 
surfaces covered with earthed tin-foils. Under this surface 
condition, the surface density of the free charge of the 
electrization remains nearly constant for many years, though 
small fluctuations may occur probably due to the atmospheric 
conditions such as the temperature and humidity. Some 
disk-electrets were tested by keeping them in this condition 
during three years or more since their preparation, their 
surface densities being measured at moderate intervals. No 
natural decay of the surface densities was observed. In the 
following table two examples of the records of the electrets 
kept in such a condition are given. 


TABLE III. 


Surface density of the free charge of the electrization. 
Disk-electret O,. 


D Oct. 27, Dec. 23, Dec. 24, Mar. 3, Dee. 20, 
Ceara 1919. 1920. 1921. 1922, 1922. 
Surf. density in at gs Lra. nA ins 
E.8.U. or prepared 7 : E a ; : 
other remarks. L +56 L +51 L +62 L +4+7:2 


Disk-electret R. 


Date Oct. 27, Dec. 23, Dec. 24, Mar. 3, Dec. 20, 
ware rn 1919. 1920. 192:. 1922. 1922: 

Surf. density in r. P : $s 

E.S.U. i prepared 2 Sad ee z so ~ me ž 

other remarks. L +56 L +47 L +58 L+@2 


If the electret is kept with its surfaces bare the surface 
density apparently decays in some degree. The final reduced 
value of the surface density seems, however, to be kept at 
some amount different from zero. It is worth noticing that, 
for observing these decays definitely, it is necessary to keep 
the electret on some pointed supports in a dry and dust-free 
air in a desiccator, Otherwise a coating of dust attracted 
by the free charge behaves as an earthed conductor. 

If an electret, whose free charge has thus decayed to a 
small amount, is again kept covered with tin-foils applied on 
both surfaces the tree charge recovers itself gradually, and 
at last its surface density attains its proper value. The 
Jength of time during which the surfaces are kept bare may 
affect somewhat the rate of recovery of the surface density 
‘when the electret is again covered. The final surface 
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density seems, however, to take the definite value proper 
tu the electret. 

The disk-electret M, was taken for this kind of tests, and 
the results are given in Table IV. 


TABLE IV. 


Disk-electret M,. 


Date | Nov. 30, Dec. 10, Dec. 15, Dec. 18, Oct. 18, 
Sra 1920. 1920. 1920. 1920. 1921. 
Surf. density 


in E.S.U. or U —-51 U —42 U —-25 U —01 
other Prepared L 467 L+58 L+25 L+005 


k . . cy 
remarks | kept bare in ordi- 


kept covered with nary atmosphere; 
tin-foils. ! “both surfaces were + 
! coated with dust. 


Surf. condition. Pa 


both surfaces cleaned 
with feather brush 
and then exposed to 


X-rays. 
Oct. 22, Nov. 12, Jan. 14, Jan. 30, Mar. 6, 
1921. 1921. 1922. 1922. 1922. 
U —02 U —3:5 U —0'1 U —25 U —42 
L +01 L +31 L +008 L+19 L+32 
kept in a desiccator | kept in a desic- | kept in a desiccator 
with both surfaces>,<cator with sur->'< with surfaces -> 


covered. faces bare. | covered. 
surf. density moderately 
great; permanency good. 


Summary. 


1. The Permanent Electret was made of a certain mixture 
of wax and resin, keeping it in a strong electric field during 
its solidification. 

2. The nature of the electrical change of the dielectric is 
a permanent internal electrization of the material entirely 
different from the superficial electritication. 

3. The electrization cannot be destroved by different 
treatments applied on the surface such as Bunsen-flame 
treatment, X-ray exposure, washing with some solvents, 
planing with knife, applying electric force in any sense, &c. 

4, The intens ty of electrization of the electret attains 
such a high degree that the electric intensity in air in front 
of the electrized dielectric takes nearly the greatest sus- 
tainable value. 

5. The permanency of the electrization is also extremely 
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good, so that we have detected no decaying for three years 
or more since the preparation. 


In conclusion, the author wishes to express his best thanks 
to Dr. Terada, Prof. ot Tokyo Imperial University, and 
Dr. Honda, Prof. of Tohoku Imperial University, for their 
continued interest in the present investigation. 

Physical Laboratory, 


Higher Naval College, 
Tokyo, Japan. 


XXI. Abnormal Balea of N- Rays. By J. H. Shane: 
M.Se., ocean Lecturer in Physics, University College, 


London * 


LARWE and Dvraxet have found, by the ionization 
spectrometer method of Bragg, certain diffraction 
maxima which do not obey the two laws governing the 
Bragg maxima, namely—the angle of incidence equals 
the ‘angle of poHloxion: and that the orders of spectra are 
given by 
nr = 2d sin 8, 


where A is the wave-length of the rays and d the distance 
between planes concerned. 

Prior to this Duane t had discovered maxima obeying the 
Bragg laws, but due to characteristic radiation produced by 
fluorescence of atoms in the cry stal. 

If this set of maxima exists it is easily shown that an 
“abnormal ” set must also exist; and also that this second 
set will be of greater intensity than the first set. This 
abnormal set also exists when there is no fluorescence. 

These abnormal maxima are due to the periodicity of 
scattering centres in the planes themselves, and, unlike the 
main Bragg maxima, the positions of the abnormal sets will 
vary as the crystal is rotated about the normals to the planes 
producing them. 

Consider a plane wave of homogeneous radiation incident 
on a set of planes a distance d, apart, ata glancing angle 0. 
Bragg § considers each plane as continuous, and this is 
sufficient for the set of maxima which is primarily related 
to dẹ. For the general maximum the planes of spacing dg 
can be considered as made up of scattering centres with a 
spacing d, in the plane of incidence. 

æ Communicated by the Author. 
t Proc. Nat. Acad. Sci. ix. 4. P 131 (1923). 


t Proe. Nat. Acad. Sci. vill. 5. p. 90 (192 22) 
§ ‘X Rays and Crystal Structure,’ 2nd ait, p..12 
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The first condition that there shall be a maximum in any 
direction making an emergent glancing angle ¢ is then: 


Fig. 1. 
S 
eH d X 
PS—RQ=n,A, where n,=0, 1, 2, ete. ; 
l. e., cos ġp—cos =n \À/d; ; 


n,=0 gives the Bragg maxima, and is independent of d}. 
Instead of Bragg’s second condition, the relation will be 
Fig. 2. 


which gives the Bragg maxima when 0=¢. 

If d, and d; are known, the values of 6 and ¢ corresponding 
to various values of nı and ng can be found. 

In order to explain the first set of fluorescent maxima 
Clarke and Duane assume that there is a definite phase 
relation between the absorbed wave and the emitted phos- 
phorescent radiation. Their first set of maxima, which obey 
the Bragg laws, must be due to the interference of this 
fluorescent radiation with the same radiation scattered from 
atoms other than its source. The abnormal maxima will be 


Phil. Mag. S. 6. Vol. 49. No. 289. Jan. 1925. O 
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due to the interference of the initial fluorescent radiation 
without any secondary scattering, and will thus be of greater 
intensity than the first Duane set. 

The laws obeyed will be similar to those above. If A, is 
the wave-length of the incident radiation and A, that of the 
fluorescent radiation, the two conditions become 


cosh cos ni 


and 


1 cos (0+) _ n 


Agsing  Msing d? 
with n, and n, as before. 

Since Duane used white radiation it is impossible, from 
his data, to do more than slow that the various values of 
A lie within the limits of his spectral range. 

McKeehan * has solved the question of abnormal maxima 


for a cubic lattice only. The above method is applicable to 
any system. 


XXII. The Mutual Action of Charged Particles in Liquid 


Aedia. By Professor E. F. BURTON and J. E. CURRIE, 
ALA.T 


I. Electroendosmose and Related Phenomena. 


HE term electroendosmose is applied to the phenomenon 

of the transfer of liquids through capillary tubes under 

the action of an electric field set up throughout the tubes by 

electrodes placed at the ends of the tubes and maintained at 

a given difference of potential. The experiments on single 

capillary tubes have been extended to porous diaphragms 

which are treated merely as collections of fine capillaries. 

The laws governing this action have been very fully worked 
out by a succession of scientists. 

Although this phenomenon of electroendosmose has been 
given particular attention, it is merely one of four pheno- 
mena which treat of the electrical forces set up by the 
relative motion of solids and liquids or of such relative 
motions set up by applied electromotive forces. The corre- 
lation of these phenomena may be seen in Table I. 

* Opt. Soc. Amer. and Rev. Sci. Inst. Dec. 1922, p. 989. 

t Communicated bv the Authors. Read before joint session of 


Sections A and B, British Association for the Advancement of Science, 
Toronto meeting. 
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TABLE I, 
A. B. 


Motion caused by E.M.F. set up by 
applied E.M.F. impressed motion, 


I. Liquid moving through 


I. Liquid forced through 


stationary solid tubes. stationary solid tubes. 
Electroendosmose (1). Helmholtz-Billiter (3). 
II. Solid particles moving II. Solid particles dropped 
through stationary through stationary 
liquids. columns of liquid, 
Cataphoresis (2). Dorn effect (+). 
(1) Wiedemann, Fledtricitdt, i. p. 1007 (1893). 


Quincke, Pogg. Ann. exiii. p. 513 (1861). 
nae Ann. d. Phys. vii. p. 337 (1879); Memoirs Lon. Phys. Soc. 
1888. 
Lamb, Brit. Assn. Rep. p. 495 (1887). 
Perrin, Jour. Chim. Phys. ii. p. 607 (1904) ; iii. p. 50 (1905). 
Elissafoff, Zs. f. Phys. Chem. Ixxix. p. 385 (1912). 
Briggs, Bennett, and Pierson, J. of Phys. Chem. xxii. p. 256 (1918). 

42) Burton, Physical Prop. of Coll. Sol. (Longmans, Green, 1921, p. 132). 

M. E. Laing, J. of Phys. Chem. xxviii. p. 673 (1924). 

Mukherjee, Proc. Roy. Soe. A, ciii. p. 102 (1928). 
(3) Freundlich, Kapillarchemie, 3rd ed. p. 335. 

Helmholtz, loc. cit. (1). 

Billiter, Zs. f. Phys, Chem. xlviii. p. 542 (1904). 

(4) Freundlich, Kapillarchemie (loc. cit.). 

Dorn, Ann. d. Phys. v. p. 20 (1878) ; ix. p. 513 (1880); x. p. 46 (1880). 
Billiter, Ann. d. Phys. xi. p. 937 (1903). 
Freundlich and Mäkelt, Zs. f. Elektroch. xv. p. 161 (1909). 

It is at once apparent that there is an intimate relation 
existing between these phenomena, B being in general the 
converse of A, and within both A and B, (II.) is the converse 
of (I.). 

The common feature of all these phenomena is illustrated 
by the explanation which has been offered by the so-called 


Helmholtz double layer. 
II. The Helmholtz Double Layer. 


Historically the discussion of electroendosmose and cata- 
phoresis came first (Wiedemann, l.c.). In order to explain 
these curious motions, Quincke (1) suggested that the solid in 
contact with the liquid became charged in some way with 
electricity of one sign, while in the immediate vicinity of the 
solid wall there was a layer of electrical charges of the 
opposite kind, exactly equal in magnitude to the first. Helm- 
holtz (1) first offered a mathematical treatment of Quincke s 
suggestion and arrived at certain formule the truth of which 
could be—and, in fact, was—tested and proved to be true. ‘The 
picture presented is consequently known as the Helmholtz 
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double layer, which was further amplified several years age 
by Lamb (1). 

When two electrodes, positive and negative, maintain a 
difference of potential at the ends of the capillary tube, the 
liquid is dragged through towards the negative electrode 
and slips as a sleeve through the tube. A similar but 
rather more fantastic explanation was offered of the move- 
ment of solid particles through stationary liquid media. 


Fig. 1. 
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The assumption adopted by both Helmholtz and Lamb, in 
which they have been followed by others, is that the total 
thickness of the double layer is just of molecular dimensions, 
e.g., it is assumed that the charged particle plus its double 
layer gives an entity which is electrically neutral. This 
assumption of the thickness of the layer is not implied in tke 
Helmholtz test formula for electroendosmose, which is as 
follows * :— 

_ reDK 
dnl ” 


* Freundlich, Kapillarchemie, 3rd ed. p. 329. 
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v = volume of liquid transported per sec. through a tube 
of radius r and length 1 ; 
= coefficient of viscosity of the liquid ; 
D= dielectric constant of liquid ; 
e = difference of potential between stationar y charged 
layer and the outer Helmholtz layer ; 
= the electromotive force applied to electrodes at the 
ends of the capillary tube. 


Consequently, the fact that this formula has been found to 
hold true for various experimental tests does not demand 
one’s assent to the assumed thickness of the outer layer. 

Comparatively recently, the theory of the double layer has 
been dealt with quite “fully by Gouy *, Chapman t, and 
Debye and Hiickel $. 

In discussing the Fdisteibation of charges at the surface of 
contact of a metal electrode and water, Grouy takes for 
granted that there is a surface charge distributed over the 
metal electrode, but with regard to the Helmholtz double 

layer he remarks that “the “outer layer of charge cannot 
be purely superficial, but the ions of this layer are “subjected 
to two sets of forces, those electrical tending to make 
them accumulate in a layer immediately contiguous to the 
electrode and those of diffusion, which tend to re-establish 
the original conditions, f.e. uniform distribution of positive 
and negative ions.” For example, if the solid wall is 
negatively charged, there will be a distribution of negative 
electricity immediately on the solid wall; this will tend to 
attract to the immediate neighbourhood a counterbalancing 
number of positive ions and repel the negative ions. How- 
ever, diffusion forces intervene so that, if one could proceed 
fron the wall into the liquid, one w ould pass through a layer 
rich in positive ions, poor in negative but not entirely devoid 
of negative, and, as one got further and further from the w: all, 
the iste butions of positive and negative ions would tend to 
become equal. Defining the distance of the centre of gravity 
of the outer layer as the distance at which an infinitely thin 
laver of ions equal in total charge to the outer He Imholtz 
lav er must be placed in order that it should exert the same 
electrical force as the real distribution, Gouy deduced a 
formula for this distance, which serves as an index of the 
distribution of this outer laver. A numerical calculation for 
* Gouy, Jour. de Phys. (4) ix. p. 457 (1910). 


+ Chapman, Phil. Mag. xxv. p. 475 (1913). 
t Debve and Hückel, Phys. Zeil., Feb. 1, 1924. 
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a very likely distribution of electricity on a solid wall, viz. 
10 e.s. units of charge per sq. cm., gives for the distance of 
the centre of gravity * : 


For = solution of salt :— 
0°96 pp ="00096 p= 9°6 x 107% cm. 
9 _ solution of salt :— 
9°6 pp ='0096 w=96 x 107" em. 
„ pure conductivity water :— 
1010 pe=1:01 p=1:01 x 107-4 em. 


Modern opinion consequently has departed from the position 
that the thickness of the double layer is of the order of 
one or two molecular diameters. 


III. The Mutual Action of Suspended Particles. 


In order to explain the phenomenon of cataphoresis, 
Helmholtz (1), after postulating the double layer, says “ On 
the whole, the algebraic sum of the two (charges on the two 
layers) equals zero, and the centre of gravity of the complete 
system, solid particle and surrounding positively charged 
fluid layer taken together, cannot be moved by the electric 
forces which arise from the potential fall in the liquid through 
which the current passes. However, the electric force will 
tend to bring about a displacement, relatively to each other, 
of the positively charged fluid layer and the negatively 
charged particle (or vice versa), whereby the fluid layer 
follows the flow of positive electricity while the positive 
moves in the opposite direction. If the liquid were a perfect 
insulator the new position would still be a condition of equi- 
librium. Since, however, through the displacement of the 
layers, the equilibrium of the galvanic tension between the 
solid particle and the liquid is disturbed, and, on account of 
the conductivity of the liquid, always seeks to restore itself, 
the original state of electrical distribution will tend to be 
continually reproduced and so new displacements of the 
particle with respect to the surrounding liquid will con- 
tinually occur.” 


* Note.—The limiting concentration of aqueous colloidal solutions of 
gold, silver, and platinum is of the order of 20 mgm. per 100 cc. If in 
a platinum solution the particles are spheres of dias 10-* em. the 
least distance between the particles is 100 times their radius and quite 
the order of distance at which we should expect the mutual repulsion to 
become active if Gouy’s ideas are correct. 
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One direct result of the above theory is the suggestion 
reiterated by most colloidal chemists (see Svedberg *, 
Porter t) that there cannot be any mutual repul-ion between 
colloidal particles, due to the possession of like electrical 
charges. But, if we accept the ideas suggested by Gouy, 
we must admit such electrical repulsion whenever the 
particles approach one another within a distance represented 
by twice the distance of the centre of gravity of the outer 
Helmholtz double layer—a distance which might easily 
become large compared with the diameter of colloidal 
particles. 

In fact, the suggestion of mutual attraction of particles on 
near approach to one another has been put forward by 
Smoluchowski f in his paper on the “ Mathematical Theory 
of Coagulation,” an assumption to which he was driven bya 
denial of the existence of mutual repulsion of such particles 
if thev approach one another sufficiently. 

Whether one denies mutual repulsion or not it is an un- 
disputed tact that the particles of a stable colloidal solution 
do remain apart, although they are executing the Brownian 
movements and, one would judye, are being driven con- 
tinuously into collision. Smoluchowski made the following 
assumption: “The simplest assumption would be perhaps 
that the particles, on near enough approach to one another, are 
drawn tovether by capillary action ; that union does not take 
place under normal conditions might be explained by a protec- 
tive action of the electrical double layer, which one cun picture 
to ones self as a sort of shell. On adding electrolytes, on 
account of the Freundlich absorption, a partial or complete 
discharge of the double layer takes place, which destroys its 
protective action, so that collisions and coalescence ensue. 
.... We shall assume that each particle is surrounded by a 
protective sphere, so that neighbouring particles execute 
their proper Brownian movements independently and un- 
disturbed, so long as each one keeps without the protective 
spheres of its neighbours. But two particles are indissolubly 
united as soon as one of theni pierces the boundaries of the 
protective region of a neighbouring particle.” 

A more logical view of the distribution of ions in the 
Helmholtz double layer gives a far simpler and more 
acceptable explanation of the facts. Gouy’s view of this 
distribution enables us to look upon single colloidal particles 
as bearing on their surface an effective charge which cannot 

* Svedberg, ‘ Colloidal Chemistry ’ (Chem. Cat. Co.), p. 102. 


+ Porter and Hedges, Trans. Far. Soc. xviii. pp. 1-9. see p. 6. 
t Smoluchowski, Zeit. f. Phys. Chem. xcii. p. 129 (1917). 
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he regarded as being neutralized by the outer Helmholtz 
layer until a surface is reached at such a distance from 
the boundary of the particle that the distribution of 
positive and negative ions becomes equal to one another— 
i. e., equal to the concentration in the medium itself. Asa 
consequence, although at comparatively great distances from 
the particle (say, of the order 1- 0 p =10-t em.) the electrical 
force due to the particle is zero, and, consequently, two 
particles separated by such distances have no mutual repulsion, 
whenever two particles do approach one another more 
nearly they will mutually repel with a force which increases 
rapidly as the distance apart decreases, This explains why 
“union does not take place under normal conditions.” 
There remains the question, “ Why does the addition of 
electrolytes allow particles to come together’? In connexion 
with the effect of added electrolytes on the disposition of ions 
in the outer Helmholtz layer, Gouy proves (1) that, as the 
concentration of the ions of given valency is increased, the 
distance of the centre of gravity of the outer layer Recronses: 
(2) that, for given concentration, ions of uni-, di-, tri-, ete., 
valency will give progressively thinner onter layers, the effect 
of the valency increasing exponentially with increasing 
valencies, and (3) that for liquids very slightly ionized the 
outer layer occupies a considerable thickness, many microns 
for pure water and still more for other liquids. 

In view of these results we may construct a complete 
picture of the mechanism by which added electrolytes bring 
about coalescence, and, also, gain an insight into the ab- 
normal effect of ions of different valencies.. Let us replace 
Smoluchowski’s assumptions given above by the following: 
(1) Particles on near enough “approach to one another are 
drawn together by capillary action ; (2) that “union does 
not take place under normal conditions ” is accounted for by 
the mutual repulsion of the particles due to an effective 
charge, which becomes active when the particles approach 
one another within the limits of the diffuse Helmholtz outer 
laver; (3) added electrolytes, by suppressing the diffuseness 
of this outer layer, reduce the effective distance at which the 
repulsive force comes into play ; and, finally (4), by a dis- 
charge of the particle, the electrolytes destroy the source of 
the force which kept the particles apart. 

The continuous Brownian movement will tend constantly 
to cause the particles to collide with one another. While the 
electrical charge is large enough, mutual repulsion will 
prevent the particles from approaching one another nearer 
than a certain distance. If, by the addition of electrolytes, 
the particles are discharged, which is an experimental fact, 
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then that mutual repulsion which has prevented collisions is 
wiped out. Following this out, Gouy’s results lead also to a 
very iogical explanation of the curious valency relation 
existing among ions producing coagulation, known as the 
Schulze-Linder-Picton law. 


IV. Experimental Work: Mutual Repulsion of Large 
Like-charged Spheres falling through Liquids. 


(1) The Charge on Particles.—The purpose of the fol- 
lowing experiments was to find whether charged particles 
of macroscopic size moving through liquids could be shown 
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to exert a mutual repulsive effect. As a source of charged 
particles, advantage was taken of a phenomenon first reported 
by Dorn (4), viz., that particles of metals, powdered quartz, 
etc., in falling through a column of water, carry a negative 
charge and thus tend to set up a difference of potential 
between the top of the column and the bottom. 

These experiments have ben repeated and exteuied using 
water and other liquids; the collected results are shown 
in Table II. The apparatus used is shown in fig. 2. A 
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weighed amount of lead shot (pellets about 1 mm. in diameter ) 
was let fall through a column of liquid and caught at the 
bottom in a copper cup which was almost entirely closed and 
joined by means of metallic connexion through a quartz 
tube with a pair of quadrants of a Dolazelek electrometer. 
Just below the surface of the liquid in the column an earth- 
connected copper plate was placed, so that readings on the 
quadrant electrometer gave an indication of the potential 
ditference set up between the copper plate and the copper 
cup—or, in other words, a measurement directly propor- 
tional to the charge carried down by the lead spheres. Most 
of the experiments were carried out with water of low con- 
ductivity and various other (organic) liquids which invariably 
had very low conductivity. In carrying out a single observa- 
tion, the copper cup and its quadrant were isolated by 
breaking their temporary earth connexion; the needle of 
the electrometer would then move so as to indicate a very 
small difference of potential between the copper cup and the 
upper copper plate; this small deflexion was in any case 
quite steady. A weighed amount of lead shot was then 
dropped into the central tube and, of course, fell quickly to 
the cup. At the instant the lead struck the cup, the electro- 
meter needle swung out, in those cases giving any such 
effect at all. Central tubes of different lengths were tried, 
with but little variation shown in the results ; consequently, 
such a length was chosen as to assure that all the shot was 
caught in the lower cup. Various lengths of liquid columns 
were tried, and when the distance between the top and 
bottom electrodes reached some 15 or 20 em. the results 
remained constant; a convenient length of about 30 cm. was 
chosen. 


TaBLE II. 

Liquid. ee “Ohare 
Waker vow aredi irak — Large. 
Alcohol. sicccesevsesee _ Very sinall 
Benzene: srei — Very large. 
Toluene .............6 — Very large. 
Xylene en — Very large. 
Turpentine ............ Very large. 


+ 
Carbon tetrachloride. + Small. 


Chloroform — ......... No 
Ether ern No 
Acetone ..oessssoseso No 


Mutual Action of Charged Particles in Liquid Media. 203 


It will be noticed that benzene, toluene, and xylene give 
large deflexions showing negative charges carried down, 
water apparently not so large negative, while turpentine and 
carbon tetrachloride give positively charged particles (sec 
Wiedemann, 1). It is, of course, apparent that the deflexion 
of the electrometer will depend on the rate of leak of 
electricity through the liquid column, so that the deflexion 
obtained is not an exact measure of the charge carried down 
by the particles; for a given charge, the deflexion will be 
greater, the better the insulating properties of the liquid 
column. 

In Table III. are shown the typical results obtained from 
using increasing weights of shot with the same liquid column. 
It is apparent that the effect increases with increasing 
numbers of shot, and we may conclude that each particle of 
shot carries with it a definite charge. 


Tase III. 
Weight of Electrometer 
Shot. Detlexion. 
2 gms. 2°25 
4 ,, 4'25 
6 y» 4°85 
10 ,, 745 
lo y 8°10 


This phase of the work has not as yet been followed 
sufficiently to enable one to make a definite announce- 
ment of the charge per shot. For the present purpose, we 
have established that for some media these lead spheres 
become negatively charged, for others positively charged, 
while in still other cases there is no indication of a charge 
at all. 


(2) Effect of Charges on the Scattering of a Cloud of 
Particles in falling through Liquids.—If a small cloud of 
particles such as the lead spheres used above is dropped 
through a short funnel into a column of liquid, one can 
easily observe considerable spreading taking place during 
the descent. Rough preliminary experiments on this 
phenomenon gave distinct indications that, in cases where 
the electric charge was large, the spreading was large. 
Apparatus was devised to attempt to measure the amount of 
spreading or scattering of the shot on falling through a 
definite distance in various liquids; measurements have 
been made whereby a “coefficient of scattering” may be 
determined. 
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We are, of course, dealing here with a very complex 
phenomenon ; the scattering will undoubtedly be affected by 
hydrodynamic forces due to the spheres moving in parallel 
paths through a viscous liquid, by possible momentary abrupt 


Fig. 3. 
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gradients of temperature in the column, by collisions, and so 
on. However, certain experiments have been made to 
determine such disturbing features, and definite indications 
of the scattering due to electrical charges have been found. 


The apparatus for determining scattering is shown 
diagrammatically in fig. 3; it represents the final form after 
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many attempts. For any one observation fifty pieces of shot 
of fairly uniform size were released simultaneously by a 
photographic shutter arranged as a trap at the top of a short 
glass tube kept centrally placed over a vessel of the liquid to 
be tried. The shot fell a distance of about 5 em. before- 
striking the liquid, and left the glass tube at a distance of 
some 2 cm. below the surface. As soon as they leave the 


Fig. 4. 


PARTICLES CAUGHT IN TRAY. 


tube scattering occurs. At a fixed distance, 15 cm., below 
the liquid surface, a flat metal pan, subdivided as indicated 
in fig. 4, served to catch the pieces of shot and retain them 
practically at the points at which they struck. This pan, 
which was lined with filter paper, covered the whole cross- 
section of the beaker containing the liquid, and so would 
account for every one of the spheres. As the liquids were 
transparent the shot positions could be recorded on a plan 


of the pan (fig. 4). 
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The radius of the inner circle, which is divided into four 
quadrants was *75in.* ; as, usually,a rather large number of 
the shot fell in the central part, those in each of the central 
sections were evenly disposed over each of these sections 
in the plan made; for all other shot the exact relative 
position was recorded on the plan. Fig. 4 is a fair 
sample of what was obtained in hundreds of cases plotted. 
As is indicated in this figure, it often happened that the 
centre of greatest density was slightly displaced from the 
centre of the pan, and consequently in each case a new plan 
was produced by erasing the bounding lines (fig. 4), selecting 
a centre of maximum density (marked with a +) and, with 
this point as centre, drawing a series of concentric circles of 
0°5, 1, 1°5, 2°0, 2°5 inches in diameter. The ordinary Gauss 
formula for departure from a mean was used in determining 
what would be a measure of the amount of scattering—or a 
“ coefficient of scattering” (S), as it may be called; this 
formula is as follows :— 


— e zr? 
S=0 ZNA 


where æ particles are at a distance r from the centre and 
N = the total number of particles = Sz. 

For example, in fig. 5, those within the inner circle are 
taken tu be, on the average, 0-25 in. from the centre, those 
in the next zone average 0°75 in. from the centre, in the next 
1:25 in., then 1°75 in., and so on. 

From the distribution shown in fig. 5, the coefficient of 
scattering works out as follows: 


Ler?= (16x -0625= 1:00) =43-63. 
18x -5625=10'13 
11x 1:5625=17-19 
i 5 x 30625 = 15°31 


Since N=50, we find S=-629, 

On account of the large quantities of liqnids necessary to 
perform the scattering experiments, only the cheaper, more 
easily obtained liquids were used for this determination s at 
the same tme, an attempt Was made to cover a wide range 
of properties in the liquids chosen. In every case, the 
scattering coefficient given is the mean value of at least 
six determinations, and may be considered as reasonably 

* The inch was used in construction of the pan, and hundreds of 


calculations were made in this unit; as the resultin numbers are, in 
‘ 3 
any case, merely arbitrary, the change to cm. has not been made. 


Mutual Action of Charged Particles in Liguid Media. 207 


reproducible. The results are given in Table IV., in which 
are recurded the viscosities and certain other calculated 
scattering coefficients referred to later. 


Fig. 5. 


CALIBRATION OF DISTRIBUTION. 


TaBLE IV. 


Influence of Viscosity of Medium on Scattering. 
Coefficient Viscosity Scattering Actual 


in relation coefficient value of 7 


Liquid. of viscosity o wuter calculated from scattering Charged? Difference, 


BO. ia unity. viscosity curve. cvetlicient. 
Water 0... ‘O131 1-00 ‘580 — Yes = 
Turpentine... 0178 1:36 ‘510 555 Yes +88 7% 
Ethyl alcohol. 0145 110 "565 "582 Yes + 3% 
Eier siian 0026 0-20 ‘750 *620 No -17% 


Benzene ...... v07 9-58 ‘670 686 Yes +4 s 
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As noted above, there must be many influences affecting 
the amount of scattering ; whatever the influences may be, 
they would involve in an intimate manner the viscosity of 
the liquid. In order to test the effect of viscosity,a series of 
aqueous sugar solutions of varying concentrations were pre- 
pared and their scattering coefficients determined. Table V. 
shows these results, which are illustrated in the curve of 
fig. 6. 


TABLE V. 
Scattering Coefticient of Aqueous Sugar Solutions. 
Specific Scattering 
Viscosity. conductivity. cuetlicient. 
Water taken as 1. 
1:127 GTX 10-8 "900 
1-885 21x 10-° "DUT 
1:603 2:5 x 1075 ‘tt 
1:885 27 X10-* "v95 
VOUS; hess "398 


In considering these results it must be borne in mind that 
viscosity is not the only variable and that a change in con- 
ductivity of the solutions may have an effect on the coefficient 
of scattering. However, the curve shows distinctly that 
the increase of viscosity cuts down the amount of scat- 
tering in a manner almost ,directly proportional to the 
viscosity. Judging from this curve, if viscosity were the 
dominating feature with various liquid media, the coefficients 
of scattering for the liquids listed in Table V. should be those 
recorded in column 4 of that Table (points T, A, B, and E in 
tig. 6). Reference to Table II. will show that those liquids 
which show a charge produced on the lead spheres havea 
larger scattering coefficient than sugar solutions. But that 
liquid which gives absolutely no indication of a charge imparted 
to the spheres, viz. ether, gives a scattering much less than 
one would have expected from its very low viscosity. We 
conclude then that something causing scattering is lacking in 
the ether but present in the other liquids, and we know that 
electrical charges are lacking in ether but present in the 
others. 

V. Conclusions. 


We believe we have recorded above definite experimental 
evidence of mutual repulsion produced between similarly 
charged spheres in various liquids. When one calculates the 
repulsive force which might be expected, one finds that it 
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must be very small, but even a very small force between the 
particles would be sufficient to show a distinct effect on the 
scattering coefficient. 
Fig. 6. 
RELATION BETWEEN SCATTERING AND VISCOSITY 


RELATIVE VISCOSITY 


590 600 
SCATTERING COEFFICIENT 


Summary. 


1, Experiments of Dorn and others on the charge carried 
by solid particles falling through a column of liquid 
have been repeated and extended to liquids other than 
water or aqueous solutions. 


2. Lead shot dropped through water, alcohol, benzene, 
toluene, and xylene carry loa a negative charge ; 
through turpentine and carbon tetrachloride a positive 
charge ; and through ether, no charge. 


3. Distinct evidence of a scattering due to the possession 
of a charge has been found, showing that there is un- 
doubtedly a mutual repulsion existing between the 
particles of shot. 


Department of Physics, 
University of Toronto. 
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XXIII. The J-Phenomena and the Quantum-Theory of 
Scattering of X-radiation, By R. T. Dunspar, Ph.D., 
University of Edinburgh *. 


Introductory. 
| W HEN X-rays pass through matter it is observed that 


the intensity of the transmitted X-rays, as measured 
by ionization or other process, is less than the incident 
intensity, showing that the radiation losesenergy. The loss, 
however, in certain cases has been found to be completely 
accounted for by the appearance of three secondary radiations, 
the energy thus emitted being within the error of experi- 
ment equal to the energy lost in the process of absorption. 
The theory of the latter process has been arrived at by de- 
tailed examination of the secondary radiations, namely, 
(1) the “scattered” radiation, (2) the “corpuscular” 
radiation, or emission of electrons, and (3) the “fluorescent ” 
X-radiation, and it accounts for these, as is well known, 
by assuming two simultaneous but totally different and 
independent types of absorption. The incident radiation 
does work on each electron it passes over, the electric 
vector producing an acceleration, or more definitely, a 
forced vibration which conforms with the classical laws of 
electrodynamics. The energy thus absorbed is re-radiated 
by the electrons, again according to the classical laws. The 
other process of absorption is that which we associate with 
the photo-electric effect. We know nothing of the actual 
process of absorption but can account for its effects by the 
assumption of certain empirical laws. The theory is that only 
those electrons which require less energy to remove them from 
their atoms than a quantum of the incident radiation can 
take part in this absorption. The chance that an electron 
satisfying this condition will absorb energy is almost infini- 
tesimal, and is a function of the energy-level of the electron, 
of the energy quantum of the incident radiation, and of the 
atomic number of the element. The energy absorbed by one 
electron is a single quantum of the incident radiation: 
part of this energy is required to remove the electron from 
its atom, and the remainder uppears as kinetic energy. 
Taking this fact in conjunction with the above law, we see 
that an electron must be ejected for every quantum of energy 
absorbed. The replacement of electrons thus removed gives 
rise to X-radiation characteristic of the element. Thus we 


* Communicated by Prof. C. G. Barkla, F.R.S. 
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account for the secondary corpuscular and fluorescent 
X-radiations. 

The theory outlined above is very substantially supported 
by a comprehensive and detailed examination ot the pheno- 
mena which accompany the absorption of X-radiation. In 
particular, the scattered radiation has been found” to have 
the same penetrating power as the absorbed radiation, and 
its intensity, distribution, and polarization have been shown 
to be exactly that which the theory would predict. The 
evidence is so complete, in fact, that there can be no doubt 
that the trne explanation of the origin of the scattered 
radiation, in the case of X-rays of long and medium wave- 
lengths at least, does not differ fundamentally from that 
which has been given. 

Recent experiments by A. H. Compton and others on the 
scattering of monochromatic radiations of short wave-length 
by light substances have demonstrated, however, that the 
process of scattering under certain circumstances must 
undergo a radical change as the wave-length is reduced 
below a certain value. Comptonf has shown (and his 
results have been confirmed by numerous other experi- 
menters) that the bulk of the scattered radiation from certain 
light substances may differ in wave-length from the absorbed 
radiation, the wave-length being greater in the case’of the 
scattered radiation by 0:0242 (1— cos 0) A, where @ is the 
angle between the primary radiation and the direction 
of scattering. The quantum-theory of scattering which 
Compton ł has put forward to account for his results and 
for the results obtained by various experimenters on the 
absorption of y-rays, in spite of its apparently highly im- 
probable assumptions, has succeeded in accounting remark- 
ably well for the observed phenomena in the region of short 
wave-lengths. If we accept Compton’s theory as a possible 
process of scattering §, we are led to certain interesting and 
important considerations. To explain the phenomena of 
polarization, the reflexion, without change of wave-length, of 
X-rays by crystals and the presence of a certain intensity of 
untransformed scattered radiation in Compton’s experiments, 
we are compelled to accept the classical theory as also a 
possible process of scattering. We have now two possible 
processes of scattering, and which of the two will be 


* Barkla. Bakerian Lecture, 1916. 

t A. H. Compton, Phys. Rev. xxi. .p. 483 (1923). 

t A. H. Compton, loc. cit. 

§ The application of the term “ scattering” to a new process is open 
tv criticism, but in the present paper it should give rise to no ambiguity. 


212 Dr. R. T. Dunbar on the J-Phenomena and 


effective must be determined by the conditions of experi- 
ment. That there really are two alternative processes seems 
to be indicated by the fact that experimenters, presumably 
working under slightly different, though in some cases 
apparently identical conditions, have obtained results which 
are clearly inconsistent with one another. Clark and 
Duane * in attempting to reproduce Compton’s results in 
analysing the radiation scattered by various substances with 
a highly refined X-ray spectrometer, found that the radiation 
was unchanged in wave-length. Barkla and Salet, on 
comparing the qualities of the primary and secondary rays 
in the case of paper with heterogeneous rays overa long 
range of penetrating powers, found at the softer end of the 
range that the qualities were identical, while at the harder 
end the qualities were sometimes found to be alike and some- 
times to differ by an amount which was considerably greater 
than that calculated on the theory of Compton. (With 
heterogeneous rays we have to consider, of course, the 
possibility of unequal scattering of the constituents which in 
itself would cause a difference in penetrating power of the 
beam asa whole.) Assuming, then, the possibilitv of both 
processes of scattering and that the condition which decides. 
which process is to be operative depends on some other 
factor than the wave-length, then for the case of an observer 
who found the radiation unchanged in wave-length we 
simply suppose the conditions were not favourable for the 
quantum process. If we supposed it possible under certain 
conditions for both processes to be effective simultaneous] Y, 
an increase in the absorption-coefficient would appear, and 
this at first sight seems to suggest a solution of the elusive and 
still unexplained J-absorption phenomena of Barkla. The most 
important aspect of the present state of the theory of scat- 
tering is that we have, or seem to bave, a classical process 
giving place to a quantum process under conditions which 
have not yet been defined. The discovery of these con- 
ditions may well be the first step towards the solution of the 
more general problem, namely, the process underlying tbe 
quantum theory of radiation in general. 

When we come to consider what the controlling conditions 
may be, we are confronted with an enormous number of 
possibilities. One primary radiation may differ from another 
in total intensity, in the intensity distribution with reference to 
wave-length, in polarization, and possibly in other ways which. 


* Clarke and Duane, P. N. A. S. Mar. 1924. 
t Barkla and Sale, Phil. Mag. April 1923. 
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We are as yet unable to define. Radiators may differ in the 
degree and the orientation of their crystallization, the strong 
electrostatic field in the neighbourhood of the X-ray tube 
may have some influence on “the interaction of the X-rays 
with the material of the radiator, if the latter is an imperfect 
conductor and is not shielded. There is little to be gained 
by enumerating possibilities. A solution of the problem 
should be arrived at most quickly by comparing the con- 
ditions obtaining in experiments which gave inconsistent 
results. 

The experiments described below on the absorption of 
X-rays and on the corpuscular emissions from gases and 
solids under the action of X-rays were carried out some time 
ago. Their purpose was to confirm and extend the evidence 
for the J-discontinuities which had been obtained by previous 
experimenters in this laboratory. The J-discontinuities did 
not appear, although others had obtained irregularities of 
the order of 50 per cent. und more in some cases, irregu- 
larities which could not reasonably be accounted for “by 
experimental error or imperfect apparatus. Experiments 
on the J-discontinuities have theretore produced the same 
kind of inconsistencies in the same region of the X-ray 
spectrum as those on the quality of the “scattered radiation, 
and it is natural to suppose that the two phenomena are 
connected and that the solution of one will provide also the 
solution of the other. The scattering experiment described 
at the end of this paper, when taken in conjunction with the 
results of the absorption and corpuscular experiments, fur- 
nishes a vood deal of evidence in favour of the quantum 
theorv of scattering. Some attention has been given to the 
description of the experimental conditions so that these may 
be available for comparison with those of experiments which 
gave different results. 


die periments. 


The source of X-rays in all the following experiments was 

a Coolidge tube of the “ broad-focus ” ty pe with tungsten 
anticathode. The general radiation from this tube was 
hltered down with absorbing sheets of aluminium (and 
sometimes copper) so as to obtain a fairly homogeneous “ end- 
radiation.” ‘The thickness of the filter has in all cases been 
entered in the tables of observations. The source of high- 
tension current was a * Mammoth ” 16 in. coil operated by a 
“ Sanax ” mercury break, the primary current being obtained 


from the City Supply at 230 volts. 
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I. Absorption Experiments. 


When a beam of homogeneous rays of intensity Io passes 
through a thickness æ of a substance of density p, the trans- 
mitted intensity I is given by the well-known absorption 
formula, 


I=, . 2... (2) 


where p is a constant which depends on the wave-length of 
the radiation and on the absorbing substance, and is inde- 
pendent of the thickness z. yw is called the absorption- 
coefficient and w/p the mass-absorption coefficient for the 
absorbing substance for the radiation of that frequency. 
When the radiation is heterogeneous the value obtained for 
p is found to diminish with increasing thickness x, for ths 
less penetrating constituents of the radiation are reduced 
more rapidly in intensity as the radiation traverses successive 
layers of the absorbing substance. If æ is always adjusted 
so as to reduce the incident intensity to 50 per cent., the 
resulting value of w will give what we may call an average 
absorption coefficient. The values of Hip in the present 
absorption experiments were found to vary little with w, 
showing that the filtered radiation was fairly homogeneous. 
This allowed considerable latitude in the percentage absorbed. 
The percentages actually absorbed have been entered in the 
tables of observations. 

The mass-absorption coefficients for silver, aluminium, and 
paper were compared with those for copper over a range of 
wave-lengths which included those at which appeared the 
eee of Barkla and White*. The apparatus 

‘as arranged as in fig. 1, with slight modification. Three 
ae eee: of the Wilson cubical type were set up In front 
of apertures, so that a pencil of radiation was directed into 
each. In reality a number of pencils were arranged to enter 
each so as to ensure a fairly uniform distribution of ionization, 
and thus reduce the chance of recombination. Filtering 
sheets of copper and aluminium were placed against the 
apertures in the lead box a, h, and c, on the side remote from 
the tube. Their number was increased or diminished so as 
to give as homogeneous an end-radiation as possible, con- 
sistent with a reasonable transmitted intensity. Stray lead 
L-radiation from ‘the inside of the box was effectively 
prevented from reaching the electroscopes by the lead 
evlindrical tubes placed immediately behind the apertures, 
as shown in the figure. A range of wave-lengths was 


* Barkla and White, Phil. Mag. Oct. 1917. 
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obtained by adjustments of tho primary current of the 
induction-coil, and the intensity was controlled by modifying 
the temperature of the cathode. The relative rate of leak of 
the electroscopes when identical filters were placed in front 
of the apertures was found to vary slightly with wave-length, 
but this was taken into account. Absorption sheets of copper 
and other substance were added to the filters at b and c, 
respectively. Their thicknesses were adjusted to reduce the 


Fig. 1. 


d 


O Scale 50 \OOcm. 
a a, ee, a, a. es eee eee Seer! ee | 


rates of leak of the corresponding electroscopes to about 
half, the third electroscope being used asa standard. ‘The 
values of the mass-absorption coefficients for the two sub- 
stances were calculated from equation (1), the rate of leak 
of an electroscope relative to that of the standard being 
taken as a measure of the intensity transmitted towards that 
electroscope. The results of the observations are given in 
Tables I., [I., and III. Plotting the values of u/p for silver, 
aluminium, and paper against p/p for copper (Graph I.), we 
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TABLE I.—Mass-absorption coefficients for Silver and Copper. 


| Per cent. | Per cent. p/p p/p 


Filter. | absorption | absorption for ' for 
| by Ag. by Ou. Ag. Cu. 
55 51 13°65 4-35 
| 87 53 14-5 4°60 
| 59 55 151 4°81 
| 59 b6 15°25 495 
| 60 | 8&7 156 | 504 
60 | >57 158 | 510 
| 6l 57 16:05 5'17 
yi aa E 59 166 | 5:35 
ite 62 58 168 | 532 | 
ea 63 60 169 | 547 
ead. 63 | 359 172 ; 548 
6 | 6l 178 | 578 
6 | 62 182 594 
66 62 Bh | 585 
70 67 90-45 | 675 
46 44 11°38 3:5% 
48 46 12:07 3:78 
51 49 1304 | 410 
| 


_ — m O 


TaBLE II..—Mass-absorption coeflicients for Paper and Copper. 


Filter Per cent. | Per cent. | n/p p/p 


in min, | absorption absorption for for 


of Al. | by paper. | by Cu. paper. copper. 


rr | ee 


| 

| 228 46 48 | 0-218 3°82 
| as 47 50, 0226 4°30 
48 56 | 0232 4-85 

Voo as 49 58 | 0239" 5°30 
| 180 50 62 | 0247 586 
163 51 65 0:253 6°32 
ve 52 68 0-260 6°77 
pe 52 64 0:265 7:18 
13-0 53 56 0-270 7-69 
eos 49 42 0-282 8:37 
107 40 32 0:294 9-28 
H 41 35 0:310 10-28 
98 44 37 0:328 10-95 

7'4 44 38 0:330 ] 1-68 
6:5 46 40 0:346 12°45 
47 45 0-365 14-20 

49 46 0-381 14-45 

49 50 0:385 16 10 

49 49 0-412 17:00 

| 415 50 53 0:426 17:86 
48 54 | 0440 18°65 
45 ST | 0457 20-00 

46 60 | 0476 21:80 

325 60 6 | 0511 24:27 
61 66 | 0544 26°05 

Sus 2 68 0:562 27:20 

nil 54 69 0:583 28-20 
3°25 60 72 0:604 30°45 
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Mass-absorption coefficients for Aluminium and Copper. 


| Per cent. | Per cent. | u/p | p/p 
| Filter. absorption absorption for | for 
by Al. | by Cu. (aluminium. copper. 
| 


- —— 


59 | L052 | 1052 


EEN. | 
O28 mm. Cu & ) | K | | 49 ; 
16:3 mm. Al } ! 9 | 17 = | 299 
iniii t fF f 50 0426 | 333 
ee | 56 | 55 0'460 | 37 
|! 0-28 mm. Cu &ì | z q7 
A 62 69 | 0542 | 460 
0-28 mm. Cu & ) | | = : 
Sa ad } | 64 65 0-578 4-98 
EES 66 | 69 0:618 | 5°59 
ane 52 | 52 0-655 5'86 
ae 70 | Ta | O68 | 632 
ats |57 58 | (0747 6'83 
0:28 min. Cu & , Raa l 
i pce ta | 61 | 0802 | 749 
| 0-28 mm, Cu & | 59 48 | 0'818 | 7:90 
3°25 mm. Al 7 | | 
spat ; 58 58 0:878 8:37 
os 56 53 | 0933 9-00 
ers: | 60 


20 


find no trace of discontinuities. An examination of the 
results will show that, by allowing a probable experimental 
error of only 1 per cent. in the determination of p/p all 
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the deviations from a linear relationship between the mass- 
absorption coefficients can be accounted for. The results 
obtained by Barkla and White for paper and aluminium are 
indicated by broken lines in the same graph. A comparison 
of the two sets of curves shows conclusively that whatever 
produced the discontinuities in the one set of curves was 
certainly not present in the other. Hence we may conclude 
that under the conditions of experiment described above the 
J-discontinuities do not appear. 

The present experiments differ from those of Barkla and 
White in the following respects :— 


(1) A Coolidge tube wag used in place of a gas-filled tube. 

(2) The distance between anticathode and filters was about 
48 cm., or about 2 or 3 times that in the other case. 

(3) The anticathode was of tungsten in place of platinum. 

(4) The filters were thicker in the experiments now de- 
scribed, about 2 to 4 times as thick in the regions 
of the discontinuities, so that the end-radiation was 
very probably more homogeneous. 


I. Experiments on Corpuscular Radiation. 


The intensity of the corpuscular radiation from a substance 
exposed to the action of X-rays may be conveniently mea- 
sured, if the substance is in the form of a gas, by finding the 
intensity of ionization produced by the complete absorption 
of the corpuscles by the gas itself. IE the substance is in 
the form of a solid, a plate of the substance may be exposed, 
in an atmosphere of hydrogen, to the action of the X-rays, 
when the ionization of the hy drogen will be produced almost 
entirely (over 99 per cent. probably) by the corpuscles sent 
out from the plate. The intensity of ionization of the hydro- 
gen will afford a measure of the intensity of the corpuscular 
emission from the substance of the plate. This method of 
measurement is evidently suitable for the location of discon- 
tinuities. These two methods of studying the intensities of 
the corpuscular emissions were applied to various substances. 

The same ionization-chamber was used throughout the 
experiments. It consisted of a brass cylindrical tube, 14 cm. 
long and 10 ecm. in diameter. The inside of this tube was 
covered with aluminium foil, and aluminium plates 1-5) mm. 
thick were fitted to the ends. The electrode was connected 
to a Wilson electroscope of the cubical type placed immedi- 
ately under the ionization-chamber. The necessity for 
taking Into account the loss of corpuscles at the sides, and 
the loss and gain at the ends of an ionization-chamber, 


the Quantum- Theory of Scattering of X-radiation. 219 


and the method of correcting for these by taking ionization- 
pressure curves are sufficiently well known and need not be 
considered here. For the present purpose the correction for 
boundary effects was considered unnecessary, the .J-effects 
being much more discontinuous and of a much greater 
magnitude than the effects produced by loss and gain of 
corpuscles at the walls of the chamber. 

The apparatus was set up as in the previous experiments 
(see fig. 1). The ionization-chamber on the left was normally 
not in use. It was used later to make a direct comparison 
between pairs of substances where an indirect comparison in 
terms of a standard electroscope was not considered suffici- 
ently conclusive. One electroscope was used as a standard, 
the other to measure yz/p for the incident radiation, aluminium 
being used as absorbing substance. The two gases whose 
ionizations were compared with that of air were sulphur 
dioxide and ethyl bromide. The ends of the two electro- 
scopes and of the ionization-chamber were covered on the 
inside with five layers of filter-paper, and precautions were 
taken to ensure that the radiation was in no case incident on 
the electrodes. The three gases, air, sulphur dioxide, and 
ethyl bromide, were introduced in turn into the ionization. 
chamber, and at least one complete set of observations over a 
considerable range of wave-lengths was taken with each gas. 
The ratio of ionization in the chamber, when filled with air, to 
that in the standard electroscope was found to be constant to 
about one per cent. over the whole range, from which it was 
concluded that the difference in the qualities of the pencils 
of radiation entering the standard electroscope and the 
ionization-chamber was neglivible. In the case of SO, 
several sets of observations were taken, the conditions being 
altered slightly from set to set. Well-filtered radiation was 
tried, and a set was taken with the filtering much reduced. 
The readings were necessarily rough, for reasons that need 
not be entered into, the accuracy being of the order of about 
three or four per cent.; but this degree of accuracy would 
lave been ample to show the presence of the J-effect had it 
been present to only 15 per cent. of its value in the experi- 
ments in which it had previously appeared. Table IV. gives 
the results obtained when the radiation was not highly 
filtered. In Barkla’s experiments, with diminishing wave- 
Tonization of SO, 

— r. decre 
Ionization of Air 

later increased suddenly to its original value, and the ex- 
planation given was that the corpuscular emision from air 
increased in association with a J-absorption, and, at a shorter 


length the ratio ased suddenly and 
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TABLE IV. 
Relative Ionizations of Sulphur Dioxide and Air. 


| 

Filter / | Per cent. | SO, SO, 

| in mm, re | absorbed | Air Air 

b of hi i TA | by Al. > eee. Koperectent):”. 

! ner es Rts nl 

OB 0-60 | 4 | 0923 0:932 

Ke aa 0:727 47 | 0978 | 99] 

tae 0-92 55 0:994 1-012 

| 825 1:53 D4 1 007 1041 

| nil 445 69 | UHT 0-966 
nil | 4&0 65 | 0853 0-951 

98 0792 50 0:986 1-001 

| l5 | wee 44 0-929 0 976 

rr ec a ee” a) 0-962 

zas 260 49 0-108 0-967 
nil 4°] 41 | 0:853 0:955 

3:25 1:48 53 1009 , 1041, 

k 163 ıı 5 | 0995 1:051 
ya sl | 6&6 |! 099% 1-34 
W 1-64 | 5&6 | 1005 | 1% 

| 475 1:13 44 | 1:011 1-036 

By (a 124 | 4 LOl4 ; 1O83 

| r3 |! 50 | OL L044 


* The 1 ratios in the 4th oiui are given on an arbitrary siis The 5th 
column gives the same ratios corrected fur the fact that the X-rays fall off in 
intensity as they pass througu the gas. 


wave-length, that from SO, increased also by the same 
fraction. No such effect was observed in the present experi- 
ments. The results are plotted with the frequency ot the 
incident radiation as abscissæ, which makes the results 
simpler of interpretation than when the ratios are plotted 
against a/p, as will appear. To convert values of a/p for Al 
to frequencies, it was not considered advisable to use experi- 
mental values of the absorption-coefficients of wave-lengths, 
for these contain experimental errors of appreciable magni- 
tude, judging by the difference between the results of 
different observers. The probability is that, apart from the 
regions which contain spectral lines, there exists a smooth 
relationship between wave-length and absorption-coefticient. 
An approximate empirical formula (that of Kossel, Siegbahn, 
and Glocker), founded on experimental values determined up 
to a recent date, was used, namely, 


p/p=0°2 + 0:0195 N? ATS, 
where N is the atomic number of the absorbing element, and 
Ais the wave-length. This formula is only roughly approxi- 


mate in the case of Al, but points where irregularities appear 
can have their true frequency or wave- -length determined 
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afterwards, if necessary, by reference to experimentally 
determined values of the absorption-coefficients of definite 
wave-leneths. 

Graph II. shows the results of the comparison of the 
ionization of SO, and of ethyl bromide with that of air. In 


Graph II. 


+ Arbitrary Scale — 


0 i E 0 Fre nc zioe 
- ee 4 0-75 v5 N4 03 0-25 0:2 0175 O15 0-14A(A)013 
TABLE V., 
Relative Ionizations of Ethyl Bromide * and Air. 
Filter | Per cent. | Eth. Br. | Eth. Br. 
in mm. AY absorbed Air Air 
of Al. ae by Al. | (observed). | (corrected) t. 
29-3 0-295 54 0673 | 0676 
2-8 0:328 5l ©0716 | 0721 
16:3 0:410 dl 0-766 0-774 
130 0:495 50 0:798 | 0-807 
98 0-622 | 50 0-830 0 840 
80 0-795 5l 0:839 | 0-853 
65 090 | 55 0-826 0:844 
465 114 | 52 0804 | O84 
325 1-45 | 53 0775 | 0800 
= r9 2:27 43 0721 | 0752 
047 3:20 55 0-627 | 0-667 
0-00 4-02 43 0-569 0-620 
| 


* The ethyl bromide vapour was mixed witù air, but fully 90 per cent. of 

the ionization was produced by the corpuscular emission from the ethyl 

bromide. ý 
t This column is obtained as explained in footnote to previous table. 


the case of ethyl bromide the radiation was well filtered 
isee Table V.). This substance, owing to its low vapour-. 
pressure, could only be tested at a pressure of a cm. or two 
of mercury. To prevent excessive loss of corpuscles at the 
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walls of the chamber, which would result from the low 
Pressure of the gas, the pressure was brought up to atmo- 
spheric by introducing air. The ionization of a mixture of 
g»ses is a complex matter, but for our present purpose it is 
unnecessary to enter into considerations of this kind. Over 
90 per cent. of the ionization of the mixture was attributed 
to corpuscles from ethyl bromide. Corrections were made 
on the observations for the fact that the intensity of the 
primary radiation falls off more rapidly when it passes 
through the heavier gases. A knowledge of the absorption 
coefficients of the gases enabled the corrections to be applied. 

Before interpreting the features of these curves, let us 
consider what shape of curve theory would lead us to 
expect. Absorption experiments have shown that in regions 
not too near characteristic frequencies of either element 
there exists a linear relationship between the absorption 
coefficients of any two elements, and that the “true” ab- 
sorptions by fixed masses of the two elements (that is, total 
absorptions less the absorptions associated with scattering) 
are proportional. The ratio of the “true” absorptions by 
given masses of two gases is therefore independent of the 
wave-length in regions remote from their spectral lines. 
But each quantum absorbed gives by theory one corpuscle ; 
therefore the relative numbers of corpuscles emitted is 
constant. The energy per corpuscle is hv—hvg, assuming 
that the corpuscles emerge from the K-level, which most 
of them do in the present case. Consequently the total 
energy of the corpuscular emission and therefore the 
intensity of the ionization is proportional to v—y,, so that 


. Ionization of Gas , mse. 
the ratio sation of Aj 1S proportional to ——-—<2 , 
Ionization of Air Y— py 
a 
Vv Vv 
Ky YK 


and therefore to 1— here vr, and vg, are the 


W 
Vi 
K-level frequencies for gas and air respectively. This 
gives a rectangular hyperbola cutting the frequency axis 
at My, The parts of the curves to the left of C 


agree very well with this theoretical result, within the 
error of experiment. The small irregularities at B may 
be real, but are covered by experimental error and need 
not therefore be discussed. The drop in the values of the 
ratios to the right of © could be accounted for by (1) an 
abnormal falling off in the ionizations of the gases SO, 
and ethyl bromide, or (2) an abnormal increase in the 
ionization of air. This feature of the curves did net 
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receive due attention at the time the experiments were 
carried out, for, from the location and gradual nature of 
the irregularity, it was clear that it was not connected 
with the investigation in hand, namely the J-discontinuities. 
The application of the method of ionization-pressure curves 
to eliminate the effects of end-losses would have simplified 
the interpretation of this irregularity. Part of the effect 
is certainly due to end-losses, for the elements contained 
in paper are on the whole much lighter than those contained 
in the two heavy gases, and, as the radiation becomes more 
penetrating, the corpuscles have greater velocities and the 
net loss at the ends becomes more important. From our 
knowledge of the ranges of corpuscles in gases, however, 
it seems “unlikely that so large a fraction of the corpuscles 
would reach the walls of the chamber as would be required 
to reduce the ionization to an extent that would explain 
the irregularity. It would seem reasonable, therefore, to 
conclude that these results are not inconsistent with the 
view (to which we are led by the results of experiments 
on plates) that when the radiation is reduced in wave-length 
below about 0'4 A, the corpuscular emission from Air begins 
to show an abnormal increase in intensity. The fact that 
the beginning of the irregularity (C) appears at different 
wave-lengths on the two curves is probably accounted for 
by the heterogeneity of the radiation in the case of the 
upper curve, for the more penetrating constituents are 
present when the absorbability is still comparatively great. 
The plates experimented on consisted of (1) paper, 
(2) aluminium, (3) copper, and (4) lead. The ionization- 
chamber was the same as that used in the experiments 
on gases. The aluminium plates, 1°5 mm. thick, were 
retained at the ends. Several thicknesses of filter-paper 
were fixed to the inside surfaces of these aluminium plates 
when paper was the substance under examination. (It 
should be mentioned that five sheets on each end gave the 
same results at all wave-lengths as twelve sheets, ‘showing 
that five sheets of paper were sufficient to prevent cor- 
puscles from the aluminium reaching the gas.) The paper 
was replaced by copper foil, and later, when lead was being 
tested, the aluminium plates were covered with paper and 
lead respectively, the lead being at the back. The ionization 
of the hydrogen gas in the latter case was due almost 
entirely to the corpuscles from lead. It seemed desirable 
to have the substance whose corpuscular radiation was being 
tested at both ends of the chamber, in order to eliminate 
errors which would arise from the known unsymmetrical 
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distribution of the corpuscular emission. ‘This was im- 
practicable in the case of lead, which nevertheless gave 
a curve with the same features as the others, so that the 
precaution would seem to have been unnecessary. The 
hydrogen was obtained from a Kipp’s apparatus charged 
with zine and dilute sulphuric acid. The action of the 
zinc on the acid was very slow, which would indicate 
that these substances were fairly pure. The hydrogen was 
passed through caustic potash, calcium chloride, and cotton- 
wool, but no other precautions were taken to exclude 
impurities. 

The ionization of the hydrogen by each of the four 
substances was compared with that in the standard electro- 
scope over a range of wave-lengths. The results are given 
in Table VI., and the ratios “(on an arbitrary scale) are 


TABLE VI. 


Ionization of Hydrogen by Paper, Aluminium, Copper, and Lead, 
relative to Ionization of Air. 


Filter p/p Paper * Aluminium * | Copper * Lead * 
> or Al (Al). Air ` Air | an Air 
29:3 0-244 1-232 
| ss 0:275 zii T 0:758 
| | 0-284 eas 0'880 
| y -0300 ag << 0:765 
28 | 0828 os 0:8 
0:336 0:792 
196 0:376 0-801 
| 228 0:392 me 0:736 
16:3 0-07 ae 0:877 
99 0'416 1:086 | 
l 0:422 ie | 0:804 
A 0-462 | Ur8U4 
| p 0:480 j m 0:736 
| 98 0-580 0-925 
| 0616 Ae agi 0:746 
| a 0 635 ne 0:803 | 
. 0°69 = m | se | 0610 
65 0-79 0-812 S | V672 
2 0:88 x 0:708 | 
l : 0955 — | aa 0:497 
3:25 1-09 A | 0-548 
| . 1:26 0:683 | | 
| + 1°48 en 0:543 | 
à 1:50 ck | 6: | 0:339 
| 1-40 1:83 sà a | = 0-358 
$ 2-125 i 534 te | 0252 
nil 242 C ika 0:321 
| 4 B25 se oa as 0:172 
| y 360 ; 0:334 
| B97 0-423 


The ratios are given on an arbitrary scale. 
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plotted against the frequency of the primary radiation as 
abscisse in Graph III. Commencing from the left, the 
ratios in every case are seen to increase rapidly with 
diminishing wave-length. This is to be expected for, 
whereas in the standard electroscope the corpuscles come 
from a fixed mass of air, in the case of hydrogen the 
corpuscles come from a thickness of the substance at the ends 
of the chamber which increases with the initial velocities of 
emission. The ratio of ionizations is therefore a function 
of the initial speeds of the corpuscles, that is of y—v, in 
the case of paper, aluminium, and copper, and y—y, in the 
case of lead, approximately. Hence we find that when the 


Graph III. 


Arbitrary dcele 


20 Frequency 110° 
5 ow Di 


l 
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initia] straight parts of the curves are produced backwards, 
the intersection with the frequency axis is approximately 
at v=pg or vy, as the case may be. Proceeding to the 
right, the rates of increase of the ratio with frequency 
fall off, and the curves become horizontal or nearly so. 
The energy of the corpuscles is at this stage incompletely 
absorbed by the hydrogen, the fastest of them from the 
surfaces of the plates getting right across the chamber 
without giving up an appreciable fraction of their energy. 
Ionization-pressure curves showed that even when the 
radiation was as soft as 3°0 pfp Al, which is near the long 
wave-length limit of our range, a certain number of the 
corpuscles were getting across the chamber. Clearly, 
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when the velocities are very great, if we could replace the 
hydrogen with the substance of the plates in the form of a 
gas, the pressure being such as to offer the same obstruction 
to the corpuscles as the hydrogen, the ionization would be 
the same, for the corpuscles emitted by the gas would reach 
the walls without giving up an appreciable amount of 
energy ; and this hypothetical arrangement is a chamber 
of the same kind as the electroscope, in the sense that it 
contains a gas with ends properly compensated for loss 


and gain of corpuscles. We would therefore expect that 
the ratio: 
Ionization due to plate 


lonization of air 


would approach, asymptotically from below, the ratio : 
Energy of corpuscular per gram of substance of plate 


constant x ae 
~~ Energy of corpuscular per gram of air 


The latter, as has already been seen, when the true 
absorptions of the substances are proportional, gives a 
rectangular hyperbola of the form : 


Ky 
R (Ratio) = const. (1-2 Z t), 
V— VK, 

The only curve which approximately approaches such an 
hyperbola asymptotically on the right is that for paper, 
and this substance has an “average? ” atomic weight very 
nearly the same as air. The other substances show a 
distinct deficiency of ionization at short wave-lengths, the 
deficiency beginning to be noticeable at about 0°32 A (see 
graph). We are led to conclude that the corpuscular 
emission from air is increasing abnormally with diminishing 
wave-length, and that the effect begins to be appreciable 
at O32 A. A comparison of the curves for aluminium 
and copper shows that the former begins to show an 
abnormal increase relative to the latter at about 0'215 A. 
To check these two results a direct comparison was made 
between the substances paper and aluminium, and aluminium 
and copper, using two identical jonization-chambers , placed 
symmetrically with respect to the tube (see fig. 1). Both 
irregularities appeared very distinctly. In ‘the case of 
the comparison of aluminium and copper it appeared, as 
anticipated, at ys/p,,=O0'4, and attained a value of the order 
of 10 per cent. when the radiation was hardened to p/p,, 
=0°35. The wave-lengths on the graph were those calcu- 
lated from an appr oximate formula connecting absorption- 
coefficients and wave-lengths. Using the “experimental 
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results of Siegbahn and of Hull and Rice instead of this 
formula, we get the values 0°405 * and 0'275 A.f for paper 
and aluminium respectively. 

We must now consider this result from the point of view 
of energy. The mass-absorption coefficients of paper and 
copper over this region have been shown to be tree from 
irregularities, within a small error of experiment, under 
apparently identical conditions of experiment (see Graph I.). 
Now the “true” absorption by paper is transformed almost 
entirely to corpuscular emission; so that if the total 
absorption and therefore the true absorption is normal, 
and the corpuscular radiation increases abnormally when 
we decrease the wave-length of the incident radiation, the 
additional energy converted to corpuscular radiation must 
necessarily come from the absorption associated with 
scattering—directly, or by a subsequent transformation of 
the scattered radiation. (It is assumed that no third inde- 
pendent type of absorption exists.) It is here that Compton’s 
theory of scattering comes to our assistance. His theory 
requires that part of the “scattered” absorption shall give 
rise to corpuscular radiation. The absorption associated 
with the latter is given by 


a 

= (1422) X dy, 
where a=0°0242/A, and A= wave-length of the absorbed 
radiation in Angstrém units, and gp is the value of the 
scattering coefficient on the classical theory, which is 
0°2xthe density of the absorbing substance. The true 
absorption-coefficients for paper and aluminium for hard 
X-rays are associated almost entirely with corpuscular 
emission. The total absorptions associated with corpuscular 
emission are therefore, according to Compton, approximately 
proportional to pw (paper)+oa, and p (Al) +o, for paper 
and Al, respectively, p being the total absorption-coeftficient 
less the total scattering-coefficient. The term ø, is found, by 
substituting the known values of u, to add about 8 per cent. 
and 6 per cent. to the latter at the respective wave-lengths 
0:405 and 0°275 A. for paper and aluminium, and in each 
case the percentage added has ‘just begun to increase very 
rapidly. The full effect of the additional corpuscular 

* The radiation was clearly too heterogeneous and the observations 
too few in number to show separate discontinuities for nitrogen and 
oxyven. 

fe It will be noticed that the values 0°32 and 0215 obtained by 


applying the formula are considerably in error. 
Q 9 
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emission would not at first be manifest, for initially the 
“ scattered ? corpuscles have only a small speed, and only a 
thin surface-layer would contribute to the ionization. With 
shortening wave-length, however, the speeds increase rapidly. 
This would explain why the actual irregularities at the wave- 
lengths given are much less than 8 per cent. and 6 per cent. 

Further confirmation of this explanation of the irre- 
gularities appears on examining the absorption curves in 
Graph J. more closely. The straight lines drawn through 
the observations for paper and aluminium intersect at about 
0:2 ujp for Cu. According to the classical theory, all three 
substances should have a value approximating to 0°2 for the 
mass-absorption coefficient at this point of intersection, the 
true absorption and the scattered absorption approaching the 
limiting values 0 and 0*2 times density, respectively, when the 
wav e-length becomes vanishingly small. The values of u!p 
for paper "and aluminium at the point of intersection are both 
about 0°16. Compton’s theory corrects the classical coefficient 
of scattering by applying the factor !/(1+ 2a), where @ is, as 
before, 0° 024970 (A.). Assuming for the moment that this 
is right, if we add to the observed values of the mass- 
absorption coefficient the quantity 


02(1-1,,,) 


we should obtain the values of the mass-absorption coefficient 
which would have been obtained had the classical theory been 
correct. When this is actually done, the new values fall as 
well upon straight lines as before, but on producing them 
towards the origin, the three coefficients at the point of 
intersection are found to be approximately 0°195, 0°195, and 
Q-2 for paper, aluminium, and copper respectively, and these 
ralues are as nearly equal to the classical values as could be 
expected. 


III. Scattering Experiment. 


We have been led to the conclusion, in discussing the 
previous experiment, that certain irregularities which 
appeared might reasonably be explained on Compton`s 
theory of scattering. From this point of view the excess 
ionization of hydrogen by paper and aluminium when the 

wave-length is short is to be attributed to the process of 
SCi ittering, the electrons which scatter the radiation retaining 
the vector diforcice hetween the momenta of the incident and 
scattered quanta. If this theory is correct, the energy of the 
excess corpuscular emission must be taken from the “ seat- 
tered ” absorption, only a fraction of the latter reappearing 
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as X-radiation. If it were shown by experiment that the 
energy scattered as X-radiation was less than the energy 
absorbed in association with scattering, we should then have 
qualitative proof that we had correctly traced the origin of 
the excess corpuscular radiation. The agreement already 
pointed out between Compton’s theory and experiment 
with regard to the total energy absorbed in the process of 
scattering, in the case of paper and aluminium, leads us 
to suppose that Compton’s calculated value for the absorbed 
energy is at least very close to the truth. If, then, we 
measure the quality and intensity of the scattered radiation 
in a number of directions over a range of wave-lengths, and 


Fig. 2. 
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compare the results with the values calculated on Compton’s 
theory, agreement between experiment and theory would 
prove that only part of the energy absorbed in the process of 
scattering reappears as X-radiation. In the present experi- 
ment, observations of the quality and intensity of the 
radiation scattered by paper at right angles to the primary 
were taken. The intensity was measured in arbitrary units 
only, for the intensity at the long wave-length end of the 
range is known to be correctly given by the classical theory. 

The apparatus is shown in fig. 2. The cathode stream 
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is directed at right angles to the line between anticathode 
and radiator, but the angle between the cuthode stream and 
the pencil of radiation scattered at right angles into the 
ionization-chamber was 45° (see figure). This ensured that 
polarized and unpolarized primary rays would be scattered 
in the same proportion in the direction of the ionization- 
chamber. This precaution is obviously essential when the 
radiation is appreciably heterogeneous, for the constituents 
of the general radiation from an X-ray tube are not polarized 
to the same extent. The sheets of filter-paper used as 
radiator were set up so that their normal bisected the angle 
between the direction of incidence of the primary and the 
direction of the secondary scattered pencil, ensuring equal 
absorption by the radiator of primary and secondary, 
assuming they differ little in quality. 

To measure the intensity of primary and secondary, two 
ionization-chambers of the same dimensions were used— 
those, in fact, which were used in the experiments described 
above. To simplify the interpretation of the results, the 
same gas was used in both at the same pressure—sulphur 
dioxide at atmospheric pressure. The windows were of 
aluminium, 0'1 mm. thick. The primary pencil of radiation 
entering the chamber was about 0°5 mm., and the secondary 
about 3 cm. in diameter. Precautions were taken to ensure 
“ saturation,” particularly in the case of the primary, where 
the ionization was produced by a fine intense pencil of 
radiation in a comparatively large chamber filled with a 
heavy gas. Care was taken also to prevent incidence of 
X-radiation on the electrodes. 

Diaphragms of lead were placed in such a way as to 
reduce stray effects (chiefly lead L-radiation) to a minimum, 
Two were placed between the tube and the radiator, two 
hetween the radiator and the primary chamber, and two 
between the radiator and the secondary chamber. Dia- 
phragms were placed also immediately in front of the 
windows of the ionization-chambers. All lead close to the 
radiator was covered with aluminium to absorb tertiary 
lead L-radiation. A test for stray effect showed that this 
was small and of the order that would be produced by 
scattering from the air in the region of the radiator. 
Filtering-sheets were placed at A (fig. 2) and absorbing- 
sheets at A, B, and C. The amount of radiation scattered 
into the chambers by the absorbing-sheets was negligible. 
The figure is drawn to scale. 

Radiators of 268, 50, and 15 sheets of filter-paper were 
used. The results are shown in Table VII. and Graphs IV. 
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and V. The mass-absorption coefficients of Secondary and 
Primary are plotted as ordinates and abscisse. Compton’s 
theory requires an increase in wave-length on scattering of 
0-0242 A for all wave-lengths scattered at 90°. From 
a knowledge of relative values of wave-lengths and mass- 
absorption coefficients for aluminium (approximate values 
are good enough for the purpose), the theoretical values of 
#/p,, may be calculated for the secondary radiation. ‘These 
were calculated, and the differences between the values of 
[Pa for secondary and primary were entered alongside 
the experimental values in the table. Also Compton’s 
theoretical curve is shown by the dotted line in the graphs. 


Tasir VII. 
Increase (6u/p) in p/p on scattering at 90° from Filter-paper. 


on/p. on/p. 
Observed. Theory. 


(filter-paper). | Sie of aj, | Primary 
| 


| Radiator | Filter p/o Al 


268 sheets. ` None 2-09 


| 0:50 * 0:27 
É 1-49 0-29 0-21 
3 2 149 | 023 021 
h | x 227 | OBT 0-28 
t | 366 0-65 0-092 0106 | 
50 sheets. None 3°55 0:36 0:38 
ý R 3-29 0:37 0:35 | 
y | in 4°78 0-65 0°47 
f | 04 3°34 0°63 * 0:37 | 
5 3:19 0-41 035 =| 
| 0-3 351 0'48 038 | 
$ 06 1:97 0445 * 0-26 
| $ ‘ 2-3] 0°30 0:29 
a S 2-40 0:35 0-29 
i 9-20 0-29 O28 | 
k V g 213 0-275 O27 | 
$ | j 2-18 0-31 028 | 
| | ; 208 0-23 0-2 
i k 1-96 019 | 026 
; 092 1-64 0-325* 0-22 
$ j 1-69 0-23 0-24 
‘i ., 1-85 0-21 0-26 
i: 1:36 | 1:30 0205 | 0-19 | 
5 S | 1-48 0:22 0-2] 
y 0-5 2-68 0:33 0-31 
$ | 2°53 0-425 * 0°30 
k | 298 0-245 0:34 
$ 136 | 12 0-23 019 | 
is x | 1-46 0-235 021 | 
5 1:31 | 1:76 0:285 024 | 
1-64 0245 O23 | 
y $ 1:83 0:38 * 0-26 
i None | 8-03 067 | O70 | 
15 sheets. 12:7 0-69 0-90 | 


* These observations are abnormal (see text). 
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The observations on the whole are seen to agree fairly well 
with the theoretical values. The agreement is sufliciently 
close to conclude that Compton’s theory gives the change in 
wave-length to the correct order of magnitude. 

We will now show that the intensity scattered at right 
angles agrees with the theory. Let X=the wave-length of 
the primary, and A+6A that of the secondary. According 
to the theory, 68=0°0242 A, and, if a=6A/A, the ratio, 


Intensity of Scattered X-radiation 


Intensity of Primary radiation ’ 
is proportional to (1+«)/(1+ 2a). The distribution of the 
scattered radiation is nearly the same throughout the region 
of wave-lengths tested, so that the ratio, 


Intensity of radiation scattered at 90° 


Intensity of Primary radiation ” 


will also be proportional to this fraction. Now let u and 
p+6u be the absorption-coefficients of the primary and 
secondary for the gas in the ionization-chambers. For 
a given intensity, the relative absorptions by the gas and 
therefore the relative ionizations will be given to a suffi- 
ciently close degree of accuracy by (w+ 6yu)/u. The observed 


values of ENE : 
Tonization by Secondary 


lonization by Primary 


for a range of wave-lengths should therefore be proportional 
to 
lita x pt op 


—_—— 


(l+2a)? p ` 


Now mw varies as A3, so that du/p=36A/A=3e. It follows 
at once that to the first order of æ (which is 0°08 at most in 
the present range of wave-lengths, making « about $ a per 
cent. at most) the ratio of ionizations should be proportional 
to unitv—that is, the ratio should be constant. Within the 
limit of experimental error, that is to about 2 per cent., 
the ratio was found to be constant. We may therefore 
conclude that the quality and intensity of the radiation 
scattered at right angles to the incident radiation by filter- 
paper is, under the conditions of experiment described above, 
to a close approximation in agreement with the theory of 
Compton, and not with the classical theory. But the 
“scattered”? absorption under the same conditions of 
experiment was aiso found to be in agreement with the 
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former theory, so that it seems very probable that the 
excess corpuscular radiation of paper and aluminium, 
observed in the previous experiment, arises from the process 
of scattering. 

Attention should perhaps be called to the apparently 
discontinuous nature of the curves in Graphs IV. and V. 
The observations appear to lie on two or perhaps three 
curves lying in echelon. Where the curves overlap we 
get two values of the ordinate for one of the abscissa, or 
vice versa. The small circles in Graph V. (which represent 
single observations, and not averages of observations) are 
seen to lie very close to one or other of the curves drawn— 
so close, in fact, that in practically every case there is 


„no doubt as to which curve each circle belongs to. As no 


¢€ 


observations have been suppressed, it would seem that the 
discontinuities are real, and not due to experimental error. 
The higher values of p/p Secondary, where there are two 
for the same value of a/p Primary, are much less numerous 
than the lower, so we may consider the higher value the 
exceptional case. The lower values are of the order cal- 
culated on Compton’s theory. It should be pointed out 
that the higher values were not obtained consecutively. 
Table VII. gives the observations in the order in which 
they were taken, and those which definitely vave the higher 
or exceptional values, six in number, are marked with a 
star. It will be noticed that the higher values are dis- 
tributed fairly uniformly throughout the series, and cannot 
therefore be attributed to any temporary fault in the 
apparatus. The probability that the effect is genuine is 
strengthened by the fact that other observers in this 
laboratory have found similar discontinuities at the same 
wave-leneths in performing the experiment under difterent 
conditions. While the effect may be due to the hetero- 
gencity of the radiation, for only very thin filters were used, 
the possibility of a more fundamental origin should not be 
overlooked. When the radiation is very hard, the scattered 
radiation is directed strongly in the forwards direction, 
according to Compton's theory, and the relative intensity 
of the radiation at 90° is reduced. The presence of the 
tungsten K-lines in the incident radiation would for this 
reason produce less than its due effect in the secondary, and 
the average penetrating power of the secondary would on 
this account alone be less than that of the primary. This 
effect, combined with the normal softening of the radiation, 
would give too high a value of p/p, Secondary, on our curve. 
The results obtained with very heterogencous beams, where 


the Quantum- Theory of Scattering of X-radiation, 235 


the exact nature of the heterogeneity is not known, would 
therefore appear to be difficult to interpret. 


General Discussion of Results of Experiments. 


The results of the experiments which have just been 
described have been shown to be in gencral agreement with 
the description of the process of scattering due to Compton. 
It seems impossible, however, to reconcile the results of 
Compton with those of Clark and Duane without assuming the 
existence of alternative processes of scattering. The absence 
of discontinuities in the absorption curves given in Graph I., 
when compared with the marked discontinuities in the curves 
of Barkla and White, would appear to require the assumption 
of the existence of alternative processes of absorption. It 
seems probable that these two phenomena are not unconnected 
with one another. I understand that Professor Barkla is 
about to publish some experimental results which may throw 
some light on this subject. 


Summary. 


Experiments on the relative absorptions of X-rays bv 
copper, aluminium, and paper, under conditions detailed, 
show that under these conditions the J-discontinuities of 
Barkla and White do not appear. The results indicate that 
the absorption associated with scattering falls below the 
classical value by an amount which agrees very well with 
that calculated on the quantum theory of scattering of 
A. H. Compton. 

Experiments on the ionization of sulphur dioxide and 
ethyl bromide give no certain indication of the existence 
of J-discontinuities, but they give some evidence for the 
existence of an abnormal corpuscular emission from air 
such as would be accounted for by the Compton theory. 

Experiments on the corpuscular emission from paper, 
aluminium, copper, and lead, as measured by ionization of 
hydrogen, showed that the lighter elements emitted an 
additional corpuscular radiation when the wave-length of 
the incident radiation was short, that the energy required 
for the excess emission produced no apparent discontinuity 
in the absorption curve for paper, but they lent support to 
the view of Compton that a corpuscular emission would be 
found in association with scattering when the primary was 
of short wave-length. 

An experiment on the scattering of X-rays by filter-paper 
showed that the change in quality and the variation in 
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intensity of the scattered radiation required by Compton's 
theory were confirmed over a considerable range of wave- 
lengths for scattering at right angles to the primary. From 
this it was deduced that the scattered X-rays were probaoly 
carrying only a fraction of the energy absorbed in association 
with scattering, thus strengthening ‘the probability that the 
excess cor puscular emission observed in the previous experi- 
ments was to be attributed to the scattering process. 


The experiments were carried out under the direction and 
supervision of Professor Barkla, and I take this opportunity 
‘of thanking him and expressing my appreciation of the 
generous amount of assistance he has given during the 


conduci of the experiments and in preparing the reslis 
for publication. 


XXIV. The Production of Sub-Harmonirs. Buy W.N. BOND, 
B.A., D.Sc., F.Inst.P. (Lecturer in Physics, University 
College, Reading) * 


[Plate IV.] 


i lige paper consists of a detailed consideration of the sub- 

harmonic notes, produced by the intermittent contact 
of a tuning-fork and a suitable solid body, that have been 
previously ‘described and demonstrated t. ‘The experimental 
‘conditions will be described briefly before discussing the 
mechanism of the phenomenon. 

When a large unmounted tuning-fork is energetically 
sounded, and part of the stem or the basal end of its prongs 
is touched lightly against a fixed solid body, some note mav 
be produced that has a frequency equal to that of the fork 
divided by a small integer. As many as five different notes 
may thus be obtained, the smaller frequencies being produced 
when the amplitude of the fork is lar ge or the force pressing 
the fork against the body small. The intermittent nature 
of the contact may be demonstrated by using a metal block 
for the fixed body, and completing a circuit containing an 
ammeter or a telephone i in series with the contact and a cell. 
The ammeter gives different mean currents for the different 
sub-harmonics, and the telephone emits the corresponding 
notes. By using a Deprez electromagnetic signal-marker 


* Communicated by the Author. 
t-‘ Nature; March 8th, 1924, and Proc. Phys. Soc., August 1924. 
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in the circuit, graphical records of the current have beem 
obtained, and the frequencies are found to be all sub-multiples 
of that of the fork. This isillustrated in PI. IV. fig. 1, where 
the intermittent current has frequencies equal to that of the 
fork (288) and its first four snb-harmonics. An intermittent 
current of frequency 50, also shown, was used as a standard 
for measurement. Experimental values of the frequencies 
thus obtained, are given in the Plate. 

The shape and material of the fixed body may be varied 
considerably, and yet the notes are obtained. But the notes. 
are most clearly emitted when a hard metal body of high 
natural frequency and high elastic constants is emploved 
(provided the metal be not such as to emit a jangle when 
contact is made), 

Since the use of a fixed body of low natural frequency 
does not make the notes less difficult to obtain, it may be 
concluded that the intermittent nature of the contact is due 
to the rebound of the fork from the body (and not to a 
momentary depression in the surface of the body), a whole 
number of periods of the fork elapsing between successive 
contacts. 

The graphical records consist ot three types. Firstly, 
quite irregular records are found. ‘The coarse note that these 
correspond to may be avoided by letting the fork approach 
the block very gradually. Secondly, regular records oceur, 
such as are shown in PI. IV. fig. 1. And thirdly, in some- 
records the intervals between successive contacts vary, but 
each interval appears on casual inspection to correspond to- 
one of the sub-harmonics (fig. 2). 

If the production of the notes be supposed to be due to 
contact of the fork and body, a rebound of the fork, and its 
subsequent return because of the small applied force, various 
peculiarities require explanation. When the fork amplitude 
is large and the applied force and original velocity are small, 
the notes are almost invariably produced, without special 
adjustment of the conditions. ‘The value of the applied force 
may fluctuate, and the amplitude of the fork decrease 
gradually, and yet as many as a hundred equal consecutive 
waves may occur in the case of the higher frequency notes. 
(Only sets of about ten consecutive waves were obtained 
for the fourth sub-barmonic.) And, finally, the successive 
intervals may differ, each being, however, approximately 
equal to a simple multiple of the period of the fork. 

The only theory that seems to satisfy all these conditions 
is that the velocity of approach of the fork and block, just 
before an impact occurs, is small compared with the average- 
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velocity of oscillation of the part of the fork considered 
(measured in the direction of the normal to the surface of 
contact). TE this condition were satisfied at each impact, 
contact would invariably occur when the part of the fork was 
near the outward end of its oscillation; and hence any 
interval between impacts would only differ from a multiple 
of the fork’s period by a small fraction of this period. It 
has been shown that the relative velocity of fork and body 
should be small at the commencement of the experiment ; 
but for it also to be small at the end of each interval 1t must 
be small just after each impact, unless the motion of the fork 
as a whole be supposed damped. (And damping cannot in 
general be supposed important, as the higher notes may be 
obtained when the fork is erect and rests almost unheld, with 
its stem on the solid body.) 

The relative velocity of the two surfaces just before con- 
tact is equal to the small velocity of approach, together with 
the larger velocity of oscillation of the portion of the fork 
making contact. That the consequent velocity of departure 
is small may be considered due to the contact being of the 
nature of an impulse. The surfaces in contact must be 
supposed appreciably deformed during a typical impact. 
‘The magnitude of the impulse will depend chiefly on the 
amplitude of the fork and the phase when contact com- 
mences; and the velocity of departure of the fork will 
depend also on the mass of the fork (or its moment of 
inertia, if it be supported by a pivot). 

In order to test this hypothesis, it was decided to measure 
the intervals in a record of a series of impacts, where the 
successive intervals corresponded to various sub-harmonics. 
A graph obtained with the fork of frequency 288 was first 
used ; and the positions at which contact occurred were 
compared with an ideal series such as would have occurred 
if contact had been made at the same phase at each oscilla- 
tion of the fork. Owing to the necessity of any error of re- 
cording and measurement being considerably less than 1/288 
of a second, the experiment was repeated using a fork of 
frequency 591 +004. With such a low note the sub- 
harmonics could not be heard, though they appear on the 
records (PI. IV. fig. 2). 

Observed intervals between consecutive Impacts are repre- 
sented statistically in fig. 3 from experiments with the 288 
and 59°1 forks. It will be noticed that the intervals are 
approximately whole multiples of the period of the fork, but 
that deviations occur. In the case of the 288 fork, a few 
-observed intervals differ by almost half a fork- period from 
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being an integral number of fork oscillations. No such large 
deviations were found with the slower fork, and they may 
therefore be supposed to be due to experimental errors. 


Fig. 3. 
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In fig. 4 the difference, (observed time of contact — time 
of ideal contact) is plotted statistically for the two forks. 
The ideal series was chosen so that the algebraic mean of the 
above differences was zero for any particular series of im- 
pacts. The figure shows that, on the average, the times of 
contact differ from the ideal times by about a sixth of a 
period of the fork. 

Fig. 4. 
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When a time of contact differs from that of the ideal set, 
it is found that in about 80 per cent. of the cases the next 
impact diffərs by a smaller amount or by an amount of the 
reverse sign (see Pl. IV. fig. 2). And when a record is almost 
entirely that of a single sub-harmonic (PI. IV. fig. 1), the 
deviations plotted in fig. 4 become appreciably Jess. At the 
commencement of regular intermittent motion it was found 
that the successive periods approach more and more closely 
to the ideal period. These facts are explained by the theory 
put forward. For, a contact that is markedly earlier in 
phase than the extremity of the fork’s oscillation will produce 
an abnormally large velocity of rebound ; and the succeeding 
contact will occur when the fork’s phase is abnormally late. 
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The following interval will in consequence, be specially 
short. 

No particular conditions have been noticed always to 
precede an interval a number of periods longer in duration 
than the former one (when intervals corresponding to various 
sub-harmonics are occurring in rapid succession). This 
fluctuation between various sub-harmonies may be due to 
change in the applied force or to slight shifting of the point 
of contact. 

Apart from any bearing of the experiments on theories 
of hearing, one simple practical application may be mentioned. 
Provided a suitable recording arrangement is available, the 
frequeney of any unmounted fork can be obtained by 
attaching a fine wire to its stem, bowing the fork, and m: aking 
intermittent contact between the fork’s stem and a metal 
block (as deseribed abov e). The frequency of a simple fork, 
unmodified by any stile, is thus obtained, without the need. 
of an elaborate microphonic or stroboscopic device. 


In conclusion, the Author would like to thank Prof. J. A. 
Crowther and Mr. A. W. P. Wolters for the facilities that 
have made these experiments possible; and Mr. J. L. Dunk 
for interesting points that have arisen during correspondence 
on the E 
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XXV. Fluid Greum Round l Cylindrical Obstacles. By 
D. M. W RINCH, D. Se., Lecturer at Lady Maraaret Hall, 
Ow Jord ™, ü 

SUMMARY. 
THIS paper treats of the motion of a fluid circulating round a fixed 
eylindrical obstacle in the presence of one or more line sources or sinks 
in any case when e the curve of cross-section of the obstacle has an 
equation of the form 
Y=4 cos u +a, COS (æ, —u) +a, cos (a, — 2u) t.. 
y=asinu+a, sin (a, —u)+a, sin (a,—2uj)+..., 
the parameters (« a,) being suitably restricted. 


The problem of a fluid circulating round a cylindrical obstacle in the 
presence of a single sink is discussed in detail, ‘The resultant pressure 
on the obstacle is easily found by the evaluation of the contour integral 


j (dW jdz)?dz, 


where : l 

W=¢ġ+iy, 
and œ is the velocity potential and Ņ the stream-function associated with 
the motion, 


æ Communicated by the Author. 
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The problem when there is a source as well as a sink is also discussed. 
This problem, when the positions of the source and sink are suitably 
chosen, easily gives, us a degenerate case, the problem of fluid streaming 
past and circulating round a cylindrical obstacle. A similar contour 
integration along c, the curve of cross-section of the obstacle, yields the 
result that the force on the obstacle per unit length is pkq in a direction 
zi? from the direction of the undisturbed stream measured in the sense 
opposite to the sense of the circulation, where p is the density of the 
fluid, & the intensity of circulation, and gq the velocity in the undisturbed 
stream. 


HIS paper treats the motion of a fluid outside a fixed 
cylindrical obstacle in the presence of one or more 
line sinks or sources when there is circulation round the 
obstacle. 
A frontal attack is made on the problem on this occasion 
by the discussion of the whole range of cases when the cross- 
section of the obstacle has an equation of the form 


=a Cos u +a COS (a, — u) ta COS (ag — 2u) +...., 
y=asinu +a sin (xı — u) + asin (ag—2u)+4+...., 


certain restrictions being made as to the values which may 
be assumed by the various parameters (an, an). Any number 
of the parameters a, may vanish, and this specification 
evidently covers the cases generally discussed, such as, for 
example, the circle, the ellipse, and the hypotrochoid. 

The restrictions on the parameters (an, æn) do not allow 
the inclusion of cases when the curve of cross-section of the 
obstacle has anode. It is possible, however, to include cases 
when the curve has a cusp, but in all such cases when there 
is a single source or sink outside the obstacle an infinite 
velocity is in general associated with the cusp, and the motion 
in each case cannot be realized with a finite pressure in the 
finid. This is also the case when there is circulation about 
the obstacle. But if there is circulation k round the obstacle 
in the presence of a single sink or source of strength m, it 
is possible to choose the ratio of & to m in such a way that the 
velocity at the cusp remains finite. The resulting motion is 
then possible with a finite pressure at infinity, provided that 
this pressure is sufficiently large. 

In this paper the various problems are attacked in general 
for any value of the circulation and for sources and sinks of 
any strengths so long as the curve of cross-section of the 
obstacle has no cusps. If the curve of cross-section has a 
cusp, the problem is discussed only when the magnitude of 
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the circulation is such as to produce with the sources and 
sinks a finite velocitv at the cusp. 

The solution of the problem when there is circulation about 
an obstacle and a single sink is given in detail, and by an 
application of the theory of contour integration the resultant 
pressure on the obstacle per unit length is easily found. 
The problem when there is a line source and a line sink in 
addition to circulation round the obstacle is also mentioned. 
Finally, the problem of streaming past the obstacle round 
which there is circulation, which is a degenerate case of the 
preceding problem when the positions of the source and sink 
are suitably chosen, is discussed. The resultant pressure on 
the obstacle in this case is proved to be the product of the 
density of the fluid and the circulation and the velocity of 


the stream at infinity, and to act in a direction 3 from the 


direction of the stream at infinity measured in the sense 
opposite to that of circulation. This result, known as the 
Kutta-Joukowski Lift Formula, is proved by Joukowski * by 
general dynamical principles. The alternative proof given 
in the present paper proceeds by means of a simple applica- 
tion of the theory of contour integration which allows the 
rapid calculation of the resultant pressure on an obstacle due 
to any motion. It is deemed worthy of inclusion in this 
paper because of the great importance of the Lift Formula 
in the Circulation Theory of Lift f now under discussion in 
Aerodynamics. 


I. A line sink in the presence of a cylindrical obstacle. 


Suppose that there is a line sink of strength m at a 
point z outside a cylinder. The line sink alone in space has 
the W-function Wo given by 


Wo= dot ivy = = log (<9—<), 


where ġo is the velocity potential and Wy the stream-function 
associated with the motion. Let W, represent the dis- 
turbance due to the presence of the cylinder, so that the 


* N. Joukowski, Aérodynamique (traduit du russe par S. Drzewiecki) 
Paris, 1916, chap. vi. i 

t See F. W. Lanchester, Aerodynamics, ch. iv.; A. R. Low, ‘The 
Circulation Theory of Lift, International Air Congress, London, 1928 
‘ Dictionary of Applied Physies,’ vol. v. 1923; ‘The Hydrodynamical 
Theory of Wing-surfuces,’ pp. 217-220; and other text-books, 
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motion when the sink is in the presence of the cylinder is 


given by 
W=¢ +ip=Wo+ Wi=ġpo+ ġiti poty). 


Then we require that W, shall be evanescent on the circle at 
infinity, and that it shall satisfy Laplace’s equation and have 
no singularities between the circle at infinity and ¢ the curve 
of cross-section of the cylinder, and further that ẹ shall be 


constant on ec. 
Now consider the transformation 


sae + aye + qoette— 26 4 9 ° ° P (1:1) 
where 
w=u+iv, 


which has the property that v= —æ on the circle at infinity. 
Then v=0 on the curve whose equation is given by - 


sae 4an + aget... 

or 
T= A COS U +a, cos (a1 — U) +a, LOS Ae (12) 
y =u sin u +a sin (a — u) +asin (az — 2u) +..... l ~ 


Suppose, further, that the constants in the transformation (1) 
are such that for values of v between zero and — œ ,dz/dw 
has no zeros and no infinities. Then we may at once solve 
the problem of the sink outside a cylindrical obstacle in all 
cases where, for some value or other of the various constants 
satisfying the condition with respect to the zeros and 
infinities of dz/dw, the equation of ¢, the curve of cross- 
section of the cylinder, is given by (1:2). 
For, in terms of the complex variable w, we have 


m hee bee 
Wo= zz log [ae + aye o4 gee — 24, 
oT 
—_ (ae + aerate + agea Ft . J} 


m 


=g log (e — e") {a — aeiio- ie 
mT 


— dge @7 WOR Bley — eT teir) ERE 1, 
w being given by 
Zp ae) paein p age 204 |, 
Sincs zo lies in the region between c and the circle at 


infinity, vo lies between zero and ~œ. We may evidently 


R 2 
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expand W in a series convergent in the neighbourhood of 
the curve c in the form 


miw M., oe 
W EEN Ooan ae emio g leie- Qtr) 4 T 
O°" Dar 2m ( 5 ) 


m 


4i log (a— aye to" ae 


2 
Then, if we write 


W=- n (etve ietino 4- L e?tog-2iw+ 2iuo 4 w) 


— 3- {log (a—aye-™-,..) — log a}, 
“T 


W) is evanescent on the circle at infinity and, further 


miw m l 
W= oo z- {e cos (w — ug) + de? cos 2(w—u) +...}. 


With this determination of W we have 


Sen OT e" cos (u — uo) cosh v 
2r r 


+ 4e" cos 2(u— uo) cosh 2r + ...}, 


Nig M . i e 
= =— + — fe" sin (u—=u) sinh v 
Y 2r H T { l 0) 


+ $e? sin 2(u— u) sinh 2r + ...', 
°. We 
2T 


therefore have the W-function for the motion when the sink 
m at zo is in the presence of the cylindrical obstacle whose 
cross-section is the curve ¢ given by (2). 


and on the curve c, y is constant and equal to 


Il. Circulation about a cylinder in the presence of 
a line sink. 


We may also solve the more general problem of a 
circulation —& about this cylinder in the direction u in- 
creasing when there is a line sink m at the point zo We 
evidently have 


W= kw | mits m 


mon a {e cos (ww — uy) + de cos 2(w— to)... fe 
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HI. The pressure on the cylinder. 


It is a simple matter to find the resultant pressure on 
the obstacle in the presence of the sink, and also in the more 
general case when there is circulation round the obstacle in 
addition. For let g represent the velocity at any point and 
$ the angle which the velocity makes with the axis of x in 
the case of the sink m and circulation — +. Then 


, ; k : Ont 
ge =dW/dsm y+” tersin (1) + esin? (w—u)+..} 


m e sin (t— ty) 


=k/2m + 


2m cosh tg—cos (w— u) ` 
The pressure at any point is given by 
p= —}p}° + constant. 


We will discuss only those motions in which q is finite 
everywhere except at the sink, for these motions alone are 
physically possible. Now dW/dw is infinite only at the 
sink. Further, dz/dw is never zero between the curve c and 
the circle at infinity. On the curve c, however, we can 
admit a simple zero of dz/dw and consequently a cusp, pro- 
vided that the ratio of k/m is so chosen that dW/dw bas a 
zero at this point. Thus suppose that d:/dw has a simple 
zero at the point u=v=0 on the curve c. If we choose the 
ratio k/m in such a way that dW/dz vanishes at this point, 
so that, in fact, 


mee sin ug = k (cosh vo— cos up), > . . (3.1) 


the velocity is still everywhere finite. We therefore dea} 
with the general case of a sink m and circulation — k when 
the curve c has no cusps and with the case when the curve 
has a cusp or cusps only when the ratio 4/m can be and is 
so adjusted as to make the velocity at the cusp or cusps 
remain finite. 

Let p, and py be the resultant pressures in the directions 
zand y. Then 


Py + ip, = \p(da—idy) 
= — tp) g (de —idy), 


the integrations being taken along the curve. But on the 
curve ¢ the velocity is wholly tangential to the curve. 
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Therefore on ¢ 
¢?(de—idy)= (dW/dz)?(de/ds + tdy/ds)?(dr—idy) 
=(dW/d:)?(dz+idy). 
Thus : 
Py tipr=tp g(de—idy)= sp {a W /dz)*dz*. 


To integrate (dW/d:)? round the curve cin the z-plane, we 
use the transformation 

rae + aye payee 4 |, 
and write 


t=e7', 


Then the integration of (dW /d:)? round the curve c becomes 
the integration round the unit circle =e in the t-plane 
from @=7 to 0=—>m of 

(dW/dz)°dz/dw .dw/dt = (dW/dw)*. (dw /dt) /(dz/dw). 


Now 


: m sin (w— u 
dW /dw= ,-.- se SU <— 
2m cosh ty— cos (w— ug) 2r 
mi Cet t eT" k 


TT Fr (t—ty)(te— tye T Ar 
and 
(dwjdt)/(dz/dw)=1/ (a =a, e% — Jaget...) 


There is evidently no pole of the integrand at ¢=0 and only 
a pole therefore at t=4=e-*, There is no pole on the 
contour of integration corresponding to a point on the 
curve ¢, for in the cases when there is a zero of dz/dw at 
such a point the ratio of k/m is so chosen as to produce a 
zero in dW//dw at the same point. 

Now putting t=t +e, we have 


(dW /dw)*(dw/dt)/(dz/dw) 
: y = . tn 2 
= bE __ mut, tysinh ry +e¢ 2] eda are... 


2m me 2t, sinh ry-Fee™... 


1 ke mit, ee% 2 
aA” (Ir “al Y 2éy sinh ra eae 
provided that 
a= aten datea =aA(1—re+...). 


* This theorem is sometimes referred to as Blasi us's Theorem. 
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Thus the residue at tọ is given by 


ES 1 mito{ k mie ) \ 
Aa Qa m \Q2r 4sinhv,/ S’ 


The value of the integral is therefore 


2mi mta f MiA | ik me l 


aA ` 2r | 2n m ` 2?rsinh Uo J 


mie *o { mer 4 


a ae ln + me™™ oA + Qik F 


the integration along the unit circle | ¢ | =1 being taken in 
the clockwise direction. Therefore we have 


—Py —ip:= =4p  (awyas dz 


mp mere 
~ maa \ sinh vy 


uT — 2he- t mie sd ; 


It is of particular interest to notice the presence of the 
force due to the combination of circulation with the sink. 
This “ lift” acts in a direction determined by the orientation 
of the sink with respect to the obstacle and by the argument 
of A, which also depends on this orientation and on the 
equation of c, the curve of cross-section. It is also of interest 
to notice the critical value, given in (3.1), of the ratio k/m 
requisite in the case of a cusped curve if an infinite velocity 
at the cusp is to be avoided. 

The case when the curve c is symmetric about the axis of 
wis of special interest. We then have a,=a....=0, and 
a simpler form results. If, in addition, we are concerned 
only with a sink on this axis of symmetry on the positive 
side uy=, and with A and A wholly real, we have 


Py =mpke/2raA, 


= mee ( l 
Pa — FnaA inh at)? 


Thus the sink m exerts a force proportional to the product 
mk in a direction m/2 from the direction of the «x-axis 
measured in the sense opposite to that of the circulation +. 
It also exerts a force proportional to m and independent of 
k along the z-axis. Tt therefore appears that the lift in this 
case is perpendicular to the line joining the sink to the 
origin of coordinates. 
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IV. The pressure on a circular cylinder. 


Thus, to take a simple example of this result: if c is a 
circle of radius a, A=1, X=0, and a sink at a point f from 
the centre on the positive side of the x-axis together with 
circulation & clockwise yields the forces 


Py=mpk/Any, 

P= m pt Rm (J? — a’). 
Thus the sink attracts the cylinder with a force 

moa/2a f(t? —a*) 
per unit length along the line joining the oo to the sink, 
and provides also a transverse lifting fore 
mpk/Aaf 

per unit length ina direction 7/2 from this line in the counter- 
clockwise direction. And it is to be remarked that a source 
m would in the same way attract the cylinder along the line 
joining it to the centre of the cross-section ; the transverse 
force in this case would, however, be in a direction making 
an angle 7/2 measured clockwise with this line. 


V. The pressure on an elliptic cylinder. 

As another simple illustration we may consider the forces 
when a line sink m is situated at a point f on the a-axis 
outside the elliptic cylinder 

v= aucos u, 
y=ĝ sinu. 
Here we have the transformation 
= ae" + ae" 
with a=t(a+B), b=t4(a—b). 
Further, v= 0 and 
f=ae + aye™, 
so that 
a= vs —tuap/2a = (f— Vf?) |(a—B), 
where 
ema’? — B’ 
and 
e~w= (f+ NI? —daa,)/2u=(f+ VfP—e*)/(a+8), 
so that 

sinh y= (f— Vf? —c*)/2(a—B8)—(7+ VP?—e)/2(a+8) 

=(f8—aV P= ee. 
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Also : aif, ay, 
| dz[dw=-, (1- a P). 

Therefore wA=a(1— ly 2) 

=d (1 — 3 e2») 

a 

=e Vf, 
and aAr— 2u,ty = (a— Be, 
Thus p; =kme]inr( f =e)? 


_  mēpe® a° — §? a—B 
Pr dr ( f? a a a (J?—= 8) | 
mpl f- (=e r+ e] 
= — Anla( f?- al Pe a -pf (PA 
m*pBe? 
~ An(s2—e){a( (2-2) By} ” 


VI. Circulation about a cylinder in the presence of a number 
of line sources and sinks. 


We may, after the same manner, find the motion when 
there is circulation round the cy Jinder and any number of 
line sinks or sources outside. Thus, if there is a source m at 
a point zy in addition to a sink m at a point zọ where 


== =ae +a, ge + a, etta = 2i, ...® 
i = aes + ajé — 1%! + acit i 
the motion is given by 


ke mt m 
W= ~ = (wa — w, ) — -— fe™eos (w—u 
Dr PFA 9 v) of ( o) 
—e'? cos (W—g )+....}. 
In particular, if w = w+ m, so that 
Nip =U, gl = Ug +7, 
and 
ka mi 2? 


aa eae ae cos (w— ug) 
od 


+te™ cos (w— u) + ...}. 
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If, now, we make m—>x and | zo| —>»% in such a way 
that 
marzo = Jos 

we vet streaming past the cylinder, the velocity of the stream 
before it is disturbed by the presence of the cylinder being 
go in a direction making an angle wy with the axis of .r, 
and 


kw 
W= = Zao COS we Ug) 


and 
dW k l 
aan oe 2agy Sin (ic — vty). 
Thus, in the case of a curve of cross-section for which 
dz/du=0 at u=wu,, we need to take 


A= Atragg sin (ngo—u) 


if an infinite velocity at the cusp is to be avoided. 
The value of p, and p, can be found at once. We have 


í, (dW ;d:}dz 


‘ i r k : tty l ~iu : 2 tay 1 
== 4 [az tE te — i? | peas e AA at, 


the latter integration being taken round c’ the unit circle 
|¢|=1 in a clockwise direction. The only pole is the double 
pole at the origin : there is, as before, no pole on the contour 
of integration even if dz/dw has a zero at such a point, for 
under those circumstances the ratio £/q is so chosen as to 
produce a zero in dW /dw at that point. Thus 


| (dW /dz)*dz= —2gke7™s, 
and 


Px —pJok Sin to, 

Py = Pfoh Cos uy. 
Thus the resultant force is pqọk in a direction making w/2 
with the direction of the undisturbed stream measured in the 


sense opposite to that of circulation, This is the Kutta- 
Joukowski result *, which is of importance in Aerodynamics. 


* See Joukowski, loc. ctt.; also Lamb, ‘Hydrodynamics, 5th edition, 
pp. 76, G47, 
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C. G. Barkia, F.R.S., and X. R. Kuasterr, Ph.D., 
Cnirersity of Edinburgh *. 


XXVI. The J Transformation of Scattered X-Rays. By 


INCE the earliest experiments on the scattering of 
X-rays it has been known that certain condtions 
were necessary in order to obtain evidence of the purest 
scattering of X-radiation. Under these conditions, through 
a wide range of wave-leniths, the secondary radiation did 
not differ appreciably in penetrating power from the 
primary. It was this secondary radiation, and no other, 
which was called the scattered X-radiation ; it was this 
which we showed could be explained in its polarization, 
in its distribution, in its intensity, precisely by the 
application of the classical theory as given by J.J. Thomson. 
(It gave exactly the number of extra-nuclear electrons 
per atom.) In the experimental investigations it was 
observed or arranged that the complications appearing 
under other conditions were not introduced. 

Under other conditions—conditions which appear to have 
heen obtained by many experimenters on the subject— 
there was a marked difference between the primary and 
secondary radiation as observed. (See Phil. Mag. April 
1923 : Barkla and Mrs. Sale.) Whatever the explanation— 
there were several possibilities—this secondary radiation was 
obviously something different from the scattered radiation. 
This, however, has also recently been called by Compton 
the scattered radiation, and the classical theory of scattering 
has then been described as inadequate. As the classical 
theory of scattering was intended only to explain scat- 
tering, it is not surprising that it does not cover the other 
phenomenon which has been given the same name. 

This phenomenon has been briefly discussed by one of us 
in a letter to ‘ Nature’ f, and more fully in a lecture to 
the Röntgen Society $, and its application to the scattering 
of X-rays has been indicated. A fuller treatment of the 
subject will appear in other papers, but we propose to give 
a short description of one only of a series of experiments 
showing how the true nature of the phenomenon of scattering 
has in many cases been obscured. 

Preliminary results of the kind described in this paper 


* Communicated by the Authors. 

+ November 17, 1923. 

t A summary only has been published in ‘Nature,’ November ?2, 
1924. A more detailed account will be given in the Journal of the 
Rontgen Society. 
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were obtained by Barkla and Mrs. Sale several years ago 
(1921-22) ; but they were so new, so puzzling, that they 
were withheld from publication for more careful and critical 
examination, The results were these :—When primary 
und secondary rays were compared by their power of 
penetrating thin absorbing sheets, they appeared practically 
identical; but thicker absorbing sheets showed a most 
decided difference (about 12 per cent. in absorption co- 
«fticient). 

Again, it was found necessary to use thin radiators to 
obtain scattered rays like the primary throughout a long 
Tange of wave-lengths. This is indicated on p. 747 *, 

“ When thin sheets of paper were used as the scattering 
substance—in which case trouble due to differential ab- 
sorption of primary and secondary beams in the radiating 
substance was avoided—experiments showed that the scat- 
tered was identical with the primary radiation throughout 
almost the whole range of wave-lengths experimented upon.” 
The complication evidently introduced by thick radiating 
sheets was purposely avoided in order to obtain the conditions 
most favourable to the study of fundamental processes. 

The experiment described below showed, as in many 
previous experiments, that the secondary radiation from 
paper was originally exactly like the primary 1 radiation 
in penetrating power. When secondary and primary 
radiations were transmitted through equal thin sheets of 
aluminium, this equality of penetrating powers persisted 
only up to a certain critical thickness of absorbing material. 
An abrupt absorption of the secondary radiation then 
occurred, and the transmitted radiation was subsequently 
more absorbable than the primary radiation which was trans- 
mitted through exactly the same thickness of aluminium. 

Thus the scattered X-radiation was modified by the 
J phenomenon quite outside the scattering substance, and 
afterwards appeared as what A. H. Compton regards (pre- 
sumably) as the quantum scattered radiation. As we have 
said previously, the phenomenon here has no connexion 
with the process of scattering. Its association with the 
scattered radiation is quite accidental,—in the sense that 
it is not fundamental,—for an exactly similar phenomenon 
may be shown with a primary radiation. 


ke pert ment. 


The experiment was quite a simple one. A and B were 
two ionization chambers—one, A, receiving pencils of 


* Phil. Mag. April 1923. 
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primary radiation; B receiving radiation scattered from. 
the paper sheets R (fig. 1). 
The ratio donization = p was determined. Thin similar 
Ionization in A 
sheets of aluminium were placed at 8, and §,, and the 


above ratio was observed for each thiekness of aluminium.. 


Fig. 1. 


The relation between thickness of aluminium and this ratio- 
: shown in Table I. and is represented graphically in 
g. 9 
O° f 


TABLE E 


Soft tube : (5) = 3°5 (from 50 per cent. absorption). 
Al 


Henes “OMT see ed 
(in arbitrary units). 

00 cm. rU Xr 

018 ,, O0 

027 , EOE -5 

036 ,, "99(5) ,, 
a ala le ae 

054 ., "93(5) 5, 

072 ,, ‘92 Cy 

090 ., 9015) , 
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With 2, 3, and 4 sheets the ratio remained unchanged, 
showing a very exact equality in penetrating powers ‘and 
thus in wave-lengths of the primary and secondary 
radiations. The fifth sheet (giving a total thickness of 
‘£5 millimetre) produced a very big absorption of the 
secondary beam, as shown by the ratio suddenly dropping 
from 1:00 to 0°94(5). Subsequent sheets absorbed the 
secondary beam more ‘ian the primary. This is shown 
by the steady diminution of the ratio for 5, 6, 8, and 
10 sheets. In the graph of fig. 2 the first horizontal 
portion shows equality of penetrating powers of tie 
secondary and primary; the sudden drop shows the large 


Fig. 2. 
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absorption of energy of the secondary beam, and the slope 
of the curve to the right shows the transformation which 
has been produced by transmission through the aluminium. 
The particular sheet at which the transformation occurs 
depends upon the original penetrating power of the 
radiation. With harder radiations the discontinuity is 
displaced to the left of the figure (see fig. 3 and Table IT.), and 
with softer radiations to the right ; for the transformation 
seems to occur when a certain average penetrating power 
is reached—in this case by filtering. Indeed, with a more 
penetrating radiation the discontinuity is lost sight of, 
for even the first thin sheet of absorbing material shows 
that the difference between the primary and secondary 
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radiations has already been produced. Under such con- 
ditions the true nature of the phenomenon is concealed. 


Fig. 3. 


CD TA ROUGH ALUMINIUM: 


o—> Thiexness or ALumimium FILTERS M CMS 
0 009 018 -ory -036° ‘045 ‘O54 o3 ota ‘08F ‘opo On 


TABLE II. 


= 3 (from 50 per cent. absorption). 
Al. 


Soft tube: (E) 


. Secondary 
Observed ratio — : 


Thickness of Al filters. Primary 
(in arbitrary units). 
00 em. 1:0) xa 
018 ,, 1:005) ,, 
027 ,, 955) » 
036 ,, ‘94 , 
054 ., 92 Cs, 
072 ,, W , 
‘090 ,, '87(5) ,, 


Similar discontinuities have been obtained by filtering 
the radiations both by paper and bv copper. Fig. 4, 
plotted from the results of Table IIJ., show the corre- 
sponding phenomenon in paper. Experiments show that 
it is necessary to cut off a little more by aluminium than 
by paper to give the discontinuity—a result perfectly 
consistent with the conclusions from experiments of a 


different kind. 
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Task ITI. 
Soft tube : (£) : = 3°5 (approx. from 50 per cent. absorption). 
A 


Secondary 


Number of Puper-sheets. (in arbitrary units). 


Primary 
0 99 xr 
10 100 ,, 
15 995) ,, 
20 99 
25 995) ,, 
30 100 ,, 
35 U4 Ci«, 
40 03, 
60 a sy 


These are only a few of a very large number of experi- 
mental results illustrating the “J” phenomenon. This 
has been briefly described elsewhere, and js receiving fuller 
treatment in a series of papers. In the case described 
above, it was the secondary radiation which exhibited the 
J phenomenon. 

Our present purpose in taking this experimental result 
from its context is to show that the transformation in the 
secondary radiation has not been produced in the process 
of scattering. Scattering followed the classical laws ; 
the J transformation gave the appearance of a change of 
wave-length in scattering. 

As previously stated, the J process is probably governed 
by quantum laws—but itis quite distinct and fundamentally 
different in origin and nature from the process of scattering. 


[ 257 ] 


AXVI. A Quantitative Analysis of a Four Carrier, Voss 
Machine. By ALFRED W. Simon *. 


A GENERAL quantitative theory of the influence elec- 
trostatic generator has recently been outlined by 
the author t. 

The present work is concerned with the detailed analysis 
of a very simple electrostatic generator, one which may be 
taken as the prototype of the Voss or Toepler-Holtz machines. 
It consists (fig. 1) of six elements: four carriers and two 


inductors, and operates as follows :— 


Fig. 1. 


When the elements assume the configuration shown, two 
of the carriers, namely those in positions 4 and 6, are earthed ; 
while two others, namely those in positions 3 and 5, are 
connected to the inductors 1, 2. A quarter turn later the 
two which were previously earthed are connected to the 
inductors, while the two which were previously connected 
to the inductors are now earthed. 

It is assumed that the carriers are exactly alike and 
symmetrically mounted, so that a quarter turn brings the 
whole system again into the same geometrical configuration. 
In the mathematical treatment of such a machine the indi- 
vidual carriers lose their identity, and it is necessary to 
consider the electrical coefficients of the elements in only one 

* Communicated by Prof. A. IT. Compton. 
+ Proc. Nat. Acad. of Sciences, x. p. 302 (1924). 


Phil, Mag. S. 6. Vol. 49. No. 289. Jan. 1925. S 
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configuration (that of the figure), irrespective of which 
‘arrier, In particular, occupies any one position. 

This faet is reflected in our notation, which may now be 
defined. We shall let gın represent the charge of the 
inductor l at the beginning of the ath evele (quarter turn) ; 
Gon, the charge of the inductor 2 at the beginning of the 
nth cycle ; gs, the charge on the carrier which oecupies 
position 3 at the beginning of the ath cycle; and so on. 
Further, we shall let Vin and Vox represent the potentials of 
the inductors 1 and 2 respectively at the beginning of the 
nth evele ; Vingi and Vong, the potentials of the inductors 
Land 2 respectively at the beginning of the (n+ 1)st eyele ; 
and so on. 

We then have, according to well-known electrostatic 
theory, for the ath eyele :— 


ON 4 7 7 r 
Pin = 211 V ta F da Von + aai Vin TE Vans ] 


P 


"ow 
F GaN Fa Vap 
Gaa = hV in Faa V an t AN aN 
Y5n = AN a + UV os + ly. Va + da Vons 

den = “16 V in t ag Nat MNT Ua Yaa | 


2n 
X r 7 
Qo, = jy V 1n t TA 2n T gy \ in t a;,,\ 
— 7 7 
Pon >, a,,\ lu + a; \ 


2u 


2n? 


and for the (ath + 1)st eycle : 


Vint =i g + iy Vai + Dav dais + Pet ae : 
Panyi = Gis’ sae + WEN gi + GaN ity + N acts L ) 
Y3n+1 = di3 V, +nl + AN igi + AN iia + da NVs n | z 
lsn = V, jar aa Vai + deN u + Ug Vapen 
Further, if we assume no leakage, we can put f 
Tiati Vinay = Cin lob a 
Pons Tsun = Yon t Line A eae 


In the svstem of equations (1), (2), ( 


$ i 3) there are 
12 equations and 14 unknowns ; hence by eiimination we can 


a 


derive two simultaneous equations of the form 


d NARE r r 
\ lat] = LVN la M\ Par (4 u) 
y — tr d : 
eer E a TRN ln? o n e (40) 
where L, M, R, S are certain functions of the coefticie 
of induction and coefficients of ca 
tions (1). 


Is O nts 
pacity involved in equa- 


to 
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If we solve (4b) for V,„ we have 


MV 2a LV,,— Vinay 
and, raising the subscripts by unity, we have, further, 
Iv —TV = 
M\ 2nt1 LV In+1 Vi 


Substituting these values in (+a), we obtain 
Vinge KV a NV a=, - . . (5a) 
where K =(L+8), 
N=(LS—KM), 


Similarly, if we eliminate the terms of the V, sequence, 
we obtain 


Voge KV 


2n43 2n+] 


+NV,=0 . . . .(5b) 


Now, the theory of finite differences * applied to (5 a) gives 
for V,, an equation of the form 


Vie Or aes am «KX (6a) 
and applied to (5 L), for Vyn 
Vam FO a w ee “a (OD) 
where ri, rg are the roots of the quadratic equation 
m—Kr+N=0, 


and Ci, Cy, C3, C, are constants, which are to oe determined 
from the initial values of Vin and Von. 

The values of the constants ri, rə, Ci, C3, C, C, L, Al, 
R, 8, obtained by actual solution, are given in Table I. 


2a 


TABLE I. 
L= S=(a 


/ 
—M = —R= (as, as las, 10 ™ as, 19 a5, 24), Ms 


25, 25 Bas, ot las, 13 Gas ie? 4, 


A= (Gig 53 4g, as, 19 G5, 19) 
C= C,=(V,4+V,)/27, 
C,= —C,=(V,,—Y,,)/2r,. 
"= (4,;, Aa 10)/ (455, 25 Gas, 19)s 
= (oy oa “as, rel! (Go 5s = 05. 55) 
open War S 
r,—-L=—M= —h=r,—-8, 
r —r =2M= 2R. 
*G. Boole, ‘A Treatise on the Calculus of Finite Differences,’ 


Chapter 11. 
52 
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The notation employed in this table requires a word of 
eee It will be noted that expressions of the oo 


Oy, r6 Occur. These are defined by a, p= apr + ap; + agr + agso 


The physical significance of these expressions, as Nee ae 
has pointed out, is that they are the electrical coefficients 
of pairs of bodies: for example, dy, 95 represents the co- 
efficient of capacity of the bodies 2 and 5, in this case 
connected together ; a,; 15 the coefficient of induction of the 
pair 25 and the pair 13 ; ete. 

Selecting 7, for further analysis, it can be proved that 


In order to show that 7, is less than +1, let us write it in 
the form 
Qos 6 + (5.4 


Qo. 4 T Aas a 


T,=- i 
ays. 3 + laz, 5 


los pt Uys o 


Now we know from the properties of the coefficientstthat 
As o Haas .< 9,” 
Ags, + los 9 > O, E 
dys 3 Faas 5 >0. 


Hence r, must be less than unity. 


The first of the inequalities (7) follows directly from the 
fact that every coefħicient of induction is neg itive. The 
second of the inequalities can be proved as follows : 


ys 1 E ys y= Ay, FAs) Haa + O55 | 


but, since the machine is symmetrical, a,,=a,,, so that our 
expression becomes 


Uys 1 E aas, = yy + Ay, Eaa + ay, 5 
and this is positive, since 
dy > Way + Gog + Aig 


The third inequality can be established in a similar manner, 
for (as, ,+4,, ,) can be written in the form 


ag E ys, 3 5 Cos E 53 Flos dss 
= 55 + 5 + lg, + adgs 5 


* J.C. Maxwell, ‘A Treatise on Electricity and Magnetism,’ i. p. 110, 
Srd ed. (139: 2I; 
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and this is positive, since 
sy > M Pan Tag 


In order to show that rı is greater than — 1, we proceed 
as follows :—IE r, is less than or equal to —1, we have 


das 16 F Los, 24 


<—l1; 
dys 13H Uy; 


125 
that is, ys, 1g Fas, a4 F a5, 13 F as, 25 <U. 
If this inequality is to be satistied, we must have 
A+B+CZ0,. -. . . + | (8) 
where A= la $y E ag + ay + Gas F Cogs 
B=a,, + dy, +44, + 4255 
C=a +a + Oy, + ys Hanta 


but all the quantities A, B, C are positive and greater than 
zero, so that the inequality (8) cannot be true. Hence r; 
cannot be less than or equal to —1. 

A similar analysis shows that rə lies in the range 


Summarizing the results obtained so far, we have 
7 — Re „R/s . F Pea 7 (] n bd ae S. 

V ma we Vey"; [2r + (4 ll \ me [ry } 
7T Vw De ., 7 ‘ 

Van =N ut Vor pa = (NVa als jars, L 


a, Ze T | 
-l<r<+l —=1<r,< +o. | 


. (10) 


From equations (10) a number of important conclusions 
ean be drawn :— 

First, it is seen that the terms in ri represent transient 
terms, which vanish for large values of n and are absent 
altogether, provided the potentials of the inductors are 
equal and opposite to begin with. 

Secondly, if > 1, and this is the case in practice, the 
Potentials of the inductors eventually become equal and 
Opposite, and approach infinity as n approaches infinity. 

urdly, for the case ry >1, r, <0 we have an oscillatory 
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transient term, since the potential of the inductor then 
satisfies the equation 


Vin=CO,(—p,)" Cr”, P, = | T 3 


(— pı)" being alternately positive and negative. 
Finally, it is evident that 7, is the ratio by which the 
° y» e e = iad . 
yotential of the inductors increases per quarter revolution. 
per q 
Ryerson Laboratory, 
University of Chicago. 


- 


XXVIII. On the Incident and Emergent Velocities of Photo- 
Electrons emitted from Thin Platinum Films. By 
CHIEN CHa, Ph.D. * 


Introduction. 


T is well known that Röntgen rays and y rays, on passing 
through thin films, produce different ionization effects 
on the two sides. A similar asymmetry has been observed in 
the numbers and velocities of photo-electrons emitted from 
the two sides of a thin film. The present work deals with the 
velocities of these electrons only. The side of a thin film 
upon which light falls will be referred to as the incident side, 
and the other side will be referred to as the emergent side. 

J. Robinson f investigated the velocities of photo-electrons 
emitted by a thin platinum film on the incident and on the 
emergent side. He found that for very thin films (less 
than 1077 em.) the maximum velocity of emission due to 
emergent light was greater than that dne to the incident ; 
for thicker films the reverse was found to be true. In 
his first paper he gave 1:24 and in his second paper 1:12 
as the maximum value for the ratio of emergent to the 
incident velocities. The same question was taken up by 
O. Stuhlmann, Jr. f at a later date. He confirmed Robinson’s 
results except in so far as the ratios given by Stuhlmann 
were a little larger. 

Neither the electromagnetic theory of light nor the 
quantum theory indicates any asymmetry of a measurable 
- order in the photo-electric effect. Richardson § and Swann || 
independently investigated the matter from the quantum 

* Communicated by Prof. W. F. G. Swann. Presented at the 
Christmas meeting of the American Physical Society, December 1923. 

t Phil. Mag. xxiii. p. 542 (1912); Pt. IL, Phil, Mag. xxv. p. 115 
(1913), 

$ Phys. Rev. iv. p. 195 (1919). 

§ Phil. Mag. xxv. p. 144 (1913). 

| Phil. Mag. xxv. p. 554 (1913). 


of Photo-Flectrons emitted from Thin Platinum Films. 263 


theory in slightly different forms, and Swann also investi- 
gated it from the classical electromagnetic theory. In all 
cases, the order of magnitude of the asymmetry predicted is 
far below that of the asymmetry actually observed. 

In the works of Robinson and Stuhlmann cited above, the 
films used were produced by means of cathode sputtering. 
Also, the ultra-violet light was furnished by a quartz mercury 
lamp and was unresolved. The results thus obtained could 
not be used to decide whether or not the effect under investi- 
gation has any fundamental significance, because it is quite 
conceivable that the conditions under which the experiments 
were carried out might have impressed upon the results this 
observed peculiarity. It would then seem to be in the 
interest of more precise information to have the phenomenon 
re-investigated with unresolved light as well as monochro- 
matic light, with sputtered films as well as evaporated films. 


Experimental Arrangement and Method. 


Figure 1 gives a diagrammatic representation of the 
apparatus used in the present experiment. It was made of 
glass with two quartz windows Q for the admission of ultra- 
violet light. F is a quartz plate upon which aoa films 
were deposited. P is a platinum plate for the purpose of 
sputtering, and W a platinum wire for the purpose of de- 
positing films by evaporation. l,isanironcylinder. I, are 
two iron bars with hemispherical attachments at the ends. 
The iron cylinder and bars were operated by electromagnets 
not shown in the figure for the purpose of lifting and turning 
the plate F respectively. © is an aluminium cylinder, the 
potential of which could be altered by means of a potentio- 
meter system. IL is a condensing quartz lens. M is a 
mirror silvered on the surface. 

The process of obtaining an evaporated film was as 
follows :—The wire W was heated to a white heat by passing 
a current through it. Then the quartz plate F was lifted 
into a position directly opposite the plate P by means of an 
electromagnet operating on the iron cylinder I. The electro- 
magnet, being made to move up and down along the upper 
portion of the tube by the rotation of an eccentric cam, in 
turn caused the plate to move up and down in front of the 
hot wire while evaporation was going on. This vertical 
motion of the plate extending over a distance of about 7 cm. 
was necessary in order to make sure of the uniformity of the 
resulting film. 

To obtain a sputtered film, the plate P was connected to 
the negative pole of a high tension battery, the cylinder C 
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was connected to the positive pole and the quartz plate F 

was lifted into a position directly opposite the plate P. 

All sputtered films used were obtained at a pressure of 
Fig. 1. 


To electrometer 


OO 


l = Earth 
"003 mm. of mercury, with a potential difference of 900 volts 
and a current of 20 milliamperes. 

A quartz mercury lamp was used as the source of light. 
When unresolved light was used, a narrow beam of it was 
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allowed to fall on the quartz lens L which focussed it through 
the film on the mirror M. The latter in turn reflected the 
light back on to the film. With this arrangement, the 
images on the film due to the primary and the reflected beam 
were of the same size. Monochromatic licht was obtained 
by means of a Hilger monochromatic illuminator. It was 
focussed as in the case of unresolved light. 

Measurements of the maximum potential to which the film 
was raised as a consequence of the emission of photo-electrons 
were made by applying a negative potential to the aluminium 
cylinder C such that only potential less than 1/100 of a volt 
was left to be indicated by the deflexion of the electrometer. 
The reading of a voltmeter included in the potentiometer 
circuit, added to the deflexion of the electrometer in terms 
of volts, gave the true potential of the film. In each reading 
taken, lieht was first shut off from the mirror M until the 
elecironicter had attained its full deflexion and then was 
allowed to fall on the mirror. Any consequent change in 
the deflexion was a measure of the difference of the incident 
and emergent velocities of electrons emitted from the film. 
The film was then turned through an angle of 180° by means 
of an electromagnet operating on the iron bars I so that the 
quartz side was facin g the lens L, and a similar reading was 
taken. 

A liquid air vacuum was maintained in the apparatus 
throughout the course of the experiment except when 
sputtered films were being made. Evaporated films were 
made and kept in liquid air vacuum. 


Results with Evaporated Films. 


It is customary to express the velocity of an electron in 
terms of the potential that has to be applied in order to stop 
its motion. The velocity cand the potential V are connected 
by the relation : 


$m? = eV, 


where m is the mass and e the charge of the electron. 

Table I.* gives the average readings obtained with mono- 
chromatic light, for different wave- lengths. All the data in 
this table refer to cases where the primary beams of light fell 
upon the film side of the plate. They clearly show that the 
asymmetry of velocities, which was looked for in the 
experiment, is absent if the film is obtained by evaporation. 

* The apparent absolute agreement of the readings for mirror on and 


mirror off simply indicates that the mirror caused an alteration of the 


electrometer deflexion corresponding to less than O-QU1] volt in each 
Ciise, 
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TaBe I. 
(Monochromatic Light : Evaporated Films.) 


Potentials measuring Maximum Emission Velocities 


Time of (in volts). 
Deposit z é 5 
(in min,). A=2537A. A\=2150A. A=1849A. 
Mirror Mirror Mirror Mirror Mirror Mirror 
off. on. off. on. off, on. 
n EEE 0:510 0510 1°423 1:423 2-98] 2:281 
C S E 0508 0°508 1:420 1:420 2:282 2-282 
Osise Vd11 0:511 1:419 1:419 2-280 2280 


Furthermore, these readings show that this absence of 
asymmetry is independent of the thickness of film and the 
wave-length of light over the range covered by the 
experiment. 

When this result was first obtained, it was feared that 
the amount of light reflected back on to the film by the 
mirror M, which was supposed to be responsible for the 
emergent photo-electric ettect, might not have been sufficient 
to give rise to any measurable photo-electric effect. In other 
wor rds, it was feared that the intensity of light might have 
been very greatly reduced by the reflexion, and absorption 
in the film. Therefore a set of readings of the photo- electric 
current was taken after every set of readings of the photo- 
electric potentials. The current readings corresponding to 
the potential readings of Table I. are given in Table II. In 
the latter table, the current reading obtained when the 
mirra? M was shut off is taken to be unity for each particular 
thickness of film and also for each particular wave-length of 
light. The readings clearly show that the amount of light 
reflected back on to the film in each case is amply suthcient 
for the production of a photo-electric effect. Consequently, 
if the emergent velocity were vreater than the incident 
velocity, this effect should have manifested itself in the 
measurements of Table I. 


Tage II. 


(Monochromatic Light: Evaporated Films.) 


Time of Relative Magnitude of the Photo-Electric Current. 
Deposit o P ô 
(in miu). A= 23TA, `=32]1504A. A=IS849 A. 
Mirror Mirror Mirror Mirror Mirror Mirror 
off. on. off, on. off, on. 
S EEA 1 160 l 1'64 1 1°62 
WD wicdewcvtles 1 1:52 1 1-49 ] 1:50 
O caseiaeinees ] 1°36 1 1:35 1 1:36 


There is, however, left another possibility. We remarked 
in the earlier part of this paper that Robinson found, for films 
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thicker than 10-7 em.. the ratio of emergent to incident 
velocities to be less than unity. Owing to the particular 
manner in whieh the readings recorded in ‘Table I. were 
obtained, anv emergent velocity, if smaller than the incident 
velocity, would not hate a chance to influence the electric 
potential measured. Although the thickness of the films 
used was decidedly less than 1077 em. and so could not give 
the ratio of emergent to incident velocity less than unity 
according to ltobinson’ s results, nevertheless it was thought 
desirable to repeat the experiment in such a way as to 
remove definitely even this improbable possibility. The film 
was consequently turned through an angle of 180° so that the 
quartz side was facing the condensing lens, and a set of 
readings similar to those of Table I. was taken. These 
readings are given in Table ITI., and they are identical with 
those in Table I. within the limit of observational error. 


Tague IIT. 
(Monochromatic Light : Evaporated Films.) 


Potentials measuring Maximum Emission Velocities 


Time of (in volts). 
Deposit m 6 o 
(in win.). A= 25374. A=2I150A. A= 18494. 
Mirror Mirror Mirror Mirror Mirror Mirror 
off. on. off. on. off. on, 
n PEE A 0509 0509 1:421 1:421 2279 227 
e EE 0:513 0513 L418 1#4I8 2282 2-289 
O ienes 0512 0:512 1:422 1-422 2284 228 


In Table IV. are recorded the measurements made with 
evaporated films when unresolved light was used. Since the 


Tague IV. 
(Unresolved Light: Evaporated Films.) 
Time of Potentials measuring Maximum Emission Velocities 
Deposit (in volts). 
(in min.). 
Mirror off. Mirror on, 
e E (2281) 2-281) 
ES a AT (2282) (2282) 
O ainena 2:280 2280 
TO VUE 22718 2278 i 


line of shortest (wave-length present in the light used was 
probably 1849 A, these readings really give the potentials 
due to that line. The readings enclosed in parentheses were 
in fact taken with the line 149 A°. The excellent agreement 
which they show with the readings actually obta: nied with 
unresolved. light testifies to the soundness, of our statement 


above. Just: as the use of the line 1849 A did not give rise 
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to any lack of symmetry in the velocities of the photo- 
electrons, so the use of unresolved light did not disclose the 
effect which was looked for in the experiment. 


Calculation of Planck's Constant “he? 


Although the purpose of the present investigation was not 
the determination of Planck’s constant, it was “thought to be 
interesting to find out whether or not the correct ‘value of 
“h” could be caleulated from the results obtained. This 
procedure would serve as a good test of the reliability of the 
experiment, 

The photo-electric effect was among the first effects to 
which the quantum theory was applied. The following 
relation connecting the maximum emission energy of a photo- 
electron and the frequeney of the light causing its emission 
was proposed by Einstein in 1005 and is known as Einstein’s 
equation : 


Ve=hv— w. 


where e is the electronic charge, v the frequency of light, 
h Planck’s constant, V the diferenco of potential necessary 
to stop the electron, and w the energy lost in getting out of 
the substance, Stated in w ords, this means that the ene rgy 
of a photo-electron ejected from a substance by light ‘of 
frequency v is equal to the energy associated with a quantum 
of light of that frequency, mately hy, less the loss of energy 
in wetting out of the substance. There are several important 
implications of the equation, and two of them can be stated 
as follows: 

(1) The energy of a photo-electron is a linear function of 
the frequency of light. 

(2) The slope of the line connecting the energy and the 
frequency is the well-known gnantum constant © he 

lor a time it was thought by some investigators that the 
photo-electrons from thin films had nee essarily high emission 
velocities. Stuhlmann and Compton * found that there was 
no departure from Einsteins law, provided adequate care 
were taken to prevent the formation of charged layers, 
apparently due to the presence of soft wax or grease inside 
the apparatus where the film was sputtered. 

At the time when Robinson and Stullmann published 
their result that the maximum emission energy of the photo- 
electrons from a thin film was greater when thev left the 
emergent side, the investigations of the emission energies of 
photo- electrons from ordinary surfaces all led to values of 
“h” about 10 per cent. or 20 per cent. too low. It was 
therefore suggested that the correct value for “ A” might be 


* Phys. kev. ii p. 199 (1913); it. p. 2627 (1918). 
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obtained if the velocities were measured for the emergent 
side. In view of the later experiment by Millikan * on the 
incident velocities of the photo-electrons from which “ A” 
was accurately obtained, the above explanation can no longer 
be maintained. 

The curve in fig. 2 was plotted with the readings recorded 
in Table I. for the film whose time of deposit is 8 minutes. 
Since the readings for the other films are practically the 
same as those used, the curves due to them are not included 
here. It is clear that, over the range covered by the present 
experiment, the maximum emission energy of a photo- 
electron emitted from a thin evaporated ‘film is a linear 
function of the frequency of light. 


Fig. 2. 


54066, 2:28! 


300 
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The curve in fig. 2 was plotted with the maximum potential 
in e.s.u. against the frequency of light. If Einstein’s 
equation holds in this case, the slope of the line should be 
equal to h/e, where A denotes Planck’s constant and e denotes 
the electronic charge. The value of this slope can of course 
be measured directly from the graph. But it was thought 
desirable to obtain it in a little different way. A straight 
line was drawn through every possible pair ‘of points and 
the slope of the line was caleulated. The mean of these 
slopes was then taken to be the slope of the line repre- 
senting all the points. Its value is saan X IOV, ‘Taking 

* Phys. Rev. vii. p. 355 (1916), 
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Millikan’s value of e, whichis £774 x 107! e.s.u., we obtain, 
for the value of Planck’s constant, 


h= ae x 107! x 4774 x 107! erg. sec. 
= 6415 x 1077 erg. see. 
Comparing this ay the Ta of “h” given by Millikan, 
namely, 6547 x 107", the value e adenlated from the present 
experiment is about 2 per cent. too low. In view of the 
fact that the experimental error is probably of this order of 
magnitude, it is believed that no better agreement can be 
expected. 
Results with Sputtered Films. 

In Table V. are recorded the potentials corresponding to 
the maximum emission velocities of photo-electrons from 
sputtered films when monochromatic light was used. Here 
appears distinctly the asymmetry of emission velocities which 
was absent in the case of es vaporated films. Two other points 
are ulso noticeable, First, over the range of the present 
experiment, the ratio E/T decreases with the increase of the 
thickness of the film. The form of the carve representing 


Tape V.—(Monochromatie Light: Sputtered Films.) 


Time of Deposit (in sec.)............ 30 60 90 
Z A od Mirror off (I) ............ 0:524 0:553 Ones 
E5 2 4 Mirror on (B) «0.0... 0:630 O34 0-640 
Aga 

a= LO EEEE 120 1:15 1:09 
Em | f Mirror off (I) 2.00... a. «bade 1455 1-524 
ToT 

z S wm \ Mirror on (E) .......... 1669 1:654 1:68 
E Tanoa 11s V4 107 
aoi iN OW (y irei 1915 L954 2077 
ae a 7 

e = Sr) Mirror on (E) aeea 2272 226 2271 
rome ; 

ate S O ET 119 115 1:09 


this variation is given in fig. 3. Secondly, over the range 
of wave-lengths used in the experiment, the ratio 1f/I stays 
ractically constant. 

Table VI. gives the potentials corresponding to the maxi- 
mum emission velocities of photo-electrons obtained with 
unresolved light. As in the case of evaporated films, the 
readings due to the line 1849A are hero tabulated with 
the readings due to unresolved light, it being assumed that 
the line 1Si9 A was probably the hng of shortesi wave-length 
present in the unresolved light used, and consequently the 
line responsible for the resulting potential of the film. Here, 
again is observed a distinct asymmetry of velocities. Also, 
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Taste VI.—(Unresolved Light : Sputtered Films.) 


Tine of Deposit Potentials measuring Maximum Emission Velocities 
(in sec.). (in volts). 
Mirror off (1). Mirror on (E). ET. 
BO!  aasscsessne (1:915) (2°27) (1:109) 
60 ere (L954) (2265) (1°14) 
Cl ere ie 2-105 2-273 1-08 
DO auen suas, 2142 2271 106 
Fig. 3 
1.20 
1.15 
Lie 
1.10 
` 
1.05 
O 30 60 90 


Time of deposit in seconds. 


the ratio E/I decreases with the thickness of the film. The 
form of this variation is shown in fig. 4 


Fig. 4 
1.20 
1.15 
W- 
1.10 
1.05 
(0) 30 60 90 I20 


Time of deposit in seconds. 

It may be mentioned in this connexion that the form of 
the curves in figures 3 and 4 representing the variation of 
the ratio of the emergent to incident velocity with the 
thickness of film is in accord with the results given by 
Rebinson and Stuhlmann. 


Discussion. 
All the data presented in this paper point unmistakably to 
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the conclusion that the observed asymmetry of velocities 
of photo-electrons is due to some fundamental difference 
or differences existing between a sputtered film and an 
evaporated fiim. A more thorough study of the properties 
of these two types of films than has so far been made, will 
undoubtedly be of great value to the formulation of 
adequate explanation, One thing, however, is clear, that is, 
the fact that while evaporation is done in the best vacuum 
possible, sputtering requires a fairly high pressure. This 
immediately leads to the possibility ‘that the residual gases 
which are occluded or absorbed by the particles of matter 
during the process of sputtering may be chiefly responsible 
for the subsequent lack of symmetry which is observed on 
the maximum velocities of the photo-electrons emitted by 
the film. If in addition we make the assumption that photo- 
electrons are shot out from their systems in the direction of 
the light, it seems obvious that electrons due to the incident 
light, in order to come out on the film side, will have to 
describe orbits within the film, thus travelling a greater 
distance through the film and consequently through the 
occluded gases than electrons due to the emergent light. 
Just what the electrons do when they travel through “the 
occluded gas is not known, but it is reasonable to suppose 
that they suffer a loss of velocity. This would account for 
the excess of the emergent over the incident velocity. 

It is of course not practicable to base any conclusions on a 
comparison of the absolute velocities of the electrons emitted 
from ev aporated and sputtered films, as the work function 
may be quite different for the two cases, 

A rather remarkable result is found if we plot the maximum 
velocity against the frequency for sputtered films. Instead 
of obtaining a linear relation as in the case of evaporated 
films, we obtain curves departing far from linearity, so that 
it wonld be impossible to attach any significance to the 
calculation of “h from the results for sputtered films. The 
non-linearity of the curves suggests that both in the case of 
the electrons emitted by incident light and also in that of 
the electrons emitted by emergent light, the loss of energy 
in passing through the occluded gases in the process of escape 
from the surface is a function of the velocity of the electron. 

The investigation described in this paper was carried out 
under the direction of Professor W. F. G. Swann, at the 
University of Minnesota, and the writer desires to express 
his deep apprect iation to Professor Swann for the very kind 
advice and encouragement which he extended throughout the 
course of the work. 


Department of Physics, 
University of Minnesota. 
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XXIX. A Gyro Compass incorporating two Gyroscopes. 
Ly Professor Sir James B. HENDERSON, J).Sc.* 


T gyroscopic compass is a scientific instrument of the 
most sensitive kind and is an excellent example of 
the application of theory in practice. It can be so designed 
that the action of the compass under all conditions can be 
alculated to a high degree of accuracy so that before the 
instrument is constructed its behaviour under any circum- 
stances can be foretold, and when the design has materialised 
the problem then becomes one of locating and eliminating the 
causes of any differences between the actual and the theoretical 
behaviour. 

During the last ten years the most important problem 
in gyro compasses has been the elimination of the deviation 
of the compass introduced by the oscillations of the ship 
due to wave motion; and when the history of this period 
comes to be written, an important phase of development 
will be that in which the compass comprised two gyro- 
scopes. One such compass made by the Sperry Gyroscope 
Company had one of the gyroscopes meridian-seeking and 
the other the reverse, but the latter was compelled by dis- 
continuous torques to follow the former. In another two- 
gyro compass made by the author both gyroscopes were 
meridian-seeking, all torques being continuous functions 
and the interaction of the two gyroscopes providing mutual 
damping. The mathematical analysis of the motion of this 
latter compass, the conditions for its stability, and the 
investivation of the damping coefficients of both periods 
form the subject of this paper. 


l Description of the Compass. 


Fig. 1 represents diagrammatically a front elevation of 
the compass without its supports or following motor, and 
fig. 2 represents a side elevation of the sensitive element 
alone. 

The compass contains two gyroscopes A and A’, supported 
respectively upon horizontal trunnion axes B and B? in 
vertical gimbal rings C and (C pivoted on the vertical 
trunnions V and V’ in the frame D. This frame is 
pivoted on the vertical trunnion U in the follower Z. The 
follower is supported in a binnacle on a large ball race by 


* Communicated by the Author. 
Phil. Mag. S. 6. Vol. 49. No. 289. Jun. 1925. T 
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the disk E which is toothed on its periphery and is driven 
in azimuth by a small motor controlled by a roller contact F 
carried by the frame D of the sensitive element and engaging 
with a two-part commutator G fixed to the follower Z. The 
following motor therefore keeps the follower Z in phase 
In azimuth with the roller contact F. The frame D is 
suspended from the bridge R carried by the plate E by 
the filar suspension S ; the ring C is suspended from the 


Fig: 1, Fig. 2. 
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frame D by the torsion element H, and the ring C is 
supported from the frame D by the torsion element ist 
which is in thrust. 

The gyroscope A is put in gravitational stability by the 
weight W, aud the gyroscope A’ is put into gravitational 
instability by the equal weight W'. The main idea in the 
design is to get an arrangement in which the gravitational 
control is practically neutral for periodic accelerations of 
short period due to waves, which is the case if the gyro- 
scope eases A and A’ carrying the weights W and W’ are 
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connected together by a viscous element. The details of 
this arrangement are omitted in the diagram in order to 
prevent complication. The gyroscope A’, if acting alone, 
oscillates about the meridian with its axis of angular 
momentum pointing South, and in order to damp these 
oscillations energy has to be supplied to the gyroscope by 
couples about the vertical axis assisting the precession. 
The gyroscope A, if acting alone, oscillates about the 
meridian with its axis of angular momentum pointing 
North, and to damp these oscillations energy has to be 
taken from the gyroscope by couples acting about the 
vertical axis opposing the precession. Hence a mutual 
torque between the two gyroscopes due to the torsion 
elements H and H’ will assist in damping the oscillations 
of both gyroscopes if the stable gyroscope A _precesses 
faster than the unstable one A’, i.e. if A has smaller 
angular momentum than A’. 
With such a combination there would evidently be a 
stable state with A and A’ in the same azimuth and 
therefore producing no twist in the filar H-H’ and with 
A’ tilted more than A so that both precessed in azimuth 
at the same rate, in which condition they might precess 
together continuously round and round in azimuth. In 
order to prevent such a stable state from arising, an 
external torque with a vertical axis is applied to both 
gyroscopes proportional to the difference between the tilts 
of the two rotor axes and in such a direction as to tend to 
keep the axes of A and A’ in phase as regards tilt. This 
torque is produced by displacing the roller contact F in 
azimuth by an amount proportional to the difference in tilt 
between the two gyros. Horizontal cranks Q and Q' are 
fixed to the trunnions B and B’ of the gyros A and A’ 
(fig. 2), and these are connected by connecting rods P 
and P’ with two bell-cranks N and N’ pivoted on a 
spindle M carried by the frame D, so that the bell-cranks 
N and N! tilt in phase with the two gyros. The roller 
contact F is mounted on a lever K which is pivoted on 
a crank-pin L fixed to the bell-crank N’, and a crank-pin L 
on the bell-crank N engages with a slot in the end of the 
lever K. It will be evident that this mechanism displaces 
the roller F in azimuth by an amount proportional to the 
difference of tilt of the two gyros, and by actuating the 
following motor twists the suspension S by an amount 
proportional to the difference in tilt of the two gyroscopes 
in the direction required to reduce that difference. 
T 9 


= 
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Equations of Motion. 


Let 0, be the azimuthal deviation of gyro A 
6. 9 9 “9 gyro A’ z 
reckoned +ive from N. to W. 
ġ, the tilt of gyro A reckoned +ive with N. end high. 


$: ” gyro A' 9 ” ” 
Gq, the gravitation torque on gyro A due to tilt ). 
Gd, » . »  gyroA’ p de. 


h(@,—6,) mutual torque due to torsion element H-H’. 
n(d;—s) torque on both gyros applied externally 
through suspension. 


LQ, angular momentum of gyro A. 


TQ, a is gyro A’. 
w, angular velocity of precession of gyro A Y 
7 / 
w: 9 9 39 29 gyro A Í 


due to unit couple. 
w angular velocity of the earth. 


A latitude. 


w, and œw, are introduced to avoid reciprocals in the 


equations. 
unit couple 


LRQ, ` 


A unit couple Por ere 
LQ = 

It is most convenient to refer the motion of the gyroscopes 
to axes which move withthe rings C and C'. Thus in figs. 3 
and 4, which refer respectively ‘to the gyroscopes A and A’, 
OB represents the horizontal trunnion axis B, OV represents 
the vertical trunnion axis V, and OX is perpendicular to 
both and represents the azimuth of the rotor axis OA. OM 
represents the meridian, and OP is a vector parallel to the 
axis of the earth and represents the angular velocity of the 
earth. The angle MOX is @,, AOX is Or and POM is A 
the latitude. 

Writing down on each axis the component angular 
momentum, the component couple, and the component 
precessional velocity, and equating the couples to the rate 
of increase of the component angular momentum, assuming 
9 and ¢@ to be small angles, we get from fig. 3: 


Gd, = 1,Q,(@ sin +ô.) — [Qi hiw cos À, 
0,--9,) + n(d.—¢;) = 1,0,4, + LQ w COSA. 0, } 
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Fig. 3. 


V 
w sin A+, 
h(€2- 8) tng) 


IA, Sin ¢, 


-w cosA Sine 
B' 


G, 


Fig. 4. 
w Sin Ate, 
h (8-2) +n (42° 9) 
“1,0, sin $2 


-w cos À Sin 82 
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and from fig. 4 : 
— Ge: = —1,0.2(o sin A+ 6.) + I,Q.62@ cos À, 
h(O0,;—05) +n- 1) = —T1,03¢.—I,Q, w Cos À . Oa. 


Whence 
ô, = p:[Gw + w cos A| — w sin À, l 
y= P| Gw: +w cos A] —w sin dA, (1) 


od, = —øw cos A . 0,—hw,(A,—- 0:)— noili — $2), 
do = —w cos À . Â; — hws (01—03) + nwl pi — e). J 


0+0: =a, 0 —0:= 8, hith: = y, and $,—¢:= ô. 
Let wtw =s and -w = d, 


then by substitution we get 


a GF s+ a) — 2w sin A, } 
B G (Za+5s) 


e 


y =—wcosr.a—hsB—ndé, 


§ —-—weosr. B—lhdB—nsé. 


The term w cosa has been omitted in comparison with G@,. 


Jn the ordinary eee compass Ga, is ate, 
3 minutes 
whereas @ cosa Is at 7A=60°, and the latter is 


48 ie 


negligible in comparison with the former. 2 is of course 
double the mean deviation of the two gyros, 8 is their 
relative motion in azimuth, y is double the mean tilt, and 
6 is their relative tilt. 


To find the settling position a=B=y=5= 0 and denote 
zero value by the suffix o or more directly in equations (1) 
let . 

ô, =0,=ġ$ = ġ =0; 
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then 
wsin À w sin À 
of3 TT Gage? of = Go, ) 
o0(hw + w COS A) = oz - hwi — nw, 5p 
wsin À .nd 
= hw <60; + Ga» à 
and, = — = 
x 
All these values are due to wsind, and by putting a 
weight on the North side of the stable gyro and one on the 
South side of the unstable gyro, all can be reduced to zero 
as is done in the single-gyro compass. 


Periodic Motion. 


Let a= a+ Ae, B= By+BeP!, y= yo+ Cert, 
and ò = å + De”. 


A, B, C, and D are determined by the initial conditions 
and we bave to eliminate these to determine the values 
of p. Substituting in equations (2) and eliminating A, B, 
C, and D, we get the determinant 


Gs Gd 
2 5 o a Sa 
Gd G 

| 9 p -53 -5 |=0 . (3) 
| w COS Xr hs p nel 


0 (kd+q@cosrx) 0 (p+ns) 
Expanding this we get 
p't p'ns + p?. Gs(hd+ cos A) + pnG 


s? — d? 


5 (hd + cos A) 


8 — C a 


4 


+w cos A(hd +w cos A) .G? 0; 
or 
pit p°ns+ p?Gs(hd + o cos X) + 2pnGoiw(hd + w cos A) 
+w cos .AdG’w,o, = 0; 
or if w cos à is small compared with 4d, we get 


pt + p'ns + p?Gshd + 2pnGho,ood 
+w cos À .idG*w,o, =0. . (4) 
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In order that the instrument may be a compass this 
equation must represent two damped oscillations, one 
being the oscillation of the two gyros together and the 
other their relative oscillation, The former is the period 
of the compass and the latter a much shorter period. 

The first condition in order that this equation shall 
represent two damped oscillations is that all coefhcients 
of p shall be positive *. That is satisfied if d is positive, 
i.e. if @ >w ‘That is, the stable gyro has smaller angular 
momentum (or greater gravity control) than the unstable 
one. The equation in p has to be resolved into two factors 
as follows :— 


(2+ 2Aip + Ai?+ By) (p? 4 2Agp + Aq? +B.) = 0, 


in which A; and A, are the damping coefficients of the two 
oscillations, and By, and By ure the two frequencies or 
9 
periodicities, ¿. e. --——,. 
period 
When tho damping is zero let p) and p be the 
periodicities ; then 
Ct pr)? +p’) = 03 
or pit pi ( pr’ + po") + pn? pe? = 0. 


If in equation (4) we make n=0, the damping disappears 
and 

Pityp2Z= Gshd, py p= w cos r.hdG*aiw, ; 
and if p,=10p, by assumption, then 


pm? = Gshd, 


. © COSA. Gwjwe 


and 


=~ 
ts 
| 


8 


The second condition that equation (4) shall represent 
two damped oscillations is 


EN coeff. of rs 


PE coeft. of Pp >p? 2" 


ie Gshd > 2Ghd. 2 >w cosd. Cae 


; 
or (wi +w)? > ww, and 2h(w,—w) > weosr. 


* The conditions that an equation p‘+ap'+bp?+ep4+d=0 shall 
represent two damped oscillations have been stated by Routh as 
(1) all coeficients must be positive and (2) abe—c?—a?d>0. This 
last condition leaves a very large range of choice of the coeflicients, 
which must therefore be decided by other considerations. 


incorporating two (ryroscopes. 281 


The first is necessarily true and the second can be arranged 
by suitably choosing the torsion element. 

The periodicity in the ordinary single-gyro compass is 
given by 


Y 2 
pP = Gwj.wcosÀ =( i) 


SD minutes 


Hence we see that if the gravity control of each gvro 
in the two-gyro compass is to be approximately the same 
as in the one-gvro compass—which must be the case if 
the ballistic detlexion is to take the compass on to the 
virtual meridian,—then the periodicity of the two-gvro 
compass must be less than that of the single-gyro compass 
in the ratio of 1: V2; ; i.e., the period of the compass is 
increased in the ratio of v2:1, or instead of being 
&5 minutes the period will be 120 minutes. 

Assume arbitrarily the ratio pı: p= 10, and also assume 
a ratio of œi :@ sav l'l: that is, make the stable gvro 
with 0'9 of the angular momentum of the unstable gyro. 


n? = 100 p, 


Gand 2 O Gowo cosa 


@) + Wo 


or h(w,;—w,) = — ~~, weosr 


and w, = l'la; 


9 
` Zr 
or at A= 5]° ha, = Panes 
9 minutes 


Hence a twist of 1 radian in the torsion element connecting 
the gyros would make the unstable gyro precess with a 
speed equal to one revolution in 9 minutes. This determines 
the stiffness of the torsion element. 

It still remains to determine the stiffness of the suspension 
through which the damping torques are transmitted and to 
calculate the damping coetticients A, and Ag. 

If we write equation (4) as 


pitap*+bp?+ep+d' = 0, 


the values of A, and A, the damping coefficients, are 
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given by 
a 
ae) en 


and A,= 
= (p =p: ) ue = (p =p?) 
But ; 
a _gGhdao, 2mm, _ 2x11 1 
peo Gëhd — (wto)? (271)? © 
n Meese 2 


2(1— o 3°96 


a(s—yho)_ a 
and A;= 91,60) = Ts 


A, is the dumping coefficient of the period of the compass. 
Suppose that we damp out the oscillation in one period, 


9 
: 2r 
say, to 0'2 per cent., i.e. e7?" ; then A = on. --- and 
s ” 120 minutes 
2T 2r 


303 e NW = ann Hence the twist in the 


suspension due to one ‘radian difference of tilt will impart a 
precessional velocity to the unstable gyro equal to one 
revolution in 30 minutes. 


a = ns = 


E em oT 
t = 30x396 7 119 minutes’ 


Hence the short period is practically damped out in the 
sume time as the long period. 

It remains only to “note that the torque in the suspension 
assists the precession of the unstable gyro when its tilt 
exceeds that of the stable one, otherwise it resists this 
precession. That is, if the North end of the unstable gyro 
is tilted above the North end of the stable one, the twist in 
the suspension forces the North end of the unstable gyro to 
the West, 

The particular arrangement shown in figs. 1 and 2 has 
been selected because it makes the mathematical equations 
symmetrical for the two gyroscopes and introduces the 
minimum number of terms. ‘The introduction of the viscous 
connexion between the gyroscopes adds more terms, as also 
does any other arrangement of the roller contact. ‘This 
arrangement, however, serves to typily the mathematical 
methods. 
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In this connexion I would like to express my indebtedness 
to my mathematical colleague Professor Wm. Burnside, 
F.R.S., for valuable assistance in this and many other 
problems. 


Summary. 


The following is a sammary of the results of the above 
discussion :— 

It is shown how the two periods of oscillation of a 
structure carrying two gyroscopes such as a gyro-compass 
may be calculated; also the conditions for their mutual 
damping. 

The undamped periods of the compass described are 
120 and 12 minutes in latitude 51°. 


Gravity control is such tbat Go,= T 


3-14 minutes `“ 
the gyro is tilted 30° from horizontal its axis will describe 
a cone round the vertical of 60° angle in 3°14x v3 minutes 
= 5'4 minutes. 

The unstable gyro has 10 per cent. greater angular 
momentum than the stable one. 

The torsion element connecting the two gyros about the 
vertical is such that a twist of 1 radian would give to the 
unstable gyro a velocity of precession of 1 revolution in 
9 minutes. 

The suspension and the linkage to the switch producing 
the torque in the suspension are such that a tilt of one gyro 
through 1° relatively to the other produces a rate of 
precession of the unstable gyro of 0°64 degree per minute. 

Ihe long-period oscillation is damped to 0'2 per cent. 
in 120 minutes. 

The short-period oscillation is damped to 0°2 per cent. 
in 120 minutes. 

The compass settles on the meridian with both rotor axes 
horizontal provided that weights are placed on the N. end 
of the stable and S. end of the unstable gyros sufficient 
to produce the precession wsindA, the velocity of the 
meridian about the vertical. 


e., if 
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XXX. Dimensional Analysis. 
By NORMAN CAMPBELL, Se. D. 
[A reply to Mr. Buckingham’s criticism (July 1924, p. 141) of 
my paper (March 1924, p. 481). | 
WAS careful to refrain from any direct criticism of 
Mr. Buckingham’s work; but he has misinterpreted 
my meaning so gravely that I must be more definite. 

I did not cast, and would never think of casting, the 
smallest doubt on the value of Rayleigh’s use of the argu- 
ment from similarity; and I share fully Mr. Buckingham” S 
great admiration of de workol the Aeronauties Staff of 
the N.P.L., of which I was at one time an insignificant 
member. But I deny that this highly important work 
has anything to do with “ diinelisional analysis,’ as ex- 
pounded by Mr. Buckingham and others. The question is 
not whether the argument is valuable, but what exactly 
the argument is. 

Mr. Buckingham speaks of expounding the argument 
in text-book fashion. Alas, there are text-books and text- 
books! If a writer of a text-book on arithmetic devoted 
all his space to elaborate rules for drawing lines of the right 
width in the right places among tigures entered in per fectly 
vertical columns, and if he omitted to point out that the 
operations entered in this beantiful manner must be con- 
ducted with an eve to the multiplication table, would he 
be able to rebut an accusation that the book was worthless 
by appealing to the great importance of arithmetic in 
technical physics ? 

The analogy is exact. The fundamental conception of 
the argument as used by Rayleigh is similarity. The 
concept of dimensions may be convenient in applying it; 
but Rayleigh did not always employ it, and, as I tried to 
show, it is never necessary, And yet in one of the papers 
which (I suppose) constitute the text-book * there is not 
a single mention of the word similarity, or of any svnonym, 
and nothing but the most oblique hints that. the Sy stems 
to be compared must be even geometrically similar. There 
is no indication of why dimensions are relevant at all. The 
paper is a mass of elegant irrelevancies from which the one 
thing needful is carefully excluded. 

The insistence on dimensions and the neglect of similarity 
is the direct cause of the errors to which I drew attention ; 
nothing of physical importance can be derived from the 
consideration of dimensions alone. In fact, I would go 


* E. Buckingham, Phil. Mag. xlii. p. 696 (1921). 
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further, and maintain that the conception of dimensions 
is totally useless and, in view of its dangers, should be 
abandoned. It was introduced originally to describe how 
the numerical value of a magnitude would change with the 
units employed in measuring it, on the assumption that 
the formal constants of the laws defining the magnitudes 
would always remain unaltered. Experience has shown 
that the assumption is untrue ; physicists often find it con- 
venient to change the formal constants rather than the 
numerical value. Moreover, units are now so standardized 
that the results of any change that ever occurs can be 
and are tabulated in detail; there is no need to consider 
how they can be deduced. The use of dimensions in 
checking an equation by examination of the dimensions 
of its two sides has also proved worthless; for equations 
which do not satisfy the criterion can be found in the 
writings of the most eminent physicists. Such discre- 
pancies (usually due to the omission of “¢”) are doubtless 
due to inadvertence, and are not to be defended. But 
if the retention of dimensions in all our text-books cannot 
save us from such errors; if it encourages so greatly the 
activities of the modern equivalent of circle-squarers and 
leads to the abuse of one of the most valuable weapons 
of experimental research ; is it worth while to puzzle with 
it the heads of our students and, incidentally, our own ? 


XXXI. The Coolina Power of a Stream of very Viscous 
Liquid. 


To the Editors of the Philosophical Magazine. 
GENTLEMEN, — 


È a recent paper * I showed the effect of introducing 
a viscosity term into Boussinesq’s treatment of the 
cooling power of a stream of inviscid fluid. In the analysis 
the equations of motion ete. were written down and certain 
substitutions were made for the variables involved. The 
resulting equations were quite free from terms representing 
the properties of the fluid etc. except that, in the notation 
adopted, a c v/k group remained. It followed that the heat 
loss from similar bodies was given by 


hL =F[(e L/y); (v/k)]. 2 6. AD 

This equation is true. 
In the body of the paper it was indicated that for very 
viscous liquids the equation may tend to the form i 


hL/kO=F(v, Ljv). 
* Phil. Mag. xliv. p. 940 (1922). 
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Unfortunately this is invalid, for it was erroneously supposed 
that if certain acceleration terms were neglected the cv/k 
group would disappear from the equations. Actually, however, 
with the substitutions given, it remains as (cv/k)T’. 

For the amended analysis the correct substitutions can be 
obtained from those given in equation (5) by writing kje for 
v and P=pr? (cv/k)II for P=pr2 II. All properties of the 
fluid etc. then vanish from the transformed equations (6) and 
the boundary conditions (8), except that (//cv)(U', V', W°) 
-occur in the equations of motion. From the heat flux 
relation it then follows generally that 


AL/LKO=F (ev, Le/h) 5 (ev/h)], 


an equation which is merely (17) in another form. 

For very viscous liquids, however, k/cy tends to be very 
small, and if the acceleration terms (4/cv)(U', V', W’) are 
neglected we obtain 

hL/ké =F (v Le/k). 
It is interesting that this simpler expression is of the same 
form as that which applies to inviscid fluids, the viscosity v 
being absent. Itis in good agreement with the tendency of 
my experiments on the forced cooling of wires *—for the 
most viscous liquids used the heat loss term tended to vary 
as K(v, Lejk)’, where the factor R represents certain resi- 
dual effects. 
I am, Gentlemen, 
Yours faithfully, 
August 1924. A. H. Davis. 


XXXII. Notices respecting New Books. 
The Measurement of Fluid Pressure and Velocity. By J. R. 
PANNELL. (Arnold & Co. 10s, 6d.) 


TIXHIS volume, which is a notable production of the Aerodynamics 
Department of the National Physical Laboratory, has a sad 
history. It is edited by Mr. Frazer, of the Department, and 
‘opens with a foreword by Mr. Southwell, the head of the Depart- 
ment. Mr. Pannell was killed in the trial flight of the rigid 
airship R.38, after notable work on the speed and general 
properties of the airship. His notebooks were partially rescued 
from the wreck, and showed that this work, on his part, had 
continued almost to the moment of the disaster. He was one of 
the original members of the Department. 
Mr. Frazer has completed a manuscript which he left as the 
foundation of a treatise on fluid pressures and velocities. To a 
* Phil. Mag. xlvii. p. 1057 (1924). The empirical formula given in 
the summary tends to the form stated, since m and n tend respectively 
to 0°19 and 0:38. 
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great extent, we must regard this as a memorial volume. The 
various subjects discussed comprise pressure-tube instruments, of 
which a very complete account is contained in the first chapter; 
various anemometers, to which the second chapter is devoted, and 
which may in general be described as moving-part anemometers ; 
hot wire anemometers ; direction and velocity meters, and mano- 
meters. The work is unique in the comprehensive and balanced 
account which it gives of all these instruments, none of which, in 
a modern form, finds a place in any text-book. A final chapter 
examines the flow of fluids in circular pipes, and is rather more 
theoretical. 

We cannot describe the proof-reading as having been entirely 
satisfactory. For example, it is somewhat of a shock to see Euler 
referred to on p. 51 as “ Eulzer,” in relation to a notabie constant 
which he introduced. Such blemishes are too numerous, and 
perhaps may disappear in a new edition, which, in a country 
becoming more alert to the practical side of aerodynamics, will no 
doubt be called for. The fundamental value of the work lies on 
the side of the practical description of instruments. 


On the direct numerwal Calculation of Elliptic Functions and 
Inteqgrals. By Prof. L. V. Kine. (Camb. Univ. Press, 3s. 6d. 
net.) 


Tals little work really does fulfil a long-felt want. It is dedicated 
to the memory of the late Prot. Harkness, of McGill University. 

In spite of all the efforts of, for example, Sir George Greenhill, 
the numerical tabulation of elliptic functions has not advanced much 
bevond the point where Legendre left it. It is an expensive 
matter, and funds do not seem available. It is too customary for 
the mathematician to regard a problem as solved when its answer 
is expressed in a standard form of elliptic integrals. The physicist, 
confronted with this, merely gasps, and proceeds to find an 
alternative solution in his laboratory. Prot. King, who belongs 
to both categories, refuses to be satisfied with this position, and 
he explains, in his preface, just how he was led to the present 
work by the need for accurate values of the coetticients of selt- 
and mutual-induction of coils. 

He makes no claim to novelty in formule or in methods of 
computation, but, nevertheless, we find a great deal; and the 
work is in fact a notable contribution towards the simplification 
of the necessary calculations. We can only regret that it perforce 
stops short with the demonstrations of the proper mode of cal- 
culating the Tables in a numerical way. Physicists need tables of 
elliptic functions on a scale commensurate even with tables of 
logarithms, 


Collected Researches from the National Physical Laboratory. Vol. xvii. 
1922. (H.M. Stationery Office. 178. 6d. net.) 


THis volume follows the usual lines of the series issued by the 
National Physical Laboratory. All the papers included have, of 
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course, already been published elsewhere, and the value of the 
work hes in the fact that it gives an epitome of the published 
papers of the Staff of the Laboratory ranging over a piven time. 
They are restricted entirely to optical work and its various side- 
issues, and are taken from the Proceedings of the Physical 
Society, the Optical Society, and the Philosophical Magazine. 
The output is very large, and contains notable contributions to the 
detail of the subject, and more especially to its application. What 
is usually called “ geometrical optics” is in question, and it is to 
some extent a matter of regret that so little attention is given in 
the laboratory to the fact that rays of light have wave-properties, 
so that the more striking refinements of optical methods recently 
worked out elsewhere depend so much on the phenomena of inter- 
ference and of diffraction of hight. We cannot avoid the feeling 
that there is some scope in a Department of this type for a 
broader outlook on optical questions, in so far as future develop- 
ment of accurate method is intended. But we can only congratulate 
the various authors on the meticulous care which thev take to 
explore every detail which the older methods still lack, in regard 
to precision of statement and of inference. 


Applied Elasticity. By J. Prescott. (Longmans, Green & Co. 
Zos. net.) 


THis is a work which we can recommend, with some confidence, 
to the engineer or physicist whose mathematical equipment is not 
too limited. The author, while stating that the work contains 
little which can not be found in mathematical treatises on the 
theory of elasticity, expresses his intention of writing a book for 
the practical engineer. He follows this object by severe limitation 
of his illustrative examples to those which ean lead to the solution 
of practical problems. In this respect we consider that his choice 
is, on the whole, excellent. He leaves aside certain matters on 
which theory and experiment are not quite in line, and confines 
himself to the matters on which there is no doubt. A practical 
man who ean read the book will certainly trust it, for he will not 
find anything of importance which seems to contradict his 
experience. 
Approximate methods of solution based on the principle of 
minimum energy are used to an unusual extent, for a sufficiently 
valid reason which the author explains, and a reason which, how- 
ever unsatisfactory to the logical sense, is certainly, in its ienke 
effective in practice. He thus avoids much tedious analysis on 
important problems, especially those relating to questions of 
stabilitv, and of normal elastic oscillations. The book contains 
also a certain amount of original matter due to the author, and 
not hitherto published. 


[ The Editors do not hold themselves responsible for the 
views expressed by ther correspondents. ] 


VENKATESACHAR. Phil. Mag. Ser. 6, Vol. 49, Pl. I. 


Digitized by Google 


Sun Å Gatos, Phil. Mag. Ser. 6, Vol. 49, Pl. II. 


— ee gg e 


~ne” 


Scorr BLMIR. 


Phil. Mag. Ser. 6, Vol. 49, Pl. III. 


AGES, 
Tube. Age, 
| onseren Zero 
2 alu 
o Dakes, washes e4 hrs 
r ube 153 brs 
S eiiiai 423 hrs, 
Ne saende cena 6 days, 
Deed, 13 days. 


Bosn. Phil. Mag. Ser. 6, Vol. 49, Pl. IV. 


288'8 4-1-0 
144-4+0°3 
95°6 + 0°2 
71:5403 > 
584405 


Erua FEB <0 1925 
Tol. 49. FEBRUARY 1925. No. 290. 


| Published the First Day of every Month. 


THE 
LONDON, EDINBURGH, anp DUBLIN 


PHILOSOPHICAL MAGAZINE, 


AND 
JOURNAL OF SCIENCE. 


Being a Continuation of Tilloch's ‘ Philosophical Maguzine,’ 
Nicholson’s ‘Journal,’ and Thomson's ‘Annals of Philosophy.’ 


CONDUCTED BY 


SIR OLIVER JOSEPH LODGE, D.Sc., LL.D., F.R.8. 
SIR JOSEPH JOHN THOMSON, O.M., M.A., So.D., E.R.S. 
JOHN JOLY, M.A., D.Sc., F.R.S., F.G.S. 
RICHARD TAUNTON FRANCIS 
4 AND 


WILLIAM FRANCIS, F.L.S. 


—$<$<—<<< a — 


SIXTH SERIES. 
N° 290.—FEBRUARY 1925. 
WITH THREE PLATES. 


Illustrative of Mr. C. E. Wynn-WrituiaMs’s Paper on a Piezo-Electric 
| Oscillograph; Mr. U. Dors on a New Discussion of Bucherer’s 
Experiment; and Mr. G. E. BELLS on the Impact with Liquid 
Surfaces of Solid Bodies of Various Shapes. 


-= a 


LONDON: 


PRINTED BY TAYLOR AND FRANCIS. RED LION COURT, FLEET STRERT. 


Sold by Smith and Son. Glasgow :—Hodges, Figgis, and Oo., Dublin :—and 
Veuve J. Boyveau, Paris. 


Double Number. Price Nine Shillings. 


APPARATUS FOR PHYSICAL RESEARCH 
Calibrated PIRANI GAUGES, for pressures from 0°0001 to 0'1 mm. 
Calibrated IONISATION GAUGES, for pressures below 0001 mm. 
PHOTOELECTRIC CELLS (Na, K, Rb, in vacuo). 
Gas-filled incandescent LAMPS IN SILICA BULBS, giving radiation down to 42900. 
Inquiries to be sent to the Director 


RESEARCH LABORATORIES OF THE GENERAL ELECTRIC CO. LTD., WEMBLEY. 


WHELDON & WESLEY Ltd. 


2, 3, & 4 Arthur Street, New Oxford Street, London, W.C. 2 


Supply BOOKS, new and second-hand, on the Pure and Applied Sciences 
in English and foreign languages. Classified Catalogues are issued 
periodically. Books, both singly and as collections, purchased. 


Agency of the Smithsonian Institution of the United States, Washington, D.C, 


Royal 4to, cloth boards, price £1. 


FACTOR TABLE FOR THE SIXTH MILLION. 


CONTAINING THE 


LEAST FACTOR OF EVERY NUMBER NOT DIVISIBLE BY 2, 8, or 
BETWEEN 


5,000,000 and 6,000,000. 
By JAMES GLAISHER, F.R.S. 


Uniform with the above. 


FACTOR TABLES FOR THE FOURTH AND FIFTH MILLIONS, 


Price £1 each. 


Barometer Tables, 1s. Diurnal Range Tables, ls. 
Hygrometrical Tables, 2s. 6d. 


TaYLoR and Francis, Red Lion Court Fleet, Street, E.C. 4. 


Rates for Advertisements in the Philosophical Magazine. 


Oue Six Twelve 
Insertion. Insertions, Insertions. 
PAGE - - - - 4 0 0 315 OQeach 310 Ocach 
HALF-PAGE - - 226 200, 117 6,, |All 
QUARTER-PAGE - 126 110, 100,, {Nt 
SIGHTH-PAGE -~ 13 O iSO N E S 


All applications for space to be made to 
H. A. COLLINS, 32 Birdhurst Road, Croydon. 


THE 
LONDON, EDINBURGH, ann DUBLIN 


PHILOSOPHICAL MAGAZINE 


AND 


JOURNAL OF SCIENCE. 


[SIXTH SERIES.] 


FEBRUARY 1925. 

XXXIII. A Piezo-Electric Oscillograph. By C. E. W yyy- 
Wiiiass, M.Se., University Research Student, University 
College of North Wales, Bangor *. 

[Plate V.} 
f Tiga present research was undertaken with the object of 
ascertaining whether a practical oscillograph could be 
constructed by utilizing what is known as the converse 
piezo-electrical effect, and if so, of examining its charac- 
teristics. 

The converse piezo-electrical phenomenon consists of the 
mechanical strain produced in a crystal when suitably 
electrified. This strain may be a linear extension or con- 
traction, as in the case of quartz, or a combined linear and 
torsional effect as in the case of rochelle salt crystals. 

It. was thought probable that an oscillograph constructed 
on this principle would possess certain advantages over some 
of the types at present in use. In the first place, it would 
probably have a small capacity, and, being electrostatic, 
would not interfere to any great extent with the working of 
the apparatus to which it was connected. As most electro- 
static oscillographs at present in use require high voltages 
to obtain appreciable amplitudes, it was thought that by 
suitable choice of material an advantage would be gained 
by being able to operate at a comparatively low voltage. In 
addition, as the present low-voltage oscillographs are mostly 


* Communicated by Prof. E. Taylor Jones, D.Sc., F.Inst.P. 
Phil. Mag. S. 6. Vol. 49, No. 290. Feb. 1925. U 
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current operated, and not electrostatic, the advantages of 
both types would be combined in one instrument. A further 
possibility lay in the fact that the natural frequency of 
vibration of a crystal might be high, a desirable feature in 
all oscillographs. 

The piezo-electric substances experimented with in the 
present research are quartz and rochelle salt. Other sub- 
stances, however, show this effect, 7. e. boracite, tourmaline, 
ete. In a paper by Dr. Nicolson”, it is stated that most 
substances which exhibit optical activity also show this 
phenomenon. He points out that it is probably due to 
usymmetry in the crystal,—molecular in the case of quartz, 
horacite, etc., and atomic in the case of organic substances 
like rochelle salt. He states that up to the time of writing 
rochelle salt has been found to have the greatest known 
activity, but it is quite probable that other substances may 
be discovered possessing a greater sensitivity. Dr. Nicolson 
also shows that, by special treatment, the sensitivity of 
rochelle salt may be increased, and that under suitable con- 
ditions of growth, crystals are obtained which show a 
torsional effect not present in the normal crystal. 

It was hoped that amongst the substances which show 
this effect, one or more might be found to be suitable for the 
purpose of oscillograph construction. In order to see what 
condition the substance should, however, fulfil, it will be 


well to examine the theory of the oscillograph in a general 
way. 


Theory of the Oscillograph. 


In principle the oscillograph is an instrument which gives 
a graphical representation of some varying quantity such as 
an electrical current or potential. This is done by making 
the electrical quantity control the movement in one direction 
of a spot of light falling on a photographic plate or film. 
Either the plate or spot is also moved at some definite rate 
perpendicularly to this direction, the plane of the plate being 
at right angles to both of these directions. In this way tlie 
light spot describes a curve relatively to the plate, which 
curve is photographed. From this, provided the character- 
istics of the instrument are known, the value at any moment 
of the quantity under consideration can be calculated. If 
possible it is arranged that the spot moves with uniform 
velocity along the “a” axis of the plate, the “y” coordinate 


* A. M. Nicolson, “The Piezo-Electric Etfect in the Composite 


Rochelle Salt Crystal,” presented at a joint meeting of the A.L. E.I. and 
the American Physical Society, Philadelphia, Pa., Oct. 9, 1919. 
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heing a function of the electrical quantity under examination, 
So that œ is proportional to the time, while y is usually 
Proportional to the electrical quantity E, or to its square. 
t y isa linear function of the electrical quantity, a scale 
representation of it results. 
he nearest approach to the ideal instrument is the cathode 
ray oscillograph, in which the mechanical-electrical medium 
Is a beam of cathode rays deflected by un electrostatic or a 
magnetic field. Here the inertia of the system is negligible. 
In practically all other oscillographs the position of the spot 
18 determined by a mirror, which, in turn, is controlled by 
the electrical quantity. This introduces extra inertia, which 
distorts the curve obtained, and limits the usefulness of the 
instrument. 
If the system has a natural periodicity n, and specific 
damping k, and is not a coupled system, we get for the 
dynamical equation, 


Gy 7, dy 
di + k dt + n7y = Ki, 


Where E represents the applied force per unit of inertia. 
Here it is assumed that a linear relation exists between the 
displacement and the applied force, and that n and k are 
constants. Expanding E by Fourier’s theorem we get 


m=O — pmt ° 
E=E,4 m j sin À 


Substituting this expression for. E in the differential equation 
and integrating, we get 


fa P 
y= Ae sin(a /n itta) 


Ene . { sin (mpt —¢) 


Eo cos 
aD 4S a: uate Ai ee ees 
= E Y V7 dn? — mp? + pip — 


—  mplk—2y) | 
n= m’ p? + (u= k) 


where tan ġ= 


The first term of the expression (i. e. the complementary 
function) represents the free oscillations of the system in its 
own period. It will be observed that these die away unless 
k=0. If kis not less than 2n, no free oscillations will be 
recorded, the system being aperiodic. As it is undesirable 
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to have the free oscillations recorded, it is arranged that + 
shall not be less than 2x. This is the first requirement. 

The second part of the solution—(the particular integral) — 
represents the forced oscillations of the system produced by 
the electrical force. Every term in the expression for E has 
a corresponding term in the solution, so that all harmonics 
appear in the record. It will be observed, however, that 
although the periodicity, p,and the damping, u, are correctly 
recorded, the amplitude scale and the phase lag, ¢, are 
functions of p, and are therefore different for the various 
components of E, consequently the curve is usually distorted 
to some extent, and does not give a true representation of 
the quantity E. 

To examine this distortion, assume that E is a harmonic 
function without damping; then the second expression 


reduces to 
E sin (pt— $) 
VUA pte E” 
kp 


where tan d= 


n — p? 
The amplitude scale is given by 
E 
V (1? — p?)? + ad Da 
and is shown plotted against p for various values of kin 
fig. 1. When s=0, we get the ordinary resonance curve, 
with an infinite amplitude at p=n. As it is desirable to 
have all oscillations recorded with the same amplitude scale. 
the curve for k=1:5n would seem to be a suitable one, as it 
is fairly flat for some distance from the origin, but since + 
must not be less than 2n to ensure aperiodicity, the instru- 
ment will have to be worked on the curve for k=2n. In 
this case the amplitude of the oscillations decreases as the 
frequency increases. Although this may be corrected for, it 
is usual to keep the working range small, say from p=0 to 
p=O0ln or 02n, and to ignore the error (t. e., the error 
introduced by assuming that the amplitude is constant and 
equal to its value at p=0). In the first case this amounts 
to 0'7 per cent., and in the latter, 4 per cent. for this curve. 
Thus, in order to obtain a true record, the natural fre- 
quency of the instrument must be from five to ten times 
greater than the highest frequency to be recorded, when 
dealing with more than one oscillation. This gives the 
second condition to be fulfilled. 
The variation in phase lag is shown in fig. 2, œ being 
plotted against p for various values of k. It will be seen 
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that for k=2n the curve is fairly straight over the ranges 
p=0 to p=0-1n or to p=0'2n, the respective errors intro- 
duced by assuming a constant phase lag being about 3 per 
cent. and 7 per cent. This again emphasizes the fact that 
the natural frequency of the instrument must be high. 

Summing up, we see that the requirements of an oscillo- 

graph are :— 

(1) The mechanical system must have as high a natural 
frequency as possible, at least 5-10 times that of 
the highest frequency to be recorded, or distortion 
will result. 

(2) The system should be made aperiodic. 

(3) It is convenient, but not essential, that the relation 
between the displacement and the applied force 
should be linear. 


The last two conditions are fairly easy to satisfy, but the 
first presents some difficulty when it is desired to record 
high frequency oscillations. The highest frequency obtainable 
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Slab cut from quartz crystal. 


in most “ strip ” oscillographs (such as the Duddell) is of 
the order of 10,000 per second, so that the limit of working 
is about 1000-2000 vibrations per second. It is in this 
connexion that piezo-electricity is resorted to, in the hope 
that the natural frequency of some of the piezo-electric 
crystals may be so much higher than that obtainable from 
the present mechanical systems as to enable the range of the 
oscillograph to be substantially increased. 

Suppose that a strip of quartz is taken. The velocity 
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of Sound in quartz is about 400,000 cm./second. If the 
Strip is 5 em. long and has one end clamped, the free end 
“an execute a longitudinal vibration of frequency 20,000 
Per second. By cutting the slab of quartz from a crystal in 

€ manner shown in fig. 3, so that the long edge is 5 cm. 
ong, and clamping it at one end, the faces of the slab heing 
silvered and connected to a source of alternating E.M.F., 
the free end will execute forced oscillations of the same 
requency as the source. Hence, provided the movement 
can be recorded, an oscillograph of high natural frequency 
is obtained. The first experiments in the present research 
were undertaken with the object of ascertaining whether 
the movement was large enough to be recorded and so be 
turned into practical use. 


Experiments with Quartz. 


A slab of quartz, suitably cut, was obtained, of dimensions 
ð em.x2 em.x0°3 em. This was carefully silvered and 
Copper plated. The copper was then removed round the 
edges, until only two plates were left on the faces, with 
about 1 mm. clearance along the sides, and about 5 mm. at 
the ends. Leads were connected to both plates. One end 
of the slab was firmly clamped. The other end was covered 
with thin emery paper to give a frictional surface, and two 
thin steel needles, 0-7 mm. diameter, were held aguinst the 
emery paper by two ebonite blocks (also covered with emery 
paper) fastened to the end of a V-shaped spring. This in 
turn was clamped to the base. A small mirror was fastened 
to the end of one of the needles. Fig. 4 shows a section 
and sketch of the instrument. Any change in length of the 
quartz would thus produce a rotation of the needles and so 
tilt the mirror. A spot of light, reflected from the mirror, 
was carefully watched while the plates were raised to a P.D. 
of about 10,000 volts (direct), but no movement was observed. 
This was the highest voltage that could be reached in air, so 
the whole instrument was immersed in oil and the experi- 
ment repeated, with no better results. 

It was thought that interference methods might give better 
results ; various methods were experimented with, the most 
satisfactory being the “ Newton’s rings ” method. A small 
piece of blackened glass was attached to the free end of the 
quartz, and a long-focus lens to the base of the instrument, 
parallel and close to the glass. Rings were seen, using a 
sodium flame as a source of light. These were observed 
through a telescope, while the plates were charged to about 
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Quartz Oscillograph. 


10,000 volts by means of a small wimshurst machine. It 
was found that about 10,000 volts (measured by the spark 
length) would produce a movement of one ring (from 
“dark ” to “dark ”). Hence the free end must have moved 
through a distance equal to half the wave-length of sodium 
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light, viz.:-—2°948 x 10-5 cm. This movement was smaller 
than was expected, and accounts for the fact that no measur- 
able deHexions were obtained by the mirror method. 

It was decided to abandon the quartz (temporarily at 
least) and to turn to rochelle salt, which is much more 
sensitive, as an alternative. 

In passing, it is interesting to note that audible * clicks ” 
were heard from the quartz on charging and discharging 
the plates from the 200 volt mains. Assuming a linear 
voltage-displacement relation, it will be seen that ‘the move- 
inent of the free end is only 5 °897x 10-7 cm. ~— Later, on 
trying the effect of alternating E.M.F.’s of about 150-200 
volts (R.M.S.) supplied by a valve, audible notes were pro- 
daced. This method could evidently be used for the deter- 
mination of the minimuin intensity of sound necessary for 
audibility. 


Rochelle Salt. 


Crystals of rochelle salt are much more sensitive than 
quartz. The piezo-electric properties of this substance have 
been made the subject of considerable research during the 
last three or four years, especially in America. Valasek * 
has shown that the substance exhibits a kind of hysteresis 
similar to magnetic hysteresis, and has succeeded in obtaining 
a loop for it, of a similar shape to a magnetic hysteresis 
loop. 

Dr. Nicolson, of the Western Electric Company, has 
shown that with suitable conditions of growth,a crystal may 
be obtained which will exhibit a torsional piezo-electrical 
effect. Ordinarily the crystals are of the shape shown in 
fig.5a. Such crystals are formed by growing ona mercury 
surface, or by being suspended in the solution. If a slice be 
cut from such a crystal, normal to the (a) axis, and having 
edges making angles of 45° with the (/) and (c) axes, the 
slice will exhibit piezo-electrical phenomena similar to quartz. 
This effect is purely linear. If, however, a crystal is grown 
on a piece of plate glass or mercury surface, with the (a) axis 
vertical, a sort of *“ flat” crystal is obtained. (See fig. 5B. 
Figs. 54 and 5B are reproduced from Nicolxon’s paper.) 
Crystals so grown, expecially those grown by cooling a satu- 
rated solution, show a peculiar marking, termed an * hour- 
glass” marking. The small crystal used as a nucleus lies in 
the centre of the flat face, and as the crystal gradually 
grows, different layers become strained, giving the peculiar 


* Valasek, “ Piezo-Electric and Allied Phenomena in Rochelle Salt,” 
Phys. Rey. April 1921. 
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appearance * shown in fig. 5c. It will be observed that 
the crystal appears to contain two pyramids, having their 
apices on the nucleus, and their bases at the ends of the 
crystal. If these two pyramids are connected to one terminal 
of the voltage supply, and a connexion from the other 
terminal is made to the rest of the crystal, so that both 


Cc 
Rochelle Salt Crystals. 


pyramids are charged with respect to it,an internal torsional 
stress is set up, which results in the top pyramid being 
twisted relatively to the bottom one about the (c) axis. The 
magnitude of this twist depends upon the particular crystal, 
and may be large or small, regardless of size of the crystal, 
dryness having much influence. In Nicolson’s paper it is 
mentioned that soaking the crystal in aleohol for some hours 


* Such crystals are termed “ composite.” 
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before drying increases this effect, and that only crystals 
showing the het glace marking give rise to large values. 
He states that in one case (a crystal 7 cm. long) a twist of 
10-7? radian per volt was obtained. 

In practice, connexion is made to the crystal by two tin- 
foil electrodes fastened to the ends (by wax or shellac varnish) 
and by a third “girdle” of foil round the middle of the 
crystal. The width of this latter is usually about one-half 
to three-quarters the length of the crystal. The two ends,. 
connected together, form one pole, and the girdle the other. 
Wood's alloy has also been used for the end electrodes. 

Evidently the electrical conditions within the crystal are 
much more complex than within a “ plate.” As far as can 
be ascertained, the theory has not yet been worked out for 
this type of strain. 

A torsional strain being much more easily magnified, it 
was decided that this type of crystal might be used more 
successfully for oscillograph purposes than quartz, as it has 
also the advantage of being more sensitive, and therefore of 
requiring a lower working voltage. 


Growth of Rochelle Salt Crystals. 


Several experimenters engaged in research on this sub- 
stance, and also some chemical firms, were communicated 
with to see if the finished crystals could be obtained, but 
unfortunately none were available *. Accordingly much 
time had to be spent in growing suitable specimens. 

The only available information on this subject was 
obtained from Nicolson’s paper. As, however, only a 
general outline is given by him, and no details are furnished, 
a number of different conditions of growth had to be tried. 

In the first experiments, growth was attempted by the 
slow evaporation of a solution of the salt, at room tem- 
perature. Small fairly well shaped crystals were obtained 
in this manner, but they were perfectly clear, and did not 
show the composite structure mentioned, which appears to be 
necessary for the torsional effect. The effect of hastening 
the rate of evaporation was tried by placing the containing 
vessel on a board over a gas radiator. This resulted in the 
crystals forming more quickly, but trouble was caused by 
small crystals formed at the surface of the liquid falling on 


è Siuce the above was written, a large specimen has very kindly been 
presented by the International Western Flectrie Co, to whom the 
writers thanks are due. So far, no opportunity has been found for 
testing it, but in appearance it resembles those obtained by the writer. 
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top of the “seed” crystals at the bottom of the vessel, and 
so disturbing the growth. 

Experiments were then conducted to see if crystals could 
be obtained more readily by cooling a saturated solution. 
A saturated solution contained in a beaker was placed in a 
larger vessel full of water at the same temperature (about 
30° C.). This latter vessel was jacketted with cotton-wool. 
A small seed crystal was introduced into the saturated 
solution, and the whole left to cool overnight. This method 
resulted in a crop of small irregular crystals—evidently due 


Fig. 6. 
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Thermostat and Control. 


to too rapid a fall of temperature. This was repeated with 
the whole apparatus placed over a radiator, whose temperature 
was slowly lowered by periodically turning the gas lower. 
The resulting crystals were a little better, but not satisfactory; 
evidently uneven heating was one source of trouble. 

A method which gave good results was found by 
constructing a thermostat whose temperature could be 
automatically lowered at any desired rate. Fig. 6 illustrates 
the arrangement. The water-bath consisted of a cubical tin 
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box of about 9 in. side. Into the bottom of this a cylinder was 
let, open from the outside, in which an electric lamp could 
be placed to supply the necessary heat. A 60 watt lamp was 
found to be ample to keep the bath at 50°C. The box 
was jacketted with cotton-wool. A thermometer was con- 
structed from fairly wide capillary tubing, with a platinum 
contact fused into the bulb. This was placed in the bath. 
A wire passed down the bore of the tube to make contact 
with the mercury thread at any desired temperature. When 
contact was made, a local low voltage circuit was closed, 
which resulted in the lamp being extinguished by means of 
a reversed relay. The thermometer contact was sensitive to. 
about 0'3 of a degree. In order to lower the temperature 
automatically, the upper end of the wire was attached by 
means of a lever to a float in a vessel of water. Water 
dropping from a capillary tube connected with a constant- 
pressure bottle slowly raised the float and so pushed the- 
wire down the thermometer. By this means, the tem- 
perature could be lowered as slowly as 0°5 degree per hour. 

The actual growth took place in a beaker of about 700 c.c.. 
capacity suspended in the bath. Asthese crystals require to 
be grown on a flat surface, a layer of mercury was placed at 
the bottom of the beaker. It was found, however, that as. 
the crystal increased in mass it sank a little further into the 
mercury, and so developed a slightly convex surface. This. 
was rectified by growing the crystals on a piece of plate 
glass floating on the mercury. This ensured that the surface- 
was both level and flat. 

Seed crystals were obtained by cooling rapidly, and from 
the crop of small crystals so obtained, suitable ones were 
picked out. 

The solution must be carefully filtered, otherwise dust, ete., 
form nuclei for crystals. The best method of carrying out 
this method was found to be as follows. The saturation 
temperature of the solution was determined previously, and 
the thermostat brought to about 3 or 4 degrees above this 
temperature. The solution was heated to the temperature of 
the thermostat, and the seed crystal warmed to this tem- 
perature by being placed for a few minutes in a dry test- 
tube immersed in the solution. Unless this was done, the 
crystal cracked on being dropped into the solution, on 
account of the sudden expansion of the outer layers. The 
beaker containing the solution was then suspended in the 
thermostat, the glass plate and mercury dropped in, and, 
finally, the seed crystal was introduced and moved to a 
suitable position near the centre of the plate. It was found 
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necessary to suspend a sort of “umbrella” consisting of a 
<ircular glass plate, slightly less in diameter than the beaker, 
just below the liquid surface. This prevented crystais 
formed at the liquid surface trom falling on the growing 
crystal and hindering perfect formation. 

It was found best not to cool continually, but to lower the 
temperature slowly (about 1° per hour) to about 2 or 3 
degrees below saturation temperature, and to keep the 
solution at this temperature for some time. With care, 
crystals as large as 6 cm. X 5em. were grown by this method. 

The actual time of growth varied with the size of the 
crystal. A crystal 2 em. x 2 cm. could be grown in about 
8 hours. It was found difficult to prevent the larger crystals 
from developing flaws due to side growths. 

Another method that gave good crystals wax to allowa 
solution to cool in a small hot-air oven. This consisted of 
a cubical copper oven, about 1 ft. side, covered with cotton- 
wool, and heated by means of a 20 w att electric lamp placed 
inside. Provided it was left undisturbed, in a room free 
from draughts, the temperature was found to keep constant 
to within about 1° C. for long periods,—about 12 hours or 
more,—without the use of a regulator. 

A solution, saturated at about 3 or 4 degrees above the 
oven temperature, was heated to about 8 degrees above 
that temperature, and the seed crystal introduced as before, 
together with the plate, mercury, etc. The whole was then 
left in the oven for about 12 hours. Crystals up to about 
4 cm. square were obtained bv this method. 

The latter method seemed to yield the better formed 
specimens, and it was more free from trouble due to small 
crystals interfering with the growth than any of the other 
methods tried. Probably the solution was kept at a more 
uniform temperature throughout than it was in the ther- 
mostat method, in which no stirring apparatus was provided. 

Crystals of all sizes from abont 1'5 em. square to about 
6 cm. were grown and tried. It was exceedingly difficult 
to prevent the Jarge crystals from developing Haws and 
cracks, They often cracked, on being removed from the 
solution, in coming into contact with cold alr, even the tem- 
perature of the finger being sufhcient in some cases. On the 
whole, crystals 2-4 em. square were the largest which could 
be grown satisfactorily. 


Preparation of the Crystals for Experimental Work. 


According to Nicolson, if the crystals are soaked for some 
hours in alcohol, and dried, they are rendered more sensitive 
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for the direct piezo-electric effect. This has been found to be 
the case for the converse effect also, and for oscillograph work 
an additional advantage arises from the fact that crystals so 
treated appear to stand the voltage better than the raw 
crystal. So far, it has not been ascertained whether the 
treatinent affects the natural frequency and damping of 
the crystal, but it is quite possible that these properties are 
affected by the degree of dryness of the erystal. 

While Nicolson finds desiccation of the crystal to be an 
advantage, Valasek shows that the linear piezo-electric effect 
is decreased by drying. It should be mentioned, however, 
that Valasek carried his drying process to a higher stage 
than Nicolson by using phosphorus pentoxide. This may 
possibly account for the different results obtained by the 
two experimenters. 

On the whole, for the purpose of the present research, it 
has been found advisable to souk the crystal in alcohol, even 
if only on account of the increase in dielectric strength. 

The crystal is taken from the solution and immediately 
placed in a vessel full of alcohol, at the same temperature as 
the solution. Itis at this stage that cracks usually appear, 
and care must be taken not to let the crystal experience any 
sudden change of temperature. It is left in the alcohol for 
about 12 hours, preferably in a warm place, and then a fresh 
supply is poured on for a further six hours. This treatment 
changes the appearance of the crystal somewhat, the clearness 
disappearing and being replaced by a translucence. After 
the soaking has been completed, the crystal is removed and 
placed in a drying oven, kept at a temperature of from 35° 
to 40° C., for several days—the longer the better. #40° should 
not be exceeded as the crystals lose their sensitiveness if 
heated too strongly. 

The electrodes consist of pieces of tinfoil cut to appro- 
riate shapes, tags being left on for connexion. Low melting 
wax (below 40°) or shellac varnish may be used to attach 
them to the crystal. The latter is the more satisfactory, but 
the crystal must be re-dried after application. ‘The width of 
the girdle should be about one-half the length of the crystal, 
and the electrodes should be well pressed into position, a thin 
coating of shellac varnish having been applied previously. 
Celluloid dissolved in amyl acetate has also been used for 
this purpose; it has the advantage of setting more quickly 
than shellac. Wood’s metal is not recommended for two 
reasons. In the first place, 55°C., its melting point, is 
rather too high a temperature to which to subject the crystal, 
and also, the large masses at the ends would tend to lower 
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the natural frequency. The melting point can be lowered 
by the addition of mercury, but on the whole this material 
is not satisfactory. Filing the ends of the crystal concave, 
as recommended by Nicolson, was not found to cause any 
improvement. Very often this process causes flaws to appear. 
The crystals were used in the form which they had when 
taken out of the solution, and were found to possess suffi- 
cient sensitiveness in this form after treatment with alcohol. 


Preliminary Measurements. 


Measurements made with a crystal 2°5 cm. square by 1 cm. 
thick showed that the torsion was proportional to the voltage, 
and for 200 volts was about 10-4 radian. A dissymmetry 
for + and — potentials was also observed, the deflexions 
being greater in one direction. 
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Rochelle Salt Oscillograph. 


In order to obtain sufficient magnification, a light but 
rigid arm of sheet aluminium, folded so as to have a girder 
section, was attached to the top of the erystal, extending 
horizontally to 2 or 3 cm. from the centre of the crystal. 
Between this arm and a fixed surface placed just above it 
was held a small plane mirror, about 1 square mm. in area. 
The plane of the mirror was parallel to the plane face of the 
crystal. When too thin and clamped in this way, the mirror 
was liable to be bent slightly convex or concave, making 
sharp focussing of the spot impossible. Accordingly thicker 
mirrors had to be used. In order to prevent slipping, the 
tip of the arm and the fixed surface were covered with thin 
slips of cork. This arrangement was found to be very 
satisfactory, amplitudes of 1'5 cm. on either side of zero 
being at times obtainable, using an image distance of 1 metre. 
Fig. 7 shows the arrangement. 
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The actual arrangement of the apparatus for recording the 
curves is as follows:—The whole is set up in a darkened 
room. A sinall pinhole, having the crater of an arc lamp 
focussed on it, is nsed as a source of light. From this, a 
beam falls on the oscillograph mirror, and (if required) on to 
a mirror attached to the prong of a tuning-fork placed near 
the oscillograph. This gives a time scale if the frequency of 
the fork is known. These mirror§ are so arranged that on 
tilting they deflect the beam in a vertical plane. After 
reflexion from the small mirrors, the beams fall on a concave 
mirror, of about 50 cm. radius of curvature, attached to a 
horizontal turntable, rotated at any desired speed by an 
electric motor. 

It is desirable (for reasons to be given later) that the 
crystal should not be subjected to the E.M.F. longer than is 
necessary, so a cam was arranged on the turntable which 
opened and closed a two-way mercury switch, at the moment 
when the spot of light passed the plate. Normally, the 
crystal was shortzircuited by one contact. At the correct 
moment this was broken, and contact was established with 
the live cup. This was also found usetul for “make” and 
“ break ” photographs, etc. A safety resistance was placed 
in the circuit, consisting of a 200-volt metal filament lamp, 
to prevent inconvenience due to shortcircuit. (‘The impe- 
dance of the crystal was large compared with the resistance 
of the lamp.) 

In order to determine whether the crystal was suitable for 
oscillograph work, investigations were conducted to determine 
whether the ncessary conditions were satisfied. In the first 
place it is necessary to know what relation exists between 
the applied E.M.F. and the corresponding displacement. 
Rough measurements had already been made as to the 
deflexions at various voltages, and, as far as could be judged, 
a linear relation seemed to exist. It must be observed, 
however, that equal + and — voltages do not necessarily or 
generally give equal + and — deflexions,—7.e., the voltagc- 
deflexion curve is not the same on opposite sides of zero. 
The effect of this on an oscillogram is to make one side of 
the curve appear to have a greater amplitude than the other 
—a sort of rectification effect such as is obtained in wireless 
hy working at the lower bend of a valve characteristic. 
This is not serious unless the change of the voltage-deflexion 
curve is very pronounced. As a rule, it may be neglected, 
as there is practically no distortion. It is possible, however, 
to overcome the difficulty in quite a simple manner, by sub- 
jecting the crystal to a steady voltage equal to the peak 

Phil, Mag. 8. 6. Vol. 49. No, 290, Feb, 1925, X 
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voltage to be dealt with. By this means, the peak voltage 
(E) is superimposed on the steady voltage (E), and we get 
an alternation from 0 to + (E+E) or 0 to — (HE + E) instead 
of from — E to + E, the oscillograph thereby being worked 
only on one side of zero. This has the objection of raising 
the new peak voltage to double its previous value, and so 
rendering the crystal more liable to break down. Usually, 
however, as explained, the dissymmetry may be ignored. 

The rough measurements as to the linear relation were 
verified by photographing the sine wave of an alternator 
running at a constant speed (50 cycles/sec.) for different 
values of R.M.S. voltage, from 0 to 260. The amplitudes 
of these curves were measured, and a graph drawn showing 
the relation between the amplitude and the voltage. It was 
found that, as nearly as could be measured, the graph was 
linear. Hence, the linear relation may be said to be 
reasonably satisfied. Most probably the relation holds to a 
higher degree of accuracy than the measurements made by 
this method show, but in any case it is sufficiently accurate 
for the present purpose. 


Natural Frequency and Damping. 


In order to investigate the natural frequency and damping 
of the crystal, the automatic switch was arranged so that the 
crystal was suddenly connected with a source of direct 
K.M.F. (200 or 400 volts), a photograph being taken at the 
moment of connexion. If the system is not aperiodic, 
the sudden shock will set it oscillating in its own period, 
and damped natural oscillations will appear in the photo- 
graph. If, on the other hand, k is not less than 2n, the 
resulting photograph will show no trace of free oscillations. 

It was found that the oscillograms varied considerably for 
different crystals. Some were found to show no trace of 
free oscillations pointing to high damping, while marked 
oscillations appeared in others. The curve in fig. 8 (P1. V.), 
for example, shows u very well marked oscillation after the 
sudden application of a potential of 440 volts to the crystal, 
At first, however, when the crystal was freshly formed, no 
such oscillations were found in the photograph, and the con- 
clusion then drawn was that all crystals were highly damped. 
Consequently it was thought that the only way of deter- 
mining the natural frequency was by some resonance method, 
and attempts were made to obtain a resonance curve for the 
crystal. 

Alternating E.M.F?s of frequencies from 150 to ahont 
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10,000 were produced by means of a transmitting valve, 
whose grid and plate circuits were coupled by means of large 
iuir-core inductances having variable condensers in parallel 
with one or both for controlling the frequency. R.M.S. volt- 
ages of from 70 to 300, as measured by an electrostatic 
voltmeter, were obtained in this way. Lower frequencies 
down to 50 were obtained from A.C. generators running at 
various speeds. These voltages of various frequencies were 
applied to the crystal, the corresponding curves photo- 
graphed, and their amplitudes measured. By dividing the 
amplitude obtained by the voltage for the particular curve, 
a measure of the an scale for the frequency employed 
was obtained, and a graph was plotted showing its variation 
with the frequency. Great trouble was experienced in these 
experiments owing to the breakdown of the crystals (referred 
to later) which frequently required a fresh start to be made 
with new ones, and for this reason no complete curve was 
obtained at this stage. Evidence was obtained, however, of 
the existence of a resonance peak usually at a frequency of 
about 3000, and of a minimum between the peak and zero. 
From this it will be seen that the system cannot be a simple 
one as is assumed in the theory, for the curves shown in fig. 1 
were plotted on this assumption, and in no case does such a 
minimum appear. No definite reasons for this behaviour 
have yet been found. Later attempts at obtaining a reson- 
ance curve met with more success, but the results obtained 
are not complete enough for publication at pee 

Some possible explanations of the peculiar form of the 
resonance curve are, however, suggested, viz. :— 

1. The internal damping may be a function of the fre- 


quency. 

2. The hysteresis effect observed by Valasek may play 
some part in the matter. 

3. The electrical properties of the crystal may vary with 
the frequency (e.g., the S.I.C. becomes large at resonant 
frequency, and then swings round to a negative value, as 
observed by J. G. Frayne) *. 

These suggestions have not yet been fully inquired into, 
and further work in this direction might lead to interesting 
results. 

The photographs showing free oscillations were not ob- 
tuined with crystals less than a few months old. It was 
observed that they were only given by crystals which had 
been standing idle for a long time. Fresh ones invariably 

* J. G. Frayne, ‘‘ Reversible Inductivity of Rochelle Salt Crystals,” 
Phys. Rev. March 1923. 3 
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gave no trace of oscillations. Consequently it must be 
assumed that some sort of seasoning process such as setting 
or drying had occurred in the meantime, which altered the 
quality of the crystal. As far as could be judged by the 
eye however, the crystals had the same appearance whether 
of the former or latter type. 

The older crystals were found to be much stronger elec- 
trically than the fresh ones, although not quite so sensitive. 
Comparing the two types, it may be stated that when freshly 
made, crystals are obtained which | 


1. Behave as if they were strongly damped, 

2, Are very sensitive, usually showing suitable deflexions 
at voltages below 250, 

3. Are easily spoilt by electrical breakdown, 


and that these crystals, on being left alone, tend to pass to a 
type in which they are 


1. Not strongly damped (not aperiodic), 

2. Not so sensitive, usually requiring voltages above 250 
for successful operation, 

2. Fairly strong clectrically, 


The advantages of both types are obvious ; in practice, 
the latter type is found to be the more suitable to work with, 
on account of its comparative freedom from breakdown, but 
artificial damping has to be applied to render the system 
aperiodic, and higher voltages must he used. It is quite 
possible that the crystals pass through a stage in the season- 
ing process when the damping is just sutlicient to make the 
system aperiodic. If it were possible to keep them in this 
state, the crystal would be suitable for an oscillograph without 
artificial damping. 

In the case of seasoned crystals, artificial damping is 
necessary, and the following very simple method was found 
to be the best way of applying it. A fixed surface is placed 
beneath and parallel to the metal arm attached to the crystal, 
and in the narrow space between them a small quantity 
of vaseline is introduced. By altering the width of the 
space the thickness of the vaseline film, and so the viscous 
drag or damping, may be varied (see fig. 7). By careful 
adjustment the system can be rendered just aperiodic. This 
method has the advantage of not requiring the moving system 
to be immersed in oil as is the case in some oscillographs. 

Figs. 8 and 9 (Pl. V.) show shock oscillograms for the 
system undamped and aperiodic respectively. In this 
particular case the natural Frequency was found to be 3190, 
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Shock curves- for the earlier type of crystals obtained - 
resembled fig. 9, showing the presence of some form of 
internal damping. 

It should be noted that the displacement is not instan- 
taneous, although the change of potential is practically so. 
This may be due to the hysteresis observed by Valasek. 
The lag varies with different crystals, and the error intro- 
duced is not very great as a rule. 

In the artificially damped form, we have an oscillograph 
which is capable of recording voltage oscillations whose 
working range is from 0 to about 1000 volts. The upper 
limit is, of course, determined by the strength of the crystal. 
Higher values than 1000 have been successfully recorded, 
but the risk of breakdown increases with the voltage. 

The frequency range will depend upon the purpose for 
which the instrument is required. When dealing with a 
single harmonic applied force, damped or undamped, any 
frequency less than the natural one may be used, provided 
the amplitude scale for that frequency is known. If two or 
more components are present however, or if there are 
harmonics, the frequency of the most rapid vibration to be 
dealt with should not exceed 0'2 of the natural frequency 
unless corrections are applied to the curve. Bearing in 
mind that the natural frequency is usually about 3000, this 
means that the range will be from 0 to about 600 for com- 
pound oscillations, and higher for single oscillations. The 
instrument would therefore be useful for A.C. engineering, 
where the fundamental usually lies in the neighbourhood of 
20 cycles per second. 

The capacity of the average crystal is stated by Nicolson 
to be from 107° to 107% farad, and the A.C. impedance 
about 200,000 ohms for acoustical frequencies. These values 
have not yet been verified for the crystals grown by the 
writer. 

The direct current resistance is found to be different 
according as the girdle is + or —. For a crystal 3 cm. 
square, the resistances were respectively £ and 10 megohms, 
while for a crystal 4 cm. square they were 6'25 and 
25 megohms. ‘This dissymmetry was also observed by 
Nicolson, but he makes no mention of the different values 
of the deflexion obtained for equal + and — potentials. 
There is probably some connexion between the two ettects. 

Bearing in mind the low capacity, and high impedance 
and resistance, we may regard the instrument as practically 
electrostatic, and it may be assumed that it will not disturb 
to any appreciable extent the circuit to which it is connected, 
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especially when the work consists of the analysis of the 
voltage curves of A.C. machinery. 

It is found that if a crystal be subjected for some time to 
a moderate alternating voltage of a frequency too near the 
resonant frequency, its impedance will suddenly diminish, 
and the crystal will allow an appreciable current to pass. 
If the voltage be maintained, the current may beeome suffi- 
ciently great to heat the crystal and fuse it up, and probably 
electrolyse it. 

When a crystal reaches this stage (referred to before as 
the breakdown) its sensitiveness is lost, as no amplitude is 
obtainable. On being left alone for a time, it recovers its 
sensitiveness, partly or wholly, depending upon the length of 
time which has elapsed, but it is afterwards much more 
liable to breakdown than before. The photographs shown 
were obtained with a crystal that had recovered after about 
two months. It was for the purpose of protecting the 
crystals against breakdown, by subjecting them to the 
voltage for only a very short time, that the automatic switch 
was used. 

Just before breakdown, -the sensitiveness increases enor- 
mously for a second or two, a loud sound of the same fre- 
oy as the E.M.F. being emitted, and then the amplitude 
alls to zero as the impedance falls. If the spot of light on 
the screen be watched while this takes place, it is observed 
that the oscillations are on one side of the zero position. As 
the crystal approaches breaking-down point, the mean posi- 
tion travels further from the zero while the amplitude 
increases, until, finally, the crystal breaks down, and the am- 
plitude falls to zero. If the concave mirror be revolving 
slowly, a curve similar to the “grid leak” rectification 
curve of wireless is observed on the screen, but, unfortu- 
nately, it has not been found possible, for obvious reasons, 
to photograph this phenomenon. 

Provided the resistance in the circuit is sufficient to 
prevent the crystal from fusing after breakdown, it is found 
that there is practically no difference in appearance between 
it and a good crystal ; no cracks or flaws are visible that 
were not there originally. No explanation can be given of 
this, but it is possible that some internal disruption takes 
place. J. H. Morecroft observed a similar effect in the case 
of a quartz slab, viz.: complete disruption at the resonant 
frequency with a voltage below the one required to break 
down the dielectric under normal conditions. 

As in the case of quartz, a sound is emitted when a 
rochelle salt crystal is subjected to an alternating voltage. 
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This is particularly evident at frequencies of several thous- 
ands, and notes can be heard up to the limit of human 
audibility with a suitable valve oscillator. Such frequencies, 
however, are liable to break down the crystal. The sound 
is much louder than in the case of quartz. 


Examples of Curves obtained. 


The photographs shown in figs. 8 to 15 (Pl. V.) were 
taken with the object of illustrating the usefulness of the 
instrument. In all cases the fork frequency was 384. 

Figs. 8 and 9, as already explained, are shock oscillograms 
for a crystal undamped and with artificial damping respec- 
tively. These were obtained by changing the potential 
applied to the crystal suddenly from 0 to 440 volts. IE 
fig. 9 be carefully examined, it will be seen that there is 
a slight trace of free oscillation recorded at the commence- 
ment of the displacement, showing that the damping was 
just on the point of being sufficient to ensure aperiodicity. 
The fact that the displacement was not quite instantaneous 
should also be observed. This has been referred to before. 

Fig. 10 shows the curve given by one phase of a 3-phase 
rotary converter. The R.M.S. voltage was 260. It will 
he observed that the curve is remarkably free from har- 
monics—practically a pure sine wave. The frequency, as 
calculated from the fork scale, which unfortunately is of 
rather small amplitude in this particular photograph, is 469. 
This curve was given on open circuit, the crystal being 
anp connected to the two terminals of the machine. 

The curve of an inductor alternator (single phase) is given 
in fiw. 11. Owing to the low voliage of the machine (110) 
a 2-1 step-up transformer was used to raise the voltage 
before applying it to the crystal. This would, of course, 
tend to reduce the amplitude of the harmonics. Even so, 
it will be observed that they are very prominent. The 
voltage applied to the crystal was 210 R.M.S., and the 
Frequency 109°7. 

Fig. 12 gives the open circuit voltage of a high frequency 
alternator, also of the inductor type, but of different con- 
struction to the previous one, intended tor wireless work. 
Here again, the armonics are in evidence, although the 
general shape of the curve is different from the previous 
one. No transformer was used in this case. The R.M.S. 
voltage was 240 and the frequeucy 768:0. Comparing these 
three alternator curves, it will be observed that as the 
frequency increases, the amplitude scale decreases, as is the 
case when working on the “ k=2n” curve. The third curve, 
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fig. 12, was beyond the accurate working range of the 
instrument for compound curves, assuming the range to be 
from 0 to about 600, but it serves to show what harmonics 
are present, although they may not be represented in correct 
proportion. 

A valve oscillation is shown in fig. 13. The plate and 
grid coils were kept shortcircuited by the switch, until this 
was opened by the mirror turntable. Oscillations were then 
built up from zero as shown in the photograph. The 
voltage when the oscillations were steady was 240 R.M.S. 
Two valves were used in parallel, and the crystal was con- 
nected to the terminals of the tuning condenser. The 
frequency as calculated from the fork scale is 485-0. 

F ig. 14 shows a damped oscillation obtained (as in the 
primary of an induction coil) by unshortcircuiting a con- 
denser connected in series with an inductance and a battery. 
The crystal was connected to the terminals of the condenser. 
The capacity being known, the inductance can be calculated. 
In this case, the capacity was 0'55 mfd.; the frequency 
recorded was 964:0, and the damping factor, calculated from 
the curve, 179:9. From these, after correcting for the 
damping, the inductance works out to be 004913 henry. 
This arrangement thus furnishes a convenient means of 
determining self-inductances. 

Coupled system oscillations are shown in fig. 15. Here, 
two similar air-core coils were placed near each other, and 
tuned by condensers to approximately the same frequency. 
Oscillations were then set up in one circuit hy the same 
method as for the previous curve, and the variation in the 
primary voltage recorded. By connecting a second oscillo- 
graph to the secondary circuit, and arranging the second 
spot vertically above the first, it was possible to show the 
transference of energy froin one circuit to another. 

It is also possible to use this instrument for the study of 
sound waves, by connecting a microphone and step-up 
transformer to the grid circuit of a valve, and connecting 
the plate of the valve, via another transformer, to the crystal. 
By this means, curves (not reproduced) have been obtained 
for organ-pipes, ete. Alternating voltages of about 200 are 
easily obtained at the terminals of the transformer connected 
to the crystal by whistling into the microphone. 


Conclusion. 


From the foregoing results and photographs, it is evident 
that a piezo-electric oscillograph can be constructed with a 
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rochelle salt crystal. Such an instrument possesses the 
following favourable properties :— 

1. High voltages are not required for operation as is the 

case in some electrostatic oscillograpbs. 

2. The moving system does not require oil immersion. 

3. Owing to its high resistance and impedance, the instru- 

ment is practically electrostatic. 

4. The instrument has very low capacity. 

9. The adjustment is not difficult. 

6. The instrament is compact, of simple construction, and 

of low cost. 

A disadvantage is that rochelle salt crystals do not appear 
to have very high natural frequencies of vibration, the 
average value for crystals 3 to 4 em. square being about 
3000. The use of the instrument is thus limited to low 
frequency work, for which it is, however, very suitable, as 
indicated by the curves described above. 

Possibly some other crystal may be found to be more 
suitable. If sufficient magnification could be obtained, a 
quartz oscillograph would probably, owing to the very defi- 
nite physical properties of this substance, be superior to one 
of rochelle salt. 

The present investigation should be regarded as a pre- 
liminary study of a new type of instrument, and as indi- 
cating its possibilities, rather than as an exhaustive inquiry 
into the subject. The work in connexion with it was carried 
out in the Physical Laboratories of the University College 
of North Wales, Bangor, and the writer desires to thank 
Dr. Taylor Jones tor his valuable assistance and encourage- 
ment during the whole of the work. 
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XXXIV. Some New Methods for the Measurement of Thermal 
Conductivity. By T. BARRATT, D.Sc., and R. M. WINTER, 
M.Sc., Research Department, Royal Arsenal, Woolwich *. 


I. 


T a paper on “ Thermal and Electrical Conductivities 
of some of the rarer Metals and Alloys” it was 
shown by one of us f that the thermal conductivity & of 
a thin rod could be expressed by the formula 


2 
k = sai coth? al, 


* Communicated by the Authors. This paper is published by 
permission of the Director of Artillery. 
+ T. Barratt, Proc. Phys. Soc. xxvi. (5), pp. 347-371 (1914). 
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where the symbols have the meanings given in Section ITI. 
When / is great, the formula reduces to the very simple 
expression ue 


is pghV* 


Apart from the simplicity of the formula, the arrangement 
adopted had the advantage of a “ null method ” for the mea- 
surement of H, and could be used for a very small sample of 
wire in the case of a rare metal or alloy. The same formula 
and arrangement of apparatus were also successfully employed 
for such bad conductors as glass, various woods, ebonite, and 
frebrick. 


Il. Measurement of the Emissivity © h.” 


The most troublesome and uncertain part of the necessary 
measurements employed in the use of the formule given 
above is that of h, the emissivity of the rod or wire. The 
value of h depends on the temperature of the enclosure, 
increasing from 0:000533 at 17°C. to 0'U00634 at 100°C. 
for wires of 1 mm. diameter used hy the author *. It also 
varies appreciably if the rod is raised more than about 10° C. 
above the temperature of the enclosure. Prof. C. H. Leest, 
in the case of rod 5°85 mm. in diameter, obtained the values 
0:000126, 0000160, and 0:000200 at temperatures — 155°, 
— 64°, and 23° C. respectively ; while one of us ft, for a rod 
of about the same dimensions, found an increase from 
0°000224 at 18°C. to 0°000265 at 100°C. Lees points out 
that none of the formule suggested up to the present (1908) 
to express the variation of 4 with the temperature t fitted 
his results. He himself gave the relation h=1 — bt? (where 
6 is a constant) for the case of a small rod at very low 
temperature in an enclosure only a few, say 10, degrees 
cooler than itself. 

There seems to be little doubt, however. that the value 
of A depends on other factors besides the temperature. For 
example, the dimensions and shape of the heated body and 
those of the enclosure, as well as the temperature excess of 
the heated rod, will certainly have an effect, probably con- 
siderable, on the value of A. The emissivity of a thin rod 
or wire heated in air has been shown to depend chiefly upon 
convection§. The relative proportions of radiation (including 

* T. Barratt, Proe. Phys. Soc. xxvi. (9), pp. 347-371 (1914). 
+ C. H. Lees, Phil. Trans, A, cevin. p. 205 (1908). 

t T. Barratt, Proc. Phys. Soc. xxvii. pp. 81-93 (1914). 

§ T. Barratt, Proc. Phys. Soc. xxviii. pp. 1-13 (1915). 
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condnction) and convection vary considerably, however, with 
the diameter of the rod or wire and with the nature of its 
surface. For example, in the case of a metal wire of 1 mm. 
in diameter it was shown that of 100 parts of * total heat ” 
lost from the wire at 12° C., only 2°5 consist of radiation for 
a bare wire and 12:6 for a blackened wire, the remainder 
being due to natural or free convection. At 100° C. these 
percentages become 4'4 and 20°7 respectively, the wire in 
each case being heated not more than 10°C. above the 
temperature of the enclosure in which it was placed. For 
a cylinder of about 5 mm. diameter, the percentage of 
radiation was found to be 10 for the bare surface and 37 for 
the blackened surface *. 

In the experiments referred to in Section I., h had to be 
measured in a separate experiment under conditions as 
nearly as possible similar to those employed in the main 
experiment. The assumption was made that the value of h 
was the same in both cases. If it was required to measure k 
at different temperatures, it was necessary to measure A 
separately for each temperature. 

It would be preferable, therefore, to eliminate h entirely 
from the formule; and it is proposed in this paper to 
develop expressions for the feral conductivity k which 
do not involve a separate measurement of hf. This will 
be done first as a general proposition, the formula being 
applicable to any material, and avoiding certain approxi- 
mations made in the paper referred to in Section I. There- 
after certain narticalak cases will be considered which are 
of experimental interest. An expression for the calculation 
of h itself will also be given. (See Section ITI., 6.) 


III. Expressions for the Thermul Conductivity “ k.” 


The propositions to be dealt with are as follows :— 


(1) To find the thermal conductivity k from measure- 
ments of the dimensions of the rod, the amount 
of heat supplied per second, the temperature of 
the hot end, and the temperature of one other point 
on the rod. 

(2) A particular case of (1), applicable only when the 
rod is lony. 


° T. Barratt and A. J. Scott, Proc. Phys. Soc. xxxii. pp. 861-373 


ses 
t They do involve, however, an additional measurement of tem- 
perature at some point on the rod itself, 
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(3) A particular case of (1), applicable to many 
metallic systems, and leading to the approximate 
expressions of Section I. 


(4) To find 4, given the dimensions of the rod, the amount 
of heat supplied to one end per second, and the 
temperatures of the two ends. 

(5) To find +, given the ratio of the heat supplied to 
the temperature of the hot end for two different 
lengths of the same rod. 

(6) To find the emissivity A directly, given the same 
data as in (4) above. 

The experimental conditions are assumed to be similar to 
those used in the paper referred to in Section I. 


The quantities used in the calculations are defined as 
follows :— 


l = length of the rod, in ems. 

r = radius of a rod of circular cross-section, in cms. 

q = arca of cross-section, in cms. | 

p = perimeter of the rod, in cms. 

h = emissivity of the rod surface—i. e., the number 
of calories emitted per sq. cm. per degree cent. 
of temperature difference. 

k = coefficient of thermal conductivity of the material. 

a= Whp/ok. 

H = the number of calories supplied per second to the 
hot end of the rod. 

V = the temperature difference in degrees cent. between 
the hot end of the rod and its surroundings. 

V'= the same, for the cold end of the rod. 

mas 


the temperature difference between a point . cms. 
from the hot end of the rod and the surroundings. 


(1) To jind k, given p, q, l, H, V, v, and w. 
The general equation for the fall of temperature along a 
rod in the condition specified is 


R = æt, . . . . . (1)* 


of which a general solution is 
e = À cosh ax + B sinh ae, . . . . (2) 
where A and B are constants. 


* “h” isassumed to be constant in this equation, and the method given 
below will only hold for cases in which the fall of temperature along the 
rod is limited to a few degrees. 
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To determine the values of A and B, put «=0 ; 


then r=V, and therefore A= V. 
Also when «=O, 


dv dv H 
alas | jing ~ kg? 
and by differentiating (2), 
oye = aA sinh ar+aB cosh ar 
az 
=aB when «=0. 
Hence „B= _H 
kq 
B =—H/kqa ; 


v = Vcoshar— fai sinhar . . . (3) 


and dv 


H 
karaca — V h ry t mm 
ni sinh et co ar. . . . (4) 
Now put c=]. Then v=V’; so that 


V'= V cosh al— sinhal. . . . (5) 
“Ga 


de ; H re 

and at aV sinh econ al... te. a (6) 

But when «=l, the heat transmitted by conduction through 

the end layer of the rod is identical with that emitted from 
the surface of that end. 
Therefore when «=, 


— ki ae „5V; ' 


i. e., When z=l, 
de _ AV’ _ lp qV' yo? 


ee ieee ee pe ere ames i 


da k gk p p 
Substituting trom (5) and (6), 


aV sinh al — = cosh al = — ~- 1 (v cosh æl — H sinh al). 
q kqa 
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Multiplying throughout by pkg sech al, 
pykaV tanh al — pH = — kga? V + gaH tanh al, 
which on rearrangement gives 
_ H gatanhal+p ; 
k= gaV ‘ ga +p tanh al eS Sue? pe. ee ie (7) 
H a 
‘= -— | -197 a 
or Í: N coth (al+ tanh p ) ; a (8) 
From (3), 
kav = kqa V cosh a«—H sinh az ; 
H sinh av 


= JaV * cosh az —r)V ` ARE 
(‘ombining (8)and (9), we have the relation 
sinh oa = qa tanh al +p ee (10) 


cosh ax—r|V  ĝa+p tanh al 
= -19% 
= coth (al + tanh n) . (11) 


Now, while an explicit expression for a cannot be obtained, 
it is quite a simple matter to evaluate it graphically. All 
the quantities are known except a ; so that, by giving a afew 
arbitrary values, it is possible to plot out the curves 


sinhar __, qatanhal +p 4, . 
cosh ax —v/V Z o qa+ pahal = 

and this may be done with any degree of precision. The 
value of «æ at the point of intersection of the two curves is 
the value which satisfies the relations (10) and (11). The 
other coordinate at the point of intersection gives the value 
of f(a) or F(a) at that point. The value of k now follows by 
simple substitution in (9). 

It will be observed that this solution is quite general, 
and does not involve the measurement of h. A numerical 
example will illustrate the method. 


Example :— 

A cylindrical wire 10°00 cm. long and 2 mm. thick is 
placed in a constant temperature enclosure and heated at 
one end at the rate of 6°290x10-* calorie per second. 
When equilibrinm is reached, the hot end is found to he 
5°-00 C. hotter than the enclosure, while at a point 7°31 cm. 
from the hot end the temperature is 0°83 C. above that of 


the enclosure. 
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We have the following data :— 
r=0°100, p=0°6283, g=0°03142, /= 10-00, 
H=6°290 x 1073, V=5°00 C., v=0%8S C., w= 7:31. 


TABLE of values of a, f(a), and F(a). 
a. ga/p. ar. al. cosharx, sinhaz. fa). tanbal. F(a). 
‘2600 0130 19006 2:6000 34197 32702 1:0508 98903 101081 
2700 0135 1:9737 27000 36681 3-5292 100773 99101 10088; 
‘2800 0140 20468 28000 39361 38070 100977 N9263 100722 
401100 


1/000 


0900 


0700 


0600 


wa TREE 
ii| 


-2600 *2700 *2800 


The two curves intersect at the point ma a 


400500 


(see Curve), from which it follows, since += a fa), that 
a 


_ 6290 x 10-7? x 1:00835 
~ (O31416 x 02728x 5’? 


k= 0°148(0). 
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We now proceed to two particular cases of the above. 


(2) A particular case of (1) when lis large. 
When / is great, tanhal approximates to unity, and it 


H 
follows from (7) that k= aN: 


sinh ax 
cosh ax—r/V 
aT 


v/V = cosh az— sinh ar=e7 %7 ; 


Hence by (10), 


=] 


az= log, (v/V): 

—— 1} vl] V 
a pO eN a 
H Hz 

y’ 


oe (12) 
qV log, : 

a very simple expression, independent of h, and requiring 
the measurement of the heat H given to one end of the rod, 
the temperature V at that end, the cross-sectional area of 
the rod, and the temperature v at a point distant x from the 
hot end. 


(3) A particular case of (1), assuming h/ka is small, 

[t was shown ina former paper (loc. cit.) that for a great 
many thin metallic rods the quantity h/ka is very small, the 
error involved in neglecting it being less than one part in 
ten thousand. Making this approximation, we have 

qa ga q hp _ h 
/? 
‘Therefore, substituting in (S) and (11), 


pa “pa ` kq z a 


H 
k= av al ©. o œ (13) 


= cothal. . . . . . (LH) 


sinh ag 


and — 
cosh a0— /\ 


This greatly simplifies the graphical solution of (11). 
Tt will be observed that in the numerical example given 
above the tabulated values of F(a) are very nearly the 
- reciprocals of those of tanhaæl. The error involved in writing 
F(a2)=cothal would be only 0:2 per cent. of the value of k, 
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The formula quoted at the beginning of this paper follows 
directly from the relation 


k= ai coth al, 
qa V 


H? cath? al 


qratV? 
_ H?coth? el _ , HH? coth? al 
aan hp xm ; phV? 
y S af r2 
q ni y 
H? 
~ pyhV? 


for k? = 


SCOEN al! ce cae es ay ar es (15) 


(4) To pind *k” from measurements of q,l, H, V,and V', with 
the assumption as in (3) that the quantity qafp is small. 


sinh aa 


From (14) cosh ac —r]V = coth al. 
When «=l, and v= V’, 


sinh? al= cosh? al — cosh al ; 


he cosh al= cosh? al— sinh? al=1. 


cosh al= yr. bok ae ok: EEG) 


Tai 7 
a= Ļcosh- (y) Kow g a cae CET) 


while CORSES 
; Vv V?—V? V 
jis ee ete, Hi 
sinh al = y7 and coth al Vivi (18) 
Since (13), 
H ; 
k= gaV coth al, 
by (17) and (18) 
L= H ne ee 
~ gV ° cosh (V/V) y VeV” 
e 
or k= === =z 
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(5) To find “k? given the ratio H/V for two values of l. 


l M 


: H 
Since gaV, coth al = k= on, coth als, 


k can be found graphically in a manner entirely analogous 
to that used in I. (1) by plotting the two functions 


y ooth al against « and taking their value at their point 


of intersection. 


(6) To find “ h,” given p,q, l, H, V, and V', when is small. 


Since by definition a? = E ; 
hp = q2°k, 
which by (13) 


H Hecoth al 
ay coth al= yo 


Therefore by (17) and (18), 


= qa? 


H 
h= pV . a coth al 


_H 1 “af V V 
RN 7 cosh (y) yaya 


— Heosh7!(V/V’) 


or eS 
piy ViVi 


In Section III. (4), (5), and (6), perfectly general 
solutions making no restriction on the magnitude of ye/p 
are readily available by the same method, but the forms 
obtained are rather involved. 


~ Our thanks are due to Prof. C. H. Lees for kindly advice 
and criticism. 
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XXXV. The Thermal Theory of Gas Ignition by Electric 
Sparks. By J. D. Moraan, M.Sc. * 


Introduction. 


fae main purpose pf this paper is to examine the thermal 
theory of gas ignition by electric sparks in the light 
of experimental results. The theory asserts that ignition 
depends on the raising of a sufficient volume of the com- 
bustible gas to a sufficient temperature. Two quantities 
only are involved in the theory—volume and temperature. 
No account is taken of chemical or material changes in the 
process of ignition. The justification for the reference to 
volume is that a spark insutticient to initiate combustion of 
the whole of the gas will burn some of the gus immediately 
adjacent to the spark, but the flame does not spread. It 
appears to be necessary to ignite a sufficient quantity of the 
gas to ensure autogenous ignition of the whole. From 
the theory as stated, it follows that to cause ignition requires 
a definite amount of heat to be imparted to a definite volume 
of the gas. If that volume could be raised instantly and 
uniformly to the ignition temperature, without loss of heat 
to the surrounding gas, the amount of heat necessary to 
cause ignition would be the minimum. Experimental results 
can only approximate to the ideal minimum, and the degree 
of approximation will depend on conditions associated with 
the experiment. Diversity of results is therefore inevitable. 

The fact that the subject of spark ignition is associated 
with experimental results of great diversity forms the basis 
of the opinion held by some, that but little if any satistactory 
information exists on the subject. It is not generally under- 
stood, however, that diversity as regards the energy required 
to cause ignition is inevitable, and is at the same time 
consistent with the simple hypothesis above enunciated. 

By means of the thermal theory much of the perplexity 
which surrounds the subject of spark ignition is caused to 
disappear, and apparently discordant results are co-ordinated. 
There is no alternative theory of which the same can be 
stated. The suggestion has been made that ignition depends 
upon some form of electrical activity which cannot be 
expressed in terms of energy, but the suggestion does not 
appear to have been developed. It is not denied that the 
interaction of the spark and gas may be electrical in character. 
This possibility is not excluded by the thermal theory, any 
more than is an electrical theory of flame excluded by the 
science of thermodynamics. 

* Communicated by Prof. E. Taylor Jones, 
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Experimental limitations. 


Before a clear conception of the subject can be formed 
it is necessary to know something of the experimental 
limitations, The supposition that ignition is an operation 
depending on the transference of energy to the gas from the 
spark in the form of heat is not unreasonable. Until 
the supposition is proved to be false, measurements of energy, 
or of factors involved in appropriate energy expressions, 
afford the natural means of investigation. It will be obvious 
that three measurements ure conceivable, though it will be 
apparent that only two are possible. As a result of the 
spark a temperature wave travels from the spark throughout 
the gas. Ignition follows from a transient condition in 
which the heat given up by the spark is localized in the 
region surrounding the spark. A direct attack upon the 
problem would involve a measurement of the heat concen- 
trated in the gas region adjacent to the spark immediately 
prior to ignition, ‘but this is impossible. A practicable 
method is to measure the heat given up by the spark, the 
heat being imparted for the purpose of measurement to a 
non-inflammable gas. Only the firal effect of the heating 
can be measured in this w av,—not the transient condition on 
which ignition depends. The method has been used. Tti is 
inconvenient, and possesses no advantages, except as a check, 
over the öder and third method which is the one ordinarily 
employed. This consists in measuring the energy (or a 
suitable factor of the energy) available far spark production 
in the apparatus used for generating the spark. 

The use of the energy available for spark production as a 
criterion of incendivity (or ability of the spark to cause 
ignition) involves several arbitrary assumptions. It tends 
to produce a crop of misleading results, and depends more 
on necessity than choice. Nevertheless, provided T limit- 
ations are always kept in view, the method is of great value, 
and by its aid a clear appreciation of the conditions affecting 
ignition becomes } ossible. 

The sparks used in ignition experiments are divided into 
two classes, inductance and capacity sparks. Inductance 
sparks are akinel between a pair ot contacts when tke 
current flowing in an inductive circuit is interrupted by 
separation of the contacts. Capacity sparks result from the 
discharge of an electrostatic condenser across a gap Letween 
a pair of electrodes. The energy available for the production 
of an inductance spark is equal to 4177, where L is the 
inductance of the circuit and è the Garren flowing prior to 
interruption. Fora capacity spark, ¿CV? is i measure cf 
the energy available for spark production, ' being the 
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capacity of the condenser and V the sparking voltage of 
the gap. The use of either measurement involves the 
assumption that the whole or the greater part of the energy 
available is discharged in the spark. Under suitable 


experimental conditions a great, if not the greater, part of 

e energy undoubtedly appears in the spark, and the 
Proportion is sufficiently definite and constant to justify 
the use of available energy as a measure (for comparative 
Purposes) of actual spark energy. But under unfavourable 
€xperimental conditions the assumption leads to anomalous 
results; examples of such conditions are given in the later 


Portion of this paper. 


Principal causes of Spark Lnergy Variations. 

_ Assuming satisfactory experimental conditions, diversity 
in the spark energy required to cause ignition of a given 
gas results mainly from one or both of two conditions. The 
one depends on the rate at which the heat is imparted to the 
888, the other on the manner in which the electrodes, between 
which the spark is formed, interfere with the efficient dis- 
tribu tion of heat in the gas adjacent to the spark. 


Fifect of rate of imparting Heat from Spark to Gas. 

. The heating of the gas to the condition required for 
ignition involves time. During this time heat is accumu- 
latin g in the region around the spark, and some is also 
passing uselessly to the remoter portions of the gas. At the 
Instant of ignition the temperature distribution in the gas 
around the spark is not uniform. Of the quantity of heat 
given by the spark to the gas, the amount that is etfectively 
employed in causing ignition will depend on the rate at 
which the heat is imparted. This aspect of the problem has 
en examined theoretically in a previous paper *. In that 
oe the problem was reduced to one of examining the 
the hes effect of different point sources of heat on air, 
ada being communicated from the source to the air by 
iias A r The calculations showed that the elfective- 
R a given quantity of heat in raising a given volume 
a to a given temperature depends essentially on the 
Whe er in which that heat is communicated to the gas. 
the b the heat is imparted instantaneously to a point source, 
Cundary of a larger volume of gas is raised to a given 
ait Perature than when the same quantity of heat is imparted 
uniform rate over a finite interval of time. lor 

point On the form of the temperature wave spreading by conduction from 
of sha Ns spherical sources ; ee cag (fete appi on to a problem 
exl separ Taylor Jones, Morgan & 1eeler, Phil. Mag. 

. ep. Ll, 
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example, the heating effect of a point source of total heat of 
0'001 calorie uniformly in action over 0-005 sec. (continued 
heat source) was about 17 per cent. less than that of an 
instantaneous point source of the same total heat. In the 
calculations it was assumed that the Aam point sources 
of heat were surrounded entirely by ga 

It is difficult, indeed it appears impossible owing to the 
complex conditions which exist in the ignition of a gas by a 
spark, to test directly the conclusions arrived at in that 
paper, although it is known that, in general, the incendivity 
of inductance sparks (which can be regarded as continued 
heat sources) is less than that of capacity sparks (which can 
be regarded as instantaneous heat sources). For example, 
in some experiments, the least energy by which ignition of 
an 8:5 per cent. methane-air mixture could be obtained by a 
capacity spark was ‘002 joule. That for an inductance spark 
was ‘006 joule. It is not possible, however, to state 
whether the difference was due wholly or only in part to the 
rate of heating, because both results depend to some extent 
on the “electrode effect” described below. The general 
conclusions arrived at in the earlier paper are, however, 
equally applicable to another ignition problem in connexion 
with which they are easilv tested in a direct manner. For 
the ignition of explosives in blasting operations, electrically 
fired fuseheads are commonly used. A fusehead consists of 
a solid globule of readily ignitible material in which is 
embedded a very fine and short wire. Ignition of the 
fusehead is effected by passing an electric current through 
the wire. Experiments on the ignition of fuseheads are 
very much simpler than those on ‘the ignition of gases, as 
the conditions are more definite. In the experiments to be 
mentioned the object was to find the current required for 
ignition when the duration of current was limited to a 
definite interval of time. The results obtained in one set of 
experiments on fusehcads of 1 ohm resistance are given 
below :— 


Duration of Igniting Energy required 
current. current, for ignition. 
Bec. amp. CARS, 

'l 38 0144 
OS “4 0128 
"06 "415 0103 
4 “44 0077 
03 "48 0069 
"02 53 0056 
‘Ol 66 O0AL 


"005 RY 004 
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The results when plotted give a straight line relationship 
between W and ż, where W = energy and ¢ = time. 
Calculations made by Prof. E. Taylor Jones, based on the 
assumptions made in the previous paper, also show that the 
relation between W and ¢ should (in the case of a point 
source) be linear over the same range of values of ¢* as 
that in the above table. The results obtained in the fusehead 
experiments therefore agree well in this respect with the 
thermal theory of ignition. 

There appears to be no reason for supposing that, as a 
thermal operation, the heating of a combustible gas by 
a hot vapour is essentially different from the heating of a 
combustible solid by a hot wire. In view of the direct 
evidence cited, and the absence of evidence to the contrary, 
it must be regarded as established that the effectiveness of 
u spark as an igniting agent depends on the rate at which it 
imparts heat to the gas, and that the differences which are 
known to exist between the incendivities of capacity and 
inductance sparks are due in part to this cause. 


Electrode Eject. 


In the light of the calculations of the first paper, another 
aspect of the subject has been treated experimentally f. 
The object was to find what modifying effect could be 
attributed to the presence of electrodes on the heat required 
to cause ignition of the gas, ignition being initiated by a 
spark in the region between the electrodes. It was found 
that the effect ot the electrodes on the spark energy necessary 
for ignition was very great. Using capacity sparks (which 
can be regarded as instantaneous heat sources) and rather 
blunt electrodes presenting hemispherical surfaces to the 
gap, ‘007 joule was required to cause ignition of an 
88 per cent. methane-air mixture when the gap width, or 
distance between the electrodes, was 0°31 inch. Increasing 
the gap width to °055 inch, and thereby increasing the 
volume of gas between the electrodes, the energy required 
for ignition was only ‘002 joule. It was found that the 
relationship between these and intermediate figures was 
consistent with calculations derived from those of the 
previous paper. Changes in the shape of the electrodes 


* The calculations show that at very small values of ¢ the energy W 
variea slightly less rapidly than according to the linear relation which 
holds at larger values. 

t “Some observations on the ignition of combustible gases by electric 
sparks,’ J. D. Morgan, Phil. Mag. vol. xlv. May 1923. 
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were also accompanied by consistent variations in the energy 
required for ignition. Change of material appeared to have 
no effect, as might be expected. The experiments described 
in the second piper established a fact of great practical 
importance, namely, that the presence of electrodes can cause 
very large variations in the amount of heat energy necessary 
for the ignition of a given gas. They also show that such 
variations accord with the supposition that ignition depends 


upon a thermal process. 


Inductance Sparks. 


More recently the problem has been examined from 
various other view points with inductance sparks. It 
is known that the incendivity of such sparks is lower 
than that of capacity sparks. This is attributable to two 
causes. In the first place, the sparks are of appreciable 
duration and are therefore less efficient as heating agents 
than the approximately instantaneous capacity sparks. In 
the second place, the sparks are initiated in a much more 
confined or restricted gas region than capacity sparks, 
Stated otherwise, the electrode effect may be much greater 
in the one case than the other; although it should be 
mentioned that when capacity sparks are produced between 
electrodes which are very close together the energy required 
for ignition approaches very nearly, and has been found to 
exceed, that necessary with inductance sparks, For example, 
as already stated, the energy required in a capacity spark 
formed in a gap of -031 inch wide, to ignite an 8°8 per cent. 
methane-air mixture, was ‘U07 joule. Ignition of the same 
mixture with an inductance spark has been obtained with a 
spark energy of as low as ‘006 joule. But by slowing down 
the rate of break, or by increasing the area of adjacent 
electrode surfaces, this figure can be greatly increased owing 
to increase of electrode ettect. It can also be increased by 
making the rate of break very rapid; the electrode effect is 
then reduced to the minimum, but the energy that actually 
appears in the spark is diminished, owing apparently to 
premature extinction of the spark. But w hen an inductance 
spark produced under optimum conditions is compared with 
a capacity spark also produced under optimum conditions, 
the energy required for ignition by the induetance spark is 
greater than that required by a capacity spark. 

The energy required to produce an inductance spark is 
represented by the quantity 4L. It is important to consider 
what results are to be expected from experiments in which 
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L and i are varied. the rate of separation of the contacts and 
the composition of the gas mixture being kept constant. 
As a matter of observation, it is known that the sparks 
required to ignite a given gas vary but little in length and, 
consequently, in duration over a fairly wide range of 
variation of J, and 2. With large differences in L (and 
corresponding differences in i) there is an appreciable 
difference in the length of the sparks, the sparks obtained 
with the larger values of L being longer and less bright than 
those obtained with small values of L. Considering first 
the condition in which there is no appreciable variation of 
spark length and duration: if the thermal hypothesis is 
correct, then, under that condition, the product $L? should 
remain constant, because the mean rate at which heat is 
generated in the spark is then constant. This conclusion is 
in accordance with experiments *. Recently the matter has 
been re-examined, using two air-core coils of different 
inductance. The gas was a methane-air mixture of 38°5 per 
cent. methane. The contact breaker consisted of a small 
flexible phosphor-bronze blade which could be brought into 
contact with one face of a fixed contact of wedge-shaped 
section, and after slight flexure could flick past the edge of 
the fixed contact. This simple device enabled a constant 
rate of break to be obtained very conveniently. The results 
were as follows :— 


Energy to provide 


Inductance of Current prior igniting spark 
coil (L). to break (i). ee 

(1) "02144 “77 "90635 

(2) -012 1:025 "00630 


In these experiments the difference between the two induc- 
tances 1s not nearly so large as the differences employed in 
the earlier experiments, but is sufficient to establish the 
point under consideration. 

In the other condition, in which there are appreciable 
differences in the spark lengths (and consequently durations), 
the experimental conditions are obviously more complicated. 
The greater brightness of the shorter sparks indicates a more 
rapid rate of heat generation. If this were the only differen- 
tiating feature in the experiments, the product 4L? should 
have been less with a small value of L than with a large 
value. On the other hand, the longer sparks obtained with 


* “The ignition of explosive gases by electric sparks,” J. D. Morgan, 
Trans. Chem. Soc. 1919, vol. cxv. 
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the larger values of L should have been more effective on 
account of the diminution of electrode effect, and the product 
Li? should have been less with the large values of L than 
with the small values. Actually, in the first experiments 
cited, it was found that with very large differences of L the 
product 4L1? remained constant, due, no doubt, to the fact 
that differences in the rate of heating were accompanied by 
counteracting differences in the electrode effect. 

In some recent experiments with inductance sparks by 
Prof. R. V. Wheeler, the following figures were obtained in 
the ignition of an 8°5 per cent. methane-air mixture. 


Appiied volts, Inductance, Igniting current, Spark energy, 
henry. amp. (3Li*) joule. 
90 "U31 "42 0027 
ý 063 26 00221 
n 095 19 0017 
30 063 "35 0038 


It will be noticed that the results differ from the writer’s 
in that the energy required for ignition is much smaller, and 
the product $ L:” diminishes with increase of inductance. It 
will also be noticed that at the lower applied voltage (30) 
the spark energy with an inductance of :063 henry rises from 
"0021 to -0038. In the author’s experiments the applied 
voltage was 4. The two sets of results are hardly comparable, 
for the reason that the high voltage used in Wheeler’s 
experiments causes considerable energy to be given to the 
spark which is not included in the quantity 4L°. This 
point is discussed later. For comparison with Wheeler's 
results, the following obtained recently by the author, in 
experiments on 8'5 per cent. methane-air mixture with high 
impressed voltage, are of interest. 


Impressed volts. Inductance, Igniting current, Spark energy 
henry. amp. (3 L2?). 
(1) 220 02144 "3d (00130 
(2) 220 012 ‘4 00096 


Here the spark energy increases with increase of induc- 
tance. The fact that the variation is the reverse of Wheeler’s 
is no doubt due to some difference in the experimental 
conditions. Whatever the explanation, the results obtained 
with high impressed voltage attord no evidence for or against 
the thermal theory, for the reason already given. The 
results obtained in experiments with low impressed voltage 
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show that the behaviour of inductance sparks accords with 
the thermal theory of ignition. 


Inductance Sparks produced in Alternating Current 
Circuits. 


In consequence of the work of Thornton there is a wide- 
spread belief that sparks produced in alternating current 
circuits are much less effective in causing ignition than 
sparks produced in direct current circuits. It has been 
alleged that his experiments disprove the thermal theory of 
ignition, and it has also been advocated that where danger 
from gas ignition is to be anticipated, it is preferable to 
employ alternating current on account of the wider margin 
of safety that it is supposed to give. The matter is of great 
practical importance, and it also has an important bearing on 
the theoretical aspect of the subject of spark ignition. It is 
quite easy to show that the belief is without foundation in 
fact. A small alternator giving a good sine wave was 
arranged in a circuit containing the ignition apparatus, an 
air-core inductance coil, a resistance, and a hot wire ammeter. 
Provision was made for including in series with the circuit a 
small accumulator as a source of direct current. In the 
direct current experiments, the alternator rotor was fixed in 
the position of maximum inductance, and the current from 
the battery was adjusted until the spark obtained on breaking 
the circuit was able to iynite the gas. Subsequently the 
battery was removed from the circuit and current was gener- 
ated by the alternator, the resistance of the circuit remaining 
the same. The excitation of the alternator was varied until the 
least igniting spark was obtained. The flick contact-breaker 
above mentioned was actuated by hand, and consequently 
the necessary coincidence of the break with the peak of a 
current-wave was a matter of chance. But by repeated trials 
and frequent changes of gas in the explosion-chamber, the 
least current required to produce an igniting spark was 
determinable without great difficulty. The procedure may 
appear to be crude, butactually it is free from the possibility 
of any serious error. The results of experiments on an 
8°5 methane-air mixture were as follows :— 


Direct current required to produce igniting spark °415 amp. 
Alternating current required to produce igniting spark :— 
Periodicity. r.m.s. current. Peak current. 
68 ‘29 amp. “41 
200 T y 42 


332 Mr. J. D. Morgan on the Thermal Theory of 


It will be apparent that the results for alternating and 
direct current are practically the same. The arrangement 
of the experiment was such as to insure as nearly as possible 
identical conditions for the two currents. With the alter- 
nator running there was no doubt a small variation in the 
effective inductance of the generating windings, and this pro- 
bably accounts for the small differences found in the igniting 
currents. The experiments establish the fact that there is 
no difference in the effectiveness of alternating and direct 
current sparks when produced under similar conditions. 
Prof. Wheeler has informed the writer that he also has 
experimented with the two kinds of currents, and found no 
essential difference in the incendivity of the sparks produced 
by them. 


Thornten’s * lonization” Test. 


Ina recent paper * Prof. Thornton has given an account 
of an experiment intended apparently to dispose of the 
thermal theory of ignition. His words are as follows :— 


“The statement has been made here that ignition is elec- 
trical rather than thermal. As a test of this in the case 
of break sparks the following experiment was made. The 
least igniting current of a "35 per cent. hydrogen-in-air 
mixture was found by trial at 200 volts, 250 p.p.s. to be 
O4 ampere. The same poles were then sparked in pure 
hydrogen to remove oxide or occluded oxvgen, and it was 
then found that the explosive mixture could not be ignited 
with less than 6 amperes broken, The sparks w ere large and 
bright but were electrically inert though their thermal 

value was many times greater than before. The first step 
in ignition is the formation of active oxygen ions, There is 
no difference between hydrogen and other gases except in 
sensitiveness to spark ignition.” 


It will be noticed that Prof. Thornton used alternating 
current for the production of his spark. Judging from the 
current values viven he also used a non-inductive circuit. 
Seeing that the essential feature of the Thornton experiment 
lies in the“ sparking ™ in pure hydrogen between the ignition 
experiments, the restilts should: be independent of other 
factors. Consequently, in order to insure a high degree of 
precision, the author tried the experiment with a small air- 
core inductance in the circuit and used direct current. 


# “ Researches on the safe use of electricity in Coal-mines,” W. M. 
Thornton, Journ, Inst. Elect. Engin, vol. lxii. No. 330 (Jnne 1924). 
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Experiments were repeated many times with hydrogen-air, 
methane-air, and coal gas-air mixtures, but in every case the 
current required for ignition was the same before and after 
sparking in hydrogen. 


Experimental Irregularities. 


It will be apparent that before the results of any ignition 
experiments can be admitted as having any theor etical vi alue, 
the conditions under which the experiments are conducted 
must be rigorously investigated. The principal reason for 
this arises from the necessity for using 412? or 4CV?, or 
one of the factors in those expressions, as a measure of the 
spark energy. In inductance spark experiments the quantity 

¿Li? may give a figure differing greatly from the actual 
value of the energy imparted to the spark. Some- 
times the figure is greater than the true figure, due, for 
example, to losses in the spark-producing system. Some- 
times it is much less, due, for example, to extra, or un- 
measured, energy being given to the spark from the current 
source, as when a high impressed voltage is used. In some 
experiments the inductive portion of the spark-producing 
system was varied. A coil was mounted, in the first instance, 
on one of the limbs of a laminated iron frame. When the 
current was adjusted to give an igniting spark, Li? was 
equal to 0023 joule. Then the same coil was mounted on a 
core in the form of a straight laminated iron bar. Under 
this condition ignition was obtained when 4L? was equal to 
‘0U08 joule. Finally all iron was removed from the coil, 
giving an air-core, and the value of 4Li? for ignition then 
became ‘0006 joule. In all other particulars the experi- 
mental conditions were the same. Subsequent measure- 
ments, in a special calorimeter, of the heat actually dissipated 
in the sparks showed that the heat content of ‘the sparks 
produced under the three different eae was the same. 
Lhe differences in the measured values of 4L: were due to 
core losses. Owing to the difficulty of standardizing an 
inductive system involving iron it is advisable to use air- 
core coils. 

A well-known result in experiments with inductive sparks 
is that the energy required for ignition of a viven gas (as 
measured by 117) diminishes with increase of impressed 
voltage. The spark-producing system must inciude a source 
of electromotive force for supplying the requisite current, 
When the contacts are together, the voltage across them is. 
practically zero. On separation the rise of voltage across. 
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the contacts depends not only on the inductive voltage, which 
first rises and afterwards falls, but also on the impressed 
voltage due to the source, which rises from zero to a maximum 
and persists. During the passage of the spark, energy is 
derived from both the stored magnetic energy of the system 
and the source, and the contribution from the latter, which 
may be large, is not included in the measurement of 4L. 
In one experiment using an air-core coil, for which L=:0214 
henry, the current required to produce a spark capable ot 
igniting an 8°5 per cent. methane-air mixture was ‘77 amp. 
(4 Li? ='0063), the voltage of the battery from which current 
was derived being 4 volts. Applying 220 volts to the system, 
the current required to produce an igniting spark, all other 
factors in the experiment being the same, was °35 amp. 
(4Li7=:0013). Check experiments showed that the heat 
delivered to the spark was the same in the two cases, and 
the apparent difference of incendivity was due solely to the 
fact that the measure, 4Li?, does not take into account that 
contribution from the source which augments and tends to 
maintain the spark. In all work of a theoretical character 
on the incendivity of inductance sparks it is necessary to 
keep the impressed voltage as low as possible so that 
the energy derived directly from the source of current is 
negligible. 

Capacity sparks, as already stated, are usually defined by 
the expression $CV?. Here also difficulties are encountered. 
The charge given to the condenser is not wholly discharged 
across the spark-gap, although, under suitable conditions, the 
amount remaining in the condenser after the spark has 
passed is small and bears a definite relationship to the total 
charge. Using condensers with solid dielectrics, the residual 
charge may be relatively high, and what is worse, it is often 
irregular. In some experiments with glass condensers, the 
calibration curve giving the relationship between voltage 
and quantity of current discharged across the spark-gap 
showed well-marked steps. Mica and rubber were also 
found to be unsatisfactory. The most accurate results are 
obtained with air condensers, the charge remaining in the 
condenser after the spark has become extinct being small and 
regular. 

Sparking voltage is a quantity which is often very erratic. 
When exposed to the open air of a room the sparking voltage 
of a given gap across which the voltage is raised gradually 
may be remarkably regular, but when contained in a small 
explosion chamber, voltages of as much as twice the normal 
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break-down voltage have been observed before the spark 
occarred. It cannot be assumed, therefore, unless precautions 
are taken, that a spark-gap set to breakdown at a given 
voltage will always spark over at that voltage. With proper 
care, however, very great accuracy and consistency can be 
obtained when using capacity sparks ; in some experiments 
on methane, the difference in gap width necessary to convert 
a non-igniting into an igniting spark was within ‘0005 inch. 
The above remarks apply to gradually applied voltages, and 
not to impulsively applied voltages such as are obtained 
when an ordinary induction-coil or magnetois used. Impul- 
sively applied voltages are so liable to produce irregular und 
misleading results that they are hardly suitable for use in 
ignition research unless elaborate precautions are taken. 

It is well-known that inductance sparks (or arcs) form 
more readily between some metals when separated than 
others. Wheeler has investigated this aspect of the subject, 
and finds that the energy required to producea spark capable 
of igniting a given gas increases with the vaporization 
temperature of the metals used in the contacts. The proportion 
of the available energy which appears as heat in the spark 
diminishes with increase of vaporization temperature, conse- 
quently when a metal like platinum is used in the contacts, 
a larger current is required to give an igniting spark than 
when a metal like brass is used, other conditions in the 
circuit remaining the same. When sparks are produced 
between permanently separated electrodes (capacity sparks), 
the material of the electrodes appears to have no cttect on 
the energy required to cause gas ignition. 

It will be apparent from the foregoing that a necessary 
preliminary to any work on spark ignition is a thorough 
study of the experimental conditions, and until this is done no 
progress can be made in correlating the diverse results which 
are inevitably found when the experimental conditions are 
varied. 


Summary. 


The thermal theory of spark ignition asserts that ignition 
depends on the raising of a suflicient volume of the com- 
bustible gas to a sufficient temperature. It follows from a 
mathematical development of the theory that the energy 
required for ignition of a given gas varies with (a) the rate 
at which heat is imparted to the gas, and (b) the shape and 
proximity of the electrodes. The chief points of the present 
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paper may be summarized by stating the following experi- 
mental results which agree with the thermal theory “of spark 
ignition :— 


1. The incendivity of capacity sparks is found in general 
to he greater than that of inductance sparks, in accordance 
with the theoretical result that a source of short duration is 
more effective than one in which the heat is supplied over a 
longer interval. 

. The incendivity of capacity sparks depends upon the 
shape and relative position of the spark electrodes in a 
manner to be expected on the thermal theory. 

3. The energy required for ignition of a given gas by 
T voltaze inductance sparks is constant over a wide range 
of values of self-inductance and current so long as the 
duration of the spark is constant. 

4. There is no difference in the incendivity of inductance 
sparks produced in direct and alternating current circuits. 

5. Experiments on the ignition of- ‘highly inflammable 
solids by means of very short hot wires show that the ener ay 
required for ignition increases with diminution of the rate 
of heating, and that over a wide range a linear relation 
exists between the energy and the time during which it is 
supplied. 

It has also been shown in the paper that other important 
variations fonnd in experiments are attributable to the 
manner in which the spark energy is measured. 


XXXVI. On a Critical Resistance for “ Fiashing” of Air 
Discharge-tubes. By James TAYLOR, B. Ne., Pemberton 
Fellow, and WILLIAM CLARKSON, M.Sc., Armstrong Col- 
lege, Newvrastle-upon-Tyne* 

Abstract. 
FINHE paper deals with a continuation of work on the 
“flashing” of discharge-tubes and the resistance 
relations necessary for the maintenance of “ flashes.” (For. 

diagram of circuit see fig. 1.) 

It is shown that there is a “critical” resistance R, for 
the air discharge-tubes used, below which no flashing may 


be obtained, given by the relation 
ee ee 
vy (V b) 
where E is the charging voltage, Vẹ' is the effective lower 
æ Communicated by Prof. G. W. Todd, M.A., D.Se. 
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critical voltage, and yf (V,') is the current voltage function, 
under the conditions of the experiments. A tentative expla- 
nation of the variation of the voltage intercept for the 


Fig. 1. 
+ E 3 
R 
L 
E, the charging voltage. L, the discharge-tube. 
R, the circuit resistance. C, the capacity shunted across 


the electrodes, 


linear curves between the critical resistance R, and the 
charging voltage E, with the capacity across the discharge- 
tube, is put forward. 


Introduction. 


In a previous paper * the present writers showed, in the 
case of the neon discharge-tube or “ Osglim” lamp, that 
there was a critical resistance below which the well-known 
phenomenon of “ flashes ” could not be obtained. The rela- 
tion for this critical value is of the form 

as 
; en i  & > & OD 
(\ b— \ a) 
where E is the charging voltage, V, is the lower critical 
voltage, V, the cathode fall of potential approximately, and 
k the “ conductance ” of the lamp. 

The above relation proceeded out of a simple theory of 
conduction in the discharge-tube, put forward by one of usin 
a previous paper t. The condition for no flashes is expresed 
physically by the fact that during any instant of the dis- 
charge through the tube, the quantity of electricity flowing 
from the condenser is exactly equal to the quantity which 
flows into the condenser from the charging battery. 

In a recent paper on the study of “flashing” in air 
discharye-tubes some results were put forward tentatively 
in support of the relation of equation (1). The results were, 


R. = 


* Taylor and Clarkson, Proc. Phys. Soc. Lond. xxxiv. pt. 4, p. 269. 
t Taylor and Clarkson, Journ Scien. Instrs. i. No. 6, p. 174. 


Phil. May. S. 6. Vol. 49. No. 290. 2b. 1925. Z 
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however, neither definite nor conclusive, and a fuller investi- 
gation into the problem of the critical resistance of air 
discharge-tubes was proposed. 

Some of the experimental difficulties underlying the 
investigation were pointed out. In the case of most tubes 
which are suitable for the investigation of the time relations 
of flashing, the conductivity is high and consequently the 
value of Re is low. Fairly large currents are thus being 
carried by the tube at the critical resistances, and this makes 
for instability, due to the change of conductance and cathode 
fall with heating, and the intense bombardment of the 
electrodes by the ions. Furthermore, very serious difficulties 
are encountered, due to the presence of “salient” points * 
(described in another paper) which had the effect of in- 
creasing the conductivity of the tube and decreasing the 
value of the cathode fall of potential. 

Very many types of tube were tried, including some with 
cooled electrodes, but the results were of a disappointing 
nature. The problem was to obtain a discharge-tube suitable 
for the production of flashes, but such that its conductance 
was sufficiently low to give values of R. high enough to 
ensure repeatability and definiteness of results. The elec- 
trodes must furthermore be such that no salient points develop 
and no rapid change in the value of the cathode fall of 
potential should take place. 

The tube most suitable for the experiments consisted of 
molybdenum or platinum wire electrodes, mounted in small 
glass stems, parallel to each other. The electrodes were 
fixed in a bulb of which the walls were sutticiently far 
removed from the electrodes to minimize “ wall effects.” 
The pressure was reduced and the tube “overrun” for 
several hours with the electrodes red-hot, due to the intense 
bombardment by the ions ; the terminals were reversed from 
time to time so that each wire in turn was cathode. The 
tube was finally overrun for a considerable time in one 
direction. After overrunning in this wav, most of the 
impurities had been removed from the electrodes, and they 
were in a fairly stable condition t. The tube was judged to 
be in a stable condition when the anode was covered with a 
uniform, thin, metal-like deposit, and the discharge spread 
itself uniformly over the electrodes. Notwithstanding this 


# Salient points are points at which small pieces of impurity (as 
alkaline salts from sealing-wax &c.) are situate. The presence of these 
“salient” points causes the discharge to be concentrated upon them, 
and completely alters the value of Va from the normal, 

t See also M. E. Dubois, Comptes Rend. elxxv. pp. 947-9419. 
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treatment, the discharge-tube constants changed progres- 
sively with time and method of treatment, but to a much 
less extent than in the case of tubes which had not been 
overrun in this manner. 

The preliminary experiments, taken over a wide range of 
pressures, showed that the E, R. graphs were linear, but in 
the majority of cases intersected the voltage axis at an inter- 
cept different from the value V, given by the theoretical 
relation of equation (1). 

Since at the majority of pressures used the whole area 
of the cathode was employed during the luminous period, 
it was almost certain that the volt-ampere characteristics for 
the tubes were not of the linear form 


i=k(V-V,),...... (2) 


which applied to the case of the neon discharge-tubes *. 

Experiments carried out to check this have not, up to date, 
been very successful ; the majority of the characteristics are, 
however, almost linear between the lower and upper critical 
voltages. It therefore became necessary to investigate 
theoretically the critical resistance function for any volt- 
ampere characteristic. 


The Generalized Form of the Critical Resistance Function 
for the INscharge-tubes. 
One of us (Taylor) has put forward the following gene- 
ralized form for the critical resistances :— 
If instead of a current-voltage function of the form of 
equations (2) or (6) we take a perfectly general one of the 
form 


m= (V) 2... 2... (3) 
the condition for steadiness of the discharge is evidently 
E —V N 7 
AAN 
o YN) 
e 
ar 
[f we assume, as is perfectly justifiable from experimental 


data, that y(V) is a continuous function which increases 
with increase of V, we have evidently, if the range of possible 


or Gok. ee oe Ud) 


* Taylor and Clarkson, Journ, Scien. Instrs. i. No. 6, p. 174. 


42 


310 Messrs. J. Taylor and W. Clarkson on a Critical 

values of V is from V,' to Va that 

E—V,’ : 
Pie ty: tes g a a a AOD 

yho) i 


where V,' is the extinction voltage for the tube under the 
existing conditions. 
Two cases are to be distinguished, viz.: 


R, = 


(1) In which a portion only of the cathode is employed 
in carrying the discharge. Under these conditions the 
cathode fall of potential is constant and remains so until 
the whole of the cathode is covered by the negative glow. 

(2) In which the full area of the cathode is employed 
during the discharge. Under these conditions an increase 
of the current density through the tube takes place con- 
currently with an increase of the voltage across the lamp 
terminals, and the cathode fall of potential attains values 
much in excess of the normal. 


Under ideal conditions, with parallel plate electrodes, the 
linear characteristic would now be replaced by a relation of 
the form proposed by Aston, 


V=FP/i+G, . . . . . (6) 


where F and G are constants, P is the pressure of the filling 
gas, V the voltage across the tube; and 7 the current. 

In the tubes used in the present experiments, the full 
cathodic area was used continuously during the luminous 
period in flashing, and the work consequently comes under 
the second case. 


The Variation of Va under dijerent conditions. 


Wo should expect that if the value of the current through 
the tnbe be decreased suddenly, the magnitude of the 
cathode fall of potential would lag behind the normal value, 
which would be attained when the conditions become stable. 

If Ve represents, as was suggested in a previous paper * 
the cathode fall of potential plus a voltage just sufficient to 
carry the ions over to the anode, then the i Instantaneous value 
of the lower critical voltage V2’ will now be greater than 
the normal value V4. 

The simple relation of equation (1) for the critical resist- 
ance will now be replaced by the more comprehensive one 
of equation (5). Now it is to be expected that under given. 


* Taylor and Clarkson, Journ. Scien. Instrs. i. No. 6, p. 174. 
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conditions, with a fixed value of the capacity across the 
electrodes so that a constant quantity of electricity is thrown 
through the lamp during every luminous period, the func- 
tion of y(Vz') will also be constant, and the above relation 
will be linear. The intercept of the E, Re graphs with the 
voltage axis will, however, vary from the normal value V, 
by the divergence of V+’ from that value. 

It is to be expected that Va’ will depend upon the value 
of the capacity C across the discharge-tube terminals, upon 
the rapidity with which the changes are effected, the nature 
and condition of the electrodes, and the gas-pressure. 

Furthermore, it is reasonable to suppose that there will 
be a greater lag with currents of high value at the begin- 
ning of the luminous period than with currents of smaller 
initial value. The current at the beginning of the luminous 
period is, of course, a function of the upper critical voltage Ve, 
and will evidently—for a given discharge-tube—be greater 
the greater the value of Ve. It is therefore necessary to 
ascertain whether there is any variation of Ve with the value 
of the capacity C. 


The Variation of Ve with the Capacity C. 


The variation of Ve may be considerable. Ve has a higher 
value initially than when the discharge has just ceased, and 
is furthermore somewhat lower when rapid flashes are taking 
place through the tube, owing presumably to the persistence 
of the space-charge round the cathode *. 

Indeed, when the value of the capacity across the dis- 
charge-tube electrodes is such as to give (when a telephone 
is included in the circuit) notes of audible frequency, the 
note or flashing may be maintained, provided the discharge 
is once initiated at values of E, the charging voltage, con- 
siderably below the normal value of Ve, the upper critical 
voltage. 

From the above facts it may be concluded that the value 
of the current through the discharge-tube is greater when 


° The authors are aware that the time for the space-charge to establish 
or disestablish itself is of the order of 10-6 sec. ina pure gas. But it is to 
be observed that when very rapid flashes are taking place, the current will 
never be of zero value at any instant of the extremely short * dark ” 
period, for there is the ordinary Townshend current, due to the ioniza- 
tion by collision from the residual ions, which finally builds up into the 
glow discharge (e.g. see E. Reiche, Ann. der Physik, F. 4, B. 52, 1917). 
Persistence of the space-charge is used here simply to indicate the 
presence of residual ionization in the gas, which is the usually accepted 
explanation of the variation of the “sparking ” potentials in gases. 
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large capacities are used than in the case of small capacities. 
This is supported experimentally by the fact that the 
flashes are much brighter for large than for moderately small 
capacities. Consequently a greater lag and variation of the 
going-out voltage from the normal is to be expected in 
the case of large capacities than in the case of the small ones. 

When very small capacities are used (about 0:004 micro- 
farad and less) the flashes are of very feeble brightness ; the 
extinction voltage it is to be expected, therefore, will differ 
little, if at all, from the normal value. 


The Variation of the Current Function Ww (Vb) 
with Capacity. 

In a general way it is to be expected, since the energy 
transferred across the tube in the luminous period decreases 
with decrease of the capacity across the electrodes, that the 
current function will decrease with C as the energy trans- 
ference becomes less. Considering equation (5), 


not in most experiments of a great order, for, as will be 
shown later, the EH, Re graphs do not intercept the axis of 
voltage at points very far removed from the normal lower 
critical voltage Vs; consequently Re may be expected to 
increase slowly with diminution of ©. 

This is what actually happens in practice (see the graphs 
of fig. 6) down to capacities of about 0'004 microfarad ; 
from this point, however, the critical resistance function 
begins to increase rapidly, due presumably to the very small 
energy transference possible during the luminous period. 
This, of course, makes the effective resistance of the tube 
high, and correspondingly decreases the value of the current 


function w( V4’). 
THe EXPERIMENTAL RELATIONS. 


The Critical Resistance Relations for Larue Capacities 
of the order of 1 microfurad. 


Tables I. and TI. and the graphs of figs. 2 and 3 show 
the results obtained in the case of a capacity of approxi- 
mately 1 microfarad for the E, R. functions over a wide 


range of pressures. 
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Tase I. 
Moly bdenam-wire electrode discharge-tube. 


Length of electrodes =3'4 cm. Distance apart =0°8 cm. 


P. Vg- Vo. te. Slope of Diam. Anode glow, 
Pressure. Inter- microamps. graph. —glow. 
No. mmm. cept. mean. mean. em. 


(1). 406 350 315 1170 109 os f ARS 


(2)... 3:28 306 310 935 949 0:275 Do. 


l l - ; 5 i Fainton part 
(3)... 268 350 317 982 85 ot { Bub onpart 
(4). 24 290 315 984 750 045 Do. 


(5)... 216 380 315 987 733 0-55 Glow. 
(6)... 14 315 314 618 595 0-6 Even glow. 


(7)... EiS- 315 307 58 5o33 07 Do. 
(8)... 1°22 302 299 436 433 0:775 None. 
(9)... 101 300 292 330 324 0:9 None. 
(10)... 087 280 290 278 290 1:15 None. 
(Il)... 0-86 275 292 252 265 115 Nono. 
(12)... 075 270 292 198 210 1'4 None. 
(13)... 0:65 2&5 293 167 174 1°5 None. 


Value of Capacity across the tube terminals =0'977 microfarad. 


Fig. 2.—Graphs showing the Relationship between the Charging 
Voltage E and the Critical Resistance Re for a Capacity of 1 micro- 
farad, ‘at various Pressures. 


Molybdenum-wire electrode discharge-tube. 
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Tase II. 


Platinum-wire electrode discharge-tube. 
Length of electrodes =2°5 em. Distance apart =0°65 cm. 


P. Vo’. Vo. ib. Slope of Diam. Anode glow. 
Pressure Inter- microamps. graph. —glow. 
No. in.mm. cept. mean. mean. em. 
T l E Almost full 
(A)... 2°58 400 382 614 612 0-45 electrode ; 
bright. 

(B) 2°18 385 382 499 498 0:5 Do. 
(C) ð. 394 n 573 523 045 Glow. 
(Cc)... TIT ass 963 569 Et. Do. 
(D)... 187 373 373 490 474 0:55 Do. 
(D')... Do. Do. 372 490 Do. Do. Do. 


(E) ... 143 365 366 363 363 O75 Do. 
(F)... 1175 365 366 275 270 085 All. Velvety. 


G) ... : 246 À 

(a) TOs 355 363 5g BL 09 Dv. 

(H)... 094 370 30 215 21 ? ? 
Fills 

(I) .. 082 348 368 165 174 inter- Full. 
space, 


Value of Capicity across the tuba TERR als =0:977 microfarad. 


Fig. 3.—Graphs showing the Relationship between the Charging 
Voltage E and the Critical Resistance Re for a Capacity of 1 micro- 
farad, “at various Pressures. 


Platinum-wire electrode discharze-tube. 
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The tube used in the experiments of which the data are 
given in Table I., was a molybdenum wire electrode dis- 
charge-tube, and that for Table II. a platinum wire electrode 
tube. The dimensions of both tubes are recorded in the tables. 

Unfortunately it was not found possible to investigate the 
variation of Re with capacity when the latter was more than 
about 1 microfarad, owing to the lack of suitable capacities. 
The upper critical voltage for these tubes is between four and 
five hundred volts, and the condensers used must, of course, 
be able to withstand this voltage without leakage, or the 
results are unreliable. It was found, however, that so far as 
could be ascertained, the variation of Re was not more than 
a few per cent for capacities of from 0°5 to 4 microfarads. 

A few general remarks relative to the experimental results 
may be introduced. When a tabe which has been overrun 
is employed, it is found to be ina fairly stable condition ; 
but notwithstanding, progressive variations of the constants 
of the tube occur, and the lower critical voltage especially 
is subject to variations. 

If a tube is run for a considerable time at the critical 
resistance, there is a general tendency for the value of this: 
latter to decrease; for the heating and “fatigue” effects 
result in an increase of Va the cathode fall of potential 
(consequently increase ot V+), and increase of the conduct- 
ance of the lamp *. 

As will be seen from equations (1) and (5), these changes 
result in a decrease of Re, the critical resistance. When, 
however, the tube has settled down to the particular condi- 
tions, the variations of R, are not very grave. 


A consideration of Tables I. and II. and the graphs of 
figs. 2 and 3 for the two discharge-tubes gives rise to the 
following general results :— 

(1) The critical resistance functions are, for all the experi- 
mental pressures, linear within the limits of experimental 
error. 

(2) 

(a) In the case of the platinum-wire tube, the graphs 
of pressures 2°58, 2:17 mm. [(A), (c), and (c’) ] detinitely 
intercept the voltage axis at a value greater than Vo, the 
lower critical voltage. The graph of 2°18 mm. (B), how- 
ever, intercepts at Va. 

(6) In the case of the molybdenum-wire discharve-tube, 
the graphs of pressures 4°06, 2°68, 2:4, 2°16 mm. [(1), 
(3), (4), and (5)] definitely intercept at a value greater 
than V3. 

æ Cf. Schaufelberger, Ann. der Phys. (4), xxiii. No. 4 (1924). 
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(3 

a The graphs of pressures 2°18, 1°87, 1:43, 1:175, 
0:94 mm. [(B), (D), (E), (F), and (H)] intercept at the 
value Vz. 

(b) The graphs of pressures 3°28, 1:74, 1:22, 1:01 mm. 
[(2), (6), (8), and (9) ] intercept at V; graph (7) of 
pressure 1'46 to 1°49 intercepts at a value rather greater 
than Vz, but there was a slight leak in the apparatus in 
this case. 

(4) 

(a) The graphs of pressures 1:04, 0:82 mm. [ (G), (I)] 
have intercepts less than Ve. 

(6) The graphs of pressures 0°86, 0°87, 0°75, 0°65 mm. 
[ (11), (10), (12), and (13)] intercept at values less than Ve. 


(5) On the average, where the intercept is greater than 
Va, the slope of the critical resistance graph is less in value 
than the current reading Re. 

Where the voltage intercept is of the value Vj, the slope 
of the graph is of the same value as thecurrent at the critical 
resistance. 

Finally, where the voltage intercept is less than Va, the 
slope of the graph is less in value than the current at Re. 

Considering the equation (5), we see that the current at 
the end of the flash, just before the discontinuous change 
from “ flashing ” to steady conditions, is given by 


p E-W 
~ Re? 


and when the conditions have become steady, the current is 
given by 


i E-V, 
— R ? 
so that evidently i’ <i if V,'> V3; that is to say, the slope of 
the Ib, Re graphs, on =(V2') =i, is less than the steady 
dk, 


current at the critical resistance. 

Further, we have i =i if V,'=Vs, and the slope of the 
graph will be of the same value as the steady current at Re ; 
and finally, if Va’ < Va, i>i, and the slope of the graph is of 
greater value than the current at the critical resistance. 

Tt is at once evident that the foregoing experimental 
results agree substantially with the predictions based upon 
the above considerations of the critical resistance function 
of equation (5). 
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(6) It is noticeable, from a consideration of the tables, 
that, in a general way, at the higher pressures used, about 
2 mm. and above, the voltage intercept is greater than Vz; at 
the medium pressures, 1 to 2 mm. (approx.), the intercept is 
of the value Vz; and at lower pressures, on the average, the 
intercept is less than the lower critical voltage Vs. 

The experiments were, of necessity, not carried out all in 
one day for the different pressures, and this partly accounts 
for the changes in the discharge-tube constants, where the 
pressure is approximately the same. The sole large variation 
is found in the case of (C) and (C’) in Table II. for the 
platinum electrode tube. These results were taken prior to- 
the others, on a different day, and diverge from those of (B). 
The value of Vz is usually lower, however, initially, than the 
final value attained after the tube has settled down to the 
working conditions. 


Vote on the Pressure-ranue over which Flashes” 
may be obtained. 


In the case of the platinum wire electrode discharge-tube,. 
flashing was obtained down to a pressure of 0°07 mm., with 
a charging voltage of approximately 950 volts. The negative 
glow under these circumstances was very diffuse, and almost 
filled the bulb of the discharge-tube. 

There does not appear to be any definite upper limit to the 
pressure at which flashes may be obtained, apart from the 
limit imposed by the voltage available. 


The Critical Resistance Relations for Small Capucities, 
of the order of 107! microfarad. 

A series of the E, Re graphs were taken, over a range of 
pressures, for small capacities of the order of 10-7! micro- 
farad. 

Table IIT. and the graphs of fig. 4 give the results in the 
case of the molybdenum-wire electrode discharge-tube for a 

capacity of 0°016 microfarad, over a range of pressures ; 
Table IV. and the graphs of fig. 5 give the similar results 
for a capacity of 0:00875 microfarad. 

A consideration of the tables and the graphs gives, as in the 
case of the larger capacities, the following general results :— 


(1) The functions are all, within the limits of experimental 
error, linear. 

(2) All the voltage intercepts of the graphs are of greater 
value than the lower critical voltage Vs, except in the case 
of graph IV.of Table IV., where the inter cept is equal to Va.. 


348 Messrs. J. Taylor and W. Clarkson on a Critical 
TABLE ITI. 


Molybdenum-wire electrode discharye-tube. 


P. Vo’. Vo. tc. Slope of Ve, av. voltage 
Pressure Inter- micro- graph. before current 
in mm. cept. amps. becomes steady. 
No. mean. mean. mean. 
(@).. ... 2°52 390 349 816 710 408 
(B) 20 360 345 652 603 396 
(y rere 1°49 350 333 450 430 380 
(6) ..... 108 347 329 282 258 ? 
(6) 0:67 336 330 164 150 7 


Value of Capacity across the tube terminals =0016 microfarad. 


_ Fig. 4.—Graphs showing the Relationship between the Charging 
Voltage E and the Critical Resistance Re for a Capacity of O'Ulo 
microfarad, at various Pressures, 


Molybdenum-wire electrode discharge-tube. 
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The intercept has in all cases a value between Va, the 
lower critical voltage, and Ve, the average voltage across the 
tube terminals just before steadiness of the discharge ensues 
(see later, in section on the variation of Re, Vz, ete. with C), 
and approaches nearer to the value Vg as the pressure is 
reduced. 
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TaBLE IV. 
Moly bdenam-wire electrode discharge-tube. 
P Vo’. Vo. ic.  Slopeof Ve, av. voltage 
Pressure. Inter- micro- graph. before current 
in mm. cept. amps. becomes steady. 
No. mean. mean. mean. 
(.)... 314 402 348 1032 888 414 
(II.)... 2°75 374 397 886 842 410 
(TIL)... 2°37 363 346 752 726 400 
(IV.)... 210 354 354 676 675 395 
“V.)... 162 344 331 528 514 374 
VI)... 1:09 334 322 289 280 365 


V alue of Capacity across tube terminals =0'00875 microfarad, 


Fig. 5.—Graphs showing the Relationship between the Charging 
Voltage and the Critical Resistance Re for a Capacity of 0:0085 
microfarad, at various Pressures. 


Molybdennum-wire electrode discharge-tube. 
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(3) Where the voltage intercept of the graph is greater 


dE 
than V,, as is to be expected, the slope of the graph cic) 

dite 
is less in value than the steady current reading at the 
critical resistance Re. 
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In the case of graph IV. of fig. 5, where Vz’, the voltage 
intercept, is equal to Va, t the slope of the graph is equal in 
value to ¿i the current at the critical resistance. 

It will be noticed that there has been a considerable change 
in the value of V}, between the obtaining of the results tor 
the 1 microfarad capacity, and the above results. 


The Variation of Re, Vg, ete. with C. 


The variation of the critical resistance Re with the capacity 
was investigated at two different pressures for the moly- 
bdenum-wire electrode discharge-tube. Table V. and the 
graphs of fig. 6 show the variations. 

With large capacities the critical resistance increased 
gradually with diminution of C, but when the capacity 
became of the order of 0'004 microfarad and less, the value 
of Re began to increase rapidly with decrease of (, and in 
the case where the voltmeter alone was across the lamp 
terminals, attained several times the value for large capacities. 

The voltage across the lamp electrodes at the point where 
the discharge changes discontinuously from the flashing to 
the steady stute was observed together with the current, as 
given by a unipivotal galvanometer, for this critical point. 
As the discharge under the-e conditions is periodic in 
character, it is apparent that the voltage reading V. is the 
average voltage over the complete cycle of the condenser 
charging and discharging between the upper and lower 
critical voltages. These measurements are given in Table V. 

It is noticeable that when the circuit resistance is some- 
what greater than the critical resistance value, the voltage 
across the lamp terminals, when small capacities are used, 
remains constant for a considerable range of resistance as 
R is decreased. We would conclude from this constancy 
that Ve represents the limiting average voltage over the 
whole cycle, when the luminous period becomes great in 
comparison with the “ dark” period. 

The practically obtained value is not sufficiently constant 
to compare directly with that derived theoretically; moreover, 
the variations of Vs and Ve with © inhibit any comparison 
based on the normal values of these voltages. 

Ve as is to be expected, decreases with decrease of C, for 
both Ve and Vs become less in magnitude, and consequently 
the average voltage over the whole cycle between Ve and 
Vo (that is Ve) will decrease with decrease of the capacity. 

The current reading ie is similarly the average current 
over the total period, whilst 7, given in Table V., is the 
current value when the discharge becomes truly steady. 
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TABLE V. 
C, Ve Vo. Re. t 
microfarads. mean. mean. mean. microampe. 

mean. 
UY77 — 314 U'47 — 
0:063 380 316 0:53 336 
0055 377 316 0:535 334 
0-066 375 316 0°56 323 
0:031 377 317 0:565 306 
0016 372 314 0:57 348 
0-(1088 367 316 0-57 350 
0-0041 357 317 0:595 352 
0:0023 329 317 0°63 338 
0-0012 332 316 0:69 314 
0-0004 326 315 0:89 240 
0:00007 324 315 113 198 
Voltmeter 

| alone. 
Pressure of air in tube =1°45 mm. 
0'977 — 326 0:973 — 
0:055 414? 327 0:13 528 
0:032 395:5 327 0:153 568 
0-015 386 328 0182 564 
0-0082 383 324 0:202 556 
0-0041 382 326 0:207 568 
0:0023 376 327 0:223 580 
0:004 362 328 0°33 510 
000007 348 325:5 0:6 356 
| Voltmeter 
alone. 


Pressure of air in tube =2°25 mm. 


Molybdenum-wire electrode discharge-tube. 
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microam ps. 


mean. 


. 6.—Graphs showing the Variation of the Critical Resistance Re 
with the Capacity C for two different Pressures. 
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Both i, and ¢ decrease with decrease of the capacity across 
the lamp electrodes. With large capacities the diminution 
with C is very slow down to a point at a capacity of about 
0:004 microfarad (the same point at which Re begins to 
Increase rapidly), where a very rapid diminution of these 
quantities, as C is made less, sets in. 

When the discharge has attained a steady state, the tube 
of course adjusts itself to carry the maximum current posrible 
under the existing conditions—that is, the voltage across the 
lamp terminals drops to the lowest possible value, Vz. This 
voltage as well as the current 7 was measured. V4, as is 
shown in the table, is found within the limitsof experimental 
error to be independent of the capacity C. 


The Variation of the Effective Lower Critical 
Voltage Vv. 


It has been shown in the case of the “ Oselim” lamp that 


the going-out or extinction voltage (lower Critical voltage} 
is of greater value than normal when sudden reduetion of the 
current in the circuit is made by reduction of the voltage 
across the lamp terminals”. The present authors have 
observed a similar phenomenon in the air discharge-tubes 
used in these experiments. Mr. Tarrant, in his contribution 
to the discussion on a previous paper on the critical resis- 
tances for the “ Osglim ”? lamps, states that the lower critical 
voltave for the lamp is not constant if large charges are 
passed through the lamp during the luminous period t. 
* Under these y conditions the extinction voltage for the lamp 

was considerably higher than that measured when the lamp 
was running in a steady state, or when a small paralel 
capacity only was used ” tf. ae 

One of us, in recent preliminary experiments on the vari- 
ation of the lower critical voltage with the capacity across 
the lamp and the energy thrown through during the luminous 
period, has observed alir variations, though not so great 
as those observed by Mr. Tarrant (the lamps were aged by 


è Shaxby and Evans, Proe. Phys. Soc. Lond. xxxiv. pt. 4, p. 280. 

t It may be pointed out here that in the experiments on the critical 
resistance of the “ Q-glim ” lamps, previously referred to, the conditions 
were such (since resistances Were included in the condenser circuit xo 
that a part only of the cathode was employed in discharge, and vari- 
ations were made gradually) that Vo’ cor responded, within “the limits of 
exper ‘mental error, to the normal lower critical voltage Vz. 

t See Proc. Phys. Soc. Lond, xxxiv. pt. 4. Discussion (Mr. A.G. 
Tarrant), p. 280. 
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overrunning). It appears that similar results hold in the 
case of the air discharge-tube. 

The experimental results are then, at least qualitatively, in 
agreement with those predicted in the theoretical section of 
the present paper. They certainly confirm the fact of the 
divergence of the effective lower “critical voltage V,’ from 
the normal Vs, in the case of the 1 microfarad ‘capacity, at 
pressures above 2 mm., and in the case of the small capacities 
over a much wider range. Unfortnn: ately, the results 
obtained above, for the div ergence of Vy from Vz, do not 
lend enekes to any quantit: itive E In a 
general way it has been demonstrated, by taking graphs for 
many small capacities, that the voltage intercept, in agree- 
ment with the deductions made in the theoretical section on 
the variation of Vz’, approaches nearer to the normal value 
Vz, as the capacity across the lamp is made less. The results 
obtained are not sufficiently consistent for the authors to 
make any final claims in the matter. 

Certain results seem to indicate that the erratic values 
obtained for Vz’, even at the same pressure, may be intimately 
connected with the appearance and disappearance of the 
anode glow. 

Experiments carried ont to determine whether there was 
any connexion between the types of the discharge and the 
values of Vj! were inconclusive. The sole general rule that 
is apparent is for the tubes with large capacities across them. 
Where there is an anode glow, the value of V» is either 
greater than or equal to that of Vs, and where there is no 
anode glow, Ve’ is either less than or equal to Vo. 


In conclusion, we wish to acknowledge our indebtedness 
to Prof. G. W. Todd, of Armstrong College, under whose 
supervision the experiments were curried out, and to the 
Department of Scientific and Industrial Research for the 
grant which has enabled one of us to undertake the 
work. 


Armstrong College, 
Newcastle-upon-Tyne. 
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XXXVII. Chemical Ajinity and Flectronie Structure — 
Part I. The Non-polur Bond. By BeExxanp Howe. 
WILsvon *. 


HE recent great advances in our knowledge of the 
constitution of the atom have resulted in various 
attempts to construct a theory which will explain the main 
facts of chemistry included under the name affinity. So 
far, these have been of only a qualitative or descriptive 
nature, While they enable systems of chemical notation, 
more or less complicated, to be expressed in terms of 
electrons, which may aid the chemist in visualizing the 
chemical bond, it is scarcely to be expected that they will 
afford a basis for a quantitative theory unless the mechanism 
postulated corresponds with physical realities. For this 
reason a static model molecule, such as that associated with 
the names of Lewis and Langmuir, cannot long meet all the 
requirements of a theory of chemical combination. 

In what follows is given an outline of a theory which it 
is believed will at least provide a basis for the discussion of 
chemical combination in a manner consistent with our present 
knowledge of the atom. It has the further merit of being 
quantitative ; besides affording a method of attacking the 
energetics of reactions, it also. gives some insight into the 
geometrical structure of the molecule. 

The fundamental assumption on which the theory rests is 
that, in order that the free valency orbits of uncombined 
atoms shall be capable of forming a chemical link or bond, 
they must have identical or harmonic ally related frequencies 
(see Note at end of paper). Change in the frequency of an 
electronic orbit, without a jump of the principal quantam 
number, may be brought about either by the precessional 
rotations which result from the action of a magnetic field, 
or by the nutational movements impressed by | an electro- 
static field. Conversely, we may legitimately regard a 
change in the natural frequency of an orbit which takes 
place without the large energy change involved in a jump 
of the principal quantum number , as producing a magnetic 
or electrostatic field. The accommodation in frequency 
which we assume to be necessary in order that two dis- 
cordant orbits shall unite to form a chemical bond, may 
therefore be supposed to be quantitatively related to the 
field of foree which binds two atoms. Bonding brought 
about by a magnetic field will obviously correspond with a 


* Communicated by Dr. J. W. Nicholson, F.R.S. 
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non-polar type of combination ; an electrostatic origin will 
then give rise to the polar bond. 

A change in frequency of an orbit represents only a 
change in kinetic energy. Associated with this there will 
hea change i in potential energy. In the case of an electro- 
static field it is known that the kinetic energy of an orbital 
electron bears always a constant ratio to’ the potential 
energy. This result was due originally to Bohr (Phil. 
Mag. xxvi. p. 24, 1913), who states: “In every system of 
nuclei at rest and electrons which move in circles with 
velocities which are small compared with the velocity of 
lizht, the kinetic energy except in sign, is equal to half the 
potential energy.” Sommerfeld (ef. ‘Spectral Lines and 
Atomic Structure,’ Eng. Trans. p. 447) has generalized 
this theorem, which he shows is not limited to circular 
orbits when time mean values are considered. The Coulomb 
field may also be replaced by any other in which a detinite 
law of force holds. Under these conditions it is shown that 
if the potential energy of the field is a homogeneous func- 
tion of degree n+1 of the coordinates of position, in general, 
the time mean values of the kinetic and potential energies 
will be related as follows : 


Ekin. = $ ibe 


2 Epot.. . e e ° . (1) 
In the case of a non-polar bond, since the magnetic moments 
of the orbits are quantized, we may represent dimensionally 
the work done in breaking the bond by an equation of the 
form 


È hi Ho 


where Spy ug represents the scalar product of the magnetic 
moments and 7 is some linear coordinate. The law ot. force 
will therefore be given by 


whence n in equation (1) is equal to —4 ; substituting in (1) 
we have 
ae Py < 
Lin = — 3 Epot. ` 
consequently 


Q = AV gin. FAB So. = pens s 8 (2) 


where Q is the total energy change. 


2A 
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As our assumption regarding the tuning of free orbital 
frequencies enables us to estimate the change in kinetie 
energy from a knowledge of the natural frequencies of the 
orbits of uncombined «toms, it should be possible, under 
conditions which will be described later, to make use of the 
above relation between the kinetic and potential energies of 
orbits in a magnetic field to calculate the heats of forma- 
tion of non-polar compounds. It will be shown below that 
heats of formation can be caleulated which agree well with 
those observed for simple compounds. using only theoretical 
values for the frequencies of atoms in their ground orbits 
and without the use of arbitrary quantum numbers. 


The available energy of bond formation.—When similar 
atoms combine, if both valency electrons are in their ground 
orbits, their frequencies will be the same and there will 
consequently be no energy available by accommodation in 
frequency, to provide the energy of the bond. This is not 
the case in the union of dissimilar atoms : here, the accom- 
modation in the frequencies of the naturally discordant 
ground orbits is capable of providing the bond energy. 
We may infer, therefore, that it is only in the combination 

of similar AON: that activation is a necessary preliminary 
to reaction. This does not of course preclude the possibility 
that activation may also occur in other types of combination. 

The energy of activation does not enter into the balance 
sheet which represents an ordinary thermochemical reaction : 
otherwise, the reaction which takes place when hydrogen 
atoms coubine to form the hydrogen molecule should be 
endothermic, which is not the case. On decomposition of 
such a molecule the energy required will be that neces- 
sary to re-form one activated and one unactivated atom. If 
the activated atom then resumes its ground orbit the light 
quantum emitted will not be recorded as a heat change. 

We therefore suppose the energy available for bond 
formation is given by 


Kyat) gw eo ee A ce ot 2) 


where vy, and v, represent, cither the natural frequencies of 
two dissimilar atoms, or the frequencies of similar atoms at 
two different energy levels. The difference of the two terms 
then corresponds wir tie energy of emission of a spectral 
line. In what follow s, the natural frequencies y} and vs are 
valeulated from the formula 
y 2 
Wo Se oo: BE coe we owe A 


2 
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Here R, is the Rydberg constant, Z, is the effective atomic 
number and is equal to the number of electrons in the valency 
shell minus the screening number of Sommerfeld; n is the 
principal quantum number of the orbit. Values for s,, the 
screening number, and Z for different numbers of valency 
electrons p, are given for reference in Table I. These 
numbers correspond with vertical columns of the periodic 
table of the same number as p. 


TABLE I. 
p- Sp- Z. 
Taonnerona 0-000 1-000 
ENEE EEEE 0:250 3:061 
n EEEE 0:577 5:862 
: OEE 0:957 9:249 
1s EEIE REE 1:377 13°13 
(Pos. ots rcaiteronen 1:828 17:40 
T AE OAE AE 2:305 22°05 


From (4), if E, represents the available bond energy per 
gram molecule, we have 


EB, =")°L (7-24): sakea (O) 


na 
where L is Avogadro’s number and J is the mechanical 


equivalent of heat. The factor, A = sa becomes on sub- 


J 
stituting the values, R=109721°6 sec.~!, h=6°55 x 107?‘ erg 
secs., L=0°606 x 10%, and J =4°187 x 107 erg/cal., 


A = 310°2 kilogram calories per gram molecule. 


Calculation of the change in kinetic energy on bond forma- 
tion.—E,, the available bond energy, will only represent the 
change in kinetic energy on combination under certain con- 
ditions. If energy is used in distorting the constituent 
elements of structure of the molecule, the change in kinetic 
energy must necessarily be less than the available energy 
calculated from (5). The distribution of energy in the 
molecule may then be expected to correspond with what 
takes place in the anomalous Zeeman effect in the magnetic 
resolution of spectral lines. The change in kinetic energy 
will thus be affected by a factor similar to the Runge 
denominator. The normal or Lorentz resolution, repre- 
sented by Avnerm, only occurs when the impulse taken up 
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by the electronic orbits does not affect other orbits or the 
molecular trunk. It is, however, this “normal resolution ~ 
representing purely kinetic energy which it Is our object to- 
calculate. Tf all the available bond energy were retained in 
kinetic form in the molecule, /Avporm.= Ea would give thie 
work which would be done in restoring the original fre- 
quencies of the electronic orbits in each atom, t.e. the 
Runge denominator is equal to unity. By (2) one-third of 
this amount would represent the total energy change and 
would thus give the heat of decomposition of ‘the molecule. 

In order to calculate the distribution of the available bond 
energy in the molecule, we may make assumptions similar to 
those of Landé (Zeitschr. f. Phys. 1921, p. 231) in the calen- 
lation of the anomalous Zeeman effect. The bypothesis is 
adopted that the distribution of impulse depends on changes 
by half units in the azimuthal quantum numbers of the 
orbits. The impulses corresponding with these changes 
may affect both electronic orbits and molecular trunk. We 
may calculate the energy of the molecule on the supposition 
that the orbits in one half are affected by an external. 
magnetic field originating from the second half. By sym- 
metry the total energy will then be given by twice this 
amount, since the action of both halves of the molecule must 
be reciprocal. Following the method of spatial quantizing 
developed by Sommerfeld, we may also assume that besides 
the quantum restriction to changes in the moments of orbits, 
connected with change in their azimuthal quantum numbers, 
also their components in the molecular field can only attain 
discrete values. This assumption gives a relation determining 
the orientation of orbits in the molecule. 

In the simplest cases, where the trunk is incapable of 
acquiring magnetic moment, or where the impulses to which 
It is subjected are of opposite sign, the whole available energy 
of the bond will be confined to the interaction between orbits 
and field. If + represents the azimuthal quantum number of 
the free valency orbit, we assume that it changes, under the 
influence of the field of the second atom, to k— 4+. Ifthe 
trunk remains unaffected, the energy of ‘the orbit in the 
field of the second atom will be given by 


(:—4)BHeos@,. . . . . . (6) 


where B is the unit of magnetic moment of Bohr, and is 
equal to eh/tame, e being the charge of an electron, 4- the 
Planek unit of action, m the mass of the electron, and e 
the velocity of light. H is the field strength ef the second 
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atom, and 0 the angle made by the vector normal to the 
orbit with the direction of H. Lorentz’s equation for 
the normal resolution of spectral lines in a magnetic field is 


eH ee 
inme š os o S Sa. Gs % (7) 


Substituting in (6) we have, including the symmetry factor 2, 
E, = 2[(k— }) cos 0J hAvnorm, - . . (8) 


* The possible values of cosĝ are given by combinations of 


AV asin: = 


y : i? where l, and l; are Sommerfeld’s equatorial and lati- 
itl; 


tudinal quantum numbers whose sum l, + l (usually denoted 
by nı +n) is equal to & the azimuthal quantum number. 

In the case of hydrogen where k changes to (1—34) the 
only possible values of cos @ are 0 and 1. Cos @ must there- 
fore be equal to 1, 7. e. the orbit adjusts itself at right angles 


to the direction of the field of the second atom. Substituting 
for E from (5) we have 


7 92 7 ? 
E. =A (5: a re) = 2(k—4) cos 6. WAV 


ny ny” 
whence 
A A Lar. Li ] 
sneer E a a) ' 2(k—}) cos d- 


Q will then be given by 
Q = AM AVnorm = a(S D) ah - k z : (9) 
l © Bay në) 2(k—})cos0 
For the hydrogen molecule we thus obtain, since Z,?= 1, 
n=l, mn =2, cosP=1, 


, 310271 1 L: eee, 
Q = 3 lial icc 77°55 Cal. 

This compares favourably with the experimental value of 
85 calculated by Langmuir and the value of 81 found by 
Frank and Knipping (Ber. Deut. Phys. Gesch. xxi. p. 738, 
1919). The calculated value is within the probable experi- 
mental value of the determinations. 

With the halogen elements the outer valency electron has 
a value of k=2, which changes to (2—4) in the molecular 
magnetic field. The heats of dissociation will then be given, 
since Z7 = 22:05, with cos @=1, by 


Q =” 2205[ pa l "EPRE 


My” Hg 
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Table IT. gives all the data required for the calculation of 
the heats of dissociation together with the theoretical and 
observed values. The latter are taken from Landolt and 
Bornstein’s Tables (edn. 4) unless otherwise stated. 


TABLE II. 


Heats of dissociation of monovalent gaseous elements. 


Element. A n. ny k, cos 8. Q cale. Q found. 
| ESE 1 1 2 1 ] TTD 51,85 
Pannas 22-05 2 3 3 1 316:5 ? 
| 8) eeereenree í 3 4 2 l 1106 115-0 
Bro giau » ° 4 5 2 l Hid 55:3 
Te ee eae, a 5 6 2 1 279 36:86 


The agreement is sufficiently remarkable, considering the 
errors involved in practical measurements, to warrant the 
feeling that the theory is on sure ground. All tke values 
appear to be low, divergencies increasing with the molecular 
weight, as might be expected. Of the possible values of 
cos Ô we have selected the value 1; arbitrariness may be 
avoided, however, by adopting a provisional hypothesis 
which is applied consistently in what follows. This is that 
the components of moment of momentum of all actire 
valency orbits in the direction of the field of the second 
atom, or other half of the molecule, shall be equal to the 
moment of the bond electron. This is expressed in the 
formula 


(k—4) = S(k—4)cosO, . . . . (10) 


where s is the number of active valency orbits. In the casa 
of the halogen elements s is 1, so cos@ is also necessarily 
unity. 

The same method, with the hypothesis expressed in (10), 
will now enable us to calculate the Runge denominator for 
more complicated molecules where the moment of the trunk 
may not be zero as in the cases so far discussed. The 
number of “active” valency electrons in an atom is in 
general equal to the principal valency of the element. The 
p—s valency electrons are assumed to lock up together with 
the trunk into a configuration of zero moment. With nitro- 
gen we shall then have 2k =p—sand 3f.=s; with oxygen, 
4hy=p—s, 2h=s; with the halogens possibly 1h 42h 
p—s, lky=s. Following Sommerfeld in his explanation 
of the anomalous Zeeman effect of doublet and triplet 
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atoms, we then suppose that the direction of the moment of 
the bond orbit is defined by an angle 0,; the remaining 
s—1 “active” valency orbits are considered to be associated 
with the trunk in such a way that the moment of the whole 
complex [trunk +(s—1) valency orbits] is given by the 
sum of the individual moments and is defined in direction 
by the common angle 0}. The moments of all active valency 
orbits will be affected in the same way by change in their 
azimuthal quantum numbers by 4. A corresponding number 
of 4 units represents the gain in moment of the trunk. The 
total moment of the trunk will also depend on the impulses 
received in the other half of the molecule, which may differ 
in sign. Thus in the case of the halogen elements the trunk 
receives an impulse of +4 in one half of the molecule and 

— in the other; the total moment is therefore zero, as has 
heen assumed above. 

The magnetic energy of the half molecule will now be 
made up of three parts :— 


(1) The energy of the “ outer” or bond electron in the 
field of the other half of the molecule. If 0, defines 
the direction made by the vector normal to this orbit 
with the direction of H, this energy will be equal to 
(:—4)BH cos 8). 

(2) The energy of the inner complex in the field H. If 
I’B represents the moment of this complex and 6, 
the angle its direction makes with H, this energy 
‘will be represented by an amount T’BH cos ,. 

(3) The energy of strain between the inner complex and 
the bond electron. In magnitude the field of this 
electron will be equal to that of the second atom. 
If @ represents the angle between the moment of 
the inner complex and the field of the bond electron, 
this energy will be T’BH cos 6. 

Summing these amounts and substituting for H in terms 

of Arao. by (7), we have 
E, = 2{(k—4) cos 0, + T' (cos 03 +cos 0) } . Avnorm.. (11) 
The resultant moment of all orbits in the direction of H 
must, however, be equal to that of the bond electron by (10). 
Thus if T represents the moment of the trunk, as distinct 
from that of the complex (trunk inner valency electrons), 


we have 
(T'—T) cos 0+ (k—4) cos 0, = (k—4). . (12) 
(10) may now be written 
E, = 2{(k— 4) +T cos 0, + T' cos 0}hAvaorm.. - (14) 
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A relation between the angles 0 0; and 0 may now be 
obtained by demanding that the orbits and trunk shall be in 
equilibrium so that a small displacement will result in no 
energy change. In diagram 1, a represents the arrange- 
ments of orbits on one side of the equatorial plane of a 
molecule, b represents a stereographic projection of the 
points where the vectors concerned pierce a sphere sur- 
rounding the molecule. v represents the vector normal to 
the bond orbit, H the field of the second atom, and T’ the 
inner complex. 


The angles of the spherical triangle will then be related as 
follows: 
cos 6 = cos 0, cos 0 + sin 6; sin@,cosa. . (15) 


Substituting for cos ĝ in (14), we have 
Ea = 2{(k—4) +T cos 8+ T (cos 0, cos 0; 
+ sin 8, sin 0; cos a) }hAVporm.. (16) 
The conditions for equilibrium of orbits and trunk may be 
written 
OB, _ Ola _ 
00. = Oa oa 


This requires that cos «=1, and gives the following relation 
between the angles 0, and 0», 


T’ sin 0, Y 
aT ogu 0, ee . . ° . (15) 
Expressing all angles in (16) in terms of ĝ,, we have 
Ka 


2 


E a oe ew COD 


tan 0, = 


= (k—} + VT? 4 2TT' cosQ,+T? )hAvnom - » . (19) 


Digitized by Google 
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As examples of the use of formula (19) we may consider 
first the union of the elements oxygen and nitrogen. Effec- 
tively we regard the two atoms of ‘the molecule as linked by 
a single “ bond” and calculate the Runge denominator 
by considering the moment of the inner electron and trunk. 
In the case of oxygen there are two active valency elec- 
trons, i.e. s=2. “The moment of the trunk will then be 
4+}=1=T. Since there is one “inner” valency orbit, 
T'=1+3/2. If we substitute the value of 0, of (18) in 
equation (10) we obtain a complicated cubic. Considering. 
the order of accuracy attainable in the empirical results by 
which we shall test our theoretical deductions, it will be 
sufficient for the present to determine the limits between 
which the Runge denominator must lie. If we call the 
expression under the square root in (19) X, we obtain 
the following values for corresponding values of cos 0; 
shown : 


cos 6... Xe 
Is see etic ths) 7/2 
BPO E E E 3258 
TID adean Oan 2-986 
I E 5/2 


We may legitimately reject the value for cos@=0. The 
heat of dissociation will then be given by 
re 4/1 1\ 1 
a="4(-3) 


2 i +X). 


Substituting the values of X calculated above, we obtain 
the values Q=24°99, 26°27, or 27°85. The experimental 
value is 20°0, which is mid-way between our theoretical 
limits. 

Using a precisely similar method for nitroven where 


T = 3/2, T’ =3/2 + 2(3/2), we obtain for +: 


where 


cos 6, = 1 r=15 Q= 127 
2/3 14°23 13°25 
1/3, 13°39, 14-08, 


The value found is 13:0; again our theoretical values 
approximate closely. 

So far we have confined ourselves to symmetrical com- 
pounds. In the case of the halogen hydracids we assume 
that the moment of the trunk becomes 4 due to the change 
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of the k halogen orbit, and —(—4) for the hydrogen. 
T thus eens unity and T=T’, since there are no oiler 
orbits free in the molecule but the bond orbit. is ?, and 
r is therefore given unambiguously as 2(3/2 + 2) = 

Table III. gives all the “data for the a of the 
theoretical heats of dissociation according to the formula 


A 1/2205 1 
Q= SN Ng” 1): 


together with the experimental values. 


TABLE III. 


Heats of dissociation of halogen hydracids. 


Acid. n. n. k. cos 6,. r Q cale. Q found. 
HE oaa l 2 2 1 7x2 3:33 385 
HOL oSuscedenss ] 3 2 1 7 214 2270 
H Bicca 1 4 2 1 7 43 8:6 
HE seisin l 5 2 1 7 -35 —4 


Except i in the case of hydrofluoric acid, where it 1s neces- 
sary to increase the Runge denominator to twice its value, 
the theoretical results agree satisfactorily in magnitude and 
sign with experimental ‘results. The abnormality of HF is 
not surprising ; we may suppose the heat change represents 
the formation of two molecules. This tallies with the 
chemical evidence. It is particularly satisfactory that 
the sign of the reaction reverses precisely at the point 
where the natural frequency of the halogen becomes smaller 
than that of hydrogen. It is not advisable at present to 
advance a general rule for the determination of the sign of 
the heat change until more reliable data are forthcoming. 
It may be noted, however, that the necessity for the atom of 
highest valency Ghé e key’ ' atom) to diminish in frequeney 
ander the influence of the molecular field, implies negative 
ralues in the case of H,Te, SbH3, and "CLO, us are ob- 
served; but AsH; and H,Se appear to be exceptional, if the 
empirical figures can be relied on, which is certainly very 
doubtful in the case of AsH}. The consistently negative 
values for unsaturated compounds are explici able in another 
manner and will be dealt with in a future communication. 
In the case of water the moment of one OH trunk will be 
zero, since it receives the impulse +4 from the O orbit and 
—4 from the hydrogen. Since we are dealing with a bi- 
valent key atom we must take into account the second orbit. 
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We may reasonably assume that this will be equal to the 
sum of the moments of the oxygen and hydrogen orbits, 
i.e. 3/2—4=1. We thus getr=2(3/2+1)=5. The formula 


A 1/174 1 
Q=3 G(r ih 
then gives Q=692 Cal. The value found is 69-0. 


Applying the same method to ammonia, we must recog- 
nize that the symmetry factor will no longer be two, but 
three, as there are three sepirnte bonds to be considered. 
The nitrogen will receive +3(4) from its 34, valency orbits, 
the hydrogen (only one must be considered as we are calcu- 
lating the energy of one bond) will contribute — (— }), so T 
will be 2. There are two loose valency orbits each of 
moment 3/2 — $, so T’ becomes 4. r will now be 3(3/2 x X). 
The following are the values of rand Q for the assumed. 

values of cos 6, :— 


cos 6, = 1 P= 2275 Q = 10°48 
2/3 21:11 11:17 
1/3. 19:59, 12-04. 


The experimental value is 11°89. 

In Table IV. are given Ea, and the observed heats of 
formation Qoys, for the trivalent compounds shown. In the 
fourth column values of r are given which would rednee 
the theoretical value Eae to the Q’s shown in the fifth: 
column. 


TaBLeE LV, 


Compound. Ea. Q obs. r. Egr. 
NU ionem 235:8 11°89 20 11:79 
Penne 47:57 4:9 10 48 
I 4. aastacaeewins — 18°55 44:2? ? ? 
SBH sroine —49°1 — 33°96 3/2 — 334 
La E T, 418:3 2346 3,2 278 
WC Tip: cou E 101-63 89:1? F 
POl irrada 102:5 697 8/2 68:32 


It will be noted that the value of r which it is necessarv 
to assume in the case of PH; is very approximately 4 of 
the theoretical value for ammonia. With other compounds- 
on which any reliance can be placed, the value of r seems to 
sink to 3/2. This is the value r would assume theoretically 
if the impulses were distributed in such a way that the- 
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moment of the trunk were zero, and a numerator were 
introduced which would cancel the symmetry factor of 3. 
‘This will be referred to again when considering the 
phenomena of quadrivalent compounds. 

With carbon we assume there are two electrons in $, and 
two in A, orbits. If all are active this imphes that the 
impulse received by the trunk from two of them will 
neutralize that received from the other two. The Runge 
denominator should then be simply 4(3/2)=6. Here we 
assume ‘I’ is also zero, since the most symmetrical arrange- 
ment of the valency orbits which also satisfies the 
requirements of equation (10) is that in which there are 
three bonds in the cos @=1/8 position on one side of the 
equatorial plane, and one at cos@=1 on the other. Both 
halves of the molecule then obey the condition that the 
components of momentum in the direction of the field (at 
right angles to the equatorial plane) shall be equal to k— 4. 
Table V. gives observed and calculated values of various 
-quadrivalent compounds. 


TABLE V. 

Compound. E, Q obs r. q. Q. cale. 
CIS cvamcrn 135:6 20:35 6 l 27-6 
e E E 42-81 21-03 6 3 214 
SIF, ceesessseceses. 464-0 230-8 6 3 239-0 
SIOL onecie 1468 121:8 2 ? ? 


The theoretical value for CH, agrees well: with the 
others the numerator, designated g, which it is necessary 
to assume appears to be 3. Although the numerator is 
purely arbitrary, the fact that for similar types of compounds 
it tends to reduce to the same number would indicate that 
the agreements then obtained are not entirely accidental. 
The factor g appears to be connected with the ratios of the 
principal quantum numbers of the linked orbits, but more 
cannot be said on this point till further evidence is available. 


Structural considerations. —The fact that the disposition of 
orbits in the carbon atom will depend only on their mutual 
interactions, without interference by the moment assumed 
by the trunk, is apparently responsible for the characteristic 
chemical properties of thiselement.  Stereoisomerism is evi- 
dently dependent on the quantized angles adopted by the 
bond orbits. The transmission through a long chain of a 
property imposed by a substituent would also seem to be 
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possible only when the moment of the trunk does not inter- 
fere. With oxygen and nitrogen where energy is locked up 
between trunk and orbits, the configuration will not have the 
freedom possible in the case of saturated carbon. Since the 
hypothesis expressed in equation (10) restricts the possible 
angles which can be assumed by the orbits to the values 
cos 6,=1, 2 3, and 1/3, when the trunks have no moment 
they must lie in the plane of the common orbits. Thus the 
spatial quantizing of the orbits necessarily implies in the 
case of carbon the definite orientation of the trunks. 

As has been stated, the most symmetrical arrangement of 
orbits in carbon is that illustrated in fig. 2 (a), where three 
bonds at cos 6,=1/3 are in equilibrium with one at 
©os8,=—1. Each of the angles between bonds then 
becomes the well-known “tetrahedral” angle 109° 28’. 


Fig. 2. 
a. b. 
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If, on the other hand, the moment on one side of the 
equatorial plane is altered so that it becomes equal to 
3 2+1/2=2, the remaining three bonds on the other side 
must adopt the cos @,=2/3 position as shown in fig. 2 (b). 
The angle 0, now becomes 131° 47". It is therefore a defi- 
nite consequence of the theory that the ‘tetrahedral “ angie 
is not the only angle which must be taken into account in 
explaining the stereoisomerism of carbon compounds. If we 
consider a chain of carbon atoms united by bonds forming 
these two angles with the direction of the field, which will 
be at right angles to the length of the chain (tig. 3, a and b), 
the distance between each successive carbon atom will be 
proportional to sin (cos™! 1/3) and sin (cos7!2'3) respec- 
tively. The ratio of these numbers will represent the 
relative rate of increase in length of a carbon chain con- 
nected by bonds at these angles. 
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From X-ray measurements, quoted by Bragg (Trans. 
Farad. Soc. Discussion, 1923, p. 478), Muller and Shearer 
have shown that the molecules of fatty esters orientate 
themselves in thin films in such a way that their length is 
at right angles to the surface, “like the stalks of growing 
corn.” Increase in the length of the acid end of the mole- 
cule produces an increase in thickness at a different rate 
from increase in the alcohol radicle. ‘They find that these 
increases are in the ratio i 

2 acid radicle carbons 1:94 a 
a a = = 1°59, 
l alcohol ,, carbon 1:22 

If we identify the bond angle characteristic of the acid 
end of the molecule with the cos ĝ0=2/3 position, we should 
have theoretically, 


2 bonds at cos~* 2/3 _ 2 x sin (cos~* 2/3) 
Ls. Sy xe 2/8" ametcon 7 178) 


2x 07455 pa 
“(oie 


Fig. 3. 


D. 


This is a remarkable agreement which affords definite 
experimental support to the consequence of this theor 
which demands three possible bond angles for carbon. The 
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explanation suggested by Bragg (loc. ct.) is inherently 
improbable as it denies the possibility of free rotation about 
a single bond. This will be clear from a comparison of a, b, 
and ¢ in fie. 3. The bonds in a and b are free to rotate 
about the dotted lines without distortion of the bond angle, 
or alteration in the distance between carbon atoms. Free 
rotation in ¢ must produce the same length of chain as in a. 

The insight into structural relations of carbon compounds 
which the theory affords will be developed in a paper to 
follow shortly. The treatment of the polar link, which, as 
has been stated, stands in the same relation to the non-polar 
link treated above as does the Stark effect to the Zeeman 
effect, has been worked out satisfactorily, and will follow as 
Part IT. of this series. 


.Vote.—Since the original of this paper, and those to follow, 
was written, the author has considered the application of the 
extremely interesting theory of the quantum relation pub- 
lished by de Broglie (Phil. Mag. xlvii. p. 446, 1924). It is 
worth noting here that the fundamental principle of the syn- 
chronization of bond orbits follows directly from de Broglie’s 
generalization that for stable orbital motion “ the phase wave 
is tuned with the length of the path.” 


Simla, 
August 1924. 
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XXXVIII. Short Electric Waves obtained by the use of Secon- ` 
dary Emission. By E. W. B. Gut, M.A., B.Sc., Fellow 
of Merton College, Oxford, and J. H. MORRELL, M.A., 
Magdalen College, Oxjord *. 


N a previous communication (Phil. Mag. July 1922) the 
authors gave an account of some experiments on 
the production of continuous oscillations of short wave- 
lengths of the order of a metre by gas-free valves, and put 
forward a theory to account for their maintenance. The 
theory was only worked out for the case where the electron 
currents through the valves were small and the space charges 
between the electrodes negligible, if the currents are large 
the theory would have to be modified. 
In all cases, however, the main conclusion was correct, 
that if the time T that the electrons in the valve take to pass 
from one electrode to another is comparable to the time ¢ of 


* Communicated by Prof. Townsend. 
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oscillation of the attached circuits, then a control electrode 
as usually employed is not necessary, since for certain values 
of the ratio T/t the motion of the electrons will vary in such 
a way that they maintain the oscillations. 

These considerations lead to the fact that a particular 
applied voltage maintains most strongly an oscillation of a 
particular wave-length: a species of “ tuning ” which is non- 
existent for longer wave-lengths maintained by the more 
usual methods. 

In the first experiments the oscillations were produced in 
a Lecher wire system attached to the grid and plate of a 
3-electrode valve, the filament and plate being at about the 
same potential and the grid several hundred volts positive to 
them ; this method of short wave production was discovered 
by Barkhausen and Kurz (Phystkalischer Zeitschrift, Jan. 
1920). In this arrangement the electrons moving from 
the filament are accelerated in the space between she fila- 
ment and the grid, and are retarded between the grid and 
the plate. 

In the experiments to be described the grid has still the 
highest positive potential, but the plate, instead of being at 
about the same potential as the filament, is also at a fairly 
high positive potential. In this case all the electrons which 
pass through the grid reach the plate whether oscillations 
are occurring or not, and the secondary emission from the 
plate becomes of importance. 

It may be convenient to state briefly the main effects of 
secondary emission in a 3-electrode valve. 

If in sucha valve the grid is maintained at a fixed high 
positive potential V, above the filament *, and the plate 
current is found for various plate potentials V, above 
the filament, the relations between the plate current and the 
plate potential are given by curves as in fig. 1, as found 
originally by Hull f. In these curves the negative current 
through the valve to the plate is plotted upwards, 

The electrons move from the hot filament to the grid under 
an accelerating potential V,, those which pass through move 
on to the plate under a retarding potential V,—V, and strike 
the plate with the velocity acquired by falling through a 
potential difference Vp. Asa result of this impact secon- 
dary electrons are emitted from the plate with a negligible 


* In this paper the filament is taken as at zero potential, the voltage 
drop down it is neglected, and no account is taken of velocities of 
emission or contact differences of poteutial. 

t Hall, Proe. Inst. Radio Engineers, Feb, 1918. 
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velocity and move to the grid under the accelerating 
potential V,—V,. The reduction of the current with 
increase of plate potential, as shown by the curves, is due 
to this emission. As the velocity of impact (which depends 
only on V,) is increased the number of secondary electrons 
increases. 

It is not necessary to discuss the upward bend of the 
current when V, is further increased, as the oscillations to 
be described could not be maintained for values of V, in this 
region *, 

Fig. 1. 
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The downward portions of the curves are nearly straight 
lines and it is very fairly accurate to assume, as will be 
done, that the number of secondary electrons set free by n 
primary electrons, if the plate potential is V, is proportional 
to nV. 

lt should be noted that for the filament emissions and 
particular values of V, and Vp used, none of the electrons 
emitted from the filament return to it and none of the 
secondaries return to the plate. The voltages are sufficient 


MILLE AMPERES TO PLATE 


* A detailed explanation of the curves is given in Phil. Mag. May 
1923, p- 864. 
2B2 
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to collect the saturation currents, both from the filament and 
the plate, and the space charges, although they modify the 
fields due to the fixed potentials V, and V,, cannot he the 
ultimate cause of the maintenance of oscillation. The case 
is therefore entirely different from the usual methods of 
producing oscillations by valves in which the control of the 
space charge by the grid potential is the essential feature. 

Two types of 3-electrode valves were used in the experi- 
ments:—A Marconi MT5 type (described in detail, Phil. 
Mag. July 1922, p. 165), and a Marconi LS type which 
has a tungsten filament, the grid is a spiral of molybdenum 
wire of diameter 5 mm., and the plate is a cylinder of nickel 
of diameter 10 mm. The LS is smaller than the MT 5, 
which has a grid 10 mm. in diameter and plate 25 mm. 
diameter. 


The circuits used are shown in fig. 2, 


Fig. 2. 


The oscillatory system consisted of two Lecher wires LI, 
attached respectively to the grid and the plate of the valve. 
the other ends of the wires being bridged by the condenser © 
of about 1 mmf. capacity. The length of the Lecher wires 
was adjustable. each being made of a telescopic tube sliding 
over a rod. 

The oscillatory system thus comprised distributed induet- 
ance and capacity of the wires and concentrated capacities 
at both ends: the plate and grid of the valve forming a 
small evlindrical condenser. | 

The condenser C was by far the largest capacity in the 
circuit, so that its terminals may be regarded as potential 
nodes for any oscillation in the system and suitable points 
for attaching the leads to the high potential battery. This 
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high potential battery was used to maintain the grid at a 
high positive potential V, above the filament (negative end) 
and the plate at a positive potential V, less than V,, milli- 
ammeters A, A, indicated the currents flowing to the grid 
und plate respectively. 

The wave-lengths and relative magnitudes of any oscil- 
latory currents set up were determined by means of a 
secondary circuit. loosely coupled to the valve circuit. This 
secondary circuit also consisted of Lecher wires L, L, about 
10 cm. apart, bridged at one end EE by wires to the heater 
coil of a Paul thermo-couple T, which had a sensitive gal- 
vanonieter attached to the thermo-couple. The wires were 
also bridged by a sliding bar DD. 

The method of carrying out an experiment is the fol- 
lowing. The filament is heated to a suitable brightness, 
and a simple preliminary test made to see if oscillations are 
occurring in the Lecher wire system attached io the valve; 
this is easily done by touching various points of the wires 
with the hand. If oscillations are taking place this process 
damps them and the readings of the milliammeters AA 
change. 

If this test indicates that there are no oscillations, the 
telescopic rods are pushed in or out till a sudden change in 
the readings of the milliammeters indicates that oscillations 
have commenced. The bar DD is now moved along the 
secondary circuit, and when the circuit DEED is in tune 
with the primary the galvanometer attached to T shows its 
maximum deflexion ; it will reach a second maximum when 
DD is moved a further distance A/2, A being the wave-length. 

The use of the secondary circuit gives the wave-length 
of the primary oscillation, and the maximum galvanometer 
deflexion is proportional to the square of the primary current 
provided the relative positions of the two circuits are always 
the sume. | | 

It would have been simpler to measure the magnitude of 
the primary oscillatory current direct by inserting the 
thermo-junction in that circuit, but it was found that 
the resistance of the junction made the maintenance of the 
oscillation, which was always very feeble, extremely 
difficult. 

By experiments of the type outlined above it was found 
that for a fixed value of V, and V, oscillations could be 
maintained over a certain range of wave-lengths (just as 
the authors fonnd for the Barkhausen short waves). 

Thus with the MT 5 valve the grid charged to 312 volts 
positive to the filament and the plate to 127 volts; it was 
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found that oscillations could be sustained from A=176 cm. 
toXN=194 em. For 176 cm. the oscillation was just detect- 
able: as à was increased the amplitude of the oscillation 
increased till at 188 cm. it reached its maximum. From 
188 cm. to 194 cm. the amplitude decreased. 

For a larger electron emission from the filament the range 
of wave- lengths over which oscillations could be sustained 

was increased, but the maximum oscillation still occurred at 
about A=188. 

Confining attention now to the wave-length of the oscilla- 
tion with the maximum current amplitude, the next point to 
be investigated was how A depends on the potentials of the 
electrodes. 

The result of many experiments with the LS valve done in 
the method described indicated :— 


(A) That if V,—V, was kept constant the wave-lengths 
of strongest oscillation were within errors of experiment 
independent of the absolute values of V, and V,. 

Thus with the LS valve the values of A found under such 
a condition were :— 


Vy. V Vy Vp A in cm. 
22 volts ‘ 84 101°6 
164 78 RG 994 
208 122 S6 986 


(B) That if V, was kept constant and V,— V, varied, then 
4?(V,—V,) was constant within errors of experiment. 

This with LS valve for V, constant and various values of 
V,— Vp, the values of A and of A (V= Vp) were :— 


Vp Vy VAs À. NAV, -V p) 
160 244 84 DLG cm, 751x105 
160 are 12 S21 tod, 
160 291 131 TSG 748, 
160 299 199 7A 76] 


(C) As mentioned previously, oscillations could not be 
maintained if V, was so nearly equal to V, that the corre- 
sponding point in fig. 1 was to the right of the downward 
portion of the curve. 

The combination of A and B indicates that whatever the 
values of V, and V, the wave-length A depends only on 
Vs—V, in accordunce with the formula r?(V,— Vp) = const. 

This suggests that the electrons responsible for the main- 
tenance of the oscillations are the secondary electrons which 
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go from the plate to the grid as their time of passage depends 
on V,—V, only. For the primary electrons pass from the 
filament tu the grid in a time which depends on V,, they 
pass through the grid with a velocity depending on V,, and 
their time from the grid to the plate depends therefore on 
V, as well as on V,— V, 

The following calculations show that oscillations of the 
type observed can be maintained by the secondary electrons. 

The energy conditions for the maintenance of an oscilla- 
tion are simple. If an oscillation is started in the circuits 
connected to the valve, alternating potential differences are 
set up between the electrodes. ‘The electrons moving across 
the valve are acted on by these alternating potentials as well 
as by the fixed potentials applied to the electrodes. If the 
alternating potentia!s do work on the electrons, this work is 
done at the expense of the energy of the oscillations and in 
consequence the oscillations are damped out ; if, on the other 
hand, the work done by the alternating potentials on the 
electrons is negative, the oscillation will be sustained. The 
electrons in this latter case give energy to the oscillating 
circuit which can be sufficient to compensate it for resistance 
and radiation losses. 

(When the oscillations are being sustained the electrons 
hit the electrodes with less velocity than when there are no 
oscillations ; the heating of the plate is thus less in the former 
than the latter case, and the diference represents the work 
available for the maintenance of the oscillations.) 

It may be assumed that the alternating potential between 


° : i . . . . mT 
plate and grid is Vosin pt, with periodic time P 


The filament is joined to potential nodes on the Lecher 
wire system, and its potential being taken at zero, the total 
plate potential at time ¢ is Vp+ $V, sin pt, and the total grid 
potential is V,—4Vosin pt. 

The following simplifying assumptions will be made :— 

1. Vy is so very smal! compared with V, and V, that the 
time the electrons take to move between the elev- 
trodes is determined only by V, and V, not by Vo. 

2. The plate and grid will be regarded not as con- 
centric cylinders but as parallel planes at distance 
d apart. 

3. The secondary electrons will be supposed to leave the ` 
plate with zero velocity and to move direct from 
the plate to the grid and none to pass through the 

rid. 

4. The effect of space charges will be neglected. 
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The electrons moving across the valve can be divided into 
three classes. The first, those which go direct from the hot 
filament to the grid; the second, those which go from the 
filament to the plate; the third, the secondary electrons 
which return from the plate to the grid. 

It can be shown that the work done per cycle by the 
alternating potentials is zero for both the first and the second 
class, and it is only necessary therefore to consider the last 
class. 

Let T be the time the secondary electrons take to pass from 
the plate to the grid, which in accordance with assumption 1 
is the same for all and is equal to 


2m 
VAN 
e(V,—V>) 


The electron which leaves the plate at time tọ has at time ¢ 
a velocity given by 


da 
dt = f(t—to), 
where Fest V,—V, 


the axis of æ being normal to the plate. 
The work done by the alternating potential V,sin pt as 
the electron moves from the plate to the grid is 


Vo (ett 
d St 


which on integration becomes 


_feVo Stn MoD) _ sin pty— ~SEP tT) Qa 
d P P 

If the electrons left the plate in a uniform stream the 
average value of the expression (1), tọ being regarded as 
the variable and having values from 0 to 27/p, would be 
zero. 

The secondary stream is not however uniform, for as 
t varies the primary electrons hit the plate at different 
velocities corresponding to falling through a potential drop 
of V,+4Vosin pt. Remembering that the number of secon- 
dary electrons emitted for each incident primary is approxi- 
mately proportional to the potential through which the 
Incident electron has fallen, the number of secondaries 
given off between time to and tọ + dto is proportional to 


(Vp +4Vosin pty) dt . . . . . (2) 
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The work done per cycle by the alternating potential on 
the secondary electrons is therefore proportional to the 
integral between ¢,=0 and t=27/p of the product of 
expressions 1 and 2. Omitting certain constants, the 
work per cycle is thus found to be proportional to 


~ ie {cos pT — pT sin p T—1}, 
or the work per second is proportional to 
-5 şcos pt+ pt sin pT-1 }. 


Hence, if Ty is the time of one oscillation, Ty =22/p and the 
work is proportional to 
—T,? | cos 27 i: + 2m si 2T 7 — 1} . 


The energy communicated to the oscillating system per 
second by the electrons is therefore proportional to 


T T. T \ 
T2 < 42% sin?r = — 
T; f cos 2r T Dr p,” am l ; 
and oscillations will be maintained if this expression is posi- 
tive and the energy is equal to that lost by resistance and 


radiation. 
If Vg and Vp are kept constant, 'T, which is proportional 


je es ., is constant, and the wave-lengths which can 
VV z—V> 

be maintained are those for whieh T, makes the above 

expression positive. 
Keeping T constant, the variations of the value of this 

ahi unction as Ty is varied are given in the following 

table :— 


rm ee ta eee ee Rae ee es eS Se eS Lt es 


t 


` 
y 


: E Ta ie A . Ty i 
Value of Value of N for h alue of ip fur 


Value of function. 


maxiwum energy. zero energy. 
Dae EIEI nea tae — m | we 
æ to 7 Positive and Ticas Tias 
O a : —= £ ed 
decreasing. T - T 
: he 
27 tol Negative. Py 1-0 
EA $= 
: l T T 
l . . Lay Ned } ow! ye 
_ 10to -66 Positive. p= Os T = U60 


| 


and so on alternately positive and negative. 
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If for convenience we call A the wave-length of the oscil- 
lation whose periodic time is T, then the energy conditions 
are suitable for the maintenance of all eesti epee than 
2°7X 3 not suitable for waves between 2°7X and A, suitable 
for waves from A to °66A and so on, while with regard to 
the range from A to ‘66 the wave-length which is most 
strongly regenerated is °8 À. - 

It is this range which the preceding experiments have 
evidently covered ; for we found that a small range of 
wave-lengths was maintained. Further, as the strongest 


To 


regeneration occurs for the particular value °8 of m> we 


should expect that if T is altered the wave-length of 
maximum amplitude should alter in the same ratio, but T 


is proportional to o and it is therefore to be 


VVg- Vp 
expected that the wave-length of maximum amplitude 
should also be proportional to eet nee which was 
found to be true. VVg— Vp 

The broadening of the range if the filament is heated more 
brightly is accounted for by the fact that more electrons 
leave the filament per second and more energy is therefore 
available to compensate for the oscillation losses. The theory 
indicates that there should be other ranges of still shorter 
wave-length maintained which we did not get experi- 
mentally ; but this was to be expected, as the energy losses 
increase enormously as the wave-length gets very small. 

With regard to the longer wave-lengths it was from the 
outset probable that these would be maintained as the circuit 
is a modified form of Hull’s well-known “ negative resistance” 
method of producing continuous oscillations. 

A final test was made withthe MT 5 valve with Vy— V = 
180 volts, and it was found that wave-lengths above 33 metres, 
and below this the range from 1:94 metres to 1°76 metres, 
could be maintained. 

The general experimental results that all wave-lengths 
above a certain value, and a range of shorter wave-lengths, 
can be maintained are in good agreement with the theory. 
The agreement when numerical values are calculated is not 
so good. In the first place, the wap between the shortest 
long wave maintained and the best maintained short wave 
is larger than would be expected from the theory, and in the 
second place, if the time T that an electron takes to pass 
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from the plate to the grid is calculated from the valve 


dimensious the ratio To for the best maintained short wave 


T 
is not `8 as the theory gives, but about 2 for the LS valve 
and 3 for the MT 5. 

With regard to the first point, the simple theory gave an 
expression for the work put into the oscillatory circuit per 
second for different wave-lengths for a specified amplitude 
Vo of alternating potential between the grid and the plate. 
This work must be equal to the resistance and radiation 
losses per second for the oscillatory current corresponding to 
this value V,. For a small variation in wave-length this 
current is proportional to Vo. but this is not the case for 
large variations of the wave-length, as the distributed 
capacity of the wires must be taken into account. It does 
not necessarily follow therefore that if the work function 
has a particular value for a short wave-length which is 
maintained, that the long wave for which the work function 
has the same value will also be maintained. 

With regard to the second point, it is probable that the 
assumption that none of the secondary electrons pass through 
the grid chiefly accounts for the-discrepancy, and that man 
of them pass backwards and forwards once or twice hrdugh 
the grid before being collected on it,—in fact the theory on 
which the calculations are based can only be expected to 
account for the main features of the experiments. 


We are very much indebted to Professor Townsend for 
help and advice in these experiments. 
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XXXIX. On the Discriminations between Past and Future. 
By P. Du Vau*. 


T paper is intended to supplement and develop some 
remarks on the subject in my “ Geometrical Notes on 
de Sitter’s World © (Phil. Mag. May 1924). 

In the first case it is important to notice that the con- 
sciousness of an observer is related to his past and hbis future 
in ways far more strikingly different than the mere geometry 
of the question would lead us to suppose. 

Thus, his world-line passes at the “present instant” 
through the vertex of the liglt-cone, being within the cone 


* Communicated by the Author. 
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on both sides of the vertex, as in fig. 1. Both cone and 
world-line are divided at the vertex into two portions 
extending to infinity, one segment of the line being within 
vach sheet of the cone and outside the other. 

Now, of course, most: observers can by the exercise of their 
intellectual faculties form some conception of what events lie 
in various parts of the world, both on and off their own world- 
lines ; but each observer has a peculiarly distinct conscious- 
ness, quite intuitive and arrived at without logical procedure, 
of certain events which can only be regarded as forming a 
part of the “here and now” of his perceptual experience. 


Fig. 1. 


Future 


After 


Present Instant 


These are the events of one sheet of his instantaneous light- 
cone, which we cali the fore-cone, and of one seoment of his 
world-line, which we call the past segment, the past segment 
of the world-line being that one which lies inside the tore- 
sheet of the cone (fig. 1). The observer’s perceptions of 
these two loci of events, superficially very dissimilar—one 
heing what we call memory and the other vision—have yet 
this resemblance, that both are of geometrical loci, abruptly 
broken off at the “ present instant.” where the consciousness 
in each case rises to a maximum of intensity, while it shades 
off into dimness and ultimate oblivion in the direction of 
infinity, 

This odd fact, that we are conscious of half the events in 
vur light-cones and half those in our world-lines (that is, 
speakiny roughly ; of course no one can remember all the 
past, or see an infinite distance; but we are accustomed to 
consider hypothetical observers of infinite longevity), which 
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is by no means to be expected from the current geometrical 
view of the world, is of the utmost empirical impertance, 
having in fact conditioned our whole attitude towards that 
dependence of events on one another which we call causation. 
Indeed, it is just our certain intuitive knowledge of events 
on the past side of us, and our total ignorance (except by 
inference) of those on the future side, which make us regard 
the former as fixed, and as determining our present experi- 
ence, while we regard the latter as depending on the at least 
partly arbitrary course of our present conduct. To put it 
more clearly, when we consider the relation between past and 
present events, we habitually regard the past as argument 
und the present as function, while in the contrary case we 
regard the present as argument and the future as function, 
oblivious of the fact that the relation between function and 
argument is ordinarily a reversible one, either equally deter- 
mining the other. 

We can bring the fictitious nature of our view of causation 
home to ourselves by considering a slightly different 
arrangement. Suppose, for instance, the fore-sheet of the 
cone to be that which contains the future segment of the 
world-line ; in such a case our present attitude, if adhered 
to, would force us to conclude that some influence, issuing 
from our eyes with the speed of light, is a determining 
cause of the events which we see, since by any ordinary 
standard of time-measurement we should see them before 
they happened. 

It is thus important, for the understanding of the history 
of any observer, not only to draw his world-line, and mark 
on it a scale of proper-time, but to indicate the sense in which 
this proper-time is to be reckoned. It is also a matter of the 
first importance whether this sense is determined at random 
for each observer separately, or whether it depends in some 
way on the constitution of the world as a whole, and also 
whether there is any way in which we can define same and 
opposite senses in two different world-lines. The answers to 
these questions are of course different in different worlds, but 
a few general remarks are possible. 

For instance, if two world-lines intersect, sameness or 
opposition of sense in them is perfectly definable with 
reference to this particular intersection, since they have here 
the same light-cone, and hence determinately the same or 
opposite discriminations between its two sheets. 

Thus in fig. 2 the observers (i) and (ii) are oriented in the 
same sense, whereas if the past and future of one of them 
were interchanged, the fore-cone of each would be the 
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after-cone of the other, and their senses would thus be 
opposed. 

In this connexion, it should be borne in mind that it is 
quite easy to devise a world in which two world-lines may 
intersect twice, and that in such a way that senses in them 
which are the same with reference to one intersection are 
opposed with reference to the other. 


cone lof both) 


Present instant. 


Fore 
cone (of both) 


Pastlia Past (i) 


For instance, in the world of loop-like connectivity shown 
in fig. 3 (where the broken lines indicate the general 
direction of the light-tracks) we can draw two world-lines 
intersecting at A and B, and give them senses which are 
the same relatively to the light-cone at A, hut opposite 
relatively to that at B. 

Another case in which sameness or opposition of sense is 
definable is that of two lines which throughout a considerable 
length have every point of each at a comparatively small 
distance from some part of the other. Lines thus related we 
may call paralleloid. Thus, if A in one line is quite close te 
A' in the other, and B (distant from A) close to B’ (distant 
from B), and so for every intervening point, the sense AB 
may clearly be looked on as the same as A'B' and opposite 
to B'A’. In this case again, the sameness or opposition of 
sense can only be regarded as referring to the region in 
which the world-lines are paralleloid ; for in a world such as 
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that illustrated in fig. 3, we could draw two lines paralleloid 
in two regions, and such that senses in them which were 
the sume with reference to one region were opposed with 
reference to the other. Indeed, a consideration of the figure 
shows that we could make a world-line to intersect (or to be 
paralleloid to) itself, such that in whichever sense it is 
measured, the two intersecting (or paralleloid) parts are 
oppositely directed. 


This case of paralleluidism is important, as all the particles 
of the Barth, indeed one might say the solar system, are in 
yaralleloid world-lines ; and it is clear that at least the entire 
ae race, apparently the whole sentient population of 
the globe, have their consciousness in the same sense. In 
deciding the merits of any particular world which may be 
proposed as representing that in which we live, this fact 
must be borne in mind, and a hypothetical world which 
offers no explanation of it must be felt to have a verv serious 
disadvantage. 

It is an amusing exercise to imagine the case of two 
observers with oppositely directed consciousness in paralleloid 
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world-lines. No kind of communication is possible between 
them, since if one sends a signal and the ether receives it, it 
at once (from the point of view of the former) passes into 
the latter’s not-yet-happened-future, and he, ignorant of its 
nature, even of its existence, cannot possibly answer it. 

Fig. 4 may serve to illustrate this. Each of the two 
observers A, B, receives (the emission of it being on his 
fore-cone) a visual signal from the other, and at a later 
instant (from his own point of view) sends off his answer to 
it. This is a striking instance of the breakdown of our 
notions of causation, since here each observer regards his 
own signal as the answer to, i.e. as caused by, the other ; 


a 
7 
o9 va 8 stends 
pet ahawer, 
A receves 
ta, signal : 
1 
Pa 
Pa 
- 
094 | 
ots 3 B recieve: 
or As wyn. 
A send: 
ANuwer 
a“ 
- B 


while neither is conscious of having taken the initiative in the 
attempt at communication. On a superficial view it would 
thus appear that the whole thing happened of its own accord, 
without any external cause, even in the volition of the par- 
ticipants ; though of course it will in fact be co-dependent 
with other events, both before and after it. 

It is worth considering also the appearance of the world 
to a human observer whose sense is reversed throughout a 
finite length of his world-line. (Our knowledge of the laws 
which govern time-consciousness is hardly sufficient to enable 
us to rule this possibility out categorically, though I admit 
it is rather entertaining than probable.) The instant of the 
first reversal of sense would appear to him to be followed 
without break by that immediately before the restoration of 
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the original sense, events then proceeding like a cinemuato- 
_ graph show in which the film is sent through the lantern wrong 
end first till the instant of the first change is reached, that 
being at once followed by the return to normal conditions, 
and the succeeding events in their proper order. During 
his period of abnormality a person writing (for instance) 
would seem to him to pass his pen backwards over the 
written paper, sucking up every scrap of ink into the nib, so 
that all trace of what originally appeared written would be 
removed ; if he himself was stunned by a fall, he would (in 
his own opinion) wake suddenly to the sensation of being 
flung up from the ground and landed neatly in the spot from 
which in point of fact he fell ; an object knocked down and 
smashed would be seen first as fragments strewn on the 
ground, which would with one accord seem to leap together 
to form the broken object, and rise into its proper position. 
Such instances could be continued indefinitely. 

As for the question how far the sense of an observer’s 
time-consciousness may depend on the general structure of 
the world, it may be simplified by observing that a world- 
line in which s is the proper-time will contain in general two 
“points at infinity,” s=-+-0. All the points at infinity in 
all the possible world-lines in the world will ordinarily a 
a three-dimensional locus, though of course in special cases 
it may degenerate into a surface, a curve, or a point or 
points. If this locus is such as to supply a determinate 
distinction between s= +o and s= —œ in every line, each 
observer’s sense is determined by the general structure of 
the world ; not otherwise. There is one other possible case 
—the world-lines may be re-entrant, without any points at 
infinity. In such a case it will ordinarily be found possible 
to construct a three-dimensional locus, cutting each line 
once, and so providing each with a beginning and end. 

Excellent examples of the two non-reentrant cases are 
furnished by the two cases of de Sitter’s world. In the 
spherical world, as I pointed out in my Note already referred 
to, the locus of points at infinity consists of two entirel 
distinct branches, and every world-line meets each branch 
of the locus once. It is thus clear that we can assign to 
all the points on one branch the coordinate s= +œ for all 
the world-lines on which they lie, and to all on the other 
branch s= — œ , so obtaining a general distinction between 
the past and future of every observer. Figs. 5 and 6 make 
it further obvious that these discriminations are the same for 
intersecting or paralleloid world-lines. 


Phil. Mag. S. 6. Vol. 49. No. 290. Feb. 1925. 2 C 
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Fig. 5 shows two intersecting world-lines in which the 
proper-times are s, and s, with the section of the light-cone 
at their point of intersection. Fig. 6 shows two paralleloid 
world-lines. 

Thus in this world the only arbitrary feature is the initial 
choice which branch of the locus we will call the “ Beginning ” 
and which the “ End of Eternity.” 


“ght track 


In de Sitter’s Elliptic world, however, the case is quite 
different. The locus consists of one branch only and any 
two points on it whatever may be two points at infinity on a 
world-line Clearly no general discrimination between past 


ae ON 

A Ñ 
and future is here possible; and we can easily construct 
three lines intersecting in pairs, such that not all three pairs 
can possibly be measured in the same sense. Thus in fig. 7— 
which is in the Cayley-Klein projection—whereas the proper- 
times 8}, $ are measured in the same sense with reference to 
the intersection A, and sand szare all in the same sense 
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with reference to B, s, and sı ure in opposite senses with 
reference to C. 

Before, however, we utterly reject the elliptic world 
(which, to me at ‘least, seems to have in other respects 
decided advantages over the spherical) as a description of 
actual phenomena, we shall do well to remember that neither 
claims to be more than a first approximation, and that the 
sameness of sense of the inhabitants of the earth may 
perhaps be explained in terms of the departures from 
de Sitter’s metric, which constitute the matter of the world. 
For instance, the ‘world-lines of all the objects which com- 
pose the Earth, including the bodies of sentient observers on 
its surface, form a sort of rope of myriads of strands, 
indefinite (probably infinite) in length and roughly constant 
in thickness, twisted (since the Earth asa whole rotates) and 
matted—on the surface at any rate—to an indescribable 
complexity. Now the diameter of the tubular region con- 
taining this rope is very small indeed compared with even 
so much of its length as is known to us (using 1 sec.= 
3 x 10'° cm. as basis of comparison), and is also very small 
compared with the radius of curvature of the world; so that 
all the worid-lines are paralleloid, and (at any rate through- 
out the known history of the Earth) sameness of sense between 
them is definable and transitive, just as in the spherical 
world, This arrangement is clearly conditioned by the 
structure of the world, since the uniformly small thickness 
of the rope, and its non-confusion with other world- lines, 
depend on the law of gravitation, itself an expression of an 
aspect of the metrical constitution of the world. 

An equally elementary instance of a world with re-entrant 
world-lines is offered by one remarkably similar to de Sitter’s. 
It is interesting as being the only (341)-dimensional world 
besides those of de Sitter and Minkowski which is diseussible 
in terms of projective geometry by the introduction of a 
quadrie “absolute.” Like de Sitter’s world, the absolute 
divides it into two fields, one only of which is (3+1)- 
dimensional. Taking Wierstrassian coordinates 2, 2, 4, 
Y2, Yz, We have for the absolute 


S) = ly’), 
and the (3+ 1)-dimensional field (which we may call actual) 
is that in which 

Se > Be 
The most convenient. restriction is thus 


S(x’) —X(y’) =1, 
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which is satisfied by the values (in terms of four parameters) 


&ı= cosh y cost, 
= cosh y sin ż, 
y= sinh y cos ð, 
y= sinh y cos 6 cos ¢, 
y= sinh y cos 6 sin œ. 


The element of length is given (in “natural” units) by 
ds*=X(da?) — X (dy?) 
= cosh? y dt?— [dy? + sinh? y (d6? + sin? Od?) ] 


The negative portion of this is the ordinary 3-dimensional 
hyperbolic metric ; thus the instantaneous space is hyper- 
bolic ; time, however, as shown by the values of 2, x, is 


re-entrant, every world-line having the finite length m or 2m 
according as we choose the elliptic or spherical case. Thus 
the absolute encloses the world as a re-entrant sheath rather 
like the “ anchor-ring,” the (3+ 1)-dimensional world corre- 
sponding to the region within the ring, and any world-line 
to a closed curve threaded right round the ring. 

In this illustration we see that it is permissible to speak of 
a sense this way or that round the ring as a whole, and that 
two world-lines have determinately the same or opposite 
senses. Figs. 8 and 9 show an observer’s world-line, the 
fore-cone at all points, and the absolute, in a two-dimensional 
section, such as 6=¢=0, so projected that the absolute 
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becomes an ellipse in the one case and an hyperbola in the 
other. 

These figures make clear the continuity of sense of the 
light-tracks (cf. fig. 5 in my Note on de Sitter’s world). 

Now let us give the world a fictitious beginning, and end 
by slicing it across along an instantaneous space (t=const.), 
as shown by the dotted line in fig. 9. This flat space has 
two distinct faces (corresponding to the two faces of a plane 
in the three-dimensional geometry); one face contains the 
“ beginning” of the world-line, and the “ beginnings” also 
of all the light-tracks which meet it, the other contains all 
the corresponding “ends.” Thus we can with perfect con- 
sistency make the “ beginnings” of all world-lines and all 


Fig. 9. 


licht-tracks lie in the one face, and their “ends” all in the 
other ; which leaves sameness of sense determinate and 
nsitive. 
re (so far as I know) this world has not before been 
publicly discussed, it may be worth pointing out that most of 
its properties can be derived from de Sitter’s world by a 
simple imaginary substitution. Real values of the coordinates 
(t.x,9,@) can be assigned to every point; as in de Sitter’s 
world ¢ = const. are flat spaces, but they intersect in a plane 
in the ideal field (beyond the absolute) so that there is no 
horizon; x = const. are quadrics tending towards the absolute 
as y approaches æ. Motion under the cosmic force is periodic 
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and isochronous, in accordance with the re-entrant character 
of the time-axis, but (as Prof. Eddington has pointed out 
to me) the isochronous property is destroy ed by the introduc- 
tion of gravitating bodies, so that it is unlikely that this world 
will prove of value as a hypothetical approximation to the 
actual one. 

These three worlds have been discussed at perhaps un- 
necessary length, as instances of the way in which the 
problem may be approached ; what has already been said is, 
I hope, enough to draw attention to this important question 
of the sense of time, which seems to me to demand very 
close investigation, both by the geometer and by the 
philosopher. 


XL. A Note on Dr. Turners Paper“ Quantum Defect and 


Atomic Number.” 


To the Editors of the Philosophical Magazine. 
GENTLEMEN,— 
SHALL be glad if you will allow me to make some 


comments on a paper by Dr. L. A. Turner with the 
above title, which appeared in the September number of 
the ‘Philosophical Magazine.’ In this paper Dr. Turner 
proposes an alteration ot “the : assignment of principal quantum 
numbers to certain terms of atomic number greater than 28. 
My object is to show that his reasons for the change hardly 
seem adequate, and to point out an objection to his scheme of 
quantum numbers and some quantitative evidence which 
seems definitely to favour Bohr’s assignment, and which has 
not, so fur as I know, been pointed out before. 

The principal facts are as follows :—We are concerned 
only with terms corresponding to orbits which penetrate 
into the core*, For any atom, let gy be the limiting 
quantum defect for a sequence of terms; we consider the 
values of qo for corresponding sequences of such terms, 
of atoms of the same chemical subgroup in the same state of 
ionization (for example, the limiting quantum defects qo 
of the s sequences of neutral Li, Na, K, Rb, Cs). 


* [ use the nomenclature core and series electron for Dr. Turner's 
kernel and valency electron; kernel tends to be confused with the 
German kern (= nucleus); and in many cases (e.g. spectra of highly- 
ionized atoms) the term valency eleciron for the electron concerned 
in the emission of the optical series spectrum is somewhat a misnomer. 
Following Hicks, a set of terms corresponding to orbits with the same 
value of k but different valnes of n will be called a sequence. Corre- 
sponding sequences of different atoms are sequences with the same 
value of F. 
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If p is the number of the period in the periodic table 
to which the element belongs, then with Bohr’s assignment 
of quantum numbers, such values of q are approximately 
linear in p, as pointed out by Prof. H. N. Russell *, and 
in fact increase by nearly 1 (usually by rather less) for 
each increase of 1 in p. So that, if gy is plotted against the 
atomic number N, the points lie approximately on a series 
of straight lines meeting one another at definite angles 
at points where the difference of N for unit difference 
of p changes from 8 to 18, or 18 to 32. 

On the other hand, Dr. Turner shows that an assignment 
of quantum numbers can be found such that gy is approxi- 
mately linear in the atomic number N ; and he believes this 
result to be significant, 

None of the linear relations are exact with either assign- 
ment of quantum numbers, and Dr. Turner agrees that the 
fit to his linear relations is no better than that to Russell’s 
relations; so that no argument as to the significance of 
either assignment can be obtained from such considerations. 
He gives four reasons in support of his proposed change, as 
follows :— 

(1) It would be expected that the relation between the 
values of gg and the atomic number N (for corre- 
sponding sequences of atoms of the same subgroup) 
would be represented by some “smooth” curve, 
rather than a curve made up of pieces of straight 
lines of different slope: 

(2) If there were breaks in the curve due to change of 
structure in the long periods of tha periodic table, 
such a break would not be expected to occur at 
potassium (as it does with Bohr’s quantum numbers), 
as the K atom must have one structure or the other, 
but not both. 

(3) If Bohr’s quantum numbers were correct, the linear 
relation between go and N obtained by increasing 
the quantum numbers (and so the values of q) 
for Rb and Cs by integers 1 and 2 respectively 
would be a remarkable coincidence. 

(4) Similar alterations give similar results for the 
different subgroups of the periodic table. 


First, I would point out that a reason corresponding 
to (3) can be framed in support of Bohr’s assignment of 
quantum numbers, viz. :—I£ Dr. Turner’s quantum numbers 


* This observation of Prof. Russell’s is quoted (expressed in a slightly 
different way from that which I have given it here) in a note to 
Dr. Turner's paper. 
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were correct, the linear relation between qand p obtained 
by decreasing the quantum numbers for Rb and Cs by 
integers 1 and 2 respectively would be a remarkable 
coincidence *, Apart from an independent idea of the way 
in which g) would be expected to vary with atomic number, 
such an argument cannot therefore be used in support of 
either assignment; and the same applies to Dr. Turner's 
fourth reason. 

In connexion with his first reason for the assignment 
of quantum numbers, Dr. Turner gives no arguments mn 
support of his expectation that the relation between Jo 
and N should be represented as a “smooth” curve f ; 
perhaps this is taken as self-evident, but I propose to show 
that on Bohr’s theory it is unjustified. 

Before doing this, it may be as well to point out that the 
quantum defect for a given orbit of the series electron 
depends in no very simple way on the dimensions of the 
different groups of orbits in the core and on the numbers of 
electrons in them ; so that when we consider different atoms 
in the same state of ionization, for which both dimensions of 
core orbits and number of electrons in them are diffcrent, it 
is not easy to see without quantitative investigation how the 
quantum defects for corresponding orbits of such atoms will 
be related. For this reason, ideas of how the quantum defect 
should vary with atomic number, which are based more or 
less on guesswork or on purely. verbal arguments, may not 
be very reliable. Nevertheless it is possible to show without 
mathematics that the values of q given by Bohr’s assignment 
of quantum numbers are consistent with his theory of the strue- 
ture of the core, and that the facts do not demand ‘the alteration 
of quantum numbers suggested by Dr. Turner. It is necessary 
to use one result based on a mathematical investigation— 
namely, that the smaller the dimensions of a group of core 
orbits, the smaller its contribution to the quantum defect $. 

It is easiest to take a definite example, and I will consider 

* The two “coincidences” are, of course, not independent: they are 
connected by the facts that (a) the numbers 8, 18,32, which occur as the 
differences between atomic numbers of homologous elements, are nearly 
in the ratio of 1: 2:4; ( that go (Bohr’s value) increases by nearly 1 
from one such element to the next; and (¢) that both linear relations are 
only approximate. 

+ It is perhaps as well to point out that, either for the elements of a 
subgroup or for all the elements, g, is a function of a discontinuous 
variable N ; so that to spexk of a “continnous’ “variation of g with N 
is menningless. If gois plotted against N and a curve drawn through 
the points for a given subgroup, it must be remembered that apart 
from the plotted ‘points this curve is purely diagrammatic, and that 
intermediate points on the curve have no physical significance. 


t This result can easily be seen from some theoretical work which I 
have given elsewhere (Proc. Roy. Soc. vol. 106. p. 552 (1924)). 
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the s sequences of the alkali metals. From Li to K the 
difference of atomic number is 16, and the increase of qo 18 
nearly 2. From K to Rb the atomic number increases 
by 18; so, according to Dr. Turner, the limiting quantum 
defect would be expected to increase by about 2 again. 
This might perhaps be the case if the difference of structure 
between K and Rb were comparable to the difference of 
structure between Li and K ; but this is not so, as shown 
by the fact that the difference of atomic number between K 
and Rb is 18 and not 16, and by the absence of an element 
with atomic number and properties intermediate between K 
and Kb corresponding to Na between Li and K. 

By going into sume details, we can deduce the direction 
in which the actual value of q, for Rb should differ from the 
value extrapolated from the relation between go and N for 
Li, Na, and K. 

The core of the Li atom consists of two orbits of principal 
quantum number n=1; the core of the K atom consists, in 
addition, of 8 orbits with n=2 which lie well outside * the 
orbits with n=1, anda group of 8 orbits with n=3 which 
similarly lie well outside the orbits with n=2. 

Let us imagine an atom of the atomic number of Rb, 
whose difference in structure from the K atom is comparable 
to the difference between thisand the Liatom ; that is, imagine 
an atom with a core built up of an argon-like structure similar 
to the core of a K atom, with another group of electrons (say 
9) outside it anda further group of electrons (say 9) outside 
that. I will call this a “ pseudo-Rb” atom. We might perhaps 
expect that the relation between qo and N for Li, Na, K, and 
pseudo-RKb would be represented by a smooth curve. But 
on Bohr’s theory 10 of the 18 electrons which have to be 
added to the argon-like structure to give the core of the 
Rb atom are in orbits of the same principal quantum 
number, and so of the same dimensions, as some orbits 
already present. The consequence is that the dimensions 
both of the orbits of these 10 electrons, and of the orbits 
of the further 8 electrons, are smaller than they would be 
if all the 18 electrons were added in orbits outside the 
arcon-like structure as in the case of pseudo-Rb. The 
result of this is that the quantum defect for any orbit of 
the series electron which penetrates into the core must 
be considerably smaller than it would be for pseudo-Rb ; 


* Some of the orbits of the group of principal quantum number 2 
penetrate into the region in which those of quantum number | move; 
in saying that one orbit ilies “outside” another, I mean only that its 
time mean radius is greater, 
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i.e. smaller than the quantum defect extrapolated from the 
relation between qo and N for Li, Na, and K. 

This is in complete agreement with observation, if Bohr’s 
assignment of quantum nambers is adopted. On the other 
hand, if Dr. Turner's quantum numbers are adopted, the 
value of yy for Rb hes somewhat abore a reasonable smooth 
(qa N) curve passing through the points for Li, Na, and 
K (the curve not being restricted to be a straight line). 

Similar reasoning shows that the value of qy for the 
s sequence of Cu must be smaller than the value obtained 
by extrapolating the relation between go and N for Li, Na, 
and K ; this is the case if Bohrs quantum numbers are 
adopted, but Dr. Turners quantum numbers bring the 
Cu point above the curve for the alkali metals. 

Also, in contradiction to Dr. ‘Turner’s second reason for 
his assignment of quantum numbers, it appears, according 
to the above reasoning, that a break of the (go, N) curve 
for the alkali metals would be expected just at potassium, 
since it is the element of the subgroup before and after 
which the process of building up the atom is different. 

It seems, therefore, that the facts called by Dr. Turner 
in evidence of his proposed alteration of quantum numbers 
are in no way inconsistent with Bohr’s theory of the core 
structure and his assignment of quantum numbers to orbits 
of the series electron, I will now turn to an objection to 
Dr. Turners scheme, and some positive evidence in favour 
of Bohr’s scheme. 

The former can best be explained by an example. TE 
for Cs the first s term of the optical spectrum corresponds 
to an 8, orbit (Dr. Turners assignment) instead of a 6, orbit 
(Bohr’s assignment), what are we to think of the 6, and 
7, orbits, which must be more firmly bound than the 8, ? 
They cannot be possible orbits of the series electron, since 
the orbit corresponding to the first s term is the normal, 
and so most firmly bonnd, orbit of the series electron, 
as shown by the ready absorption of the principal series, 
and by the agreement of the ionization potential with 
the value of the term. If terms corresponding to the 6, 
and 7, (and 6 and 7,) orbits do not appear in the optical 
spectrum, it must be because the core already contains 
electrons in these orbits ; if so, terms corresponding to them 
would be expected to appear in the X-ray spectrum, and 
such terms would be expected to be quite fairly large for 
the heavier elements for which Dr. Turner’s assignment of 
quantum uumbers to orbits of the series electron demands 
9 and LO, core orbits. Actually, if the usual classification 
of X-ray terms is accepted, P X-ray terms (2=6) only 
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appear in the very heaviest elements, in accordance with 
Bohr’s assixnment of quantum numbers, and there seems 
no reason at all to upset this classification. 

Finally, T will mention some positive evidence for Bohr's 
assignment of quantum numbers to orbits of the series 
electron. 

The wave-numbers of the first s or p terms of the spectra 
of different elements of the same subgroup are not far 
different, the general (but not universal) tendency being 
for the wave-number to increase somewhat with decreasing 
atomic number; with Bohr’s assignment the principal 
quantum number of the orbit in question increases by 1 
from one period to the next. Examplesare given in Table I. 


TABLE I.—Orbits of Series Electrons. 


Klement. N. Orbit. »/R. 
COs: eeeend: 55 6, 256 
RG st nee: 37 5 "307 
KO acne. 19 4, 319) 
Na e. 11 a “376 
Li cesses 3 z 306 
A aeure 79 5, “O79 
EAE. Vi t, DAT 
CU oiin 20 3, ‘568 


Values for »/R from Fowler's ‘Report on Series in Line Spectra, except 
for Au, for which the term value is taken from a paper by Thorsen 
i Naturwiss. vol. xxvii. p. 501, 1923). 


TabBLe IH.—Core Orbits. 


element, Ns Orbit. v/R. Orbit. rR, 
7 U E AR OW 5, 19°8 5, about 11 
C6. uarsae 58 4, 21°7 t 15:8 
Áo unin 40 3, 31°4 3, (25) 
i ane we 82 5 10:3 a, Hd 
DM epera 50 4, 10°7 4, 6 
Ge ....... 32 3) (12:9) 3, [90] 
Åu eke cases 79 5, 7:8 5: 8:3? [3:8] 
A esson 47 4, 7:5 4, $3? [39] 
Cu shine . 29 3, (8:3) Do 5.2 
OE -oa 55 5, (2:2) 
Rba 37 4, (2°4) 
| eee ere 19 3, (3:0) 
NU erais 11 2 (4:0) 


Values not bracketed have been taken from a paper by Coster (Nururwiss. 
vol. xxvii. p. 567); values in brackets have been obtained by reading off 
curves of »/R against N, given in diagraws in this paper—those in square 
brackets from interpolated parts, and those in round brackets from extra- 
polated parts of these curves. The value for the 5, orbit of Th is interpolated 
from Coster’s table: the value »/R=17 obtained by reading off the curve 
seems unlikely. 
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There is a corresponding relation between the X-ray 
spectra of such elements which I have not seen pointed out 
hitherto. If we consider terms corresponding to loosely- 
bound nę core orbits of elements of the same subgroup, 
keeping k constant but increasing n by 1 on going from 
one period to the next, it is found that these terms also are 
not far different, and show a general tendency to increase with 
decreasing atomic number. Examples are given in Table II. 

A mathematical analysis on the assumption of a central 
field shows that this correspondence is significant, and that 
if for elements of the same subgroup the values of the 
terms corresponding to loosely-bound core orbits with a 
given value of k, but values ot n increasing by 1 from one 
period to the next, are nearly the same, then, if the 
orbits of the series electron for that value of k penetrate 
into the core, the value of gy for them must increase by 
about 1 from one period to another of the periodic table. 

Table LI. shows that the values of such X-ray terms 
are in fact nearly the same, and the conclusion gives an 
almost decisive preference to Bohr’s quantum numbers for 
the orbits of the series electron. 

Further evidence is given by a detailed numerical analysis 
of the field of the atom from the observed terms of the 
optical and X-ray spectra on lines worked out independently 
by Fues* and myself tf. Fues (loc. cit. 4th paper) has 
shown that for Cs, assuming Bohr’s quantum numbers, 
a central field can be found which will reproduce the 
observed terms of the optical and X-ray spectra with 
errors not much greater than those for Na, Mgt, and Al**. 
I have come independently to the same conclusion, and 
in fact have found it possible in the case of Rb and Cs 
to determine the atomic field approximately without making 
use of the s and p terms of the optical spectra ; from the 
field so found, the quantum defects for these terms can 
be calculated, and most definitely confirm Bohr’s assignment 
of quantum numbers, and not Dr. Turner’s. 

I conclude, therefore, that not only is there no demand 
for the alteration of quantum numbers suggested by 
Dr. Turner, but further that, at any rate in most cases, 
Bohr’s quantum numbers for terms corresponding to those 
orbits which penetrate the core are definitely correct. 

St. John's College, Yours faithfully, 

Cambridge. D. R. HARTREE. 

* E. Fues, Zeit. f. Phys. vol. ii. p. 364, vol. xii. p. 1 (1922); vol. xiii. 
p. 211 (1924); vol. xxi. p. 265 (1924). 

t D. R. Hartree, Proc. Camb. Phil. Soc. vol. xxi. p. 625 (1923). 
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XLI. The Magnetic Rotary Dispersion of certain Para- 
magnetic Solutions. By R. W. Roserts, M.Sc., Asst. 


Lecturer and Demonstrator in Physics, The University of 


Liverpool *. 


T a previous paper t on this subject it was shown that, 

in solutions of cobalt sulphate and cobalt acetate in 
water, the cobalt atom is capable of producing a negative 
magnetic rotation. This rotation, although large relative 
to water, appeared only on the high-frequency side of 
the principal absorption-band which lies at the borders 
of the visible and ultraviolet. In an aqueous solution of 
cobalt chloride the rotation was nowhere negative, although 
from the form of the rotary-dispersion graph of this 
sylution it was evident that, on the ultraviolet side of the 
absorption-band, the cobalt atom was exerting a negative 
rotation. In solutions of the corresponding salts of nickel, 
no trace of a negative rotation was apparent. 

In view of these results, which do not seem to have a 
ready explanation on the modern theory of magneto-optics, 
it seemed worth while to continue the investigations with 
solutions of other cobalt and nickel salts. For the purpose 
of calculation, the refractive indices of these solutions in 
the visible and ultraviolet have also been determined, and 
an endeavour has been made to enter into a quantitativo 
examination of the experimental results. 

In the work previously published, owing to the laek 
of a suitable source of light, the rotation for only one 
wave-length could be found on the visible side of the 
absorption-band in the cobalt solutions. Using a mercury 
vacuum lamp, and by working with more dilute solutions, 
it was found that the rotary dispersion in the neighbourhood 
of the absorption-band was strongly anomalous. 

The presence of anomalous rotary dispersion, as we here 
use the term, is not predicted by the usual magneto-optical 
theory based on the Hall effect, yet instances of absorption- 
bands exhibiting anomalous rotary dispersion are not wanting. 
Schmauss f found that anomalous rotary dispersion existed 
in alcoholic solutions of the aniline dyes ; his results, how- 
ever, were not confirmed by Bates §. Livens || has shown 


* Communicated by Prof. L. R. Wilberforce, M.A. 

t Richardson, Roberts, and Smith, Phil. Mag. xliv. p. 912 (1922). 
t Ann. d. Phys. ii. p. 280 ;1900). 

§ Ann. d. Phys. xii. p. 190] (1903). 

| Phil. Mag. xxvi. p. 362 (1913). 
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that Schmauss’s results can be explained on the hypothesis 
of the Hall effect, when allowance is made for the polarization 
of the medium due to the electric force of the light wave. 
Schmauss * has also found instances of anomalous rotary 


dispersion in liquid oxygen and in aqueous solutions of 


neodymium, praseodymium, and erbium nitrate. These 


results have been confirmed in part by the researches of 


G. J. Elias t, who found distinct examples of anomalous 
rotation in some solutions of the rare earths. Unmistakable 
evidences of anomalous rotary dispersion have been found 
hy R. W. Wood f in an aqueous solution of praseodymium 
nitrate and in a solid film of neodymium nitrate. At the 
temperature of liquid air, J. Becquerel § found the crystals 
tysonite and xenotime to possess anomalous rotation. It is 
noteworthy that in all the cases cited, with the exception of 
the alcoholic solutions of the aniline dy es, the substances are 
paramagnetic. It appears, therefore, that the study of the 
magnetic rotary dispersion in paramagnetic substances is 


capable of vielding information which cannot be obtained. 


from the study of ordinary dispersion alone ||. 


Rorary Dispersion FORMULÆ. 


Most of the rotary dispersion formulæ have been based on 
the generalized Sellmeier formula, 


do 


= Y= 


Tuai : 


3 ay 
n” = dtar LA? 


A better basis would be the Lorenz-Lorentz formula, 


wT PE Ag 
w42 OTE ae A? — Aa 


Certainly, in work on dispersion—particularly in the case of 
solution: — tlie Lorenz-Lorentz formula gives a far better 
representation of the experimental facts than the Sellmeier 
formula does. Using the ĻLorenz-Lorentz formula, an 
expression for the magnetic rotation of a substance may 
be easily derived. Larmor] has shown that, in the case 


© Ann. d. Phys. x. p. 853 (1903). 

+ Ann, d. Phys. XXXV. p. 299 (1913). 

| Phil, Mag, ix. p. 725 (1905); xv. p. 270 (1908). 
§ Phil. Mag. xvi. p. 153 (1908). 

| Cf. J. J. Thomson, Phil. Mag. xl. p. 713 1920). 
@ Æther and Matter, p. 352 
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of a substance whose vibrators are subjected to the Hall 
effect and have all the same value for 5, the magnetic 
rotation 6 is given by the formula (of the Becquerel type), 


e dn 
ô = -7-a T s- l 
2m dN : (1) 
where e is the electronic charge in electrostatic units. 
The Lorentz formula may be written in the form * 


2 2 
Walling e 
t2? 3 ~m(p2—p?) 
in which symmetrical units are used as in (1) and the suffix 
to them has been dropped. 
We have therefore 
3 e g M 


--. = const.— o- —~h—--x-. ... 3 
n? + 2 Dorme? ~“Ay—AZ (3) 


Using (1) and (3), we obtain 
s= e? (n2? + 2)? s rr? 


Bent’ on ~Ot-asye 
which is a simple deduction of the polarization formula 
obtained by Sir J. Larmort, S. S. Richardson +t, and 
L. H. Siertsema $. For solutions we shall use (4) in 
the form 
ÔA n = Se, Wl e 5 (Ce i 
(Fao “Gee ae Fe 
where n, ne are the refractive indices of the solution and 
solvent respectively, and 6, 6, the corresponding rotations ; 
xz is the number expressing the mass in gm. of solvent 
in 1 c.c. of the solution. The a,’s are quantities involving 
electronic constants, and the Ass are the characteristic 
wave-lengths of the solute. For colourless solutions, Heyd- 
weiller || and his co-workers have shown that the natural 
dispersion in the visible and ultraviolet is controlled by a 
number of electrons belonging to the anion of the dissolved 
salt and a comparatively larger number of electrons of 


# 0. W. Richardson, ‘The Electron Theory of Matter,’ p. MS. 

+ “Ether and Matter,’ p. 200. 

| Phil. Mag. xxxi. p. 454 (1916), 

§ Proc. Amst. Acad. xviii. 2, p. 925, 

|| Ann. d. Phys. xli. p. 499 (1918); xliv. p. 977 (1914); xlix. p. 658 
(1916). 
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much higher frequency. The free period of the anion 
electrons controlling the dispersion appears to be almost 
independent of the kation. For coloured solutions, one 
or more additional A,’s must be introduced. 

It we form the difference 


ban > ae, Wa 
(nF +2)" (nF +2)? 
from the experimental results, we may take 


A= qa 

to be that additive quantity on the basis of the Hall effect 
hypothesis which is characteristic of the solute. The 
differences A for the salts used in the present work have 
been plotted against A`? in fig. 6. It will be readily seen 
from the strong anomalous rotary dispersion at the ab- 
sorption-bands, that the hypothesis of the Hall effect alone 
cannot explain the experimental results. 

Drude* has developed a formula on the hypothesis 
of molecular currents which predicts the possibility of 
anomalous rotary dispersion. It is most likely that in the 
paramagnetic liquids under consideration both the molecular 
currents and the Hall effect are operative. As a first 
approximation we shall consider only the molecular current 
effect, and on this hypothesis we shall obtain a further 
polarization formula. ‘Ihe following analysis is a modified 
form of that due to Drude, t taking into account. the force 
arising from the polarization of the medium, which force 
Drude neglects. Only the leading steps in the working are 
given, and for the sake of brevity, and simplicity quaternion 
notation is used. Where the symbols are given without 
definition they are to be taken as having the meaning given 
by Drude. 

Consider a plane polarized wave travelling in the direction 
of the magnetic field. Let this direction coincide with the 
z axis which is parallel to the unit vector k. 

Maxwell’s a for the medium may be written 


F a4 (H+ VViE0,) =—-VVE, ... (6) 
1 oD 
P nya = VVH, ° . . (7) 
where N,eq, 
= 4r ef k, 


* Drude, ‘ Theory of Optics,’ p. 418. 
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and &, is the displacement of the centre of the orbit of the 
revolving electron of type s. 
The equation of motion of this centre is 


mE, =—hE +e (E + P). 


If £, « e! we have, in the usual way, 
a. en S 
mee) è 
3 l m (pe —p*) 


? 


which, by eqn. (2), gives 


_(n?+2) eE 
E, = 3 m, (pè —p*)’ 


d 
ð=, 
with SAB, =0, we have, following the convenient procedure 
of Leigh Page *, the two equations 


Remewbering that V= k and taking E=Ky e?(t-5) 


oE oH 
a = 22 CVSS eGR hye Son ee (8) 
and 
2p OB L ov Xa P CpVEB.  . - (9) 
v z Ò” 
where 


40 eqs P 
a a a ope 
which are obtained from (6) and (7) by eliminating H, and 
separating out the real and imaginary parts. 
Neglecting the square of U,, we obtain 


ÍT ín? rmi , 
a =F n(n +2)2N, i os arr 


which gives the rotation per cm. 


e eds Ae? 


=i 24? 
oF sant +2) EN “mals = re 


* ‘An Introduction to Electrodynamics,’ p. 128. 
Phil. Mag. S. 6. Vol. 49. No. 290. Feb. 1925. 2D 
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We shall use this equation in the form 


3 2 
ÔA ÔA +3 


n(n? +2) = Tiele +2) (10) 


a, 
LATA * * 
where the a,’s are quantities involving electronic and orbital 
constants (for a given field), and the remaining symbols have 
the same meaning as in eqn. (5). Drude’s formula (38) 
p. 431, is obtained from (10) by taking n’?+2=constant, 
z=, and A, =A, and 0. 

Forming the difference 


SN Oe 
~ n(n? + 2) nelnet IS 


which may be calculated from the experimental results, we 
obtain a quantity which is characteristic of the solute. The 
differences D for the salts used in the present work are given 
in graphical form in fig. 5. As with the A differences, we 
get anomalous dispersion at the absorption-band with the 
D differences. The formula for the D difference is able, 
however, to account for this anomalous dispersion, not only 
qualitatively but, as we shall see later, quantitatively. The 
best dispersion formula is that which will enable us to cal- 
culate the position of the absorption-bands in the spectrum, and 
at the same time to be able to account for the dispersion with 
the minimum number of constants. For the cobalt solutions 
considered, we shall see later that equation (10) is able to 
give a good approximate value for the wave-length of the 
principal absorption-band and also a representation of the 
rotary dispersion graphs almost within the limits of experi- 
mental error. It may be mentioned in passing that S. S. 
Richardson * has given a rotary dispersion formula with 
few constants by means of which the absorption-bands and 
rotary dispersion of certain diamagnetic liquids can be 
calculated with extremely good accuracy. The formula is 
based on the Hall effect hypothesis. 


EXPERIMENTAL. 


Magnetic Rotation. 


The method was the same as that described briefly in the 
previous paper. Owing to the strony absorbing power of 
the solutions, exposures of ten to twelve minutes’ duration 
were necessary. To keep the work within reasonable limits, 


* Phil. Mag. xxxi. p. 232 (1916). 
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the readings obtained from the pilot plates have all been 
used in the construction of the graphs. For very strong 
lines the actual settings of the analyser were determined 
which gave equality of illumination of the lines in the upper 
and lower spectra of the divided field. About a dozen 
expesures were made on each plate—the first, third, etc. 
giving “ half-shades” with the field in one direction, the 
second, fourth, etc. with the field in the opposite direction. 
The distances of the lines at which the © half-shades ” occur 
from some well-known line in the iron are spectrum were 
determined, and by means of a calibration curve, which was 
found to fit all the spectrograms with good accuracy, the 
wave-lengths of the ‘“haif-shade” lines were obtained. A 
graph was drawn in which the setting of the analyser was 
plotted against the half-shade wave-length. In the upper 
half of this graph the points refer to the settings with the 
field in one direction, and in the lower half to those obtained 
with the field in the opposite direction. From this graph 
could be found the doubled rotation for any wave-length 
well within the extreme half-shade wave-lengths. When 
this method was adopted, the rotations for wave-lengths 
"4, 38, °36, 34- u, etc. were found, and these rotations were 
used in the construction of the rotary dispersion gr -phs. 
From the dozen points provided by each pilot plate, the 
rotations for two of the above-mentioned wave-lengths were 
obtained. It was arranged that one of these wave-lengths 
was included in the range of “ half-shade” wave-lengths 
taken in by the next pilot plate. The agreement between 
the rotations obtain: d from different plates for the common 
wave-lengths was good. As a further check on the accuracy 
of this procedure, the rotations for a few of the strongest 
lines in the vacuum arc mercury spectrum were observed 
for some of the solutions; and it will be seen from the 
graphs that the rotations obtained in this way are quite 
close to the curve determined by the above method. It 
is extremely important for work in the near ultraviolet 
that the solutions should be as clear and pure as possible. 
Although the presence of small traces of impurities does 
not affect the rotation appreciably, it does, to a marked 
degree, affect the absorption. This was particularly notice- 
able with several of the nickel solutions investigated. For 
these salts, there is only a very narrow transparent region 
in the ultraviolet on the short wave-length side of the 
absorption-band at ‘405p *. Repeated filtering in several 


* Houstoun, Proc. Roy. Soc. Edin. xxxi. p. 547 (1911). 
2D2 
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cases gave a great improvement in the intensity of the 
spectrograms. To reduce the rotations to absolute measure, 
Rodger and Watson’s value * for Verdet’s constant of water 
at 20° C. for the yellow sodium line, namely 001309 min. 
per cm.-gauss, was used. The water-curves in figs. 1-4 have 
been constructed from the ratio values for the rotation 
of some strong lines in the iron are spectrum given by 
S. S. Richardson t, using the above-mentioned Verdet’s 
constant and the results of a large number of observations 
of the rotation of water for the sodium line 5893 and tlie 
iron line 4958. The curve obtained in this way was checked 
by direct determinations of the rotations for the mercury 
lines 5461, 4358, and the iron line 3306. 

For all the rotations the correction for the end plates of 
the cell containing the liquids under test has been made by 
calculation, on the assumption that the rotation of the end 
plates varied as A~?. This assumption is a sufficiently 
accurate one, especially so in the formation of the 
differences D and A. 


Refractive Indices. 


As far as the author is aware, the determination of tlie 
refractive indices in the ultraviolet of aqueous solutions of 
nickel and cobalt salts, with the exception of nickel chloridef, 
does not seem to have been made. In the visible spectrum, 
however, Limann § has determined the refractive indices of 
aqueous solutions of a few nickel and cobalt salts for the 
lines Ha, Na °0893 u, Hg, and H}. 

The refractive indices of the solutions used in the present 
work were determined very simply and rapidly in the 
following way. The ordinary glass lenses of a spectro- 
meter were removed, and replaced by two achromatic 
quartz-fluorite combinations constructed by Hilger. <A 
hollow prism with very nearly plane parallel quartz cover- 
plates was carefully levelled and fixed on to the table of 
the spectrometer. Instead of the eyepiece, a photographic 
plate-holder was screwed on to the end of the inner draw- 
tube of the telescope at right angles to its axis. The 
spectrometer was adjusted for parallel light by Sehuster’s 
method ||, using the iron are as source and focussing the 

æ Phil. Trans, A 186. p. 621 (1895). 

+ S. S. Richardson, Phil. Mag. xxxi. p. 232 (1916). 

t Heydweiller u. Grube, Ann. d. Phys. xlix. p. 658 (1916), 
§ Limann, Zeit. f. Phys. viii. p. 13 (1922). 

| Phil. Mag. [5] vii. p. 95. 
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iron lines 4046 and 4968 u (mean line). The focussing was 
done on a plain glass plate with fine lines ruled “with 
a diamond on the side of the plate which first received 
the light. While the adjustments were made, the lines 
were observed with an eyepiece which was allowed to rest 
on the plain glass plate. In this way the resulting ultra- 
violet spectrum was found to be quite sharp throughout 
the region to be investigated. Instead of the usual wedge 
covering the slit, a sliding diaphragm with two apertures 
Was employed, which—at a later staye—was replaced by one 
with three apertures when I found that such diaphragms 
Were in common use. 

The prism was first filled with water whose tempe- 
rature was taken by a thermometer to an accuracy of 0°1C, 
With the slit exposed to the light of a cadmium spark 
passing through the upper aperture of the diaphragm, an 
exposure of one to two minutes was made. The resulting 
spectrum may be conveniently termed a “ water ” spectrum. 
After this exposure, the diaphragm was removed so that the 
light was cut off from the slit, while the prism was emptied 
and rinsed out several times with the solution under test. 
When filled with the solution, a “solution” spectrum was 
tuken with the slit exposed to the light passing through the 
middle aperture. To make sure that the prism was not 
moved during the process of emptying and filling, a second 
“water > spectrum was taken using the lower aperture of 
the diaphragm. The lines of this spectrum were in every 
case found to be under the lines of the first “ water” 
spectrum. To vary the conditions of the work somewhat, 
another set of spectra was obtained on the same plate with 
the prism in a different position. The spectra were carefully 
measured to an accuracy of 1/800 mm., and from the 
measurements the refractive indices of the solution were 
determined graphically. 

Flatow * has studied with great care the refractive Indices 
of water in the visible and ultraviolet. From his results, 
by drawing refractive index-temperature graphs, I find 
the following refractive indices for water at 13° C. :— 


À. l r. n. 
2195 130934 | 3404 1°35085 
2.265 139307 | 3612 1:34780 
-2313 1:38929 | ‘3044 1-34409 
2498 138152 4416 134020 
2573 137391 | ‘4678 133858 
‘2076 1:36930 | 4800 133793 
2749 1:36685 | 5339 133544 


æ Ann. d. Phys. xii. p. 85 (1903). 
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Using these values, a large-scale graph (with n plotted 
against A) was drawn in three parts with the aid of a curve- 
tracer. The parts of this graph were made to overlap as 
much as possible. By means of this graph, the refractive 
indices of water for any wave-length within the range could 
be readily determined. 

Having determined the refractive indices for a number of 
known lines in the “ water ” spectrum, which were chosen 
so as to be as nearly equally spaced as possible, a graph was 
drawn with these refractive indices plotted against the scale- 
readings of the chosen lines. This graph was found to be 
very nearly linear. Since lines with the same scale-readiny 
nave the same refractive index, the refractive indices of the: 
solution for any line in its spectrum could be obtained from 
the graph when the scale-reading of the line is known. 

The refractive indices obtained from the varios prism 
settings agreed well within the limits of experimental error. 
In the graphs, one unit in the fifth decimal place was 
represented by one-tenth of a tenth of an inch so that 
estimates of the fifth decimal place in the refractive index 
could be made. Most of the results agreed within 8 units 
in the fifth figure of decimals, and in many cases the agree- 
ment was better than this. 

The results of the refractive index determinations are given 
in the form of two graphs. For the magnetic rotation work 
these results are given to the fourth decimal place. The 
recorded refractive indices have all been read off from the 
graphs prepared for figs. 7 & 8, and correcied for the tempe- 
rature difference from the temperatures neighbouring 13°0 C. 
to 20°-0 C. on the assumption that the correction would be the 
same as that for water. This is suthciently accurate for the 
purpose of calculation in the magnetic work. The temperature 

varied only very slightly during the time the photographs 
were taken. ‘The mean temperature has been recorded in 
each case. 

Using water as the reference liquid, refractive indices not 
much higher than 1°39 can be determined. With the present 
dearth of refractive index determinations for pure liquids in 
the ultraviolet, some solutions whose refractive indices were 
in the neighbourhood of 1-40 could not be determined by this 
method. 

In some cases the mercury arc was used as a source instead 
of the cadmium spark. With such an intense source, the 
best photographs were obtained by forming an image of the 
source in the prism. In this way only the central portions 
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of the lenses were used. Preliminary experiments showed 
that, for the range of refractive indices considered, the error 
due to the spreading of the lines on the plate arising from 
the want of achromatism of the camera lens was small. 


SoLUTIONS. 


The concentrations of the solutions have been determined 
by electrolytic deposition of the metal (Ni or Co) from 
ammoniacal solutions. In the case of nickel chlorate and 
cobalt chlorate solutions, the deposits were excellent. These 
chlorates were obtained from Kahlbaum. The recorded 
densities refer to room temperature, at which temperature 
all the solutions were prepared. 

For the cobalt nitrate solution the concentration has been 
taken from the tables given by Heydweiller *. This was 
necessary owing to loss of the solution through accident. 


RESULTS, 
Water. 


In the formation of the D and A differences the functions 
Rw? J RA Nne 
a ar 
Verdet’s constant in minutes per cm.-gauss. The required 
values have in all cases been read off from graphs of these 
functions, constructed with the data given below. The 


values of n, for 20°C. have been taken from Flatow’s 
results. 


are repeatedly required. R, is 


: Re REAXIO Renex 104 
Mme nw +2) (net +2) 
5893 0131 9:030 4248 
4958 0190 9-230 4355 
"41529 "0232 9:372 4:430 
*4308 "0260 9:465 4'480 
4199 0275 9:519 4:512 
4046 0299 9:597 4:550 
‘3609 03915 9°919 4°719 
3100 0573 10:562 5-070 


© Zeits. f. Anorg. u. Ally. Chem, cxvi. p. 42 (1921). 
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Cobalt Solutions. 
Cobalt Chlorate. (Fig. 1.) 
Gi.) Strong solution: density = d = 1'355 gm. per c.c. 


v =875. 

Obs. ` in p. Nao R, obs.) R cale.) ôR x 10t. 
A °5780 1:3911 0143 0143 ref. 
EE "4358 1:3984 absorpt. — — 
EAA “4046 1:4010 0231 0231 ref, 
eee "3714 1:4044 0295 0295 0 

È ounsi "3664 1:4051 "0307 "0307 ref. 
Faik a... °8592 1:4060 0325 0323 +2 
opet "3342 1:4095 “0391 0393 —2 


The absorption of this solution in the neighbourhood 
of the absorption-band at ‘510 p was so strong that, using 
a powerful mercury arc, no observations could be made 
for the strony lines *5461 and °4358 y. With the exception 
of (a), the magnetic observations were obtained photo- 
graphically. The ultraviolet refractive indices have been 
obtained by extrapolation from the results of visual obser- 
vations with a Pulfrich refractometer on the mercury lines 
"5750 (mean line), *5461, °4358, and 4046 u. 

If we try to represent the dispersion by means of a 
two-constant formula for the D difference, we find that, 
from observations (a) and (c), A;='448 u, and from (e) 
and (e), A= 1:239 p. 

This indicates that the etfect of the high-frequency 
electrons has been omitted. Providing for these, we take 


el 2 stow at as. 
From (are) M ='499 yw, which, considering the simple 
assumptions which have been made, is a fair approximation 
to the value A='510 u given by Houstoun for the position 
of the principal absorption-band. With the value A=°499 p 
we find 

ay = +4°07 x 107%, 


ag = — 7:93 x 107%. 
Using these values, it will be seen that the Verdet’s 


constants calculated from the formula are close to the 
observed ones. 


ck 
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450 © yo -2 
(Wave LencTH IN m) 


Cok O), dei3ss 


d -i u 


(ii.) Weak solution: d=1-070 gm. per c.c., c=*978. 


Obs. 


A in p. 


Noe 


1:3446 
1:3458 
1:3516 
1:3541 
1:3569 
1:3588 
1:3612 
1:3640 


Ribs.) 


0140 
0159 
0242 
0288 
0336 
0368 
"0410 
0462 


Reale.) 


0138 
0159 
0242 
0290 
0337 
0368 
“OF 
0461 


oRxX 164. 
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As with the strong solution, the position of the absorption- 
band cannot be calculated from a two-constunt formula. 
Taking the formula 


a 
D =y y ipt e» 
we find from (acf), Ay="517 p, 


(bef), M=: 507 p. 
Using the latter value for ^, we obtain 
a, = +67 x 1075, 
d, = — 1°36 x 10-5, 
With these values we find good agreement between the 
calculated and observed values of R. 
lt will be observed that with both solutions of Co(ClO;), 
we have the appearance of a negative constant. Such 
constants have been attributed to the existence of positive 
electrons. On Drude’s theory, the presence of the negative 


constants means that the high-frequency electrons contribute 
to the paramagnetism of the solution. 


Cobalt Bromide. (Fig. 2.) 
d=1:100 gm. per c.c., r="990. 


Obs. A in p. Nyo Riovs.y Reale)? Rx 10. 
EE 0893 1:3520 ‘0151 0149 +2 
ET ‘5780 1:3525 0158 0156 +2 
ET 0461 1:3538 0181 0182 ref. 
TEEPEE "4264 1:3613 "0289 "0289 ref, 

E aiei 4082 1:3631 ‘0525$ "0322 0:5 
Serer 3922 1°3648 0356 "0356 0 
Pinisi "3780 1:3666 "03965 0390 0 

| rere 3601 1:3685 04265 "04268 ref. 
casio "8535 1:37.04 0-467 "0467 0 


It is clear from the form of the D graph that a two- 
constant formula cannot account for the rotary dispersion 


in this solution, Assuming D = +a, we find 


ay 
1—7? AL? 
A, ='465 u. The low value for the principal absorption- 
band indicates the existence of another band in the ultra- 
violet. The wave-length of this absorption-band may be 
calculated approximately if we assume A,;="510 p. 
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In this way we find 


FARRS Sees Poe: eee 
ne I-71" 1=A Ar 
with 
A, ='510 p, Ag =°246 p, 
a=+9°7x10-§, a= +4565 x 107°. 
Fig. 2. 
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With this formula the values of R have been calculated. 
The position of the ultraviolet absorption-band seems satis- 
factory, judging from the absorption-curve given by 
Houstoun for a solution of CoBry. ‘Lhe value for A, must 
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be taken as an effective one only. Houstoun records an 
absorption-band at °285m. According to Liibben*, the 
characteristic wave-length of the bromine anion is at *186 p 
in colourless solutions. 


Cobalt Nitrate. (Tig. 3.) 
d@=1:078 gm. per c.c., v="980. 


Obs. A in p. Boos R obs.) R cale.y òR x10. 
EEA "D893 1:3572 0128 0128 ref. 
OD T 4200 1:3620 "0242 0242 ref. 
Cece "4000 1:3639 0278 0277 +1 
ee "3800 1°3663 0317 0317 ref. 
EN ‘3600 1:3692 0364 0363 +1 
tone "8500 1:3705 "0394 0390 +4 


With this solution, which was investigated before I had 
access to a mercury lamp, the rotation for only one line on 
the low-frequency side of the absorption-band could be 
determined. It is obvious from the difference graph that 
a two-constant formula cannot represent the dispersion. 
Introducing an extra constant, we find from 


(abd), A, ="471 p, 
(ace), A,='468 p, 
(bce), M =l] p, 


; a 
with D = -— a ot ae. 
l 


This progression is undoubtedly due to the presence of 
another free period in the ultraviolet. The formula does 
not give a value for this free period, probably owing to the 
comparatively large negative value of the constant ag. 
Using the first of the above values for X,, we find 


a, = +136 x 10-5, 
a; = — 6°64 x 10-5, 


Even with this small value of à, the agreement between 
the calculated and observed values of R is satisfactory. 


* Ann. d. Phys. xliv. p. 977 (1914). 


21 
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The magnetic rotation in cobalt nitrate is interesting, as 
we find a negative value for D on the low-frequency side 
of the absorption-band. Ingersoll*, who has investigated 
the magnetic rotary dispersion of a number of nickel and 
cobalt salts in the near infra-red, finds this negative dif- 
ference to persist as far into the infra-red as he was able 


Fig. 3. 
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to extend his observations. Wachsmuth ł also gives the 
rotation of an aqueous solution of Co(N Os)s to be less than 
that of water, the two rotations referring to the yellow 
sodium line. I intend to make a more complete investi- 
gation of solutions of Co(NOs)s shortly. 


* Journ. Opt. Soc. Amer. vi. (Sept. 1922). 
+ Wied. Ann, xliv. p. 377 (1891). 
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Cobalt Ammonium Sulphate. (Fig. 2.) 
d=1:050 gm. per c.c., 2="983. 


Obs. À. Nays R obs.) Ricaic.  FRX10. 
@......... *5780 1:3439 0136 0143 —7 
ETE "5461 1:3450 01565 70166 —9°5 
© ensien 5270 1:3458 ‘0169 absorpt. 

EE 4958 1:3472 0184 absorpt. 

© tes Loves "4472 1:3502 0230 "0230 0 

T oaeen *4082 1:3534 0288 0288 0 
Graa "3922 1:3550 0317 0317 0 

| Serer 3780 1 3566 "0347 0346 +1 
teens "3651 1:3582 "0376 0377 —] 
J radeu 353d 1:3597 0406 0408 -2 

| eres "3430 1:3614 "0439 ‘0439 0 


If we try a three-constant formula for D we find from 
(aef), Ay="467 p, 
(chk), M ='460 u, 
(beh), A y="480 p. 


Attributing this low value of A, to the existence of another 
ultraviolet free period, and proceeding to calculate the 
corresponding wave-length Ay, we find A="510=A,. This 
means that for this solution a two-constant formula 


n ay 

D= _y-2y3 

is sufficient to account for the rotary dispersion. 
Assuming A,='510 p, I find 


a, = + 9'4 x 10-6, 


It thus appears that the rotary dispersion in Co(NH,SOQ,), 
is conditioned almost entirely by a single free period corre- 
sponding to A,='510 p, the dispersive effect due to the 
ammonium sulphate radicle being almost nil. This state- 
ment seems to receive support from the behaviour of the 
refractive-index graph of this solution. 
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Nickel Solutions. 
Nickel Bromide. (Fig. 2.) 
d=1:110 gm. per c.c., c=°977. 


Obs. A in p. nage R obs.y Ricalo-): ôR x 101. 
l: EE "57 1:3550 *0169 0169 0 
ETT 5461 1:3569 0192 ref. — 
Desann 4916 1:3599 0241 0243 —2 

7, EPEE "4358 1:3641 0322 ref. — 
EE 3652 1:3721 *04885 ref. — 

F rs 3342 1:3776 "0623 0618 +5 


The rotations for the first three lines have been determined 
visually, and for the last three photographically. Owing 
to the small region of transmission in the ultraviolet, the 
rotation for the two ultraviolet lines °3652 u and ‘3342 u 
cannot be determined with as great an accuracy as is 
possible with the cobalt solutions. To reduce the time of 
exposure within reasonable limits the angle of half-shade 
must be increased, thereby losing sharpness of contrast. 
between the parts of the divided field. 

From the D curve, is sven the existence of slight anomalous 
dispersion at the band A="405 p. If we include a term to 
represent this band, we find 


A, = 405 p, Ae = 215 p, 
a,=+1'44x107§ a, =+1°732x 1074. 
So a see ee 
l —À rv 1 + A A,” 
gives values of R which are quite close to the observed 
values. 
Nickel Chlorate. (Fig. 1.) 

d=1:229 gm. per c.c., e=°925. 


It will be seen that the formula D= 


Obs. A in p. Nog. R obs.) Reale RX 108. 
E “5780 1:3713 ‘0159 "0154 +5 
E "5461 1:3723 0179 ‘0179 ref, 
Ou 4916 1°3750 "0226 "0226 0 
Dyin ona "4358 1:3789 "0301 0301 ref, 

E ierarh ‘33142 1:3919 0569 0569 ref. 


E +3128 1:3967 W674 ‘0683 —9 
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As with the nickel-bromide solution, a three-constant 
formula for D does not give a possible value for A}. 
Assuming A, ='405 u, we find A, = ‘21lbyp, 
giving a, = 2383x1078, a= 1:276 x 1074. 

A less concentrated solution also showed anomalous dis- 
persion at the principal absorption-band (see figs. 1 & 5). 


Nickel Ammonium Sulphate. (Fig. 2.) 


The differences for this solution were too small to admit 
of computation. The observed Verdet’s constants are given 
in graphical form. 

For the sake of convenience, the values of a, and a, have 


been collected along with the ratios z and a, where c is 
the concentration of the salt in gm. per c.c. of solution. 


e axlo a, x10. “xlo 23104, 


e 
Co(ClO,), (i)... 480 +407 -793 4°85  —-]& 
Cii.) ... 092 + 067 — 136 4- 73 — ‘15 
COBEy. sicoiir 110 +097 + 565 + °88 +514 
Co(NQ,),, «0.0.0... 098 +°136 — 664 +1:39 — 6:78 
NiBr, seces 113300 4014 +1732 HL +1302 
Ni(ClO,), 0 "304 +°028 +1:276 +10 + 4:20 


It will be seen that, for the cobalt salts, the ratio = is 


of the same order of magnitude and about 8 times greater 
than the ratio for the nickel salts. Owing to this com- 
paratively small ratio for the nickel salts, the dispersion 
in the nickel solutions is controlled almost entirely by the 


e . bd a . e . 
ultraviolet free periods. The ratio £ varies in sign as well 
as magnitude. This is to be expected from the different 
meanings which have been attributed to ag in the different 
salts. 

Miscellaneous Solutions. 
The striking difference between the magnetic properties 
of potassium ferrocyanide and potassium ferricyanide en- 


couraged the author to carry out some observations on the 
magnetic rotary dispersion of solutions of these salts in 
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water. About a year after I had completed the observations 
on these solutions, [ found from the references in Ingersoll’s 
paper that Siertsema* had studied the magnetic rotary 
dispersion in an aqueous solution of potassium ferricyanide. 
The following table gives the author’s results. 


Potassium Ferricyanide. (Fig. 3.) 
d=1-008 gm. per c.c., z="991. 


Obs. din p. Mag: Robs Boae SR X104. 
E 6104 1:3353 0107 0105 +2 
eee 5893 1:3360 0112 0112 ref. 
oe ‘5270  `13382 0132 0133 -1 
r E 4958 1:3393 Ol41 ` -0141 ref. 


The line -6104 ~ was obtained by feeding the iron arc 
with lithium chloride. The observations on this line could 
not be made easily. No observations could be made on the 
apparently strong lithium line -6708 p. 

The rotary dispersion curve obtained from a large number 
of observations on the lines tabulated above was so striking 
that it was suspected that changes had occurred in the 
solution while the observations were in progress. To 
ascertain if this was or was not the cause of the variation, 
another solution of almost the same concentration was 
prepared, and the observations taken in the reverse order. 
It was found that the curve given by this second solution 
was parallel to and above (corresponding to the smaller 
concentration of this solution) the original curve. The 
difference between the two curves is too small to be shown 
easily on fig. 3. 

Taking the rotations for the lines *5893 u and °4958 u 


to be the more reliable, we find that with D Sarre 
ie 1 


Ai ='427 u, which does not seem an unreasonable value 
for the position of the absorption-band. 

This value for A, gives 

a, = — 6:04 x 107° 

The rotations calculated for the lines ‘6104 u and ‘5270 u 
are not far from the observed values. A three-constant 
formula for D does not give a likely value for ^. 

According to these results it is seen that the rotary 
dispersion in potassium ferricyanide is in accordance with 
Drude’s molecular-current theory. As with Co(ClO;)s and 


œ Arch. Néer. (2) v. p. 447 (1900). 
Phil. Mag. S. 6. Vol. 49. No. 290. Feb. 1925. 2E 
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Co(NOs)2, the negative rotation of K;Fe(CN), arises from 
the electrons which contribute to the paramagnetism of the 


solution. 

Siertsema states that the rotary dispersion in K,;Fe(CN), 
is greater than the inverse fourth power of the wave-length. 
The above formula for D also gives the same result. 


Potassium Ferrocyanide. (Fig. 4.) 
d=1:076° gm. per c.c., e="957. 


Obs. A o ny R. Raker: Rara 
ER "5893 1:3559 "0140 0140 0140 
EET "5270 1:3585 O17 0178 ‘178 
Co peavenees *4958 1:3602 0205 0205 0205 
( Seer 4529 1:3631 0251 ‘0251 0251 
Co oseas *4406 1-3641 0266 0267 0267 

Fig. 4. 
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The rotary-dispersion curve of this solution follows the 
usual trend of such curves for diamagnetic substances. 
The rotations for the last two lines were obtained photo- 
graphically. For this solution we can apply either equa- 
tion (5) or equation (10) to calculate the rotary dispersion. 


Fig. 5. 


Z 
wo 
2 
° 


2 
Se) 
[e] 
t 
e 
< 
a 
z 
< 
{a e) 
z 
9 
» 
a 
€ 
is] 
ar 
& 
q 
Z., 


Co Assonrr Bawo Àa Siou 


8-0 


so 5:0 yo 
(Wave Lenc TH wm pa) * 
From equation (5) we obtain 
ay= +3°51x 10-5, A, ='170 be 
Equation (10) gives 
a; = +598 x 107$, Aim 2 þa 
where, in both c:ses, a two-constant formula has been used 
for the differences A and D. The agreement between the 
va!ues of the rotations calculated from (5) and (10) and the 


observed values is quite satisfactory. The decision as to 
2E 2 
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Fig. 6. 
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which formula is more valid must be left to refractive- 
index measurements in order to obtain the position of the 
absorption-bands. 


Cobalt Chloride in Alcohol. 


A dark-blue solution of cobalt chloride in ethyl alcohol 
gave a slight negative rotation, which decreased with 
decreasing wave-length. In Jccordance with Kundt’s law, 
the cobalt absorption-band shitts towards the red end of ihe 


Fig. 8. 


(Ware Ligure apr)” 


spectrum when the solvent changes from water to ethyl 
alcohol. This change makes it possible to carry out visual 
observations on the high-frequency side of the ‘absorption- 
band, which cannot be made in an aqueous solution of CoCl.. 
With the present arrangement of my apparatus it was 
impossible to make any observations on the low-frequency 
side of the absorption-band. 

It will be seen that the rotary dispersion curve for the 
alcoholic solution shows the same general characteristics 
as the aqueous solution of CoCl, investigated in the previous 
communication. 
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SUMMARY. 


1. The aqueous solutions of cobalt and nickel salts 
investigated show anomalous rotary dispersion at their 
principal absorption-bands. This anomalous rotary dis- 
persion is much stronger for the cobalt solutions than for 
the nickel solutions. 

2. The high-frequency electrons in cobalt solutions, as 
well as in K,Fe(CN),„ give rise to the negative rotation 
displayed by these salts. 

3. The rotary dispersion in the solutions investigated 
may be calculated from the formula 

ÔA? ES ÔA? <s as 
n(n? +2) T nelnet 2) ua LAAN? 
which is derived from Drude’s molecular current hypothesis 
by taking into account the electric polarization of the 
liquids. 

I desire to express my best thanks to Prof. Wilberforce 
for the interest he has taken in the experiments and for the 
facilities and apparatus placed at my disposal; to Dr. S. 8. 
Richardson for the interest he has taken in the work and 
his helpful criticism of the paper; to Mr. W. L. Marshall, 
B.Sc., and Mr. J. Smith, M.Sc., for assistance in the 
graphical and electrolytic work. 

The George Holt Physics Laboratory, 

University of Liverpool. 


XLII. On the Principle of Huygens. By W. ANDERSON, 
B.Sc., Lecturer in Physics, The College of Technolouy, 
Manchester *. 

A* expression for the light disturbance sọ at a pomt 

O, in termsof the values of s over a closed surface 

S surrounding O, has been given by Kirchhoff f, viz. 


5 «(t-") 1 ò T ) 
- cos(a) — 5 s(t— 7) ds, (1) 


473)= a 
where r is the distance of dS from O, n is the normal to dS 


; "N. r 
drawn inwards, and s(1—") is what s becomes when é— - 
t v 


is substituted in it for t. 


* Communicated by the Author. 
t Wied. Ann. xviii. (1883), 
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It has been remarked by Larmor * that the usual modes t 
of deriving this general formula are “not free from analytical 
complexity.” Since in the consideration of a number of dif- 
fraction problems it is sufficient to take the primary light wave 


as being completely given by s= ; j(e—") ,the following 


derivation of (1) for this particular case may be of interest. 
Let O, be a point source emitting a disturbance given by 
a ; j 7 : 
s= J («- “1) at points distant 7 from Oy. If O isa point 
rT; 9 
distant a from Qj, and S is a closed surface enclosing O, 


à ; ; : i a 
O, being outside 8, the disturbance at O will be s= oe («- : ) 


and we wish to express sọ as an integral over S. 


ii 


If F isa function of r, and r, the distances of any point 
N 


f i age 
from O,and O,and if T denotes the whole rate of variation 


of F with r, along "i, we have 
dF OE | oF dr (2) 
dr, Or, Or. dr S E oe 


baa À ; dG . 
If G is another function of r, and r, and dr the whole 
rate of variation of G with r along r, we also have 
dG G G dr i 
S EE; | 
dr Or on dr 
* Proc. L. M.S. ser. 2, i. p. 2 (1904). 


+ Drude, ‘Theory of Optics, Eng. ed. p. 169 (1902). Preston, 
` Theory of Light,’ 4th ed. p. 75 (1912). 
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Then it is easily seen veometrieally that 
v e 


dr ee _ dr, 
e a ae be Me lee oe ve. (A) 


dr dr : ; 
where | - and —, | have the same meanings as in (2) and (3). 


dr; dr 
Now if dv denotes an element of volume. and do an 
elementary solid angle with vertex at O, the value of 


{2 ae taken through the whole space enclosed by 5S 


ry? dr, 
will be 
1 dE dE z 
I: 2? dr, dv = ff T dw dr, 
dF 
= faf ee dr, 


E (nr 1 ) F 


T1” 


the normal n to dS being drawn outwards. If S, is another 
surface enclosing O, and. entirely inside S, the value of the 
above integral tuken through the space between So and S 
will be 


{3 1 dF ies F cos (nri) os 3- | Tr Ce dS. 5) 


n? dri n? ri” 


In the same way we get 


{3 dG e= jase” Js (À CORON... GG) 


7? dr 


the volume integral being taken through the same region as 
before. 
Combining (5) and (6) we get 


| F ogn G a 
Do 


r? 


(Ee F cos a... G ae ae) as 


r? 
l dE ldG 
-\(;. 9 dr r? dr ) av. e . (7) 


If for So we choose a spherical surface of indefinitely small 
radius and centre at O, and if Go is the value of G at O, 
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this equation beeomes 


—1nGy= fE (nr) — Seon nl" as, . (8) 


provided that F and G are such that 
l dF _ 14G 
r? dr dr 
that is, in virtue of (4). 
10F 19G 
rën or 


Let us put 


1 
+ cos (r) (z or 2 on) =0. 


10F_1 124 7 
re 20r, 2 r =() . . . . e (9) 
and 1əðF_1 òG 


ror or Or, (10) 


Then from (10) we shall have 


F d$ G d 
=S Eae (11) 


and using these ma in (9) we get 


os È (n Te 1? ' or Als S$), 


which may be written as 


2 alrrd)= 22 (8), 
having for solution 
nepaflrs +r) +g), 
where fand g are uny functions of 7,+7, and r— r. 
If, therefore, we take $= (+- 2), we get from 
(11) and (8) 


win [e lE) 


t 


= fR aH) cos Cy 
> ef (t= EP) cosy] a, 


Or Tır 


4.26 On the Principle of Iluyaens. 


The left-hand side of this equation is 


Ep ar ri aia 
dr | — AC v T j i v r=0 
== triye —= =) 
a v 


= ÍT 85. 


Hence if we draw the normal inwards we have 


as our required et or 


ATs = eE aie | os (nr) 
1l? d. (e z) cos (arı) | dS... . (12) 
a, Or; 
If the normal is (/, m, 2) and the origin is at O, 
res (eta) t+, 
, Os, Os T y =) 
and Ae cos (nr) = aii ( ae +m i +n - 


1 8 Òr Os òr Os oO" 


aad ine an ao Òr d: 
_) 08 Os | Os 
Ste T" d E 
_ OF 
T On" 


and using this in (12) we get (1). 
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XLIII. Theory of the Width of the Modified Spectrum Lines 
in the Compton Efect. By G. BE. M. Jauncry, D.Sc., 
Associate Professor of Physics, Washington University, 
St. Louis, U.S.A.* 

l. Introduction. 


A. H. CoĪmPTONțt has proposed a theory of the scattering 
of X-rays based upon the postulate that cach quantum of 
X-rays is scattered by an individual electron. This theory 
requires that the wave-length Ag of the X-rays scattered in 
a direction œ with the direction of the primary X-rays 
should differ from the wave-length A, of the primary rays 
by an amount 

Ag—Ay = A(L—cosd)/me, . . . . (1) 
where A is Planck’s constant, m is the rest mass of the 
electron, and cis the velocity of light. If the change of wave- 
length is expressed in A.U., equation (1) may be written 


Ag — ào = 0°0242(1—cosg). . . . (2) 


Compton has tested this formula experimentally ł, and has 
found very good agreement with the theory when Mo Ke 
X-rays are scattered by graphite. Compton’s results for 
the scattering of Mo Ka X-rays have been verified by others. 
However, all observers find that part of the X-rays are 
seattered with, and part without, change of wave-length. 
Compton calls the former modified scattered rays, and the 
latter unmodified rays. The unmodified rays give a spectrum 
line whose width is equal to that of the spectrum line of the 
primary rays. On the other hand, Compton’s curves ł show 
an increased width in the modified spectrum line. For 
instance, his curves for scattering at 90° show the modified 
spectrum line as having an extreme angular width of about 
15 minutes of arc greater than the width of the unmodified 
line. This signifies a wave-length width of 0°027 A.U. since 
a calcite crystal was used. Now the primary rays which 
are incident on the effective part of the scattering substance 
have an angular width of probably not more than 20°. This 
would account for a wave-length width of 0008 A.U. due 
to the variation of @ in equation (2). There remains tbere- 
fore a wave-length width of between 0'019 A.U. and 0:027 
A.U. which is not due to the variation of ġ. In this paper 
it is sought to explain this width. 

è Communicated by the Author. 

t A. H. Compton, Phys. Rev. xxi. p. 483 (1923). 

t A. H. Compton, Phys. Rev. xxii. p. 408 (1922). 
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2. Theory. 


The quantum theory of Compton * is extended to the case 
where the binding energy of the electron has to be taken 
into account. The energy relation is then 


li = ES E (sis —1)+ MV?/2, (3) 
v¥1— e 

where A, is a critical absorption wave-length of the scattering 
substance, and where the third and four th terms on the right- 
hand side represent the kinetic energy of the recoiling 
clectron and that of the rest of the atom from which the 
recoil electron is separated respectively. This last term, 
however, is negligible, due to the mass of the rest of the 
atom being great compare) with that of the recoil electron. 
Next we consider the momentum relation, Referring to 
fig. 1, OA represents the magnitude and direction of the 
momentum of the primary quantum //Ay, OB the momentum 
of the scattered quantum //Ag, BC the momentum of the 


recoil electron mBec/ 41-8", and CA the momentum of 
the rest of the atom from which the recoil electron is 
separated by the scattering process. We then have the 
vector equation 


OA = OB4BCHCA,. 2. 6 we (4) 


where OA is along the x-axis and OB in the wy plane, but 
BC and CA are not necessarily in the wy plane. We next 
make the restriction that the momentum CA of the rest of 
the atom is equal but opposite in direction to the momentum 
of the electron in its Bohr orbit just before scattering takes 
place. The justification for this restriction is that the rest 
of the atom and the electron are each revolving about their 
common centre of mass before scattering takes place. 
If we assume that the action between the quantum and the 
electron takes place in a time very small compared with 
the period of the electron in its orbit, then the electron can 
be thonght of as being suddenly removed from its orbit, and 
the centre of mass of the rest of the atom will continue in 
motion along the tangent to its orbit about the common 
centre of mass which existed just before the removal of the 
electron from the atom. Since the velocity due to thermal 
agitation is small, we may neglect the momentum of the 
atom as a whole before the removal of the electron. This 
requires that the momentum of the rest of the atom be equal 
and opposite to that of the electron before removal of the 


* A. H. Compton, Phys. Rev. xxi. p. 483 (1923), 
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latter. We have therefore that AC ( = — CA, fig. 1) repre- 
sents the momentum of the electron in its Bohr orbit. 

We shall now find an expression for the momentum of an 
electron in its Bohr orbit in terms of the binding energy of 
the electron in that orbit. For simplicity let us assume 
that the orbit is circular. Using the relativity mass of the 
electron at high speeds, we have the centrifugal force 
relation 

22 

ee a a 

. ry 1—B2 r 
where r is the radius of the circular orbit, E is the effective 
nuclear charge, and «c is the velocity of the electron in its 


Fig. 1. 


Y 


B 


Z 


orbit. The binding energy of the electron in its orbit is 
equal to minus the total energy oť the electron in its orbit, 
and therefore 


he/Xs = Ke/r+me?{1—1/ W1—B). . « (6) 
From equations (5) and (6) we obtain 
Bt=2a,—a*,.. .... T) 


where a, = h/mcd,. The momentum of the electron in its 
orbit is therefore mcan, where 


an = P| V1—B, = V2a,—a,’/(1—2,).. . (8) 


The length of AC (fig. 1) represents mca,, and is therefore 
constant. The locus of C is therefore a sphere with A as 
centre. 


In fig. 1, AD is the projection of AC on the plane XOZ. 
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The angle CAD is represented by W, a the angle XAD 
by ð. Since BC represenfs mBc/ 1 — 82, we have, dividing 
throughout by m?c, 


87/1 — 8°) = a)? + ay” +a — Zaye, cos p 
— 2a ag cos y cos 8 cos ġ 
+ Jae, cos Y cos 0—2apa sin y sing, (9) 


where ay = |m and ag = h/mcdrg. From equation (3) we 
have, neglecting the energy of the rest of the atom, . 


B?/(1—B*) = ag? + ag? + as? + 2ay— 2a,— 2ayay —2ayas + 2aga,. 
(10). 
Equating the right-hand sides of equations (9) and (10), and 
solving for ag, we have 
= a(l—as— a, COS Y cos 0) — a, — (a, —a,*)/2 


aa ‘1+ @(1—cosd)—a,—a,(cosycos dcos d+ sin y sind)’ 
(11) 

Although equation (11) has been obtained on the assumption 
that the momentum of the rest of the atom is equal but 
opposite to that of the electron in its orbit, vet the equation 
is true even without this restriction provided that mca, is the 
momentum of the rest uf the atom in the direction CA (fig. 1) 
after scattering has taken place. A. H. Compton* has 
recently described a general quantum theory of scattering 
in which he arrives at an equation which is similar to 
equation (11). He however does not make the restriction 
given by equation (8), although he takes account of the 
binding energy of the electron in its orbit. 

Referring to equation (11), we see that eg varies with 6 
and w, the scattering angle ġ being constant. This variation 
of ag causes a variation of Ag, the scattered wave-length due 
to the relation 


ag = h/m po o o a e .« (12) 
From equations (11) and (12) we have 


A a E E a (13) 


u — v cos cos 0 


where 
u= 1 — a, — a,/ay— C —a,")/20, 
C= any 

and w = 1+4+.4a(1—cos ¢) — a. 


* A. IT. Compton, Phys. Rev. xxiv. p. 168 (1924). 
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Let us move the origin of coordinates from O to A (fig. 1), 
and let the cartesian coordinates of © then be <, y, z, 
Since AC = a, = v = constant, we have cosycos@ = 2/v 
and siny = y/v; so that from equation (13) 


ee e (14) 
Hence, for Ag = const., equation (14) shows that the locus 
of C is on the intersection of the plane represented by 
equation (14), and the sphere 2?+y?+2z? =v. Also, since 
there is no term in z in equation (14), the plane is parallel 
to the axis of =. The maximum and minimum values of 
Ao ($ = const.) are therefore given by the two planes, 
equation (14), which touch the sphere. Since the planes 
are parallel to the axis of z, the problem reduces to finding 
the two lines in the xy plane which touch the circle .c? + y? = rv’, 
Now the condition that the line represented by equation (14) 
may touch the circle is that 


(u®—2?)l?—2(uw—v? coso) +uw?—u = 0, . (15) 
where l = Ag/Ap. Solving, we obtain 


uw— v? coso rv w +w? — 2uw cos p — i” sin? o 
pee e er en ern 


l= (16) 


The extreme variation of Ag is therefore 


O 2o Vat bie uw cos b— Pain’ 


Shy = or? OY) 


This is the formula for the wave-length width of a modified 
spectrum line in the Compton effect. The change of wave- 
length for the centre of the line is given by 
w—v' cos ġo 
Ay—Ao = Aol a gt -1)... 


w— pv? (18) 
Equation (17), although exact, is difficult to handle. It may, 
however, be put into an approximate form which is sufficiently 
correct so long as æ is very much smaller than zy. We then 
have from equation (8) that a, = V 2a,, and approximately 
u = l, v = 2a, and w = 1. These approximations give 


BAg = Po sing V2himers + . 6 6 (19) 
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3. Comparison with Experiment, and Discussion. 


For the scattering of Mo Ka, X-rays by the J electrons 
of carbon we have A= O71 A.U. and A = 360 A.U.*, 
making æ= 0034 and a, = 0000067. Inserting these 
values in equation (19), we have 

— f. : $ OTE 

dAg = 0°031 sin soe 3 (20) 
For scattering at 6 = 90°, equation (20) gives 844=0°022 A.U., 
while Compton’s value, previously quoted, ts less than 0°027 
A.U. More recently Compton and Woot have published 
experimental curves showing the change of wave-length of 
Mo Ko X-rays when scattered by various light elements. 
For scattering by carbon at $ = 128°, their curve shows 
Sr < 0°026-4 A.U., while equation (20) gives dr, =0°0278 A.U. 
Thus for scattering by carbon, the experimental values agree 
fairly well with the theoretical values. Now, for scattering 
by the L electrons of aluminium, A, is about 150 A.U., so 
that a, = 0°000162, and equation (19) becomes 


ÔA a = 0:051 sing te. es Ca ee TD 
Hence, scattering of Mo Ka X-rays by aluminium at d= 125° 
should give 64g = 0:0454 A.U. Compton and Woo’s curve 
for aluminium shows about the same width for aluminium 
as for carbon—that is, less than 0'027 A.U. Hence it seems 
as though the theoretical formula predicts a width which is 
greater than the experimental value for aluminium. 

Now equation (19) rests upon the restrictive assumption that 
the momentum of the rest of the atom is equal but opposite to 
that of the electron in its orbit just before scattering takes 
place, and this assumption rests upon the further assumption 
that the action between the quantum and the electron is 
sudden. However, ‘suddenness ” is a relative term. The 
action probably has some duration of time. We can probably 
say that the action is sudden if its duration is small 
compared with the period of revolution of the electron in its 
Bohr orbit. As the atomic number increases, the period of 
revolution decreases. For a very slow action between the 
quantum and the electron the width would be very small, 
because in such a case the position of the electron in its 
orbit at the beginning of the action would have only a small 
effect on the change of wave-length. It would seem, 


* A. L. Hughes, Phil. Mag. xliii. p. 145 (1922). 
+ Compton and Woo, Proc. Nat, Acad. Sci. x. p. 271 (1924). 
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therefore, that my formula, equation (19), only holds for 
small values of a,; that is, for small binding energies. For 
larger binding energies the experimental width is less than 
that given by equation (19)*. A second reason for the 
smallness of the experimental width for aluminium is that 
in Compton and Woo’s curve for aluminium the hump for 
the scattering by the L electrons includes also the scattering 
by the M electrons. The width of the line due to the 
M electrons is much smaller than that due to the L electrons. 
It should not be forgotten that we have only considered the 
electrons as revolving in circular orbits in our theory, 
whereas in a complete theory elliptic orbits should also be 
considered. The effect of elliptic orbits will be discussed in 
another article. 

Just what would be the effect on the change of wave- 
length when the action between the quantum and the electron 
is slow depends upon what we assume to be the mechanical 
system of the inside of the atom, and very little is known is 
about intra-atomic mechanics. Compton f, in his paper on 
the general quantum theory of scattering, makes two 
alternative assumptions: (a) that a, = a, @=0, and 
=a; and (>) that the momentum of the recoil electron 
is zero, although the electron is removed to the outside of 
the atom. Both of these assumptions require a slow action 
between the quantum and the electron. It appears to the 
writer that a careful study, both experimental and theoretical, 
of the width of the modified lines in the Compton etfect for 
primary X-rays of various wave-lengths and for various 
scattering substances may throw some light on the time of 
the action between the quantum and the electron in the 
scattering process. 

Washington University, 


St Louis, Mo., U.S.A., 
July 24, 1924. 


* Note added during proof reading.—The restrictive assumption above 
mentioned is only valid if, in addition to the time of action being small, 
the time taken by the recoil electron in escaping from the electrostatic 
tield of the rest of the atom after it has been removed from its Bohr orbit 
is small. Hence equations (17), (18), and (19) only hold for small values 
of the binding energy of the scattering electron. For values of the 
binding energy comparable with the energy of the primary quentum the 
wave-length width of the moditied spectrum line is less than that given 
by equations (17) and (19). 

t A. H. Compton, Phys. Rev. xxiv. p. 168 (1924). 
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XLIV, A New Discussion of Bucherer’s Experiment. 
By U. Dor*. 


[Plate VI.] 


1. Introductory Note. 


The present writer in 1922 t put forward a theory of relativity 
in which, however, Kinsteinian relativity of space and time is 
excluded. 

Following on a discussion with Einstein during his visit to 
Japan the writer has sought to obtain experimental evidence of his 
theory. Some investizations which support it will appear in the 
forthcoming ‘ Proceedings of the Physico-Mathematical Society of 
Japan.’ 

The following discussion of Bucherer’s experiments, which is the 
main subject of tho present paper, is taken up for the purpose of 
showing another example of experimental evidence therein in 
favour of the writer’s theory, and against Kinstein’s one, contrary 


to what the author of the experiments, Bucherer, has concluded 
himself, 


2. Bucherer’s Experiment. 


B’ a very ingenious experiment, published in 1909 ft, on 
the deflexion of the #-particles emitted with large 
velocities from radium fluoride set in the crossed field of 
electric and magnetic forces, Bucherer confirmed decisively 
that the amount of deflexion of an electron tends to zero as 
its velocity approaches that of light e. But the acceleration 
of an electron moving with the velocity v perpendicular to 


a magnetic field of the intensity H is proportional to £ v H. 
m 


From an action of this sort in essence originated the above 
said deflexion of the @-particles in Bucherer’s experiment. 


Thus, Bucherer’s experimental conclusion as expressed by an 
equation is 


lim £- 8=0, 


s=1 m 
e e > v 
in which £ stands, as usual, for the ratio — 
may be no room for argument. : 


At the time when Bucherer experimentally confirmed the 
above relation there were prevailing two rival theories—one 


So far there 


* Communicated by the Author. 


t U. Doi, ‘The Anti-linstein Theory of Relativity,’ 1922 (Japanese 
edition). 


} Ann, der Phys, yol. xxviii. p. 513 (1909). 
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of Abraham and another of Lorentz—as to the constitution 
of an electron. So he made use of his experimental results, 
as his second step, to decide between these two rival theories. 
In this second step, Bucherer’s conclusion from his data was 
that the preference was assuredly for the Lorentz theory, 
or, which comes to the same thing, for Einstein's theory of 
reiativity. 

On examining closer, however, the photographic records 
of the experiments, the present writer has found that they 
do not, either, afford evidence in favour of Lorentz-Einstein's 
theory. As will be seen in the following, on the contrary, 
there is exposed in them a serious discrepancy with what is 
claimed by that theory, while with the writer’s theory they 
are in good agreement, almost to a degree of coincidence. 

Now, fixing our attention to a particle with an initial 
velocity v in a direction making an angle æ with that of the 
magnetic field, the condition for it to escape from between 
the condenser plates is * 


etH sina=eX,. .... . (D 


where X is the electric intensity between the plates. 

After leaving the plates, the particle follows a spiral path, 
deviating thus out of the vertical plane in which its initial 
motion has been confined. But it will be shown later in 
§4, that the amount of deviation of the sort is so small 
that the general form of the curve of velocity-function 
of an electromagnetic mass remains unaffected if we neglect 
it. And the matter is simplified. We have the above 
relation (1) for every -particle that escapes from between 
the condenser plates, all the way along a circular are 
confined within a respective vertical plane up to the photo- 
graphic film. But the radius r of the circular are described 
by the particle satisfies the equation 

es 
m- = ecH sin a, eG. ue ee OD 


Elimination of v between the above two equations (1) and 
(2) gives 
ees 3 
= He eo aona eke 

On the other hand we have 

(r—=:} =r? —a?, 

or z=r> yra, . wl, (4) 
where z is the amount of the vertical deflexion of the 


Tr 


* For details the reader is referred to Bucherer’s original paper. 
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particles on the film from the undeflected trace, and a, the 
effective distance * between the end of the condenser plates 
and the film. Thus, combining the equations (3) and (4), 
we are able to find the theoretically expected value of z 
corresponding to any assigned value for a, provided the 


. m s e e 
functional form of z in terms of æ is given. 


Now, by Einstein’s theory it is deduced to be, as is well 
known by the name of Lorentz’s formula, 


But from the equation (1), 


v X 1 
B=. S Asin a’ 
Denoting Es = [S]. * by sin ay we have 
cH go 
__ sin ay 
B= sina” 
Thus, 

m mo sin a 


e e sin? a —sin? ag 


By the writer’s theory, on the other hand, it is t 


or m m sin? a 


e é) Sin” a— sin? ay 
Hence, according to Einstein’s theory, 
z=r— Vr —aĂ, 
(ee Cp a : Ce= Am) pO) 
| Hej? 


x in iy wows ar cae 
sin æ ysin” æ — sin? æy 


* This effective distance is a little smaller than the actual geome- 
trical one. Bucherer denotes it by a—p. See Ann. der Phys. loc. cit. 

523. 

+ Author's ‘ Anti-Einstein Theory of Relativity, loc. cit. p. 247. 
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while according to the other theory 


rer ya, 


= 1 e N X Mo l ° ° (6) 
r= Ogaa (CO ps) 
Comparing the calculated values for z with the actually 


obtained results on Bucherer’s photographic films, we may 
be able to decide which of the two theories is to be preferred. 


With Abraham’s formula for = z is not so simple a func- 


tion in terms of a as in the above two equations. To avoid 
the complicated calculations for each separate photographic 
curve, therefore, Bucherer restricted himself to a comparison 
with one another of the maximum deflexions in a series of 
<urves obtained with different conditions, which was sufficient, 
too, at the time for his purpose of distinguishing between 
Abraham’s and Lorentz’s formule. 

In our present case, however, it is but an easy task to 
evaluate z corresponding to various values of æ, two or three, 
at most, significant figures being sufficient for our purpose. 
Indeed, the sets of equations (5) and (6) may be trans- 
formed, in form, respectively into 


—— eee 
2=r— Vat =r—r cos( sin“ =) ) 
i 
=C 1 Cr 
— ETT OD ee ny cee ee ats SR er gest ge 
sina /sin?a—sin?a, sin a{sin(@-+ @)sin(a—a,)} t? 
and BG. He RB)? 
e a 
z=r—r cos (sin? ‘), ) 
r 6y 
1 Cp ; 
r=Cp 


sin? a—sin? ap sin («+4 9) sin (a— a)" 

The results of calculation are given in Table I. and 
Table II., corresponding respectively to Bucherer’s experi- 
ments No. 7 and No. 15. 

The figures in the last columns of both tables are rough 
results of the writer’s readings, by means of a microscopic 
comparator, of the photographic curves on the negative 
plates reproduced in equal dimensions from the prints, in 
the Annalen der Physik, of Bucherer’s original films. lt 
will be seen at once that they are in by far the better agree- 
ment with the writer’s values than with those of Lorentz- 
Einstein. 
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TaBee_ I. 
(For Experiment No. 7.) 


' | i 
a. p=", |. 7 _7E _7D “photogr. 
c n mm in mm in mm. | ìn mm. , 
250 21' ...| 0-9999 99 0 O° ge | 
26° 21’ ...] 09645 97:47 | 0-69 0-20 S 
270 21' ...| 09318 9594 rA 0-41 o5 
28°21’... 09015 | 941 1:30 062 | O07 | 
290 21' ..., 08734 — 92-88 157 ; 083 0'8 
300......... 0:8562 91-90 172 098 10 
B40. 0:7656 8576 270 — 191 19 
eee 0°6954 79°63 366 290 . 29 | 
BOP sie 06398 7350 466 395 | 39 . 
46°... 05951 | 67°38 5-665 5-02 49 
(BO... 05589 61:25 6-68 e o 60 
BHC. 05226 53-60 795 0 TAT TB 
GOP... 04943 =: 45H 918 879 8&8 
CESE 0:4725 . 38:28 1034 | 1004 : 100 | 
70°... ssee- | 04556 | 3063 | 11:38 | Wig | 2 | 
IBO! 04432 2297 | 1227 | 124 121 | 
800.........] 0:4347 1531 | 1289 | 1288 128 
BAP... 04297 «766 | 1336 | 1335 13:3 
902... 0:4281 eG 


13°50 : 13°30 13:5 


log «=0'59226, log Cp=075805, log Op=071408. 


x menrsures the distance along the zero-line from the point of maximum 
detlexion, or the middle-point between the two vanishing ends of the curve. 


3. Comparison of Theoretical with Photoyraphic Curves. 

It is not merely the matter of numerical values, however, 
that distinguishes the two theories from each other, but the 
essential character of the curve is different, as claimed by 
one or the other of the theories. There are two peculiar 
features, at least, worthy of our notice. First, the tangent 
of the angle of the limiting inclination of the curve at its 
vanishing ‘ends to the undeflected line is infinite according 
to Einstein’s equations (5), while it is finite according to 
the other (6). Next, according to (5), the curve is concave 
towards the undeflected line throughout the whole of its 
length ; while, according to the other, it is convex at near 
its vanishing ends, and then becomes concave towards the 
undeflected line, thus giving a point of inflexion between 
the two regions of opposite concavity. 
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Tase II. 
(For Experiment No. 15.) 
| a B=. | me: ZE “D Fphotogr 
| ın mm in mm in mm ın mm 
| 
| RiP 2: 10007 | 95 0 0 ae 4 
| $20,........ 0-972 | 93°39 0-75 0-21 = | 
ae 0:9464 91-78 1-08 0-41 05 | 
| 34°.. 09217 | 9017 1:39 0°62 07 | 
85°... 08986 | 88:56 1-65 0-84 0-9 | 
$7°.........) 0-8565 85°34 9°12 1:27 12 | 
WP Si ccias 08019 | 8051 2:80 196 | 20 | 
ee 07703 | T2 324 241 | 25 | 
n E, 07289 | 72:46 | 3-90 3:11 | 3:2 | 
a 07048 | 6924 434 358 | 36 | 
Te 06728 | 64-41 498 4-28 | 43 | 
Ps nose 0-6541 | 61:19 5'41 475 | 47 
| 55°. 06292 56:36 6-03 545 | 5-4 
5 eee 06146 | 5314 6'43 5:89 | 59 | 
| 60. esses 05952 | 48:30 7-03 656 | 65 | 
er 05687 | 4025 794 7°60 | 
1 05485 | 32-20 8'75 8:52 85 | 
el a 0:5336 24°16 9°43 9:28 0s- i 
| 80°... 0:5234 | 16-10 9:93 9°87 99 | 
| 85°... 05174 | 805 10-25 10:23 102 | 
| ee | 0:5154 | 0 10°35 10°35 103 


log a=0:59226,  logCg=083103, log Cp =0°76410. 


Differentiating, namely, z with respect to « we have 
dz _ = a JEKA o -1), 
da da \ yr? —a? 


d?z dr r A a? 
de da: ( eres 7 (z aay 


By Einstein’s formula, then, 


c 1 
ah) Seer a aera 
sin æ ysin? a—sin? a 
dr f 
——- = —Cgcos a4 — r 
da sin? a ysin? a—sin? æo 


: } 
(sin? æ —sin? %)?? J’ 


Digitized by Google 
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dr C sin? æa + 2 cos? a 1 
~E Usin?a ysin? a—sin? a, | sin @(sin? a — sin? a)? 


(sin? a— sin? ap)? 


3 sin a cos? a \ 


Hence, when a is very near «o, or r very large, 


a —_——- — [Á — M Oe 
—if=——-—.= -COS 2 sin? a — sin“ a 
i a?r? 2p f v 3 


sin’ a —} 
ysin? a—sin? æg 
Thus, according to Einstein’s formula we see, as above 


mentioned, ae 1 dz , the tangent of the inclination of the 


R da 


curve traced by the -particles against the undeflected line 
on the photographic film becomes positively infinite for «=a, 
(provided, of course, a=sin~! 8o is not zero, and R, the 
radius of the film-circle, i is finite, both of which were actually 
fulfilled in Bucherer’s experiments, R having been equal to 
about 8 cm.). 
By a similar step we have 


l d: a? sin? æ cos’ a 
R? da? ° 2Cgh? (sin? a— sin? ag)?" 


The last expression is negatively infinite for «=a, showing 
that the curve is concave towards the undeflected line at its 
vanishing ends; and it remains as such up to the point of 
maximum deflexion. 

With the writer’s formula, on the other hand, 


1 
f= Up 4. So eg 
sin? a—sin? ay’ 

dr 2 sin a COS & 

i = — D =, — 

da (sin? a—sin? ap)?’ 

and 

d?r cos? a—sin" a 4 sin?” a cos? a 

ya =2Cp “a 3 
da — (sin?a—sin?a9)? * (sin? a— sin? ay)* J 
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Hence 
dz a? 2 sin æ cos a r . ] 
z 2 3, \2 
abe = | —— c. (Sinf a—s1n? &% 
ka noes 2Up (sin? a — sin? ag)? ( ) anai 


2 
= co sin 2a, ; 
: 2 
or, dal. =; em 2a, which is approximately equal 
to 0:099 for Bucherer’s experiment No. 15, while the photo- 
graphic curve near its vanishing ends is seen to be elevated 
by about 1 mm. against 1 cm. of the zero-line. 
Next, 


it EE a -1) + (C) oa 
da? z R da) (Zee 
which becomes approximately, as a approaches a, equal to 
-Serl (te) 
2 da? r? da] r 
2 


= £ (cos? a —sin?a). 


Up 
Thus, 
d?z ] =o, Oe 9 
Ruia aa pgp tSS Xoe 
; dz a 
This last expression for de? is positive as long as æ lies 


between 0 and T’ corresponding to the range of sin æ from 


0 up to 0:7071. But sin ag corresponds, in its turn, to the 
velocity of the -particles that undergo the maximum 
deflexion. In Bucherer’s experiments it varied between 
0:3173 and 0°6870, thus having been included within the 
above-mentioned range. According to the writer’s theory, 
therefore, his photographic curves are all expected to be 
convex, contrary to what is claimed by Kinstein’s theory, 
near their vanishing ends towards the undeflected line. 


And at about a= = there is expected a point of inflexion, 
where the curve turns its concavity to the opposite sense. 

* This is, of course, an approximate value, (*) and smaller quanti- 
ties being neglected against unity. The magnitude of (Ey for æ = r 


is, then, of the order: 0:057 (Exper. No. 7), 
0:025 (Exper. No. 15). 
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As a matter of fact, then, a glancing inspection of 
Bucherer’s photographic curves will be enough to appreciate 
that just apparently what is described above is actually 
exhibited in them. 

To see the agreement and disagreement in a more con- 
trasted manner, the theoretical data given in Tables I. and II. 
were plotted in five-fold magnification on a sheet of 
section paper. The theoretical curves obtained thus tracing 
through the plotted points were photographically reduced to 
their proper scale (PI. VI. fig.2). Then both the theoretical 
and Bucherer’s experimental curves were at once fixed posi- 
tively on the dry plates instead of on the developing paper. 
With these positive plates put together in pairs, and by 
means of an enlargement-apparatus, the negative plates were 
made for the theoretical curves superposed upon the experi- 
mental ones (PI. VI. figs. 3 and 4). 


4, Additional Remarks. 


In the above discussion every 8-particle has been regarded 
as confined all over its path within a vertical plane deter- 
mined by its initial direction of motion. Strictly speaking, 
however, the particle begins to deviate from that vertical 
plane under the action of the magnetic field at work, as soon 
as, after leaving the condenser plates, the vertical component 
of its velocity comes into existence. Only, the deviation of 
the sort did not amount in Bucherer’s experiments to anything 
of such importance as to need being taken into consideration 
in the above discussion. 

For the intensity of this disturbing action must be equal 
to evsing H cosa, in which vsin stands for the vertical 
component of the velocity at the instant under consideration 
(see fig. 1). In the first approximation we may treat æ as a 
constant, and denoting by & the amount of deviation we 
have 

2 
m ae =evsin OH cos a. 


dt? 


But evidently =r, so that 
CE . „dọ 
m T =erH cos a. sin ġ de’ 


Hence, 


dE 


ma = —erH cosa . cos ġ + const. 
l 
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The condition a =0 for 6=0 determines the constant of 


integration in the last equation, and we have 
d 
m - =erH cos a(1—cos ġ) 


_ rH COs a ee a) 
“a —cos d 
dt 


v 


making use of v=r fe once more. 


Fig. 1. 
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Hence, further 
m= me ae (ġ—sin d) + const. 
But &=0 for ¢=0, so i finally 


e rH cosa 


= © COSA (p—sin ọ). 


m v 


By a similar process the expression for z can be derived 
as 


es 
* Putting cos ġ = Vr =~® | we have indeed 
r 


e ri{sin «a Ss 
Se (r—/r? —a“ 
m` v 2? 


which is the combination of equations (2) and (4) p. 435 above. 
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Thus 


EE 

anes l1—cos¢ 
For the particle arriving at the film, 
; a 
sin $= -, 

ae oe 1 2 ] 4 
cos $= /1-(“) =1-3(¢) -;(5) ee 
. a a 1 1/aX 3 1/a\ 
and g=sin ee + 5-3(:) #5-4-3(5) T cess 


Neglecting the small quantities of the order (=) against 
unity we have 


a 
E= zz. zeot a. 


Referring to the values for & given in Table III. (corre- 
sponding to Bucherer’s experiment No. 15) and the actual 
appearance of the experimental curve (PI. VI. fig. 1), it will 
be seen at once that the general character of the curve is 
still far from being affected by the deviation so far studied 
above. Indeed, the greatest value of & cannot possibly 
exceed 0°5 mm., while it is with difficulty that the point 
where the maximum deflexion is expected, or: « =", 1s 

2 
decided exactly to 1 mm. along the zero-line. 

Before concluding the present discussion, one more remark 
should be added here, which bears some importance regarding 
the examination of Bucherer’s experimental results. 

He announces in the Annalen der Physik that the inner 
diameter of the cylinder was about 16 cm. rcund the inside 
of which the photographic films were extended. The 
expected distance along the film, therefore, between the two 
vanishing ends of the photographic curve is : 


T 
l=? X8 cm. e —a,) 


= 16 G —sin7! Bo) em. 
Thus, 
1=18 cem., for Exper. No. 7 ; 


and l=16°5 cm., for Exper. No. 15. 
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Taste IlI.—(For Experiment No. 15.) 
) apa acacia Seer 


a. | log cot. | log=. . log z. E = Je “cot a. 
310...... 022123 | 701989 | oo 0 mn. 
35°...... 015477 | Z63246 | 192428 | 002 
40°...... | 0:07619 | 299815 | 0:29226 0-08 
45°... | 000000 | 1:19873 0:49276 0°16 
BIO eas 1:96966 | 125889 | 055388 0:20 
EDO? ro: 192381 | 133541 | 0-63144 0:26 
52°......! 189281 | 1:37923 | 067669 0:30 
BO? dis | 184523 143640 , 073640 0°35 
57°......| 181252 | 146973 | 077012 0°38 
60?....... T°76144 | 151365 | 081690 0-41 
VG o | £72507 | 1:539% 0:84386 0:43 
| 65° aes | Te6867 | 157332  oseus1 | 0-44 
| 670...... 162785 | 159312 , 090200 0:44 
709...... 1:56107 | 161897 | 0:93044 0:43 
75°......! 149805 | 165276 |! 096755 0:37 
80°... ! 1°24632 | 167608 | 099432 0-28 | 
85°......1 194195 | 168977 | 100988 0-15 | 
GUS aise: : © | 169429 | 1-01494 0 

i | 


Rough estimation of the lengths of Bucherer’s photo- 
graphic curves will show at once that these expected values 
are far too low. With 8 cm. for the inner radius of the 
cylinder and the actual lengths of the photographic curves 


l=198 cm. (about), for Exper. No. 7, 
l=19'0 em. (about), for Exper. No. 15, 


we shall have respectively 


a — ay =70°°9 instead of j — a= 64°65 (No. 7), 


as 


and 


and 7 —af=68%0 instead of 7 —ay=58°974(No. 15) ; 
and consequently 

Bo =0:327 instead of Bucherer’s By =9°4281 (No. 7), 
and fy) =0°374 instead of Bucherer’s 8,=0°5154 (No. 15).. 
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Now, it may be too far here to enter into any speculative 
inquiry as to what disturbing cause should have given rise 
to the above-mentioned discrepancies. And yet it may be 
noticed, all the same, that some systematic or other error 
must have anyhow been inherent to Bucherer’s estimation 
of the effective field-intensities at work. Whether the 
terminal voltage applied to the condenser plates may have 
suffered a drop due to the current, if it were ever so feeble, 
flowing between the plates, cannot be said positively. 

At any rate, it is preferable, it may dare be said how- 


e 
ever, not to evaluate the absolute value of — for small 
m. 


velocities from Bucherer’s experimental data, and the writer 
is inclined to stop at, and not to go any further from, 
regarding the very high merit of the experiments as lying 
in an elegant photographic representation of the general 


character of the velocity-function for <L. It is sufficient 


for us by itself alone to distinguish decisively between thie 
different theories of the constitution of the electron. 


For the absolute value of < for small velocities, then, 
we had better turn with Sommerfeld * to another region of 


our experimental knowledge. From the universally accepted 
constant of electrolysis we have, 


£ = 9-872 x 10" e.s.u. ; 

My 
and the recently obtained spectroscopic data of the hydrogen 
and helium Balmer series enable us with the help of Bohr’s 


theory to estimate 
“Y= 1847. 


Mn 
e L e. . e 
Thus the value of = for small velocities is determined, to 
? 


a sufficient degree of accuracy, to be 


e ean > 
2 = 5:305 x 10" e.s.u., 
Mo 


and = 1°769 x 107 e.m.u., 


the value that is most reliable at present. 
Physical Institute, Faculty of Science, 
Imperial University ot Tokyo, Japan, 
June 1924. 


* A. Sommerfeld, Atombau und Spektrallinien, 3rd edition, p. 272. 
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XLV. On the Stabilization of Instable Equilibrium by 


means of Gyroscopic Forces. By Dr. H. J. E. Bera 
(Deventer) *. 


HOMSON and Tarr have f investigated the equilibrium 
of a dynamical system when, hesides forces deriving 
from a force function, gyroscopic forces are working on the 
system, An important part of the results they arrived at 
may be expressed in this manner :—If the number of the 
instabilities which the system possesses (taking away the 
gyroscopic forces) is an odd number, it is impossible to 
stabilize the equilibrium by the means of gyroscopic forces. 
Moreover, several examples are treated of instable equilibrium 
with an even number of instabilities where stabilization by 
the means of such forces appeared to be possible. The 
general observation was made that the gyroscopic forces will 
dominate if they become of sufficient greatness. 

In this paper I will prove that stabilization of instable 
equilibrium with an even number of instabilities by means of 
gyroscopic forces is always possible, and I will derive the 
conditions which must be fulfilled by those forces $. 

We start from the determinantal equation 


| m?+ay ajm AgM oaea, dinm 
| — am M? + deo AM ......0.. Aonm 

D= | — azm —Ao3m Mm? + i .. 00.0. Az,M =0. (1) 
| — anm — anm —3,M...... m? + Aan 


for a mechanism having n degrees of freedom. 
The coefficients a), a22 .... ann arise from the potential 
energy, the coefficients aig, dig, ete. from the gyroscopic 


forces. If all gyroscopic coefticients are zero, ‘the equa- 
tion (1) passes into 


(m? + aj )(m? + Ao). eeenes .. (m? + Qnn) = 
Now we suppose the equilibrium without gy roscopic forces 
to be instable ; therefore not all coefficients Bhi, EE Cnn 


are positive. We may suppose an even number / of them to 
be negative. 


* Communicated by the Author. 
+ ‘A Treatise of Natural Philosophy,’ i. p. 391, ete. 


t The question was set by the Mathematical Society of Amsterdam 
for the year 1923. 
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Therefore in the equation 


M+ ay} oT U .....006. AM 2.0.20... Anm | 
| 
— am M? + dgg...... AAM eee aam 
— dg —aAgogM ..... ee AM osnon Az,mM | 
D = : : | =0 
—ayym = AM... M? Han... +15 Anm -| 
— a1, l4+1ıM eel E S U E Al+l,nmM | 
: | 
; | 
| 
— Ainm — Agnm PU et ee et ye a ee eee m? + Ann 
the coefficients aii, as ...... Qu are negative, a)41.141...... ann 
are positive. We will prove that it is possible to choose the 
ralues of the coefficients aj, dig ...... in such a way that the 
equation D=0 has its roots negative. 
We take for this purpose 
ai, 1+1 =0, a2141= 0, laane al+1,n =Q, 
@1,142==0, a2 142=0, Q142,=0, 
ain =Ù, an =Q, Ann =0, 
by which the equation passes into 
Im? +a AM... aum | 
D= (m? + Qi41,1+1) — dim m? + gg ...... aum | 
SNERT (M? + ann) ; : =0. 
— aum —aym mau. 


Of the equation D=0,n—I roots m? are equal to —ay44. 741, 
14.9, 14.95 veces s, — änn Which roots are negative; from this 
it follows that the n—l stabilities are maintained. 

The system of n degrees of freedom with partial stability 
has now been reduced to a system of l degrees of freedom, 
possessing only instabilities. Its determinantal equation 


m? +a AM ......ee. Aum 


— Am M? + dg. ...... < Aam 


A 


Iil 
Il 

© 
19 


— aum —dyM........ n? ban | 


squilibrium by means of Gyroscopic Forces. 449. 


contains the / remaining roots m?. We have to prove still 


that the coefficients ajo, @)3...... may be chosen in such a way 
that the equation A=0 has its roots negative 5 Ay, dg ...... an 
are all negative. 
We put 
, 
m Che Ci- 
m= - Wa Ea dii = - 
x 3 12 x l 1,2} x 3 


A being a parameter. The equation passes into 


I m? ay A? CoM oaaae Cum 
| ' 
| = eg’ me? HUA... Cam 
| : = 0,3) 
{ - ° . 
f 
| = «ym! —(Com...... m? + ay" | 


Now we suppose 

lax | #0 (a=— ar, ax=0), . . . . A 
and therefore 

| ea | #O (k= — Cris Cae =O). 2 1 1. (4a) 


When X approaches zero the roots may be divided into two 

classes: those of the second class approach to a finite limit 

different from zero ; those of the first class approach zero, and 

the ratios of one of the roots and A‘ is ditterent from zero. 
The roots m”? of the second class are given by 


/ m EI eu | 
, | 
i —¢ DU, askes tunes Ca | z 
d=, " a ID) 
| | 
ek CY el 0) m 


In order to obtain the remaining roots m?, we substitute 


. A2 . e 
in (3) m’=—,,; the equation passes into 
me 


” tt l 
|A Hagn Cmo o aan, Cum | 
I 
' 
— Cm” A + oot Pree eh Cum 
=0, 
a A A E AA | 
ry 1? 
| — cum" CM a, A +aum'” | 


which equation has 3/ roots ne’? of moderate value, and 31 roots 
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of order A4. The roots of the first class are approximately 
given by 


ty 
AM Cjo senes Cyl 
c dym” Cal 
— Cig ggl nne’ 2 =0 (6) 
ad 
— Ci] Sho Eee dum 


m roots m”? of this equation have the sign of those roots 

'2 of (3), which are not given by (5). We therefore have 
to prove that the roots m° of (5) and the roots m”? of (6) 
are all negative if the ee ed Gyo, Apy .scees have been 
chosen well. 

In the first place we prove that the roots m”? of (5) are nega- 
tive provided the condition (4 a) is fulfilled. For this purpose 
we start from (3) with the supposition that an, dee ...... ay 
are all positive. It is a well-known fact that in this case 
all roots of m? of (2) are negative * (it is the analytical 
expression of the fact that stable equilibrium may never be 
lost by gyroseopic forces), The proposition holds good for 
small values of A. I£A=0, 41 roots m” become zero, and 
the other remain negative ; these roots, however, are given 
by (5). 

In the second place we prove that with the same condition 
the roots m’? of (6) are negative. If we substitute 


: , ' / 
di = WA 5 Gon = Aon ...... du = — All , 
we may also write (6) 
1 
ai PM Clo aa Cul 
C a m" C 
= ĉl? JU sarsa of 
7 i =(). 
E ate sitet ees EEA E TT | 
, 1 
— Ci? ae i?) Se eae dn m” | 


When we divide the elements of the first row and those of 
the first column by Way)’, those of the second row and of 
the second column by /co9', and so on, then a determinantal 
equation arises in the shape of (5) with other values of 
the c; however, the new e fulfil the condition (4a); so the 
roots m”? of (0) are negative. 

Therefore stabilization may always be obtained by values 
of ais, ig... Which are of sufficient greatness and which 
fulfil the inequality (4). 

* A proof is to be found in Routh, ‘Stability of Motion,’ p. 77. 
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XLVI. On the Impact with Liquid Surraces of Solid Bodies 
of Various Shapes. By G. Exic BELL, B.Se., Physics 
Research Laboratory, University College, Nottingham *. 


"Plate VII.) 


T a previous paper t the author discussed in some detail 
the phenomena attending the impact of solid spheres 
with fluid surfaces, and showed that they were dependent on 


(1) The surface tension of the liquid ; 

(2) The viscosity of the liguid ; 

(3) The condition of the surface of the body. 
As was previously observed by Worthington +, this last 
factor is by far the most important. In the present paper 
an account is given of research on the impact of solid 
bodies with liquids, with particular reference to the shape 
of the bodies. 

The research was carried out with exactly the same 
apparatus as the previous work, and in exactly the same 
manner. Shadow photographs were obtained showing the 
state of the body and liquid at various short intervals 
of time after the impact, a typical selection of which is 
reproduced in Pl. VII. 

In all these photographs the height of fall is such that 
the velocity of the body on entering the liquid is of the 
order 250 cm. per sec. 

In the first series of photographs, Pl. VII. fig. 1 (a, 6, & ©), 
a cylinder of length 4°4 cm. and diameter O8 em. was 
allowed to fall into water, the surface of the evlinder being 
first carefully cleaned and polished. The same cylinder 
was then again cleaned and polished, and coated thinly 
with a layer of paraffin oil, giving the results shown in 
fig. 2 (a, b, & c). Throughout all these experiments, the 
photographs obtained with a surface coated with parattin oil 
may be regarded as typical of the general effects of coating 
the body with a layer of a substance of low surface-tension. 
Many such substances were tried, such as various oils, 
turpentine, and alcohol, and the photographs only differ 
in minute details not considered for the present purpose. 

In the series shown in figs. 3 (a, b, & ¢) and 4 (a, b, & ¢) 

* Communicated by Prof. F. H. Barton, D.Sc., F.R.S. 
+ Phil. Mag. xlviii. p. 753 (November 1924), 
¢ Phil. Trans. Roy. Soc. oo (1897) and A, cexxy. (1900). 
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the process was repeated, using a cylinder 3°15 cm. long 
and 0:56 cm. diameter. The similarity between the photo- 
graphs for the large cylinder and the small one is very 
striking. (Fig. l is to be compared with fig. 3, and fig. 2 
with fig. 4.) This is true throughout all the photographs 
taken. 

One end of each evlinder was then turned hemispherical, 
and the resulting body polished, and another two series of 
photographs taken. ‘Typical examples are shown in figs. 5 
(a, b, & c) and 6 (a, b, & ¢), the surface being clean in the 
first case, soiled in the second. 

The other end of each cylinder was then turned hemi- 
spherical, giving a body hemispherical at each end, and 
other photographs taken, giving the results shown in figs. 7 
(a, b,& c) and 8 (a, b, & ¢). 

F inally, the impact of a body pointed at one end and 
hemispherical at the other was studied, the result being 
shown in figs. 9 (a, b, & ¢) and 10 (a, b, & c). 

The three photographs of fig. 11 may be considered 
as typical of the phenomena occurring when a body is 
allowed to fall into a liquid of low surtace-tension—in 
this particular ease turpentine, 


Analysis of the Photographs. 


It will be seen from the reproductions in Pl. VII. that 

when a pertectly clean cylinder is allowed to fall into water, 
there is a considerable disturbance in the liquid, and a large 
air-cavity of considerable size and curious shape is produced. 
The most noteworthy point about this air-cavity is that 
it closes up very rapidly at the mouth. The actual dis- 
turbance at the surface itself is very slight; if, however 
the same cylinder is coated with paraftin oil, a considerable 
surface-disturbance occurs, and the tendency of the air- 
cavity to close in at the surface disappears: the cavity 
continues to get wider right to the surface. It will further 
be noticed that the basin-like surfnee-disturbanee is com-. 
pletely formed almost as soon as the end of the cylinder 
penetrates the liquid-surtace. 

Turning to the case when the end of the eylinder is made 
hemispherical and the surface clean, we observe that the 
body penetrates the surface with no disturbance—a pheno- 
menon observed by Worthington (loc. cit.) for a sphere 
falling slowly. There is ee difference, however, that 
shila” a sphere under conditions of comparatively low 
impact-velocity makes no air-cavity, the cylinder draws 
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after it a long, nearly cvlindrical cavity. The difference 
in shape between this cavity and that produced by a sphere 
(described in the previous paper) is very remarkable. This 
particular type of splash seems to be the counterpart for an 
elongated body with a hemispherical nose and flat top of 
the “ smooth ” splash caused by spherical bodies. 

Again, if the surface is coated with parattin oil (or other 
oil), a pronounced surface-disturbance makes its appearance, 
and the air-cavity forms a neck. 

A body which is round at both ends, and clean, penetrates 
the surface without disturbance, and the liquid closes over 
the top without drawing after it an air-cavity. We have, 
in fact, a “smooth” splash. When this body is coated 
with paraffin oil, it makes a disturbance of exactly the 
same kind as that caused by a body rounded at one end only. 

A body which is pointed at one end produces a “ smooth” 

splash, whether its surface is clean or coated with an 
oil-tilm. The body used in this case ig not so highly 
polished as in the previous cases, and a small air-bubble 
adheres to its upper surface, which shows ripple-marks. 


Evrplanation of the Results. 
These observations may be summarized as follows :— 


(1) A pronounced surface-disturbance never appears 
when the bodies used are clean and free from 
surface-films, and the liquid into which they fall 
has a high surface-tension, provided that the 
height of fall is not too great. 

(2) The surface-disturbance, if any, is produced by the 
nose immediately after penetration. 

(3) The pointed body used does not produce an air- 
cavity and surface-disturbance, even if its surface 
is coated with an oil-tilm, for these impact- 
velocities. 

(4) An air-cavity is produced by a blunt nose. This 
cavity remains open if the surface of the body 
is contaminated, but rapidly closes if the surtace 
is clean. 

(5) An air-cavity is drawn down if the upper end of 
the body is flat; this cavity remains nearly 
cylindrical if the body is clean, but assumes a 
different form if the body is coated with an oil- 
film. 

These various phenomena receive an explanation, at 
least qualitatively, by considering the forces acting on an 
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element of the fluid in contact with the impinging body. 
We may consider three such forces :— 


(1) A force F, tending to cause the liquid to flow 
horizontally outwards with a certain velocity. 
This force may be considered as constant for any 
given body, whatever the state of its surface ; 
it is a function of the velocity only. 

(2) The force due to surface-tension round the boundary 
of the liquid in contact with the body. The result 
is a force, say AT, normally inwards, A being a 
constant. 

(3) A foree P, normally inwards, due to hydrostatic 
pressure. As we shall only ‘consider the effects 


immediately after impact, and near the surface, 
this may be neglected. 


(4) The weight of the liquid acting vertically down- 
wards, of magnitude, say, W. 


The Surface Disturbance. 


Consider the forces acting on a small prism of the liquid, 
one face of which is in contact with the body. 


Fig. 1. 


The various forces act as shown in fig. 1. Consider the 
special case of a body with a hemispherical end, and take 
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spherical coordinates, of which the origin is the centre 
of the hemisphere. Let the coordinates of the portion of 
liquid considered be (r, 8, 0). 

Then the horizontal force tending to draw the liquid 
away from the solid surface is given by 


F—ATcos@#,....... Q) 
and the vertical force urging the liquid upwards is 
AT sin ð- W. . . . . . 62) 


The equations cannot be expected to hold for 0=5, because 


the forces will not have had time to be established, and also 
because the area of cross-section of the body immersed in 
the liquid will be very small, 

From equation (1) we see that the force tending to draw 
the liquid away from the body is greater if the surface- 
tension is reduced. Hence, if a liquid of low surface- 
tension is used, or if the body is coated with a layer of 
a liquid of low surface-tension, the cavity should form 
more easily—which the photographs show to be the case. 
Further, an increase in the height of fall, which increases F, 
tends to cause an open air-cavity to form, It is also 
apparent from equation (1) that the cavity, if formed at 
all, will be formed very soon after impact, when cos @ is 
small, which again is known to be the case. 

Further, if the body fall in such a manner that a cavity 
is formed, it is evident that the liquid has both a horizontal 
and vertical velocity, which, on account of internal friction 
ete., will be less for portions of the liquid near to the body 
than for portions further away. This vertical velocity, 
which tends to increase the surface of the liquid, will 
diminish more rapidly if the surface-tension and viscosity 
of the liquid are greater. Thus. for liquids like water and 
turpentine, which have viscosities of the same order but 
very different surface-tensions, the upshot rim should be 
greater in the case of turpentine, the surface of the body 
being the same in each case. This is the case, as is shown 
in figs. 5 and IL of Pl. VII. of this paper. With increase 
of viscosity, both the height of the upshot rim and the 
width of the cavity will be less, as is shown to be the case 
in the photographs of the previous paper, where glycerine 
of high viscosity is used as the main liquid. 
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It further appears from equations (1) and (2) that for 
high entrance-velocities the horizontal component of the 
velocity of the liquid will be increased and the vertical 
component slightly diminished. Thus the upshot rim should 
be more open at the top for high falls than for low falls. 
This is experimentally shown to be true in the photographs 
obtained by Worthington (loe. cit.). 

Similar considerations hold for the upper end of the 
body. If it is rounded, there is a resultant force tending 
to hold the liquid to the surface of the body, and hence 
cause a “smooth” splash. On the other hand, if the upper 
surface is flat the liquid leaves the surface, and an air- 
cavity is produced as shown in fig. 5 of PI. VII. 

The case of the pointed body affords another verification 
of these principles. 

The expression giving the resultant force tending to draw 
the liquid away from the body, F— AT cos 0, shows that, 
if ATcos@<F, the liquid clings to the body and no 
cavity is formed. Now, for a pointed body @ is always 
of a definite value, and if the point is sharp, cos @ is large. 
Thus the liquid does not easily flow away ; figs. 9 and 10 of 
the plate aise that, for the particular body used, AT cos 0 
remains greater than F, even when T is reduced by coating 
the surface with paraffin oil. 

It can be experimentally shown that if the height of 
fall is increased (thus increasing F), or if the point is made 
more blunt (thus decreasing cos @), a rough splash may be 
produced. 


Summary. . 


In this paper the splashes caused by bodies of various 
shapes falling into liquids are discussed. It is shown that 
the type of splash depends jointly on the shape of the nose 
of the body and on the state of its surface. A simple scheme 
is outlined which explains these results qualitatively. 


i University College, Nottingham, 
November ?3, 1924. 


[ 457 1 


XLVII. On Eddingtows Natural Unit of the Field, and 
Possible Relations between it and the Universal Constants of 
Physies. By J. Rice, Mat., lsseciate-Professor in the 
Department of Physics, University of Lirerpool *. 


ie a paper published three years ago in the ¢ Proceedings 

of the Royal Society’ ¢ and more recently in his book 
on Relativity $. Professor Iddington has put forward a 
very attractive hypothesis which he ealls the Principle of 
Identification, He points out that two avenues of scientific 
Investigation initially widely separated have gradually con- 
verged: ove, the deductive study of pure geometry ; the 
other, the inductive study of “the physical world consisting 
ot space, time, and things.” On the one hand, the geometers 
have developed a pure geometry, making use of certain 
tensors which possess definite properties by virtue of mathe- 
matical identities; on the other hand, the physicists have 
been led, owing to the rise of the Relativity. Principle, to 
introduce into mathematical physics tensors possessing 
defini:e properties by reason of those generalizations from 
esperiment which we refer to as the laws of conservation of 
enerayand momentum, the laws of the e/ectromaquetiec field, and 
the luw of gravitation. 

It appears that in several cases the properties possessed 
by a geometrical tensor are identical with those possessed by 
one of the physical tensors. This suggests that if any further 
advance be made in physical science, conforming presumably 
to the Principle of Relativity and therefore involving the 
introduction of fresh tensors in its mathematical formulation, 
it may be possible to discover geometrical tensors possessing 
by virtue of identities just the same properties as the newly- 
introduced physical tensors possess by reason of experimental 
fact. If wecan in general apply with success this “ Principle 
of Identification,’ we can hardly go further in physical 
theory. (It is, as Eddington remarks, a problem for the 
prychologist rather than for the physicist to determine how 
the mind is cognisant of those physical quantities whose 
behaviour is so closely simulated bv a world of entities 
constructed out of that relation-structure which is described 
in pure geometry.) Such an application finds but little 
favour in certain quarters, where it is deseribed as a © geo- 
metrization of physics.” It would appear, however, to he 

* Communicated by the Author. 

t Proc. Roy. Soc. A, xcix. pp. 104-123 (May 1921). 
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just as reasonable to assert that the method is “ physicising 
geometry.” Tn any case, nothing more serious seems to be 
in question than the apparently. innocuous result that the 
mathematical material most suited to the treatment of the 
properties of a four-dimensional manifold turns out to be 
also the most convenient implement for expressing the 
general principles to which physicists have been led by their 
own experimental observations. 

One interesting suggestion arising out of this Principle 
of Identification concerns natural units in whieh physical 
quantities may be measured. Supposing we accept the 
hy pothesis put forward by Einstein and de Sitter that space 
is finite though unbounded; and suppose we also adopt 
Eddington’s view that Hinstein’s law of gravitation 


G pv =M uv 


in an empty region is really a gauging equation which gives 
to the world all the most important properties of a world of 
uniform curvature, not because of any innate tendency in the 
world to this symmetrical form, but because we adapt our 

natural gauge of length at different points and in different 
directions to make it so. Then it would seem that the radius 
of curvature of this world should be the natural unit of 
length on which the units employed in the geometrical 
tensors should be based. But if there be an “underlying 
connexion between geometrical and physical tensors, such a 
fundamental unit of length might conceivably lead to the 
discovery of natural units in which to measure physical 
quantities, In fact, in the paper referred to, Eddington has 
attempted to arrive at a natural unit in which to express the 
matter-tensor J, and the electromagnetic energy-tensor 


Fy. When expressed in such a unit, it would be reasonable 


to assume that T, = Æp in an electromagnetic field, while 
in space containing electrons 7,,,—£,, would represent a 


tensor corresponding to the non-Maxwellian stresses which 
preserve the electron from disintegration under the mutual 
repulsion of its parts. The reasoning in this part of the 
paper referred to is based on a Hamiltonian variation of the 
invariant integral 
Je gt (= adr, 

where POE iy is contracted from the curvature in-tensor 
a ee and dr is the element of four-dimensional space. 

In what follows, the writer attempts to arrive at Eddington’s 
conclusions in a different and possibly more direct manner. 
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The in-tensor *G „„ resolves itself naturally into two parts, 
a symmetric tensor /t,, and an anti-symmetric tensor F,,, 


Now consider a system of coordinates in which the unit-mesh 
has a width A~? cm., where A cm.-? is the world curvature. 
This means that observers considering the local part of the 
world as referred to a Galilean system of coordinates will 
regard two points on the a, axis at a distance apart of 1 cm. 


as having a ôr, equal to Aè. Let us also use the length 


A`? cm. asa gauge. Such a gauge-coordinate system could 
plausibly be taken as fundamental in so far as determination 
of the units of physical magnitude is concerned ; not, of 
course, in any sense in which it could be considered as 
privileged, for that would violate the Relativity Principle. 

Now in such a gauge-coordinate system the metric tensor 
yy 18 simply given by 

2 — 
Fey Yur 

„ We construct, as usual, the Christoffel indices 


{Au, v}, and thence the Riemannian curvature tensor By 


From vy 


and the Einstein tensor Oy We can write 


R =G +l 


pr p” pr? 
where H,, is a symmetric tensor, which Eddington surmises 


is connected in some way not yet explained with the non- 
Maxwellian binding stresses on the electron. But we have 
no further concern with //,,, here. 


In this coordinate - gauve system the matter -tensor is 
identified with 


Che, (G2). . e . . . (1 ) 


The electromagnetic energy-tensor is identified with 
f Pils Vag L 3 9 
O T Fagl i e . . e ° (2) 
A certain similarity in their construction appears if we 
Write (1) in the form 
' vip a3 9 
Kia tA (Wag —2), 
Which is true since Rav=Ip» Making the plausible assump- 
tion that the physical tensors which have been so identified 
With the geometrical tensors (1) and (2) are in this gauge 


system expressed in the same unit, we can then say that in 
an electromagnetic field 


fie PE Wa (i — 2) = Cie pes a Fas LS TE 3) 
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Let us now transform to a system in which the gauge is 
one centimetre, and in which a local Galilean frame will 
make the coordinate difference for two points one centimetre 
apart on an axis equal to unity. If accented symbols are 
used for this system, we have 

>) F SF >? t , 
Naz i Òr g= I aot a Our 3 
e e F 7 >) f D e z S 
for R, is an in-tensor, and so /?, 3626.73 is an invariant. 
As Òt =A Ò p it follows that 
r = R] 
R y= rh, 


But in this gauve-coordinate system we know that 


y! ext / 
Ni py Ad Pr 
Hence 
J py py? 


Since Ais a constant, it appears on considering the manner 
by which the G',, are constructed from the v',, and their 


differential-coefficients that 
o x 
v5 av 
As Ps is an in-tensor, it follows, as in the case of X that 


F =F, 


H p? 


and therefore 


Ie NL i 
It is also true (since g',,=gpy) that 
Gey =NGPY, 
GQ) Y=AG 7 


u ? 


=AG. 


and 


Hence, by (3), 


A ua r 
Dyal” a Fag 


a =] vr ET DAS 
F A LF Si (G 2d) |. 
The left-hand side of this equation 1s 5 where E, v is 
the electromagnetic energy-tensor, the sicld-components betas 
erpressed in "Eddington s natural field-unit, By the law 
of gravitation 


G'S A) = 8K T", 


where Da is the matter-tensor expressed in C.G.S. units 
(7. e. units in which the mass-density arising from the 
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component 7'4 of the contravariant tensor is in grams per 
e.c.), and «is the quotient of the astronomical constant by 
the square of the velocity of light (approximately (4x 107» 
in C.G.s. units), 
Hence 
E= STATI T e” 
and in particular 
lg SENTAN H ae a oe & & ED 
where E,f$=43(e?+/7),e and h being the values of the electric 
and magnetic intensities of the field èn natural units. 
Consider an electrostatic field whose intensity is 1 natural- 
unit. so that e=1, h=O: let its value be electrostatic units; 
the energv-density of this field is 47/87 ergs per c.c., and 
therefore 
PSS ore, 
Where e is the verocity of light. Hence by (4) 
$ = 8r eN Sme? ; 
1. e., b=eV/(r 2), 
or the natural unit of field is 


OJ (N 2K). we x & 2 lo we wf) 
in electrostatice units. 


In the paper quoted, Eddington assumes A to be of the- 
order 10-™, taking the radius of curvature of the world to 
be of the order 10* parsecs (3 x 10” em.). This makes the 
natural Held-unit of the same order as the electrostatic unit 
of field. Lately, however, opinion seems to be tending to 
a much smaller value for the curvature. Thus de Sitter 
and Shapley estimate values for the radius of curvature 
approaching 10!® parsecs, while in a recent communication 
to ‘Nature? (March 8 and April 26, 192-4) Silberstein 
suggests a value as high as 5x10"? parsees. If we take 
Nilberstein’s value, making A of the order 107%, it gives us 
less than a millionth of an electrostatic unit as the order of 
magnitude of kddington’s natural field-unit. 

From this unit field it is easy to obtain natural units for 
other physical quantities, and it is interesting to speculate on 
& possible connexion between such units and the universal 
Constants of physical science. Thus, if we denote the radius 
of curvature of the world by X, we can introduce a “cosmic” 
unit of electric charge (to use Weyl’s term). Representing 
this unit by e ordinary units (electrostatic), we detine it by 


e/R?= unit field 
=cV/ (A/2x). 
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Using de Sitter’s cosmology in which A=3//?, we get 
2ee 3ChR=Lh. 


Now, taking the mass of the electron as 2e7/3c77, where r is 
the electrical radius of the electron, we have 


2xe"/3c?r =p, 
where p is the gravitational radius of the electron ; so that 
CO Spe ee xe, ed. oe te & 4D) 


This shows that the “cosmic” unit of action e/;e (approxi- 
mately the same as that calculated by Eddington in the 
references given above) and what we might call the 
‘electronic ” unit of action e?/c are connected by the relative 
dimensions of the world and the electron. This suggests 
that the cosmic unit and the Planck quantum of action, A, 
may be connected in a similar fashion. The discovery of 
some fundamental connexion between the electronic unit 
of action and the quantum number is one of the problems 
of physical theory, and several interesting guesses at the 
nature of the pure number /e/e? have been offered. It may 
not be out of place to suggest that the cosmic unit and the 
Planck quantum may be related to one another through the 
size of the world and the size of some simple structure which 
enters into the make-up of “things.” It seems obvious to 
propose the electron for the latter, but the numerical result 
obtained thereby is quite hopeless unless a value of the order 
107 parsecs is chosen for X, which appears improbable. It 
occurs to the writer that since the quantum underlies in some 
mysterious way the dynamics of atomie phenomena, it may 
be plausible to assume that the structure referred to ought 
to contain an atomic dimension ; e. g., the distance apart of 
nucleus and electron in the simplest combination of these 
two elements, viz., the normal hydrogen atom. Thus, taking 
this structure as a “tube” stretching from nucleus to 
electron, and writing a for the radins of the first Bohr 
circular orbit of the hydrogen atom, let us postulate that 
the cosmic unit of action and the Planck quantum have the 
same ratio as the volume of the world and the volume of this 
structure; i.e., 
ejhe= r 13 /rar’, 

and so by (6) 


ejhe=alplar. 


Now if m be the mass of the electron, we know by Bohr’s 
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theory that 
a=h?/47?me? ; 
therefore 
ejhe=4r° Rpme?/h?r 


= (87/3) (e/he). Rp/r. 
Hence 


Rp =(3hc/87%e?)r?, 2 ww we (T) 


Relation (7) would fit in very well with the suggestion 
familiar to relativists (see Eddington’s ‘Space, Time, and 
Gravitation,’ p. 179) that the electrical radius of the electron 
is of the same order of magnitude as the mean proportional 
between its gravitational radius and the radius of the world. 
It also gives a value of the order LO? parsecs for X (2 x 101, 
however, instead of Silberstein’s 5x 10°). Were it possible 
to write 87°/3 for hc/e?, the relation (7) would take quite an 
elegant form: 


Rp=r°r. 


Unfortunately the well-determined values for h and e seem 
to rule this out. At one time it appeared possible that 
n? might be equated to he/e?; but although 87/3 (approx. 
816) is a better approximation than rê to the value of Ac/eé? 
(approx. 861, if e=478 x 10-1; h=6'55x 107"), it seems 
equally impossible. The preceding considerations, however, 
suggest that in some unknown way the important pure 
number Aele may be contained in the metrical relations of 
the structure of the world. 

It may be of interest to point out that the energy-density 
of the unit field, ż¿. e., A/167« in mass units, is one-quarter of 
the density of the world matter ” required to fill the world 
on Einstein’s own cosmology. Briefly, twice the natural 
field, if omnipresent, would on Einstein’s views “ swell out” 
the world to its proper size. 


XLVIII. The Critical Increment of Chemical Reactions. 
By WiLLIAM EDWARD GARNER *, 


N the usual interpretation of the physical meaning of 
the constant A in the Arrhenius equation d log k;d T 

= AJR T’, it has been assumed that the experimental velocity 
constant k, corresponds to the velocity constant of the activa- 
tions process. Thus, for a bimolecular reaction it is assumed 
that every collision between active molecules, or between 


* Communicated by the Author. 
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molecules whose kinetic energies exceed a critical value, 
leads to chemical change. This conclusion would appear to 
be unsound, for there is no reason why a collision between 
active molecules should not give rise to reactants as well as 
to the resultants of the chemical reaction. If we assume the 
momentary formation of complexes between the reacting 
molecules, then the bimolecular reaction can be expressed 
by the following scheme : 


a AB’ c 
A’+B’ = or ZCL HQ, 
b Cb’ d 


where reaction is assumed to occur between the activated 
molecules A’ and’B' and C' and D’ respectively, to give the 
complex AB’ or CD’, which can then dissociate to give either 
the substances on the left or the right hand of the equation. 
There will be four distinct reactions, a. b, ¢, and d, and the 
corresponding velocity constants Fa, ky, ka and ky". If &y is 
the measured velocity constant for the reaction A + B—~ 
C+D, it is clear that k= kak, Jke + ky where kefke + ka is the 
fraction of the number of complexes which break down to 
give Cand D. 

Now the number of gram. mols. of complex formed from 
A and B Re second =h,[ A] [B], and the number of 
molecnles =k N[ A] [B] where aV is the Avogadro number, 
and if m and n represent the numbers of active molecules 
of A and B per gram. mol. and & is the number of collisions 
per litre per second between two molecules, then 


ka VLA] [B] Shima} Al B]; 
oy hype honk NCE Pay) 3 
and since & varies very slightly with temperature, 
dlog mnfd T= — AJ RT? —d log (keket hy fa T. 
The equilibrium between active and inactive molecules 
must be established very rapidly if the Jaws of mass action 


are to hold. Thus, in the equilibrium between A’ molecules. 
and A molecules, we shall have 


dlog Qn) N) d T= q BRT, 
where g, is the energy of activation for the change, 
A ZZ <A’; similarly 

d log (n, N)/d T= —y,/hT*. 


# kais the velority constant for the reaction A+ BA B’, and ka for 
the reaction C+ D—C D, expressed in gm., mols. per see. 
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Thus 
d log mn/d T= —(q,+9,)/RT’, 
whence 


(q, +9) RT? = A/RT* +d log (ke/ke + hs)/aT. 


Thus 4, +gp=Èh the activation energy of the reactants 
may be greater or less than 4 the Arrhenius constant, 
according as the temperature coettcient of kefket ka is 
negative or positive. The average energy of the complexes 
will increase with temperature ; thus there is no a priori 
reason why ke/ke + kẹ should be independent of temperature. 
It follows that the critical increment is not necessarily the 
same as the activations energy, and that v calculated there- 
from may not coincide with the actual absorption bands of 
the reactants. 

The Sir William Ramsay Inorganic and 

Physical Chemistry Laboratories, 


University College, l-ondon, 
Dec. 7th, 1924. 


XLIX. Tides in a Channel. By J. PRroupman ( Tidal 
Institute, University of Liverpool) *. 


1. FENHE present investigation f relates to the tidal dyna- 
mics of a channel whose section is uniform along 
the length but of varying depth from side to side. | 
A short conjectural treatment of the problem was given 
by Sir G. B. Airy (‘Tides and Waves,’ §§ 358-363), but one 
of his results, viz. that “the ridge of wave cannot possibly 
stretch transversely to the channel,” is erroneous, as will be 
seen below (§2). Another of his results, viz. a rule for 
the direction of rotation of tidal currents, is valid, however, 
over wider conditions than Airy considered (§ 3). 

After making general deductions concerning a section of 
any shape, attention is concentrated ona parabolic section 
(§ 4). One result is to show the devree of accuracy involved 
in the approximations of what may be called the “ narrow 
sea theory.” This is the theory which in recent years has 
been shown, notably by R. Sterneck and A. Defant, to 
account for many of the observed features of tides in gulfs, 
channels, and narrow seas. 

* Communicated by the Author. 


+ Part of the Adams Prize Fasay, 1923. The author is much indebted 
to Dr. A. T. Doodson for the calculations involved in the illustrations. 


Phil. Mag. S. 6. Vol, 49. No. 290. feb. 1925. 2H 
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The essential characteristic of the narrow sea theory is 
that transverse currents are neglected, so that the motion 
is assumed to consist of longitudinal oscillations whose 
currents maintain oscillating transverse gradients in virtue 
of the Earth’s rotation. By introducing geometrical sim- 
plicity into the basin it is possible to take account of the 
transverse currents and then to compare the results with 
those obtained on neglecting these currents. We find that 
if the channel is not too wide or too shallow the degree of 
accuracy of the narrow sea theory is high, but that this 
degree of accuracy decreases as the effect of the Earth’s 
rotation becomes important. 


2. General Equations. 
We shiall denote by 


w the component of the Earth’s angular velocity along 
the vertical at the latitude of the channel, 
g the acceleration due to gravity, 
«,y Cartesian coordinates of position in the longitudinal 
and transverse directions respectively, 
4, a; the values of y along the sides of the channel, so that 
the breadth of the channel is ag—a,, 
h the depth of water below any point of the mean 
surface, 
A the area of a vertical transverse section of the 
channel, 
t the time, 
E the elevation of the free surface of the water at any 
_ time above any point on the mean surface, 
¢ the mean elevation at any time along the surface- 
line of any transverse section, 
u,v the longitudinal and transverse components of current 
at any point and time, 
u the mean value of the longitudinal component of 
current over any vertical transverse section at any 
time, 


We shall suppose that the motion is “small” and retain 
only terms of the first order. 
The equation of continuity takes the form 


ò du 9 ww Of _ : 
5 (hu) 4 a et EO o CID 


while at the sides of the channel we have 


hv->0, as y->ay,a. . «© . (2.12) 
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In the absence of astronomical and frictional forces the 
equations of motion take the form 


Le ee ~93%, + + 2wu =-g%. (2.13) 


Now suppose that 

€ = Z cos (ot — re), \ 

u = Ucos(ot—x«zr), S. . . . (2.21) 

v = V sin (ot—xz), 
where o and « are constants, and Z, U, V are functions only 
ot y. We regard ø as prescribed so that the values of « will 
be determined by the basin. On substituting from (2.21) 
into (2.11) and (2.13), we obtain 

KhU + -y 7 (AY) —cZL=0, . . . (2.22) 


ead aa eV+20U =g g> (2.23) 


and then deduce 
(hv) - «hV = “(5 — gh) Z. . (2.24) 


From (2.24) and the boundary condition at y=a, we deduce 


AV =e aa’ (Ssh) Ze" ily, » (2.25) 


so that the boundary condition at y =a; gives 


a. 2 _ 2w 
| (Zi — gh) Ze ody =0. . . (2.26) 


‘On solving equations (2.23) we have, providing o #+2a, 


o "ae ia Saha 2w dZ o*— do? y dZ 2w 


og ao dy’ oy aie ae 
(2:27) 
and p on substituting into (2.22) we hase 
dZ a? — 4w? 2w dh 
ae eai a A a 99 
i a) ( : eh+ ey)? = 0. (2.28) 
The condition to be ee at the i may be written as 
hr PZ) -> 0, J Sl taa. a (229) 


2 H2 
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The special cases c=+42w require separate treatment. 
We take «=2, which corresponds to a semi-diurnal tide 
at the North Pole or to a diurnal tide in north latitude 30°. 

The equations (2.23) take the form 


z (ON) = KZ E 


a 8 3 2 (2.31) 
so that 


RL SOO ee a me cw oe BB) 


on dropping a constant numerical factor. Equation (2.26) 
then becomes 


“ay o? ` si 9 29 
. (3 —gh)e vdy=0,. . . (2.33) 
and we notice that there is only one real value of x. 


39 


In the “ narrow sea theory” equation (2.11) is replaced 
by = 

Ò sa- 0 

© (Ax) + (aga) $ = 0, e. > > (2.41) 


while equations (2.13) are replaced by 


ot “ee Pa) i=—9 8, ow (C22) 


though of course in applications A and a,—a, are functions 
of x. Then (2.22) becomes replaced by 


kU—o/h.Z=0, . ©. . . (2.43) 


h = A/(a;—4;) = | Ch iy] (ay, . ° (2.44). 
while (2.23) becomes replaced by 


where 


nae T dZ 
cU = KYL, 2wU = g dy’ >. à (2.45) 


where Z, U are mean values of Z, U across any transverse 
section at any time. We deduce that 


K? = o?/gh. T de she Oe, (2.46) 


3. Transverse Current, 


In this section we restrict our consideration to cases in 
which Z remains positive across the channel. 
Equation (2.26) may be written in the form 


ee = yh, . . ew. (311). 
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where 


h, at hZe ACTIN get dy. s (3.12) 


We deduce that the value of A, will lic between the greatest 
and least values of A. 

Equation (2.25) shows that if there is a shelving beach at 
y=a, there will bea neighbouring region over which V is 
positive, while (2.25) and (2.26) together show that if there is 
a shelving beach at y=a, re will be a neighbouring region 
over which V is negative. We deduce that if there isa 
shelving beach on either side of the channel, there will be 
a neighbouring region over which ata quarter period betore 
high water the current is directed towards the shore. 
This is Airy’s Rule (l. c. § 362), though his argument seems 
to depend on his erroneous result and he took no account of 
the Earth’s rotation. 

If there is a shelving beach at both sides of the channel, 
there must be at least two values of y for which h=h,. The 
simplest natural case arises when there are only two such 
values of y, say y;, yo. In this case 

2w 
hVe a” 

will increase from zero at y=a, to a maximum at y=y, 
then decrease to a minimum at y=y;, and finally increase to 
zero at y=ay. It follows that for a certain value of y, say 
Yo, between y, and y} V will change sign and that for 
aı <y <y» V will be positive, while ‘for ? Yo<y <a, V will 
be negative (cf. fig. 1). On either side of y=yo along any 
section the transverse current at any time preserves the same 
sign and this sign changes at y=y. A quarter period 
before high water the current is directed towards the 
corresponding shore. 


4. Parabolic Section. 


We now restrict our consideration to the parabolic section 
given by 
h=h(1l—-y?a@’), o.. . (4.1) 
hy and a being constants, so that aj = —a, a =a. 
We deduce 7 
h = hy, 


so that the narrow sea theory gives 


K? = S0? /yhy á ‘ . . . ° (4.2) 
by (2.46). 
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Taking now the special case c= 2, we deduce from (2.33) 
ee . . (4.81) 


If a=100 km., ho= 100 m., ¢='00014 rad./sec. (semi- 
diurnal tides), we ‘find ota */ghy=0°2. 

The second column of the Table shows the ratio of «? as 
given by (4.31) to its value as given by the narrow sea 
theory. 


2,2 2 2,23 
ee TEWE DE ; 
E ES 1:04 1:04 
D ee Ce - 1-09 1-08 
BS ESE 113 112 
E 1:18 1:16 
e S 122 1:20 
Gs athe ect: 1:27 1-24 
reer 1°32 1:28 
SB. EER 1:38 1:32 
“Qi: teenet 143 1:36 
O eein 1:49 1:40 


For small values of o7a?'gh, we have, to the second order, 
3 o? 2 7a? 
3 d a a 26 e 
= Dahil : wh) . . . (£311) 


The third column of the Table shows the ratio of the value 
of «x? as given by (4.311) to that given by the narrow sea 


theory. 
From (2.25) and (2.32) we deduce 
RV 
aho 
1 e 2ga? 
= 4 īp { ] ae *(a?- —y") -x(a—y) f sinh e(a+y) 


+ {x?(a?—y’)—xK(a+7)} cosh x(a +) . . (4.32) 


From (2.31) and (2.32) we have 


ah tU 
1 e” 20a? ROR ; 
= eae ahy elat") —K(a y) } sinh e(a +y) 


— {x° (a? —y?)+xla + y)! cosh x(a +y)| . « (4.33) 
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Figs. 1 and 2 show respectively the graphs of (4.32) and 
(4.33) from y= —a to y=a, for o%a?/ghg=0°1, 0°5, 1:0. 

We notice that the line along which the transverse cur- 
rents vanish is nearer to the left of the channel, looking in 
the direction of propagation of the wave, and that this lack 
of symmetry increases with the value of o%a?/gh). When 


Od 
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Fig. 1. 
Showing distribution of transverse current across breadth of channel, 
looking in direction opposite to that of propagation of wave. Figures 
on curves are corresponding values of o*a*/gh,. 
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Fig. 2. 


Showing distribution of longitudinal current across breadth of 
channel, looking in direction opposite to that of propagation of wave. 
Figures on curves are corresponding values of o°a*/gh,. 


o°a?/gh,=1 the breadth of the left-hand region is relatively 
small and its currents are also relatively small. The ratio 
of transverse to longitudinal current reaches a maximum at 
the right side of the channel ; its values for the cases of 
o%a?/gho=0'1, 0°5, 1:0 are 0°15, 0°35, 0°51 respectively. 
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Next let us suppose that the channel is non-rotating so 
that wo =0, as would occur at the Equator. 
On ay into (2.28) from (4.1) we have 


4 2 _¥ a2 
ia yi, tt +15 - ee (1 Al; Z= 0. (4.41) 


For C- E solution we assume the infinite 
series 
y? y” i 
Z = Aot Ar +.. +A,’ +...,  . (4.42) 
where n is even, and on substituting we obtain 
2A; + (Fee) A, =0,. . . (443) 
to 
and 
(n+2)(n+1)A,,o—(n+1)nA, 
+ (oa? gho a?) Antea Ana = 0. . (4.44) 


From (2.29) we require a value of « which will make 


y’\ dZ 
0- = 2) dy ->0, 


as y—>a, and to find this we may use the celebrated argu- 
ment initiated by Laplace for an ocean covering the w hole 
globe. We have from (4.44) 


Ange n Ka? — oa? uho _ Ka? An 
A, n+? (n+2)(n+t1l)  (n+2)(n+1)/ Ano’ 
(4.441) 


so that A,4./A, tends either to 1 or0 as n> œ. 
In the former case we have, as the principal part, 


Anie eo n 
ie aaa 
so that the series (4.42) behaves like 
1 y? 1 y$ ly” 
gat? Tato tae 
or y? 
ma blog(1—“,); 


which is inadmissible as an expression for Z. 
We therefore require those values of « which make 
A,+9 


A. —>0, us n->%, . . . . (4.45) 
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On writing 


n ea? —ora* gho = eae 2 
m=i aat AT aay VP? 
we have An Ba 

An- a= An2/ An? 
so that 


As pe Bs By Ba 


== == 


Pe i psa ae 
on the assumption (4.45). But A,/A,=ap, so that 
Re Be Ra es 0, . . (4.47) 


žo — ee e 


n being even, and this is the equation for the possible values 
of x. 

With o7a?'ghy small, we have as a first approximation to 
the lowest real root of (4.47) 


= ło? yha . . . . . (4471) 


K? 


as in the narrow sea theory. As the next approximation to 
the lowest real root, we have 


3 o? 1 oa? 
7 Sere + TA : Fay 


which shows that the first approximation is very good. 


Let us finally take the case of a general rotation. 
Equation (2.28) with (4.1) gives * 


d y \dZ 

2% se AE 

s dy {(2 wi) dy 
o7a? — 40°? 

$ í glo 


Into this equation let us substitute the finite series 


=e) t w} Z=0. (4.51) 


m 


2 
Z= Ata + Ant... tat. tA 
a a a a 


m’ 


(4.52) 


* The author has learnt that Dr. G. R. Goldsbrough examined this 
problem some years ago. 
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Then the left-hand side becomes 


a wa =e) A +2.1. A, | 


gho 
+[- Drk 
g 
2_ 4,2,2 
+ (T a1) A482. AS]! 
gho a 


+ [ea Ån-2 = = Ka An-1 


oa? — iwa? gG 1 
{Sa a —(n+1)n f A 


+(n+2)(n+1) Ansa | A 


+ [ a An-3— * Ka Am—2 


Ta 


— «7a? —m(m—1) } Ans] asi 


oa? — 4wa? 
í gho 


ri [ea Ana ery ae 


n {ee mae a *—(m+1)m} A n) 


gho 
m+l 
+ [22a An 1 <2 a An nes 
rox a 
ees 
+[e aan]? rage tt e ee (453) 


Now by proper choice of the m ratios 
PED: E. EET: 
we can make zero the coefficients of y”/a” for 
me | ner ,m—1, 


and by special choice of « we can make zero the coefficient 
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of y”/a”. We then see that (4.52) isa solutiun of (4.51) 
modified by the addition of 
m+l1 


m+2 
{ Ka Àn- — > Ka An) ai + Pat An” a2 (4.54). 


to the right-hand side, and that the boundary conditions, 


2 
(1-A + ae «L)->0, 
u®}\dy © 
as y —> +a, are also satisfied. 
Now the vanishing of the coeficient of y"/a" shows that 


after n reaches a certain value | A42 | is less than the- 
greatest of 


| An-2 |, | Ani], | Anl, 


and then the vanishing of the coefficients of y”-1/a™”-! and 
y”™/a™ shows that as m —> œ 


An- Am 0. 


We therefore see that, by taking m large enough, we can, 
with the choice of « we have indicated, make (4.52) as near 
a solution of (4.51) as we please. 

The equation for the possible values of « is 


o?— dw’? 
2 aw) o —' 
(5e 8 
1 4w 1 m—dw*\ , . 
se a ae Ge eee 2 
T lo „1+, g(s gha Je 9 i 
I hs 1 4w l 2 a —-Aw? 
Tah ae 5.20. °° I+, a(s gh, 
=0. oo. a (4.58). 


If o and w are of the same order and ø°a?'ghy may be 
regarded as small, we have, to the second order, 


K 


nE ae o7+44m" , | 
ae de So Sore ae 551). 
which includes (4.311) and (4.472) as particular cases. 
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L. A Modification of Rankine’s Theory of Earth Pressures 
on Retaining Walls. By Witiiam J. WALKER, PhD., 
University Colleye, Dundee *. 


Q" the two principal theories of earth pressure, Rankine’s 
and Coulomb’s, the general tendency in favour of the 
latter is strikingly ' exemplified by the many “ wedge” 

theories, all modifications of Coulomb’s, which have been 

introduced by various authorities. This has been largely 
due to the generally excessive values obtained, by calcu- 

lation from Rankine’s formula, for the pressure on a 

vertical wall, 


cos 0— y cos? 6 — cos? Read 
P=}uil? cos 4 o <04 WieeF0 068 
Stich’ Kys.. 4 & 2m 4 eo & a ve < “CD 


where @ is the angle of surcharge 
and ¢ is the angle of repose, 


the direction of P being parallel to the surface slope. 
On the other hand, the application of the somewhat 
-cumbersome Coulomb formula, 


2 
A ~ (= + $) sin ($ —8) 

25 cin? sin (2 ) sin (« 
sin? ô sin ne y {14 yp (S42) sin o— n 
[where @ and ¢ are as before, 6 is angle which wall makes 
with vertical, and z is angle which resultant P makes with 
wall], or one of its many modifications, gives, in general, 
pressures which are more in agreement with results relating 
to the particular problem which may be under review. For 
a non-vertical wall, of course, Rankine’s formula requires 
the addition or subtraction of the thrust due to the weight 
of the triangular prism of earth between the vertical and 
either the face or back of the wall according to the direction 
of inclination. 

There is no doubt, however, that the existence of so 
many “ wedge” theories, derived from the parent theory 
of Coulomb, “indicates a lack of generality in the method. 
In particular cases, this or that wedge theory may be capable 
of giving closely ‘approximate results to ‘actual practical 

values, but none of them alone appear comprehensive enough 
to cover the wide diversity of earth-pressure problems which 


* Communicated by the Author. 
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may require solution. To the writer’s mind, the main 
objection to the wedge type of theory, apart from the 
fictitious “plane of cleavage” which it postulates, is the 
implicit neglect of the extent of the supporting mass of 
earth beyond the wedge. 

Rankine’s theory follows more orthodox and fundamental 
lines, and it is more than probable that the lack of sufficient 
experimental data is all that prevented him from introducing 
the necessary correctives to his preliminary assumptions, 
In the derivation of his formula he assumed that the granular 
earth material 


(a) possessed an indefinitely extended upper surface, 
and 
(b) was incompressible. 


Superficially, these two assumptions appear to be valid 
enough to give a formula capable of fairly general ap- 
plication. The modification which, in the light of all the 
data available, appears to be required in his theory lies in 
the abolition of the assumption of an infinitely extended 
surface. The writer here proposes to introduce this modi- 
fication to Rankine’s theory, and then to show, by application 
to specific tests, that the modified theory is capable of general 
application, besides possessing a more rational foundation 
than any wedge theory. 

Two of the consequences of Rankine’s assumption of an 
infinitely extended surface are that the vertical pressure and 
its conjugate for the granular material must vary directly 
as the depth, and that the centre of pressure on any plane 
rectangular surface, partially immersed in the material, must 
lie at two-thirds the depth of the plane from the surface of 
the material. These two results are at variance with all 
experience of earth pressures. 

Taking, then, as the point of departure from Rankine’s 
theory the assumption of a finitely extended surface, assume 
that sand or other granular material is contained in a 
cylinder of any peripheral form with vertical walls. The 
pressure p, at any depth, taken parallel to the surface slope, 
is given, in terms of the vertical pressure, q by 


p=qK, 


where K denotes the same expression as it does in (1). 
Considering now the equilibrium of a cross-sectional 

element of the cylinder of thickness dw in the vertical 

direction, the section being taken parallel to the surface 
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slope, the upward force of friction supporting the element 
is given by 
F= L, dr p tan ¢ cos 6, 

where [L, is the periphery of the element, and the assumption 
is made that the friction between the wall and the granular 
material is the same as the internal friction of the material. 
Evidently, therefore, the upward intensity of pressure over 
the cylindrical cross-section of the element, due to this 
friction on the walls, may be written 


F Ldzeptang 


— 


A A 


=kqdr, . . . , (2) 


where L and A are the periphery and cross-sectional area 
respectively of the cylinder for a horizontal section, and & 
is a constant depending on the geometrical form of the 
cylinder, the angle of repose ¢, and the angle of sur- 
charge 0, and is given by 
b= KL tan $ 
= A , 


The equation of equilibrium of the element may therefore 
be written 

dq=wde— kq de, . ©... . (3) 
where w is the specific weight of the granular material. 
If the cylindrical mass carries a load W on its surface, the 
solution of (3) gives, for the pressure intensity g at any 
depth h, the equation 


w : kW 
I= | aaa (1 mA) f° 


Writing 


kW 
a 
wA 
the resultant pressure P on unit width of wall is given by 


K (A 
P= al (l—ce~™) dh 


wÀ f Cik l 
= ung (HIC -1) }, © @) 


and is parallel to the surface slope. 
The foregoing analysis has been developed in all its gene- 
rality without specifying any particular form of boundary 
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wall. In practice, however, these invariably form plane 
surfaces, and attention will now be confined to these. 
It should be observed that, although in general there may 
not be boundary wall on all sides of the mass of granular 
material, nevertheless at such points where no boundary 
wal] exists the material will take up its natural angle of 
repose, and the assumption of a vertical boundary wall 
through the top edge of the natural bank thus formed 
fulfils the statical conditions of the problem. 

Since the overturning moment on a wall is just as im- 
portant a factor in design as the resultant pressure, it is 
necessary to determine the centre of pressure of the wall— 
i.e., the point at which the resultant pressure acts. The 
equation to determine the depth H of the centre of pressure 
of a plane vertical wall is given by 


Hp ds = Zhp ds, 


where ds is the small surface element at which p acts. 


But 


For a vertical line element of wall 


H [3 dh—cYe~"* dh] = [Eh dh— She dh]. 


h h 7h h 
H i) ane eM di | = | h in—e| he~*s dh], 
0 0 L'o o 


which gives 
K Cako 4D] 
9 l Į? EG ( +1) }] 


—m ~ 9 


h+ q (e*—1) 


where h is the covered depth of the wall. 

Expressions (4) and (5), therefore, are the modified 
formulæ for obtaining the resultant pressure, the centre 
of pressure, and therefore the overturning moment on a 
retaining wall. Applying these to experiments carried out 
by Prof. A. R. Fulton *, the following table has been 
drawn up, the experimental results in which correspond 


®* “Overturning Moment on Retaining Walls,” Proc. I. C. E. ccix. 
part i. (1919-20). 
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to Table I. of Prof. Fulton’s paper. The values of K and k 
were calculated from the given data. 


No surcharge— Wall vertical. 


Material. Gravel. Sand. Earth. 
aa O_N 
h feet ............ ccc cece Mieke 3 5 T 3 5 7T 3 5 T 
Experimental 
moment—lb. feet ...... 91 480 1092 78 364 936 60 300 728 


- (Wedge formula ... 93 431 1182 75 345 948 57 262 719 
| 
4 Rankine’ ,, ... 122 560 1537 99 457 1255 77 355 973 
| 
\ Modified ,, .. 97 462 1170 84 378 942 65 300 758 


It will be observed that the calculated values obtained 
from the modified formula give a maximum excess of 
calculated pressure of about 8 per cent. and a maximum 
deficit of 5 per cent., whereas the wedge formula gives 
corresponding maxima of excess and deficit of 8 and 
12 per cent. respectively. 

From the foregoing, therefore, it is clear that Rankine’s 
theory of earth pressures, fundamental as it is in character, 
is perfectly capable, when modified in the manner indicated, 
of giving results closely approximate to those to be expected 
in practice. 


Calculated 
moments 


= ee ee — 
— a — M 


LI. On an Application of the Periodoyram to Wireless 
Telegraphy. By C. R. Burcu, B.A., and J. BLOEMSMA, 
ALN IRE 

SUMMARY. 

Turs paper discusses the response of a wireless receiver to morse 

signals and also to atmospherics, in terms of the periodogram of 

the pulse, and the resonance curve of the receiver. The effect of 
heterodyne detection is examined, and the shape of the resonance 
curve of the ideal recciver is discussed. 

Tho relative merits of open and closed antennæ are determined, 
and a weakness of the limiter selector-mcthod of reception is 


indicated. 


I. INTRODUCTION. 


T is often said that a non-periodic oscillation “ contains 
all frequencies.” It is the object of this paper to 
assign a definite quantitative interpretation to this statement, 
and to draw theretrom certain conclusions as to the behaviour 
of resonant systems under impulse excitation. 


* Communicated by Dr, W. H. Eccles, F.R.S. 
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For a fuller mathematical treatment of the same subject, 
of very rigid nature, reference should be made to the work of 
Dr. A. Koerts, ‘ Atmosphiirische Storungen in der drahtlosen 
Nachrichtenubermittlung,’ to which the attention of the 
authors has been drawn since the completion of this paper, 
which is now offered in view of its different extension into 
detail, and its simpler attack. 

Let the non-periodic oscillation be given by E= f(t) from 
t=0 to t=, where the function f, finite and single-valued 
for all values of t, and vanishing at t=, is restricted toa 
type expandible as a Fourier series. 

An example of sufficient conditions is as follows :— 

The function f should have only a finite number of maxima, 
minima, and discontinuities in any finite range of ¢, and 
it should vanish at t=00 toa higher order than th 

The Periodogram of E, = F(t), a complex function, 
X, = (ag +tb,) of f(t) and the parameter g, defined as 


A, = { S(t) t. dt, 
0 


where e is the base of natural logarithms and i= v —1, will 
then exist as the limit of a sum. 

X,dq represents in magnitude and phase m times the con- 
tribution to E arising from pulsatances g to g+dq, for E 
may be written as the real part of 


1 A, xX ee = dq. o e © © à (1) 


| X,|?.dg, =(a,? +b), is m times the contribution to i E? dt 
due to pulsatances q “to g+dy, and 


EZR X,d.. 
, a). lead (2) 

The validity of (1) and (2) follows from the fact that they 
are the limiting forms of the Fourier treatment of the 
function f, over a finite time, as that time is made indefinitely 

reat. 

The definition of X, determines it uniquely in terms of 
S(t). and it follows from (2)that the periodogram determines 
the function uniquely, for if two different functions had the 
same periodogram, a difference-tunction would exist having 
X, zero for all values of q. 


It would then have | E?dt zero, and therefore E zero 
Phil. Mag. S. 6. Vol. 49. No. 290. Feb. 1925. 21I 
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for all time. In fact, the two supposedly different functions 
are identical. 

The subject has been treated by Lord Rayleigh, ‘‘ Remarks 
concerning Fourier’s Theorem as applied to Physical Pro- 
blems,” Phil. Mag. xxiv. pp. 864-869 (1912). It is there 
shown that smoothing the function f annuls X, for large 
values of g, while smoothing X, as a function of g annuls 
the equivalent function, f, for values of ¢ numerically great. 

In wireless problems E may represent any electrical 
quantity (electric force, current, charge). In using the 
periodogram to deduce from the form of f(t) the behaviour 
of any of these quantities (Q) in a resonant system, it is 
necessary to consider also a similar complex function, 
Yo1Q, Ep = t tiy, a function of the circuit constants and the 
parameter q. 

We contemplate only systems having for every possible 
free vibration a finite, positive, damping exponent. For 
such systems, Y,(Q, E) is so defined that if E were periodic, 
and equal to the real part of Ec, Q in the branch under 
examination (not necessarily that in which E is present) 
would, after infinite time, be the real part of Y,Kye'%. 

Thus in a simple LRC circuit, if E is the induced voltage, 
and we wish to examine the current (Q), we write 

y= gC 
1 1-—¢LC+igCR’ 

In the case of E=/(¢), (Q) may be written as the real 

part of 


2 í eT Nee Voges ssd & & (3) 
T Jo 

This form is intractable analytically, and is unsuitable for 
numerical calculation in the case when the mathematical] 
expressions represent only approximately the exact physical 
conditions—a difficulty met with in many of the formule of 
mathematical physics. 

Though it may be present to such an extent as to render 
integral (3) as it stands, devoid of meaning, the less general 
form 

( Q?dt= } í AAY dg . w a (4) 
e0 nt 
will still afford a basis for numerical computation. 

The validity of (3) and (4) follows in the same way as 
that of (1) and (2), for they are the limiting forms of the 
Fourier treatment, over the range —¢, to +t, of a function 
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zero from —¢, to 0, and equal to fit) from t=0 to t= +t, 
as t; is made indefinitely great. In calculating Q in that 
case, it is only necessary to take account of the particular 
integral (forced vibration), for the complementary function 
(free vibration) may be regarded as having died out during 


the interval —t, to zero. Note that f Q?dt is the inte- 
0 


grated response of any square-law detector, e. g. a crystal, or 
valve detector without heterodyne, or the total heat generated 
in a resistance, and hence the throw of a thermocouple- 
galvanometer. 

A general result may be deduced from (3). If two LRC 
assemblies have Y, identical for a particular branch, for all 
values of q, Q in that branch, due toa pulse E, is in each 
case identically the same function of t.. 

In particular, for two simple circuits, L, Ri Ci, Ls R: C3, 
mutual inductance M, the current produced in (2) due to the 
induced voltage E in (1) is identically that produced in (1) 
by the pulse E induced in (2), whatever may be the values 
of L, R, Ci, L, R, Cs, and M. 

In the case of three inductively coupled circuits, a voltage 
pulse in the first produces in the last exactly that current 
produced in the first by the same pulse acting in the last. 

The current in the final element of a chain of infinitely 
weakly coupled circuits is unaltered in form by changing 
the order of the circuits, and keeps its magnitude if the 
(infinitesimal) product of the mutual inductances remains 
the same. 


We have seen that Í Q’dt may be regarded as a measure 
0 


of the response of a wireless receiver. We shall use (4) to 
compute the response to the pulses used to represent atmo- 
spherics, and also to pulses of the very special, approximately- 
periodic type called morse signals. It is therefore necessary 
to examine X, as a function of q for several types of pulse. 


II. PERIODOGRAMS OF COMMON ANALYTICAL 
Puuse-Forms. 


As a basis of comparison of different types of pulse, 
E=/(t), we shall mention | Edt and í E? dt, as, according 
0 0 


to circumstances, it may be of interest to compare equal 


charges, or equal energies. 
212 
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(1) The Aperiodic pulse, H=H,e-*', lasting from t=O 


to t= +o. 
(“Ea == Eo f; Bra = = 
e 0 


3 
As a vanishing for q=% as q`?. (Figs. 1& 11.) 


Fig. 1. 
ar 
a 
320 
100 
0 cord OCOLE DOCSC OCLSS SEÇ 
E = sa i volt 
= = 78867198! gag), C= E dt=constant a = sec.) ; 
C metre 
s 
a =?250r = 788. 


(2) E=E,(e7*— e7?) from t=0 to t= +o. 
© E, a. 7 E? 
{Bae =, E? dt = iog’ 


R2 
|X, P= +9) dat 9) vanishing for q=% as g~*. 
(Figs. 2 & 11.) 


Fig. 2. 
: 
=| 
scold 
Ovo PEET PPer DOL8 SEC. 
E _* gine 
© = 1576 (« Bet 6 a) sec! 


(3) E= Eate from t=0 tot=+o. 


o 2 
(£a Bo ) Etadi = Ee 
0 0 : da 


p 2 
IXeP= sy ys vanishing for q=% asg7‘. (Figs. 3 &11.) 
Fig. 3. 


— 
u ose oeoo SEC. 


p Se aa 
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(4) The isolated half-sine wave, 
E= Esin pt from t=0 to t=a/p. 


(Ea eee. f Ta _ Eò 7 
0 P 0 2p 


4p*E,? cos? 5 a 


ee Fa vanishing for q=% as q@‘ 
Figs. 4 & 11. 
Fig. 4. (Hig ) 
J 
x 
300 
" 0:0310 0:0020 SEC. 
G =788sin 1576. sec !. p=500r=1576. 


(5) The “sensibly innocuous ” pulse of Moullin*, 
E =E, (sin pt—4 sin 3pt) from t=0 to t=a/p. 
At both these times, all the derivatives up to the third are 
zero. | 


{ Bat= "yo, {° EMdt= 5°" By. 
271p 

256p°E,? cos? ~ ms 

|X, P= o> =p) (GF 9p*) = vanishing for q=% as q7? 


(Figs. 5 & 11.) 
Fig. 6. 


00600 0-000 SEC 


2 


= i6" 1576 (sin 1576¢ —4 sin 47282). 


# J. I. E. E. No. 328, vol. lxii. p. 356, April 1924. E. B. Moullin, 
M.A., “ Atmospherics and their effect on Wireless Receivers.” 
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(6) E = E,(sin pt — $sin 3t + yo sin 5pt) from t=0 to 
t=n/p. At both these times, all the derivatives up to the 
Sth are zero. ` 


oe T > ( 2 ERIT Eo 
(Eusi as o NE= i 


38L. yp? . ay . cos? = alp 
Ng ae a 5 
C (PPIP — 9p?) (G — 25p?)? 


as q7”. (Figs. 6 & 11.) 
lig. 6. 


vanishing for q=% 


700 
COOK 0 GO20 SEC 


S =925(sin 500rt— 3 sin 1500rt+,} sin 2500rt). 


(7) The exponentially damped sine wave E= Eye-* sin pt, 
from ¢=0 to t= +%. 


= 24,3 
Edt = ae E» f E?dt -e ps 
0 pP +a 4al p? +a a?) 
J 
|X,? = P , vanishing for q=2 us g`‘. 
=g +p)? + dary? 
(lig. 7.) 
Fig. 7 
i, 1000 
= 
500 
400 / se seed 
0-00/0 Geos. 0.0030 0 0OK0 SEC. 
PRE eee 


—900et sin 500rl sec. 


E 
= 1:25 x 5007 Xe 

C 
This function is similar to the resonance curve of an LRC 
circuit, having a maximum at q=p. Writing a=)8/2r, 
the form of |X, is given near g=p when < <1, by the 


2000 


1000 
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approximation 
ò y 
Xprap a S 2m) 
| Xp? E =g oy ERE 
= 
also Xp? nl _ 2r 


—a result strongly suggesting the damped-wave resonance 
formulæ of Bjerknes, Brandes, Mandelstam and Papalexi 
and others. We shall return to this later. 


(8) The exponentially damped cosine wave E = E,e—*‘ cos pt 
from t=0 to t= +œ. 


: oy eee me ee pa 
{ ae BOTT { E dS a ipa) Eo’. 
(a? +°) E,? as = 
X, = CETERE. vanishing for q=% as q7?. 
(Fig. 8.) 
The same equation (5) may be deduced. 


Fig. 8. 


0-0049 SEC. 
a 


cos 500z7t. sec. 


E _95 
~ = 12507 .e€ Poomi 


C 
{The ordinates are on half the scale of the other figs. } 
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(9) The linearly damped sine wave. 
E=E,)(1—8¢) sin pt lasting from t=0 to t=87!. 
If we assume p=am (m half-oscillations) 


. E a 2p? — 38? 
Edt=—, \ E: di= E} | ER ; 
\ P 0 : 128p* | 


87?m?—3 . am 
—F2 =—. p2? >1). 
which E>. Am Fap E’ (m>>1) 


TMG 


4pq sin 
2h 2 Pq 
cata PEE [see 
| q (4? —p’*)? (y?—p*) COR TNM 
a TMY J ‘shi 
Gor: |1- cos , cosmm |: à vanishing 
for q= æ as q-4. 
For 
IXP _ 3 4ar?m?+1 «3mm 


q =p, [2 a 203: e TM, =-> 
{ Eede ?P 87? m?—3 4p 
0 
For an exponentially damped sine-wave (7) the same 
quantity is 2a/pd. Thus if two waves of types (9) and (7) 
have the same total energy, 


|X, ? linear _ 3md 
|X, |? exponential 8 


The waves start alike if m6=1. 

Thus if the action of a spark-gap is to rise in resistance 
during the later stages of the oscillation in such a way as to 
produce linear damping, with the initial damping due io the 
circuit resistance, the ratio 


Energy density at Pulsatance 


Total Energy 
is the same as if the spark-eap did not do this, but 8 were 
increased in the ratio 8 : 3. 
(10) The infinitely short pulse (“high frequency ripple ”). 
ôt 
Ltge=o of | Edt=I, and E zero except from t=0 to ¢=8t. 


0 
i) E? dt is infinite. 


0 
|X,P=T. This type thus has a constant distribution 
over the whole spectrum, independent of frequency. 
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Periodograms of Typical Morse Signals. 
(11) One C.W. dot. 


K=E, sin pt from t=0 to t= ame 


(m complete oscillations). 


o 4p®E,2 sin? 2.3 
IX, ?= ee, ba 227 M Re. (Fig. 9.) 


WO 75 SO 2537309000225 S50 75 7/00Cycks 
30. 20. 10 t1000- 1/0 20 30M€/TES 


Relative values of contained energy at different frequencies for an 
infinite succession of C.W. Dots. 


Full drawn: synphased. Broken: antiphased. 
A= 10,000 metres. 400 oscillations per Dot (95 words per minute). 


The curved line is the periodogram for one dot. 
Maximum received field strength 10 p V /metre. 


(12) Two C.W. dots (synphased). 


9 
E=Kpsin pt, zero, Eysinpt, from t=0 to ae 


2mr dinr 4m 6mar 
—-— to —, —— to - respectively, and zero before 
P 


IK, P= 160E; sine T™1 oos? 2armq 
~ -p p po’ 


(Fig. 12.) 
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(13) Two antiphased C.W. dots. 


E = E, sin pt zero, —E sin pt, at the same times as above. 
| 


«aq 


pE 2 
[= onai , sin? TM sin? 2amq/p, |Xp ?=zero. 
(g — p") P , 
(Fig. 12.) 

(14) An infinite succession of synphased C.W. dots. 

E = Ep sin pt, or zero, alternately with note pulsatance, 

z=p/4m, 2m complete oscillations ig a dot. 
4p’ Eg? sin? kar /2 
| Xaz P= - (pP ke ? 
in which k is a positive integer. The energy is reduced to 
that of one dot. 


(15) An infinite succession of antiphased C.W. dots. 
E=E sin pt, zero, — Eosin pt, zero, alternately. 
Note pulsatance -=p/4m, 2m complete oscillations in a dot. 


o_ 16p?E,? sin? kar/2 . ; 
| Xi |?= “Goes on kar /4, (Fig. 9.) 
where + is a positive integer. The energy is reduced to that 
of one dot. For this and the previous case | X,,? for values 
of gf kz is zero. 


On the Repetition of a Pulse. 


Suppose the pulse E to occur n times at regular-intervals 
(note pulsatance z). Let ,X, be the periodogram of E =f(t), 
occurring once. 

Then „X, that of 


B=) +7 t— =r) +. pi y(t =n) 


(Fig. 9.) 


Ay 


K 

n(n 1 

t=0 t=2n z E 
to t=a to t=% 


is given rigidly by 


to t=0 
x r 2 F $ 2 | 2 i.n—l z 
nX= X, [14 e": pe” z a ewer E aks 4 1; 
and it follows that 
n2 
z sin? nmojz 
xX 2— X 2 ° >. ~ T œ 
|a g | li q sin? aq/z 
12 
ca sin? naz . 
The periodic curve — . a is plotted for various values 
nsin? mqjz 
of n in fig. 10. These curves, considered as multipliers, 
acting on | A,"?, show the effect of regular repetition of a 
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pulse, in concentrating the energy-density round those values 
of pulsatance which are harmonics of the note-pulsatance. 


Fig. 10. 


180209 299 © ooh rina? o 40 2° Ye o) po ee eo 
[nXq!? _ sin?’ rq/2 
n! Xg}? sin? rq/2 


plotted against ¢/90 x 360”. 


Family of Curves for »=1, 2, 5, 10. 


On the Periodogram of a Pulse and that of its Envelope. 


If a pulse may be represented as ¢(t) sin pt or f(t) cos pt, 
we shall call ¢(¢) the envelope of the pulse. There isa 
simple relation between the periodugram of a pulse, X,, 
and that of its envelope %4. 

If X,=a,+ib, and y,=2,+78,, the following relations 


exist, for 
f(t) = (8) sin pt, 
Qg=4(Boigt+Bp-q) and b= $ (apq — &p+g). 
I(t) =$(¢) cos pt, 
aq=$(ap+g + &g-p) and b,=3(8p4,+8,-»). 


Now in morse signal pulses such as the C.W. dot, the 
exponentially and linearly damped sine wave, for values of 
q near to p, ap+ and p+ are < < apg and Bpo, therefore 
approximately 


For 


| Xp+ap! = $ Xap! 
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Thus the periodogram of the envelope determines the 
shape of the principal peak in that of the pulse. It gives a 
generalization of the so-called “‘side-bands” of a transmission. 

If we apply this reasoning toa pulse of type (7) we have 
{see type (1)), 


y 
| Xp+ap P 2 | Xap ? been 2 , ~~ 2a 
|X, iy | Xo is Eg (Ap)? + a? Apy R (Ey 
(7 2m 


an elegant way to deduce Bjerknes’ law. 


The General Type. 


Let E=/(t) from t=0 to t=oo, and let f satisfy the 
conditions sufficient to warrant the validity of the Fourier 
development. 

Consider the general integral 


Z= EO „et, dt. 


Partial integration gives 
° ° ‘9 An 
Z=et 9 a ie -} n 
a oF f+ (z) +t pft (G f] 
2 A +1 igt 
- ntl(t) , e't. dt 
+(:) ( 


= eit Lora, (t) + (i) § et f*1(t) dt, 


where D denotes d/dt. The interpretation to be put on this 
form is that it must be expanded as a power-series in D 
which operates on f(t). Insertion of the limits of 0 and © 


gives 
g aad | “3 =f i | 


When the function or a derivative shows discontinuities 
at t=), 


Z z] Fe -] z£] 5 
a oF (0) + D+iy ase) Dig c= 0): 
Thus, in the case of a function continuous with all its 

derivatives from t=0 to t=, the periodogram is entirely 


determined by the function and its derivatives at t=(, being 
in fact 


X,= [A0)+ Cros EF rO]. 
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The series is generally found to be rapidly convergent. 
with large values of q, and it is evident that the more of the 
earlier derivatives are zero, the higher is the order of q7}, 
to which | X,| is proportional, with infinite q. 


Approximate Pulse Forms. 


It follows that if the form of a pulse is only approximately 
known (as, for instance, from an oscillogram), it will not be 
legitimate, having represented the pulse by an approximate 
mathematical expression, to deduce from that expression the 
behaviour of | X,| with infinite g, and the values obtained 
for |X,| will decrease in reliability as q is increased. We 
shall, however, find that in discussing the elimination of 
atmospheric pulses while receiving signals on any one 
frequency, the order of | X,{ with infinite q is unimportant. 

| X,|? tor different types of pulse is plotted in figs. 1-6, 9, 
11, 12, and | X,|? for great values of q is given in Table I. 


Fig. 11. 
a 
08 
o 
oF 
0'2 
o vA ; Ye 
á / 2 3 4 5 Yo" £ 
Z," , for different pulse forms (1, 2, 3, 4, 5, 6, 9) 


based upon ie Edt=C= Constant. 


As a basis for comparison i Edt has been taken as con- 


sto 
stant (c), and a=p/2, B=p/2. 

It is clear that the principal features distinguishing the- 
periodograms of pulses which might be used to represent 
atmospherics from those of the pulses used in wireless 
signalling are (1) that the principal maxima of the former 
occur at lower values of q than those of the latter ; (2) that 
the principal maxima of the morse signals are very much 
more sharply defined. 

In fact, while static may be said to “ have all wave-lengths, 
though principally long ones,” signals “on” a certain wave- 
length fave all but a very small portion of their action 
concentrated near that wave-length. 

We have now to consider X, in conjunction with Y,. 


Digitized by Google 
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TABLE I, 
(Xp? a 3x 104 ae 
=10 km. A=] km. 
1 n pee 
ee E=/(t) me (rot. second second | 10-2)" 
metre 
{1) E= Eye va 
t=0 tot=+a 
a=0 
= volt 
0” metre 
Simple Discontinuity in E ...... 2°8145 x 10° 2:8145 x 107 
(4) E = Ep sin pt , 
t=0 to t=x/p e ee 
Q metre p?=107 
Half Sine Wave .............0..6- ]-2854 x 106 1:2854 x 102 
45) E, = Eg (sin pt — ¥ sin 3 pt) 
t=0 to t=a/p 
volt 
Hons metre p?=10° 
“‘Innocuous Pulse” of Moullin. èe 6:5506 6:5142 x 10-° 
(1) E=E,e~??* sin pt 
t=0 to t= +œ 
volt 
Ey metre pe=107 
Damped Sine Wave ............... 3:9625 x 10° 3:9615x 10? 
(11) E=Egsin pt 
t=0 to ¿=800 x/p 
E= microvolt 
0 metre polrx3x 104 
O.W. Dot: 400 oscillations, A=10 km. 4444 10° 1°1487 x 10-8 
O.W. Dot as above, but with 
p=lnrx3~x 10°, à=] km. 11487K10-% 4444410) 


The Complete Sine Wave E=E, sin pt, ¢=0 to t=27/p gives figures 
identical with those of the half-sine wave. 
Rin cases where (Xq)? is zero at 10 km. or 1 km. the average value near thoee 


wave-lengths is given. 
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III. THE RESPONSE OF A RESONANT SYSTEM. 
Formule have been developed, giving the response 


œ 
({ current’ dt) of receiving systems of given decrement to 
uo 


transmissions with logarithmic decay, by Bjerknes and 
others, of type 


10 1 ôi + ôg 
Idt K swe aa es Oaa 
f, AR 6,5; (2P) at Psy 
= + te 
p 20 
This formula assigns to transmitter and receiver (inter- 
changeable) flatnesses of tuning, of particular shape, and of 
effective width proportional to the decrement. It has often 
been asked if similar flatnesses might not be assigned to 
transmissions with any kind of damping. 


This is done by (4) 
al Q?dt =Í | X,|?.| Y,|?. dq. 
0 0 


The interchangeable flatnesses of transmission and recep- 
tion are | X,| and |Y,|, and they are in a sense additive. 
Thus we see that the periodogram gives the flatness of 
tuning of a transmission in exactly that sense in which the 
receiver resonance curve gives the flatness of tuning of 
reception. If the receiver is infinitely selective, there is a 
flatness of tuning given by the periodogram alone. 

Indeed, it may be seen st once that the free vibration 
(complementary function) of a quiescent LC circuit havin 
no resistance is given for any pulse form in magnitude aaa 

sf —f) i oe 
1 ees! no Bn r 
phase by the complex L lb ara (q= JEG) which is 
X,,/L. The free vibration in the case of all pulses save the 
infinitely long, centrally tuned sine wave, may be regarded 


as contributing the whole of | Q*d¢ in the case of R=0. 


0 
We have to consider circuits of finite decrement, and also 
circuits having resonance curves of any shape whatever. 


Consider | Y,|? (Q, E) for an LRC circuit of decrement 6 


(defined as ~/ 7) where Q is the current and E the 


induced voltage. Let the pulse be of the type (10) 
g 


DO EAE N ETTE 
(1 PLO) + PCR 
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and 

(“gra = = (1x AA at 

J, AA q g. 

Pr ea 
E a 

integrati 
integrating f D m a = 

Wn Tm’ YL 28 


The current? response is therefore finite, and « 6~', even 
though the pulse, acting on a pure resistance, would supply 
infinite energy. 

The current? response for a long, centrally-tuned sine wave 
« 6-2, so the ratio 


received signal energy 


§-1 
received static energy 


for pulse (8), and it is easy to see that an alteration of X,/ 


1 
for values of q far from (=e) will be without effect. 


if ô is sufficiently small. sana 

For ô< <1, the result will be true for any atmospheric 
pulse. By employing a sufficiently low decrement, the 
signal: static ratio might be made as great as is desired. 

It is therefore necessary to discuss the ratio in the case 
when selectivity is definitely limited, to prevent “ringing ” 
or distortion of signals. 

We have no direct knowledge of the initial amplitude and 
form of the free oscillations, in a system of arbitrary resonance 
curve ; the amount of distortion may, however, be deduced 


in a simple way. Consider the response (| Qat) to a 
9 
signal consisting ef two dots, separated by a space, the 


second having an arbitrary phase relationship with the first. 

If “ringing” is present, the response will be dependent on 
this phase relationship, but if no such dependence occurs, Q 
due to the first dot must necessarily have died out during 
the space. Periodograms of two spaced dots, syn- and anti- 
phased, are given in fig. 12, in which it will be noticed that 
(syn) the peak of |X, ? is raised (4:1) and narrowed, and 
(anti) the peak splits up into two with a central zero. If 
anti) both these peaks fall under the flat top of the |Y, ? 
peak, the response will be approximately the same as in the 
syn case. Ifthe | Y,!* peak is as sharp as the principal peak 
in the syn case, the response will exceed that in the anti-case 
considerably. 
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Another aspect of the matter is obtained by comparing 
two resonance curves which have (a) the same peak height— 
and therefore receive long dashes equally; (b) the same 
total area—and therefore give equal responses to pulses of 
type (10). The best will be that which gives the greatest 
response to an isolated dot. 


Fig. 12. 


40 K (0° +40 cycies 
30° 


|X, ? as a function of y= z in the neighbourhood of v= 380,000 (10 km.). 


a. Periodogram of one C.W. Dot. 
b. j two synphased C.W. Dots. 
c. ms two antiphased C.W. Dots. 


Wave-length of transmissions 10,000 metres. 
Number ef oscillations in one dot 400. 
(m= 400, 95 words per minute.) 


Maximum field-streneth at receptions 10 ~V/metre. 


Clearly a pointed peak and a rounded foot are bad features, 
and though the nature of the argument is such as to preclude 
an absolutely final decision, the optimum shape would appear 
to be 'Y,! zero except over a range qytA,, where A, 
is dependent on the allowable distortion, A particular case 
is shown in fig. 13 where a simple LRC resonance curve is 
shown of 6=°005, and also a square-topped, vertical-sided 
curve of equal heiglit and area. 

We have considered a transmitter in which the aerial 
current assumes its steady-state value at the instant the key 
is depressed. In high-speed signalling without spacing 
waves, it may be necessary to take account of the slow 
building up of the oscillations. This may be done by 
plotting periodograms from the oscillograins of dots, by the 


Phil. Mag. Ser. 6. Vol. 49. No. 290. Feb. 1925. 2K 
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envelope formula, or by superposing the antenna resonance 
curve on that of the receiver, though the latter method is 
approximate only, in view of non-linearity in the behaviour 
of triode and other generators. 


Fig. 13. 
b 


200 50 AR SO SOS, SO (0 O gOS Sycks 
+50 = \0 0 -50 metres 
or 4? 
x 


(Width (square-topped) = width of | Yq |°, (LRC circuit), at 
half height) x 5. 


The periodogram of two anti-dots having 400 oscillations 
is shown (fig. 12). It will be seen that the distortion is 
considerably Jess with the square-topped curve. 


Reception of a Repeated Pulse. 


It has been shown in TI. that the energy of a transmission 
such as the “running dots” of a wheatstone transmitter, or 
the successive trains of a musical spark set, is concentrated 
in narrow bands round the harmonics of the note-pulsatance. 
Such a transmission may be said to be distorted on reception 
when the principal contribution to the response arises from 
a peak of the |Y,|* curve of width comparable with the 
note-pulsatance. 

At this point spark-signals give a scratchy sound in 
telephones, for the response then shows marked dependence 
on the note-pulsatunce—that is, on the (erratic) phase 
relationship between successive sparks. The position of the 
harmonic ordinates is shown in fig. 9 for the case of syn- 
and anti-phased dots, the spaces being ‘equal to the dots in 
duration. 

Unless the permissible distortion is very great, the receiver 
resonance curve must be approximately as broad as the 
principal peak of the periodogram of one dot; again, a 
pointed peak and a rounded foot are bad features as far as 
the signal: static ratio is concerned. 
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Heterodyne Detection and Note Filtration. 


By employing a sufficiently powerful heterodyne of pulsa- 
tion N, the detector output due to a sustained signal A cos got 
may be made as nearly as is desired, 


KA cos (qo + N)t+ KA cos (qo— N}t, 


where K is a constant depending on the detector and the 
heterodyne strength. Imagine the pulse E=/(t) analysed 
as a Fourier series over a very long period T. If this period 
is made sufficiently long, the detector output, Q, due to the 
pulse, computed as the sum of the outputs due to each term 
of the series will be independent of small variations of T. 
We may therefore suppose that T contains an integral 
number of heterodyne oscillations. 

All the terms in the output, Q, will therefore be harmonic 


with respect to T, and } Q?dt will be given by the sum of 


0 
the contributions which each harmonic would make, in the 
absence of the rest. 

Any one term in the output arises from two terms in the 
detector input. Suppose that the note selection following 
detection is such that only a particular band of pulsatances, 
ga to ys, in the detector output need to be considered. This 
band will arise from two bands \gza+N) to (q,+N) and 
(qa—N) to (gs —N) in the detector input. 

If the selection preceding detection is such that only one 
of these bands need be considered, the terms lying within 
this band contribute independently to the detector output. 


Then | Q?dé may be computed by incorporating the high- 


0 z 
and low-frequency selectivities into one resonance curve 
Output — mean square 


is plotted for various values 
JInput—mean square 


where 


of g. 
It, therefore, we possess filter circuits which pass appreciably 


only pulsatances lying within a given band, we can in effect 
narrow that band by heterodyning before performing the 
final selection. It is, however, necessary to precede hetero- 
dyning by selection so good that a given note pulsatance ean 
arise appreciably from one H.F. pulsatance only. 

We have assumed that resonant systems can be realized 
which have peaks with sensibly vertical sides and flat tops. 
Cascaded selections in circuits with moderate decrement 
(Campbell filters) produce ; olan curve approximating 
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more closely to this ideal than does one selection in a circuit 
of very low decrement; if the decrements are so chosen 
that the curves cross at particular values of q, and the curves 
are so scaled that the peak heights are identical, the cascaded- 
selection curve between these points 1s never lower, and 
outside them is never higher than the sinyle-selection curve. 

Circuits will readily suggest themselves in which |Y, ? may 
be made proportional to any powers of q and q`}, as q 
approaches zero and infinity. It should be noted that in 
computing |Y,/? for q large, the increase in H.F. resistance 
due to skin effect, distributed capacity and radiation should 
be taken into account. 

Triode assemblies in which the amplification is linear, and 
the retroaction insufficient to produce sustained oscillations, 
have the property that every possible free vibration has a 
finite, positive, damping exponent ; the method is therefore 
applicable to non-oscillatory amplifiers, and the desirable 
cascading of selections, each of moderate decrement, may 
well take place in such amplifiers. Itis a matter of complete 
indifference at what point in the system Antenna-Detector 
circuit the lowest decrement is placed. Two cases call for 
special attention: the so-called aperiodic antenna, and the 
closed coil aerial. 


The A periodic Antenna. 


An antenna of capacity C is earthed through a resistance 
R. The grid-filament of a triode is connected across R. 
We examine the grid voltage due to E, 


1 
IPER?” 
and is thus constant for q large, and tends to zero as ¢ 
approaches zero. The signal : static ratio is therefore best, 


not when R is very large, but at some point such that |Y, 2 
is appreciably less than 1. (See fig. 14.) The contribution 


[X =l 


0 
altered ; that from the lower values of q is lessened con- 
siderably. 


tof Q?dt from higher values of g than qo is not appreciably 


The Closed Coil Aerial. 


The pulse E=/(t) acts in opposing senses on each limb, 
with a time lag of t=—r/r, where r is the distance between 
the limbs and c is the velocity of light, and the plane of the 
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coil is perpendicular to the wave front. Then |X,' for the 
line-integral of electric force round the frame is fis obtained 


by multiplying | X,| of f(t) by 2 sin gr/2e. 
Thus (“ear s for the open antenna is IX. Aa dg 


« 0 


while for the closed coil it is 4 | Ge Ot Sin? gr/2e.dq. 


© 702 50 30 20 /5 109 8 7 Km.6 


oe 


C= Lik, 
Family of Curves for different R. 
The frame is therefore fundamentally different from the 
open antenna in that the contribution to iK Q°dt from values 


of g<7c/r is reduced. But if the decrement is sufficiently 
low, the only part of the contribution that need be con- 
sidered is that arising from a band of width proportional to 
the decrement, centred round g =qo (signal pulsatance) over 
which the factor sin? *gr/2e is approximately constant, and 
affects the signal and static responses equally. 

Thus, apart from directivity, the low decrement frame 
gives approximately the same signal : static ratio as an open 
antenna of equal decrement. In the same way, the aperiodic 
antenna, if followed bv a circuit of sufficiently low decrement, 
confers no appreciable advantage. It is only when the 
selectivity of the later stages is limited that there is a gain. 

In the systems considered, though the shape of the reson- 
ance curve has been imagined entirely at our disposal, the 
ratio 


ae (signal) 


{i Q: dt (static) 
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can only approach the ratio 


| X,|? (signal) 
X, (static) ” 


and can never exceed it. 


On the Limiter-Selector Method. 


In closing our brief survey of atmospheric elimination by 
linear selective methods, let us note one numerical example 
of the pitfalls awaiting those who would exceed the “ ideal ”” 
signal: stray ratio by the employment of receivers having a 
limiting action. 

Consider pulse (3) 

a? Ea? 

(a? +g”)? 


|? 


-At r 
E = Koate, =O0tot=x ? | q 


Let this pulse act (a) on a circuit of decrement 6, where 
§<<1, tuned to qo; (b) on a limiting device with a sharp or 
slightly rounded cut-off, after which the limited pulse acts- 
on the low decrement circuit of (a). 

In the case (b), if limiting occurs at tı, where at,<<1, the 
pulse may be considered as approximately E=Koat from 
t=0 to t=t,, and Esat, until limiting ceases, and from that 
time till t=0, E= Eate”. We will suppose ¢, to be 
several signal periods, 27 /qo. 

The discontinuities introduced by limiting occur at an 
interval having no special relation to 27/qo, the signal period. 
Therefore in computing ! X,, according to the method 
outlined for the general type, we must compute |.X,,,.? for each 
discontinuity separately, and add the values so obtained. A 
lower limit to ! X}? (limited) is obtained by considering only 
the first two discontinuities, in which the jumps of dEjdt 
are +aand —a. Then jX? (limited) is 2a?Ko?/go*, which 
exceeds slightly 2| X,,!? (unlimited), (in practice, a<<qp). 

Further, if the limiter has a slightly rounded cut-off, 
provided the rounding of the discontinuity in dE/dt at t, is 
complete in an integral not greater than a half period of the- 
signal (m/g.), the effect on ; X}, * is small. 

The act of limiting, then, has doubled |X,,]/? and has 


wD 


therefore doubled | Q?dt in the low decrement circuit, and 
0 


it may be seen that in the case of a pulse containing, when 
unlimited, only discontinuities in the higher derivatives, 
i Xn may be increased in an even greater ratio. 
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Though we have examined only one particular case, it is 
enough to show that considerable analysis is necessary before 
we can say with L. B. Turner® that, granted a suitabie 
limiter, the limiter-selector method provides, even in theory, 
a solution of the atmospheric problem. 


IV. CONCLUSION. 


Means have been given for plotting the density of ampli- 
tude and square of amplitude of a non-periodic pulse over 
the wireless spectrum. 

The response created in a resonant system of entirely 
arbitrary resonance curve has been examined, in terms of the 
periodogram of the pulse, or resonance curve of contained 
frequencies, and it has been shown that only a finite range 
of frequencies in the wireless spectrum are of practical 
importance. 

The best form of resonance curve for the reception of 
morse signals and the elimination of interference has been 
shown to have vertical sides and a flat top; this implies a 
multiplicity of selecting circuits, the order of which is un- 
important. 3 

The benefit accruing from the use of the aperiodic antenna, 
and the loop antenna (apart from directivity) has been shown 
to be small. The paper demonstrates the existence of a 
maximum signal : stray ratio which can never be exceeded, 
with linear apparatus, and indicates a possible weakness of 
limiting systems. 


In conclusion, we have pleasure in expressing our thanks 
to Professors B. van der Pol, W. H. Eccles, G. I. Taylor, 
C. L. Fortescue, and especially to Dr. A. Koerts, for their 
kind interest and criticisms, and to Mr. A. P. M. Fleming, 
C.B.E., M.I.E.E., M.Sc Tech., Director of Research, Metro- 
politan- Vickers Electrical Company Limited, for his kind 
permission to publish this investigation. 


Research Laboratories, 
Metropolitan-Vickers Llectrical Co. Ltd., 
Trafford Park, Manchester. 
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LII. A Proposed Test of the Space Quantization of Atoms 
ina Magnetic Field. By AxtHtr Epwardb RUARK and 
G. Breit *. 


€ 1. T experiment of Stern and Gerlach t shows that 

the space quantization of atoms is obeyed by the 
atoms of many elements. The technical difticulties of this 
experiment are so great that it is desirable to devise other 
means of testing the space quantization. 

Further, the results of the Stern and Gerlach experiment 
yield only the component of the magnetic moment of the 
atom parallel to the field. This leaves a gap in our know- 
ledge which is very undesirable for reasons which are well 
illustrated by considering Bohr’s model of the helium atom. 
This model is paramagnetic, while helium gas is diamagnetic. 
To explain this, Bohr assumes the space quantization of 
normal helium to be such that all the atoms place themselves 
with their axes of angular momentum perpendicular to the 
field. There is thus no positive contribution to the suscept- 
ibility, and the gas is diamagnetic. If the Stern and Gerlach 
experiment for helium, assuming it possible, were to show 
that helium atoms are undeflected, it would not decide 
between the view of Bohr outlined above, and the view that 
the helium atom has no magnetic moment, and can take up 
any orientation whatever with respect to the field. 

The fundamental question to be decided is whether pro- 
perties of matter in bulk may be used. IE such is the case 
the unidirectional stream of atoms may be dispensed with 
and the test for the space quantization can be conducted by 
means of any property of matter which has a vector character 
and which depends on the state of atoms in their normal 
energy level. Thus, if all atoms, say of helium, should be 
orientated with their axes of angular momentum perpendicular 
to the direction of the magnetie field, then we should expect 
helium to have a different dielectric constant depending upon 
whether the applied electric field is perpendicular or parallel 


* Communicated by the Authors. Published by permission of the 
Director of the Bureau of Standards, Department of Commerce, and of 
the Director of the Department of Terrestrial Magnetism, Carnegie 
Institution of Washington. 

t See Gerlach and Stern, Ann. d. Phys, Ixxiv. p. 673 (1924), for 

bibliography. 
Gerlach and Cilliers, ZS. für Phys. xxvi. p. 106 (1924). 
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to the applied magnetic field. Similarly the thermal con- 
ductivity or the viscosity might be supposed to be different, 
according as to whether the temperature or velocity gradient 
is perpendicular or parallel to the applied field. 

Of course, if the atoms were orientated at random, the 
vector properties of the gas would be slightly different in 
directions parallel and perpendicular to the field, because of 
the Larmor precession. But the ratio of the change in 
any quantity measured first along and then across the field 
to the quantity itself is negligibly small in all cases of 
practical interest. Here we are speaking of effects due to 
the pseudo-crystalline state of the gas, caused by space 
quantization. 

It may be possible to construct theories which will predict 
differences in the magnitude of such quantities as the di- 
electric constant, the refractive index, or the magnetic 
rotation of the plane of polarization, according as we 
adopt the hypothesis of space quantization or that of random 
orientation. However, it seems preferable to consider 
only the change of properties with direction in the mag- 
netic field, since we are then independent of questionable 
theories. 

§ 2. We must decide, therefore, whether it is rational for 
the consequences ot space quantization to be applied to 
properties of matter in bulk. In the case of some properties 
the probability of an anisotropic nature with respect to the 
field seems very questionable. Thus in discussions of vis- 
cosity, the mean free path in various directions is the 
determining factor. When atoms collide the interactions 
may be supposed to be of such a radical character as to make 
the presence of the external magnetic field of no consequence. 
Similarly with thermal conductivity. 

The case is different with such a property as the dielectric 
constant. The time which an atom spends between collisions 
is large compared with the time occupied by a collision, and 
the only essential condition therefore is that the space 
quantization should predominate over a random orientation 
during an appreciable portion of the time between two 
collisions. 

Little information is available as to the time necessary for 
space quantization to set in. No evidence of lag was found 
in the experiment of Stern and Gerlach. Their test for the 
presence of undeflected atoms is very delicate, and in the 
case of silver all atoms are deflected. The difficulties of 
understanding the rapidity of orientation have been brought 
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out by Einstein and Ehrenfest *. The other and less direct 
line of evidence comes from data on paramagnetism which 
appear to be in satisfactory agreement with the theory of 
space quantization, using the Bohr magneton as the quantum 
of magnetic moment t. 

If the Bohr ma gneton may be used in Pauli’s manner for 
a material in bulk, then it is rational to expect space quanti- 
zation to be applicable and it appears safe to say that 
orientation takes place in a small fraction of the time between 
collisions. 

Such a state of affairs would occur in oxygen gas and NO. 
Similurly, paramagnetic salts must satisfy the space quanti- 
zation conditions. 

The evidence concerning the Bohr magneton may be 
criticised, however, as is done by Weiss ¢ from the purely 
experimental point of view, and also because the data of 
Wood and Ellett § on the polarization of resonance radiation 
soem to indicate that the time which is necessary for the 
establishment of space quantization in an excited state is of 
the same order of magnitude as the period of the Larmor 
precession in the magnetic field applied. 

For weak fields the period of the Larmor precession is 
likely to be longer than the mean time between collisions. 
However, with fields of the order of 10,000 gauss the 
Larmor precession has a period of the order of 6. 107! Sec., 
which is smaller than the mean time between collisions 
of say helium, at atmospheric pressure (œ3 x107" sec.). 
We see therefore that with fields of reasonable strength, we 
can expect an anisotropic effect on the dielectric constant. 

§3. We must discuss next the feasibility of obtaining 
anisotropie electric effects by the action of the magnetic 
field from the point of view of the reciprocity of action of 
these two fields. We can make use in this of the very lucid 
treatment of Klein || of the perturbations in the motion of an 
electron in a hydrogenic orbit under the simultaneous action 
of an electric and a magnetic field. The results of this 
treatment are these. Let us denote the electric and magnetic 


* ZS, für Phys, xi. p. 31 (1922). 

+ W.W. Pauli, Jr., Phys. Zeit. xxi. p. 615 (1920). Epstein, Science, 
lvii. p. 432 ( (1923). Sommerfeld, ZS. für Phys. xix. p. 221 (1923). 
Dorfmann, Z5. für Phys. xvii. p 98 (1923). Weiss, Journal de Phys. iv, 
p. 158 (1928), and v. p. 129 (1924). 

t Journal de Phys. v. P. 129 (1924). 

§ Proc. Roy. Soe., A, ciii. p. 396 (1923). 

|; Oskar Klein, ZS. für Phys. xxii. p. 109 (1924). 


of Space Quantization of Atoms in a Magnetic Field. 507 
intensities by E and H respectively, and let 


A= ° H+ekE, |) 
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Here e and m are the charge and mass of the electron ; 2a is 
the major axis of the undisturbed orbit and w the frequency 
of revolution of the electron, while c is the velocity of light. 
Defining two vectors 

2U = R + AP, 

2V = R — kP, 
where R is the vector drawn from the nucleus to the 
electrical centre of the osculating orbit and where P is the 


angular momentum of the osculating orbit, the following 
relations hold : 


dU 
dt [A, U] 
dN 
a [ B, Vi. 


These equations express the fact that the vectors U, V, rotate 
with the angular velocities A, B, respectively. 

If E is sufficiently small compared with H, A=B and the 
whole orbit may be thought of as precessing with the angular 


e e e . e e 
velocity Ime Since we are concerned with quantization 
me 


under these conditions, it is convenient for us to choose wt, 
At,and (A—B)é as the angular variables of the system. 
Calling these w,, wz and w; respectively, the momentum 
associated with (A—B)t is to satisfy the relation J; ngh. 
If A—B the period corresponding to w; may become long 
in comparison with the mean time r which the atom is likely 
to spend in an excited state [approximately the time constant 
of a radiating electron]. If such isthe case, the quantization 
associated with J; is likely to be ineffective (by an:logy with 
the case of the experiments of Wood and Ellett). Fields 
smaller than 1 volt/em. make the time >2 x 107‘ sec., and 
thus one may hope to obtain the effect of an electric field by 
considering the quantum states determined by the magnetic 
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field and the small distortions in these states due to the 
electric field *. 

Further, regardless of the magnitude of 7, if the period of 
w is long in comparison with the period of w, we deal with 
a small Stark effect and a large Zeeman effect, and it is clear 
that each of the Zeeman components is subdivided into a 
number of Stark components. These correspond to different 
values of J; and to the same value of J». On account of the 
vector character of the expressions for A and B in terms of 
E and H there is in general an anisotropic property of each 
Zeeman term with respect to its Stark components depending 
upon whether the fields E, H are parallel or perpendicular 
to each other. Thus, e. u., if E and H are perpendicular to 

each other, Aand B are equal to each other in absolute value 
for small E so that the intuence of w, is negligible, while if 
E and H are parallel this is not the case. The quantum 
nature of the Stark effect becomes apparent therefore in the 
longitudinal arrangement of fields before it is felt in the 
transverse position. 

A difference in the dielectric constant in two directions 
implies double refraction for long waves. Double refraction 
for radiation in general is caused by the presence ot the 
magnetic field. In how far this refraction is a direct 
function of the orientation of the atom in the lowest energy 
state is difficult to say: the characteristics of higher states 
may also be involved. In the neighbourhood of absorption 
frequencies the effect merges with ‘the Zeeman effect. 

An experimental test of the ideas in §l and § 2 seems 
readily possible. The method of heterogeneous beats sheuld 
be capable of revealing variations in the dielectric constant 
of helium with direction in the magnetic field. 


(A. E. R.) Bureau of Standards, 
(G. B.) Dept. of Terrestrial Magnetism, 
Vashington, D.C., 
September 27, 1924, 


* Since in this case there are only two angular variables aud three 
coordinates the system is degenerate unless relativistie mechanics ure 
used, The question as to what happens to the character of the relativ- 
istic system in the presence of an electric field simultaneously with the 
magnetice is not clear. 
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LII. On the Frequency of the Eddies generated by the 
Motion of Circular Cylinders through a Fluid. By E.F. 
Retr, A.RB.C.Se., and L.F. G. Simmons, B.A., A. R.C. Se.,* 
of the Aerodynamics Department, National Physical 
Laboratory. 


i a previous communication f a comparison was made 

between the frequency of the eddies generated behind 
a circular cylinder, (i.) as observed directly in a water 
channel and (ii.) as deduced from the singing of fine wires 
exposed toa current of air. It was shown that the frequency 
of the note heard in the second case agreed with the 
frequency of the eddies formed in the first case, provided 
that the comparison was made under conditions which were 
identical according to dimensional theory, 
value of the “ Reynolds’ number ” VD/vf. 

The present paper describes measurements of the eddy 
frequency conducted at higher values of VD/vt. These 
reveal an interesting connexion between frequency and the 
drag coefficient, which is clearly shown by the accompanying 
diagram. 

The frequencies measured were in general too low to. 
permit aural determination, and a new method had to be 
employed. Cylinders of various diameters were placed in a 
wind-tunnel, extending from wall to wall, and a short 
platinum wire about 0-001 in. diameter was mounted parallel. 
to the axis of the cylinder, usually about two diameters 
downstream. The wire was heated by means of an electric 
current until it was on the point of glowing. In order to. 
measure the frequency of the current charges induced by the 
eddy motion, a step-up transformer was included in the 
heating circuit, the secondary of which was connected 
through suitable resistances to a vibration ypalvanometer. 
At each wind speed, the tuning of the galvanometer was. 
adjusted until marked resonance occurred. Under these 
conditions the natural frequency of the galvanometer coin- 
cided with that of the disturbance: the galvanometer was 
then connected to a single phase alternator, and the speed of 
rotation of the alternator varied until resonance was again 
obtained, when an observation of the alternator speed led at 
once to a determination of the frequency to which the 
galvanometer had been tuned. The process was repeated at 

* Communicated by Mr. R. V. Southwell. 

t Relf, Phil. Mag. ser. 6, xlii. p. 173 (1921). 


t V here denotes the free-stream velocity, D the diameter of the 
cylinder, and » the kinematic viscosity. 


t. e., at the same- 
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various wind speeds between 20 and 60 ft./sec. with cylinders 
of 3in., 9in., and 1 ft. diameter. 

The results obtained from the experiments are shown in 
the figure, together with corresponding results from the 
earlier paper cited above, and a curve of drag eoefficient®. 
~D 
e 


plotted against logo ee where ~ is the eddy frequency. 


‘The ordinates of the full-line curve represent values of 


It will be seen that there is a definite relationship between 
the curves of frequency and resistance, inasmuch as a 
reduction in drag co ficient corresponds with a rise in the 
eddy frequency. This is especially marked in the regions 
comprised hetween log VD/v=2 to 3, and 5 to 6. Below 


vD [up to abscima 3:5 
Vv avoe āă - 4 Present R 


Drag Coeff up to abscissa § RaM e 
ia - = Wei 


VD/v=100 eddy motion does not occur, and in this region 
it has been shown that ft the drag coefficient is calculable 
with reasonable accuracy from QOseen’s approximation to 
the equations of motion. Between VD/v=100 and 1000 
the drag coefficient falls, reaching a minimum at about 
VD/v=1600, while the eddy frequency rises to a maximum 
at about the same value of VD/v. 

The special interest of the present results is in connexion 
with the rapid fall of drag coefficient in the region between 
V D/v=10° and 10%, which was first observed in experiments 
at Gottingen ¢ and later confirmed by tests made at the 


* The curve of drag coefhcient has been taken trom tests on the 
resistance of wires, made at the N. P. L. (Advisory Committee for 
Aeronautics, R. and M. 10 2) up to VD/v=104, and from experiments 
made at Gottingen (PAys. Zeits. 1921, p. 332) for higher values of 
VD/». 

ee Cave, and Lang, Proc. Roy. Soc. A. c. pp. 394-413 (1922 

t Loc. cit. 
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National Physical Laboratory. Measurement of eddy 
frequency in this region was very difficult, as would be 
expected from the obviously critical nature of the flow, and 
no definite periodicity at a given wind speed could be 
observed. It was, however, possible in all cases to measure 
the frequencies of the most prominent disturbances present : 
these figures are plotted in the curve, and there can be no 
doubt that the frequency rises rapidly at the value of VD/» 
where the rapid fall in drag occurs. The precise nature of 
the change of flow occurring in this region cannot be 
determined by experiments of the kind here described, and 
observations by means of smoke would be very difficult, if 
not impossible, owing to the high wind speed necessary with 
a cylinder of reasonable diameter. It is considered probable 
that the general eddy motion filling the whole space behind 
the cylinder (which has often been observed photographically 
at lower values of VD/v) is giving place to a dead-air region 
which is fringed by smaller eddies. This explanation, 
though it can at present only be regarded us tentative, seems 
to account for the rise of eddy frequency observed, and also 
for the rapid fall of drag coefticient. 

So far as the writers were able to determine with the 
means at their disposal, the flow at values of VD/v< 10° was 
accurately periodic, whilst above this limit (7. e. in the critical 
region) the flow was definitely aperiodic. 
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LIV. On Strain Components in Curvilinear Coordinates. By 
A. W. Conway, M.A., D.Sc., F.R.S., University College, 
Dublin *. 


T following method of obtaining the strain components 
is, perhaps, less difficult than those usually given in 
treatises on elasticity. Let the square of the line element 
ds? in any system of orthogonal coordinates be given by 


ds? =gidæ? + gale? + 93.037. 
Let the infinitesimal displacements be determined by the 
changes $1, $a, $3 in the coordinates t1, £a, 23. The actial 


displacements (14), Ug, U3) =(VW gid, Vpn Vips) and the 
direction cosines 


(lis ly, l3) = (V gi dx, /ds, V gadxs/ds, yg dx3/ds). 


Let (li, 25.73) be the direction cosines of a straight line 
P,P, of any length. Let Po’, Py’ be the extremities of the 


è Communicated by the Author. 
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deformed line and Po’, P,” the projections of P,’, Py’ on 
Po Pi. Then for an infinitesimal displacement the increase 
of length of Po Pi is Po’ P” — P, P, or Py Pi” — Poy Po”, i. e. 
the difference. between the projections along Po Pı of the 
displacements of P, P, or 


al 


[igi F Jabs — d ag ns 


Hence if P, P, is a line element we get for the elongation 


along P, P, 
© 5 3(g 4,2") (r=1, 2, 3). 


Here we can shorten therexpressions by introducing the 
“dummy ” notation of tenser akeebra. We have then 


d d. t, d dz, da, dd, 
g(a $e r) = $r, e t pay ae 


see ot dr, db. 
=p Ir q "ds ds zi” 


The first expression can be transformed by means of the 
differential equations of a straight line in the coordinates 
Li, Lay V3. These of course can be obtained from the equa- 
tion 5\ds=0 or from the dynamical analogue as follows. 

Let a particle of unit mass move along Py P, with uniform 
unit velocity, then dt=ds and the kinetic energy is 


Expressing by Lagrange’s method that the generalized 
forces are zero, we get 


val at) = (g 70% 

ds\9" ds ds] Qx, 

and two similar equations. Inserting in the above relation 
we get finally for the clongation 


dx, de; O¢- Ogi OTN? 
I, ds ds Ou; ta aaa (S) ; 


Inserting the values of (l, ls, lz) and (ui, ta, uz) we then 
obtain the usual expressions. It is of course obvious that 
the method applies exactly in a similar way to non-orthe- 
gonal coordinates. 
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LV. “ Semi-optical” Lines in the X-ray Spectra. 
By E. BäcKUIN, M. SIEGBAHN, and R. THorzus *, 


i ee nowadays existing detailed systematization of the 

X-ray spectra is based upon the assumptions of Kossel, 
that the X-ray lines are emitted on transitions of electrons 
between orbits which are normally occupied by electrons. 
In reality it has been supposed that a certain spectral line 
disappears at the same time as the electronic shell from which 
the electron starts, and in general the experiments seem to 
support this view. Thus we are able to define the true 
X-ray spectral lines as transitions between energy levels 
which are normally occupied by electrons. Complementary 
to this the optical spectral lines belong to transitions from 
a free outer orbit to a vacant place in the outmost energy 
shell. 

In connexion with some investigations made by Thoræus 
and Siegbahn f to extend the range of registered wave- 
lengths within the K-series and some peculiarities found by 
Mr. Bäcklin in the K£; line of the elements Mg (12) and 
Na (11), we have performed a particular investigation in 
order to clear up this point. 

In the investigation mentioned above the K-series of F (9) 
has been studied. Although the Ka line (à = 18°37 A.U.) 
was very strong, no trace of the Kj, line was to be seen on 
the photographic plate. ‘This is quite in agreement with the 
above criterion on X-ray lines, as the KA, line belongs to a 
transition from an M-orbit to the K-shell. At F (9), 
however, the M-shell is unoccupied, and so the KA, line 
cannot be expected. There is no doubt that Na (11) is the 
last element where the M-level is normally occupied by at 
least one electron. From Na (11) upwards the KZ, line 
has been registered and measured, but it may be mentioned 
that this line is relatively very weak at Na (11), at least in 
comparison with that one of Al (13). When plotting the 
wave-length difference Ka— K£, against the atomic number 
Z as in fig. 1 b, we get a curve of surprising appearance. The 
peculiarity of this curve is surely due to the K£, line and 


* Communicated by the Authors. 
t Read before the Royal Swedish Academy of Science, Nov. 26th, 
1924, and wiil appear in Arkiv f. Mat., Astr. o. Fys. 


Phil. Mag. S. 6. Vol. 49. No. 290. Feb. 1925. 2L 
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shows that this line behaves quite regularly down to Al (13) 
but is singular at Mg (12) and Na (11). 


Fig. 1 a,b. 
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The same phenomenon may also be seen directly on the 
scheme (fig. 2) of all the K-lines of the elements Na (11) 
to Sc (21). Here the spectra are arranged one above the 
other in such a way that the Ka lines are on the same 
vertical. All the lines excepting æ and 8, are spark lines, 
which are very common in this region. The irregular 
displacement of the &, line at the last two elements Mg (12) 
and Na (11) is evidently to be seen. 

This peculiarity may be considered in the light of the 
scheme of the atomic model recently given by Stoner * 
compared with the systematization of the X-ray spectra. 
Fig. 3 gives a diagram of the energy levels at Na (11), 
where 5 (1K, 31, and 1M) are normally occupied by electrens 


* Phil, Mag. ser, 6, xlviii. No, 286, Oct, 1924. 
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and constitute the X-ray levels. Beneath them the free 
orbits as given by the ordinary are spectrum are drawn. 
OË the 11 electrons, 2 belong to the K-, 8 to the L- and 
1 to the first M-level. Now Stoner has put forward the 
idea, that the 8 electrons of the L-level are distributed as 
shown in fig. 3, that means 2 in the Ly, 2 in the Ly, and 
¢ in the Lig. The 11th electron is then placed in the My. 


a 


Fig. 2. 
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Consequently the 8; line should not exist as a trua X-ray 
line in the K-spectrum of Na (11). The same should ocear 
at the next element Mg (12), where there are 2 electrons in 
the My-shell. At first at Al (13) the Myrr-shell gets one 
electron, and from this element upwards the true KA, line 
should appear, 

The above is supported by the curve in fig. 1, which shows 
that the line called K£, is not a direct continuation of the 
Kf, of the higher elements. It might be considered asa 
“semi-optical ” line which is emitted by an electron starting 
from a free level of the atom, or say a true X-ray line 
belonging to a metastable form of the elements where the 
outmost electron is moving in another orbit than that one 
of the normal atom. 

Quite the same phenomenon as at Na (11) may also be 
shown to occur at K (19) where the electronic arrangement 
is similar to that of Na. But in this case the peculiarity is 
to be expected in the K£, line, as may be seen from fig. 4. 
When plotting the wave-length difference KB, —- K8, against 
the atomic number Z we get a curve fig. La, which has the 
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sams general appearance down to K (19) as that one of 
Ka— K£, at the elements next to Na (11). The line called 
8; of the two elements Ca (20) and K (19) is displaced 
against longer wave-lengths. 


Fig. 3. 
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Similar irregularities of the X-ray lines in the neigbour- 
hood of the last element, where the line in question disappears, 
are also to be found in some other cases. Due to the more 
complicated structure and building-up process of the higher 
elements, however, the interpretation is here not as simple as 
in the two cases discussed above. , 
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Upsala, Physical Laboratory. 
Dec. 3rd, 1924. 


LVI. Gas Jon Mobilities. 
To the Editors of the Philosophical Magazine. 


—- — — — — 
—— E 


GENTLEMEN, — 
N an article of mine in your Journal, I derived an 
expression for ionic mobilities based on a recent theory 
of J. J. Thomson and a classical equation due to Langevin. In 
analysing the derivation of Langevin’s equation, it appeared 


that what he calls A in his equation is and not, as has 
mo’ N’ 
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been supposed, the quantity containing the 


1l 
T/y 20N? 
correction term for Maxwells distribution of velocities. 
Thus the ionic mobility equation which I published, giving 
the mobility in cm.fsec. volt/em. should be multiplied by 1/2, 
as should also the resulting values of the computed mobility. 


The equation given was : 
` l+b 
Ə — 


K= --- - —--—-  em./sec. per volt/em. 


It should be 


0-104 T j < 


K= ee cm./see. per volt/em. 

n ¥(D—1)My 

(OU v Jato 
The computed mobilities in the table then become :— 
Gas. Comp. Obs. Gas. Comp. Obs. 
TIN 627 6-02 SO, ees W9 44 
He Sed thoes: 850 D09 NOD parotia G8 R2 
y. CEET 2:32 15 C ,H;OH ... 23 “Od 
AIP OE S 112 b3o-16 | CCl oe... "18 OU) 
i ee “41 F452) CHOC oo. 14 33 
COAs 72 RI C\H,,O ...... 1) 24 
CO. eena 104 110 


These, it is seen, in general agree with the observed values 
more closely than betore. 

In a footnote on p. £43 a doubt was east on the legitimacy 
of the introduction of the Thomson factor into the Langevin 
mobility equation, and the desirability of a rigorous derivation 
of the Langevin equation assuming attractive forces was 
indicated. ‘The writer has since discovered a paper by 
Langevin in the clunales de Chimie et de Physique, viii. 5, 
p. 238 (1905), in which he makes sucha rigorous derivation, 
starting froma somewhat different viewpoint. The resulting 
equation for the case of an inverse fifth-power law written 
in the writer’s notation is 


As is seen, this is identical with the writer’s equation 
except for a numerical factor of 0°235 instead of *LOd, and 
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. m p. P 
except for the fact that it contains NEA instead of 7.9; 


The latter difference may be due to a numerical blunder in 
Langevin’s treatment of the constants. 

This beautiful piece of analysis therefore completely con- 
firms in its general outlines the conelusions arrived at by 
the writer, and indicates that in an equation of this type 
there lies the proper solution of the ionic mobility problem. 
It is only to be regretted that the lack of experimental 
development of this field of work at the time of Langevin’s 
paper did not enable him to see its full importance, and thus 
permit him to give this brilliant piece of work all the publicity 
it deserved. 

Department of Physics, Lroxarp B. Lors. 

University of California, 


Berkeley, California, 


John William Strutt, Third Baron Rayleigh, O.M., F.R.S. By 
his son Ropert Jonn Srrurr, Fourth Baron Rayleigh, F.R.S. 
(London: Edward Arnold & Co., 1924.) 


T is a matter of very great satisfaction to Mathematical Phy- 
sicists, and indeed to scientific men and women generally, to 
welcome the interesting and vivid account of the great Lord Rayleigh 
contained in this book, The work of Rayleigh will continue to be 
of very great importance until the present generation of scientists 
is long since passed, and the record of his intellectual life and of the 
activities of his mind are, fortunately, safely preserved for posterity 
in the 446 papers in the six large volumes of his collected writings, 
But the memory of Rayleigh as a great. figure of a man, would 
necessarily fade, as those who knew him in turn leave their scientific 
labours to the next generation. The present Lord Rayleigh, in 
putting on paper all the many sides of his distinguished father, 
has earned our gratitude, and we value this record of Rayleigh as 
a human being, and place it beside his collected works with great 
satisfaction. 

Itis unnecessary to give any detailed acconnt of the contents of 
the book. The varied interests of Rayleigh will make the interesting 
expositions by the author appeal to almost every scientist, and the 
account of Ravleigh’s every-day life makes an interesting and vivid 
picture of a great Victorian. 


A History of British Earthquakes. By Cuiarurs Davison, 
Se.D., F.G.8. (Cambridge University Series. 1924.) 

By this valuable History and compilation Mr. Davison adds sub- 

stantially to the services he has already rendered to seismological 

science. The ‘ History of British Earthquakes’ will save from 
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oblivion and render available mauy hundreds of valuable records 
of earthquakes in Britain. 

It is, indeed, an astonishing record. We find no less than 
1191 well attested earthquake shocks recorded in the British Isles 
siuce the year 974 a.p. Mr. Davison’s analysis of these seismic 
records shows-—as might be expected—that repetitional shocks 
in certain faulted areas account for the greater number of these 
earthquakes. Thus the Great Glen fault and the Highland Border 
fault have been specially productive: the latter giving rise to the 
very large number of closely localized seismic disturbances of 
the Comrie district. There appears no reason to question the 
view taken by Mr. Davison that British earthquakes are, in nearly 
every case, associated with slowly progressing fault-movements. 
In Mr. Davison’s map showing the distribution of British earth- 
quakes we find that the seismic areas are numerous and widely 
distributed. The author estimates that about half the area of 
Great Britain has at different historic times been affected by 
_ seismic disturbances. He draws attention to the comparative 
freedom of Ireland from such disturbances. 

The question of periodicity is one of great interest, but the 
analysis of the distribution in time of British earthquakes, 
although leading to an apparent diurnal periodicity, appears far 
from decisive. The periodicity may be apparent only, and due— 
as Mr. Davison suggests—to more favourable conditions for 
observation recurring at particular times of the day. More 
definite are conclusions respecting the westerly migration of 
foci. This phenomenon appears to be frequently exhibited, the 
stability of the Comrie foci being an interesting exception. 
Mr. Davison’s discussion of twin earthquakes is a good instance 
of the valuable contributions to seismology which he is able to 
extract from his great compilation, His already published theory 
(‘ Manual of Seismology,’ 1921) of the origin of such earthquakes 
as due to the growth of acrust-fold the axis of whieh is cut by a 
fault-plane, appears to be the best explanation so far offered of the 
occurrence of nearly simultaneous shocks emanating from foci 
separated by a few miles of inter-focal region. 

One lesson of special importance should be learned from these 
and similar records: the fact of the constant yielding of the 
earth’s continental crust to comparatively feeble stresses. We 
should expect this on à priori grounds. For regionally disturbed 
and faulted rocks will not behave the same as a small hand spe- 
cimen of flawless rock placed in a hydraulic press. It 1s sometimes 
assumed, however, that they will; and upon this assumption a 
theory of the cyclical development of mountain chains as arising 
out of an assumed slowly and uniformly cooling and shrinking 
Earth and the accumulation of strain upon an enormous scale, is 
based. The seismic phenomena apparent all over the Globe, and 
emanating from various depths in the crust, demonstrate that such 
great strains cannot and do not accumulate. Jad: 

[The Editors do not hold themselves responsible for the 
views expressed by their correspondents. | 
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Sudden application of potential--no damping. 
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Sudden application of potential—artiticnd damping. 


Tic. 10, 


Terminal voltage of rotary converter. 5O0~, 260 volts. 


Fic. 11. 


Secondary voltage of transformer, supplied by 
inductor alternator. 100~, 210 volts. 
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Terminal voltage of high-frequency alternator, 
700 ~, 240 volts. 


Bia. 13, 


Valve oscillation, frequency 485, 
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Oscillatory discharge of condenser. 
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Oscillatory diecharge of condenser in a coupled circuit. 
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Full line —— - for Einstein's curve ; dotted line - for Dois curve, 


Fie. 3. (For Experiment No. 15), 
The middle point between the two vanishing ends Hes at about 3 mm. to the 
left of the original mark on the zero-line. 


4 2 17 hie 
z i at l 
p + 
AE 4 -SET 
i wee ee = 
x eos av oan æ 


Fie Æ (For Experiment No. 7). 
Not the centre-line. but the upper margin. of the broad undetected trace is 
to be regarded as the zero-line with Bacherer’s valne tyes. >) 1555 mm. 


Digitized by Google 


d 


49, Pl, VIL. 


b 


nite dis § 2 wm. 


ve 


me 


th 


ics LD MAR *'S as 


— 


Vol. 49. MARCH 1995. No. 291. 


Published the First Day of every Month.—Price 4s. 6d. 


THE 
LONDON, EDINBURGH, ann DUBLIN 


PHILOSOPHICAL MAGAZINE, 


AND 


JOURNAL OF SCIENCE. 


Being a Continuation of ‘Tilloch’s ‘ Philosophical Magazine, 
Nicholson’s ‘Journal,’ and Thomson's ‘Annals of Philosophy.’ 


CONDUCTRD BY 


SIR OLIVER JOSEPH LODGE, D.Sc., LL.D., F.R.S. 
SIR JOSEPH JOHN THOMSON, O.M., M.A., Sc.D., F.R.S. 
JOHN JOLY, M.A., D.8c., F.R.S., F.G.S. 


RICHARD TAUNTON FRANCIS 
| AND 


WILLIAM FRANCIS, F.L.S. 


SIXTH SERIES. 
N° 291.—M ARCH 1925. 


WITH ONE PLATE. 
Illustrative of Mr. Y. Nisurna’s Paper on the L-absorption Spectra of 


| the Elements from Sn (50) to W (74) and their Relation to the Atomic 
Constitution. 


LONDON: 
PBINTRD BY TAYLOR AND FRANCIS, RED LION COURT, FLEET STREET, 


Bold by Smith and Son, Glasgow :—Hodges, Figgis, and Oo., Dublin :—and 
Veuve J, Boyveau, Puris. 


a 


S LIST 


—<$<$<$<$<<<— 


A DICTIONARY OF APPLIED PHYSICS. Edited by 
Sır RICHARD GLAZEBROOK, K.C.B., D.Sc., F.R.S. In 5 Vols. 
Medium 8vo. Fully Illustrated. £3 3s. net each. The set of five 
volumes, £14 14s. net. 

Volume |. Mechanics—Engineering—Heat. 
a ll. Electricity. 


» Ill. Meteorology, Metrology, and Measuring Apparatus 
» IV. Light, Sound, and Radiole 


»  . Aeronautics, Metallurgy—General Index. 
#* Full descriptive Prospectus post free on application. 


THE THEORY OF RELATIVITY. By L.SILBERSTEIN, 
Ph.D., late Lecturer in Natural Philosophy at the University of 
Rome, Mathematical Physicist, Eastman Research Laboratory, 
Rochester, N.Y. Second Edition, Enlarged. Svo. 25s. net. 


—- 


A TREATISE ON PHYSICAL CHEMISTRY. A Co- 
operative Effort by a Group of Physical Chemists. Edited by 
HUGH S. TAYLOR, D.Sc.(Liverpool), Professor of Physical 
Chemistry, Princeton University, Joint Author of “ Catalysis in 
Theory and Practice.” In 2 Vols. Illustrated. 8vo. Vol. I. 25s. 
net. Yol. II. 25s. net. 


A TEXT-BOOK OF INORGANIC CHEMISTRY FOR 
UNIVERSITY STUDENTS. By J. R. PARTINGTON, 
M.B.E., D.Sc., Professor of Chemistry at the East London College, 
University of London. Second Edition. 25s. 


*,* The whole text of the book has been closely revised, and some new sections have 
been added and some old sections simplified, in this second edition. 


-—— 


INORGANIC CHEMISTRY. By T. MARTIN LOWRY, C.B.E., 
F.R.S., D.Sc., Professor of Physical Chemistry in the University of 
Cambridge. Illustrated. 8vo. 28s. net. 


A TREATISE ON INORGANIC CHEMISTRY. By SiH. 
E. ROSCOE, F.R.S. and C. SCHORLEMMER, F.R.S. Vol. I. 
The Non-Metallic Elements. Fifth Edition, completely revised by 
Dr. J. C. Carn. 30s. net. Vol. II. The Metals. Sixth Edition 
completely revised by B. Movar Jones, D.S.O., M.A., and Others. 
In two Parts. 8vo. 50s. net. 


NATURE: A Weekly Illustrated Journal of Science. 
Weekly, ls. The charges for Subscriptions are :—British Isles, 
£2 12s. year, £1 6s. half-year, 13s. quarter. Abroad: £2 17s. year, 
£1 10s. half-year, 16s. quarter. 


«*x Send for Macmillan’s Classified Catalogue, post free on application. 


_—— — S D D — 


THE 
LONDON, EDINBURGH, asb DUBLIN 


PHILOSOPHICAL MAGAZINE 


AND 
JOURNAL OF SCIENCE. 


[SIXTH SERIES.] 
MARCH 1925. 


LVIII. On the L-absorption Spectra of the Elements Jrom 
Sn (50) to W (74) and their Relation to the Atomie Constitu- 
tion. By Y. Nistisa, Physicist, the Institute of Physica! 
and Chemical Research, Tokio * 


[Plate VIIJ 


Introduction and Summary of Results. 


OHR and Coster emphasized f the characteristic features 
displayed by Moseley’s curves in those parts of the 
natural system where, according to Bohr’s theory, the com- 
pletion of inner groups of electrons in the atoms is in pro- 
gress, 2. e. in the neighbourhood of iron-, palladium-, and 
platinum-groups as well as the rare earths. Ina paper by 
Coster, Werner, and the present writer f, the result of the 
measurements of the L-alsor ption spectra of nine elements 
between La (57) and Hf (72) was given, These measure- 
ments agreed well with the interpolated values which were 
used by. Bohr and Coster in their paper. In view of the 
Importance of more accurate values of the energy levels free 
from the uncertainty involved in the inter polation and arising 
from the lack of uniformity of the measurements of different 
authors, the present writer has undertaken the further 
measurements of X-ray absorption spectra in general. This 


* Communicated by Prof. N. Bohr, 
t Zs. für Phys. xii. p. 342 (1923), 
t Zs. fur Phys. xviii. p. 207 (1923). 
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paper gives a part of the result of measurements which are 
still in progress, and it forms the continuation of the work 
mentioned above*. The results of these measurements 
enable us to give more exact values of the different energy 
ievels for the elements from Sn (50) to W (74). 

A plotting of the square roots of the level values as a 
function of the atomic number confirms in a striking way 
the general conclusions of Bohr and Coster. Especially do 
these curves allow us to trace with considerable certainty 
the beginning and the end of the gradual. development of 
the group-structure of the atom which takes place within the 
family of the rare earths. The closer discussion brings some 
further problems to light, for which, however, neither the 
theory nor the experiment at present allows of definite 
conclusions. 


Experimental Arrangement and Results. 


The apparatus used and its arrangement are the same as 
mentioned in our previous work +. The vacuum spectro- 
graph and metal X-ray tube of Prof. Siegbahn provided 
with a mercury vapour pump constitute the main parts. The 
radius of this spectrograph is 121-4mm. The source of 
energy is a transformer of 30,000 volts with a kenotron 
rectiner (hot cathode rectifier). 

The absorption serven is prepared by rubbing the finely- 
powdered chemical compounds of the elements under exam- 
ination on a thin sheet of silk paper. As mentioned hy 
Fricke ł, Lindh §, and also by us in the previous work ||, the 
thickness of the material on the screen plays an essential 
part in obtaining the detailed structure of the absorption 
spectra. With the thickness of the screen varying trom 
] mg. to 7 mg. per sq. cm. of each element, good results 
were obtained. In order to get good L,-absorption spectra, 
which are extremely weak and ditluse in comparison with 
the Ly, and Ly, a thicker sereen is to be used. The 
sereen was placed between the slit and the crystal. 

The samples of the rare earths used in the experiment 
were all presented to this Institute by Freiherr Auer von 
Welsbach, whose kindness enabled this work to be completed. 


* Coster, Nishina, and Werner, loc, cit. 

+ Loc. cit. 

t Phys. Rev. xvi. p. 202 (1920). 

§ Dissertation Lund (1923). 

|| Loe. cit. ` 
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The elements which were investigated were in the form of 
the following compounds :— 


TWO; 73Ta.O5, 72 HtOQ., 67 Ho.(SO,)3+aq., 65 Tb:0;, 
64 Gd.(SO,)3+aq., 63 Euo(SO,)3+aq., 62 Sm,(SO,)o+aq,, 
60 Ndo(SQO,)s+aq., 59 Pro(SO,)3+aq., 56 BaSQ,, 

55 CsCl, 50SnQy. 


In order to get strong continuous radiation a tungsten 
anticathode was used. After the exposure for absorption 
spectra, the duration of which ranged from 2 to 15 hours, 
the exposure for emission lines of reference was generally 
necessary. For this purpose the tungsten anticathode is 
replaced by a copper one having the necessary compound 
on it, which is then exposed for 4 to 4 hour. In case of 
TaL,, YbL,, TbL,, and GdL; the emission lines Ly;, 16, 
Ly, and Le, respectively of tungsten come quite near the 
absorption edges in question, thus excluding the use of a 
tungsten anticathode. Generally the hot cathode of the 
X-ray tube is also of tungsten wire, and in that case some 
tungsten lines due to a deposit of tungsten on the anticathode 
cannot be avoided. In order to get rid of these difficulties, 
tantalum or molybdenum wire, both of which were put at 
our disposal by the kindness of Prof. Pirani, Studien-Gesell- 
schaft fiir elektrische Beleuchtung in Berlin, was used for 
the hot cathode, and the following metals were used as the 
anticathode :— 


For TaL,, Pt. For TbL,, Au. 
» Ybl Au. » GdL; Pt. 


The tantalum and molybdenum wires, however, burn out 
in a much shorter time than the tungsten wire, thus making 
the experiment more troublesome. 

The voltage used was never more than twice the critical 
tension for the absorption spectrum in question. This 
limitation of voltage prevents the second-order continuous 
spectrum which is not absorbed by the screen from over- 
lapping and masking the absorption spectrum under exami- 
nation. The current through the X-ray tube ranged from 
8 to 20 milliamperes, according to the metal of the anti- 
cathode used. Too much current should be avoided as it 
results in making a deep hole in the anticathode when the 
focussing is sharp, and the radiation in the direction of the 
slit is thereby stopped. 

2M 2 
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During the exposure the crystal was turned automatically 
and uniformly to and fro through about one degree in order 
to get homogeneous exposure on both sides of the absorptiom 
edge. Calcite was used as the crystal for all elements except 
tungsten, for which rock-salt was used. 

The method of measurement of the plate is the same as in 
our previous work *. As will be explained later, the 
absorption edge appears on the plate as a white line. The 
distance between the middle of this white line and the middle 
of the reference emission line is measured by means of 
Hilger’s micrometer. Usually one or two emission lines, 
each on both sides of the absorption line, are used for 
reference, and the mean value of the glancing angle obtained 
from these measurements is used for the calculation of 
wave-length and frequency. 

The results of the measurements are given in Tables I.. 
II., and III. The accuracy of the measurements is about the 
same as that of our previous work. Usually the error of 
the measurements of the distance between the absorption 
line and the reference emission line on the plate is smaller 
than 0°03 mm. which corresponds io less than 0°7 X.U. in 
the wave-length. This makes an error in the frequency of 
0-1 unit in the case of SnL,,; and about 0°7 unit in the case 
of WL,. The error in the L,,,; edge is usually less than this, 
and in the case of the edges whose figures are given up to 
the second decimal in the frequency in Table III., the error 
is less than half the value mentioned. 


TaBLE I.—L,. 


| 
| Element. | Glancing angle. A. | »/B. | nis mntet poaten RF 
| | measured before. 
TEW seng 10° 26°8' (rock-salt)| 1020°5 ; 893-0 | 890:6 
TS TO ir | 10 2°9 (calcite) 1057 | 862 | 860:3 
VTI Hi ss 10 250 ,, 10953 | 8320 | 
| 67 Ho...... 12 320 13146 | 693-2 692-9 
G5Tb...... l 33° Bee «. 1418-1 | 6426 642-4 
| 6t Gd ...... l4 49 ,, 147+0 | 618-2 | 6174 
63 Be occ | 14 396 p 15333 594°3 593-6 
a 15 162 15954 | 5712| 570°7 
| 60 Nd...... 16 366 ,, 1731-7 | 526-2) 5258 
(59 Pr ...... i aes © ee 1807°1 | 5043, 504:2 
p6 Ba ...... 19 540 20620 , 441°9 442-3 
| 50 Sn ......| 27 104, 27667 | 329-4 o 
* Toe. cit. 
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oe 
Element. Glancing angle. | À. | v/R. | ga ape ores 
TR eee 10° 58-4’ (rock-salt) | 10713 | 850-6 | 850-1 
rA eee ` 10 336 (calcite) | 11102 | 8208! 821-0 
SOME aiia 1l 482 —C, 1239°3 | 7354| 735°7 
67 Ho...... 138 140 z | 1386-9 | 657-1 657"4 
65 Tb ...... 14 190 ,, | 14981 | 6083 608-2 
'63 Eu...... 16 323s, | 1622°8 | 561°5' 5613 
PASI TN 16: -126 e: t 16991 | 538:9 539:0 
60 Nd...... 17 i A 18391 | 4955 4959 
59 Pr oe... 18 27 ,„ | 19201 | 4746) 4747 
Ea Be sven 21 172 n | 2199°3 | 41+3 | 414-7 
pS E 22 234 , 238075 | 3949 | 3950 


TaBLeE IIJ.—L,,,. 


c alla e -o aee Le ee - —_ 


| | é' 
i : | ate 
| Element. | Glancing angle. | XN. | »v/K. hn Mie igs 
——| - rr -|— 
74W ...... | 12° 259'(rock-salt)) 12116 752-1 | 7516 | 
13 Te cs2i. | 11 554 (calcite) | 12517 7280 | 728-6 | 
67 | > Ko TOREEN r 14 5390 ..: ~ 15823 | 594-7 | 595-0 
/65'TD..... | 16 455 , 16453 | 543-9 5538 
| 63 Eu...... wW AR- g k ITTVT , 514°4 | 5141 
(628m...... a7 Aa | 18408 495-0 | 4950 
|60 Nd....... 19 110 ,, | 1990:7 | 457°76 | 457-9 
KO Br cect 20 O85 | 20728 | 439-63 | 4394 
56 Ba ...... | 22 536 ,, | 28568 | 38666 386:7 
55 Cs ...... | 94 21 ,, | 24674 ` 38932 369:5 
faoa Ai Si E oi | 31473 28954 = 


J 


nm — 


Of course, all the errors in the determination of the 
grating constant of the crystal and the measurements of the 
wave-length of reference lines come in our results, but we 
expect these to be very small compared with the error 
mentioned above. 

In the last coluinn of the tables the values given by Bohr 
and Coster in the above-mentioned work are quoted. [xcept 
in the case of L,, the discrepancies with the measured values 
lie within the limit of the experimental error in most 
elements. In case of L,, on the other hand, there exists the 
same kind of systematic difference of less than 1 unit in 
frequency in the direction of higher values as was found in 
our previous measurements, except for W and La, where the 
difference is very large. In case of Tal, there exists 
some doubt as to the identification of the absorption line, 
because we should expect PtLlg,, quite near the absorption 
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line in question, and, in fact, the absorption line on the 
plate seemed sharper on the longer wave-lenyth edge than 
is usually the case with the L -lines. Thus it may be 
possible that the longer wave-length side of the absorption 
line is overlapped by Pt Leg, ‘Consequently we should 
reserve the conclusion as regards the real existence of the 
rather large difference boticcen the measured value and the 
interpolated one as shown in the table. 

As is well known now, the structure of the absorption 
spectra is not simple. If the thickness of the absorbing 
screen 1s suitably prepared, the X-ray absorption spectra 
appear on the photographic plate as white lines instead of 
absorption edges, as was formerly accepted, In some cases, 
not only tie one white line which is measured and given 
in the above tables, but a second or even a third white 
line is observed, one closely following the other on the 
shorter wave-length side of the main absorption linc. 
The general details of such fine structure displaved on the 
plates which were obtained with the compounds used in this 
experiment will be described here. We shall take the case 
of HoL,,;, and follow the plate trom the longer wave-length 
side to the shorter one. At first we see very dark ground 
showing nearly unabsorbed incident continuous radiation. 
Then comes the first very strong and sharp white line, which 
has about the same width as that of the slit, 7. e. about 
0:1 mm. in our case. This white line is followed by a dark 
band of the width of about 0-2 mm., the intensity of darkness 
being usually less than the darkness on the longer waves 
length side of the first white line. After this dark band 
follows again a white line, which is much weaker, broader, 
and more diffuse than the first one, its width being about 
0°13 mm. After passing this second white line, we meet 
either with the dark ground or a second dark band, according 
to different elements. In the former case the continuous 
darkness extends on the shorter wave-length side all over 
the rest of the plate. the intensity of darkness being usually 
less than that on the longer wave-length side of the first 
white line. In the latter case the segond dark band, which 
is broader than the first one—for example, 0-3 mm. wide in 
case of HoL,,,—is followed by a third white line, which is 
much broader, weaker, and more diffuse than the second one. 
After this white line there follows continuous darkness all 
over the rest of the plate as in the former case. Whether 
the difference of these two cases lies in the nature of the 
phenomena or in the difference of the thickness of the 
absorbing screen or of the conditions of the experiment, and 
whether more than three white lines exist or not, remains 
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still to be decided. Fig. La (PI. VIIL.) is the reproduction of 
the HoL,,; spectra and fig. 1 6 isits photometric curve. They 
show one example of the latter case. Figs.2a@ (PI. VIII.) and 
2 b, which are the corresponding reproduction of the Sm Litr 
spectra and its photometric curve, show, on the other hand, 
one example of the former case. It seems to the writer that 
with a thinner absorbing screen the absorption spectra of 
the former type is obtained, whereas with a thicker one that 
of the latter type is obtained. 


Fig. 16. 
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The above description of the fine structure applies generally 
for the L,,,-absorption spectra. In the cases of L, and Ly 
such detailed structure is very rarely observed. They show 
usually only the first white line, especially with Ly, no plate 
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with a second white line having been observed. The first 
white line in case of I}, moreover, is very weak, diffuse, and 
broader than the width of the slit. 


TABLE LV. 


The second white line lving on the shorter wave-length 
side of the first Ly white line. 


: a | oR. A | a/R. | av. 
ls Howe. 15257 | GOT 6:5 Ou C Ba 
66 Dy wo... sb > ATT ` 69 i 25 `; : 
GI Essie 17631 | A169 AD oy | 3 
OZ Ss eeaves | WRal-7 4975 Gl g, 28 | -99 
GON... cee i 19806 | 4604 101 | 23 3a 
lo 442-0 109 | 24 | 52 


59 Pro... | 20619 
| 
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Table IV. gives the wave-length and frequency of the 
middle of the second white lines, which lie on the shorter 
wave-length side of the first white line in the case of L,,,- 
absorption spectra for different elements. In the third and 
fourth columns of the table the corresponding differences of 
the wave-length and the frequency from those of the Lir- 
line are given respectively, the corresponding, difference 
expressed in volts by means of Einstein’s formula eV = Av 
being added in the last column. As will be seen, AA 
decreases systematically with the atomic number, the corre- 
sponding Av/R and AV being nearly constant. Here the 
accuracy of the measurement is not high owing to the 


TABLE V. 


The third white line lying on the shorter w ave-length 
side of the second Ly, white line. 
| i | 
À. yR © AÀ âr; R. aV. 


| ee eee o eee 


ee 1515 | 6013 | 17 | 66 x9 


ee 


weakness of the line. The error will be about twice as large 
as that of the Ly,-line. In the case of Ho, the wave-length 
and the frequency of the middle of the third white line lying 
on the shorter wave-length side of Liy could be roughly 
measured. Their values and their differences from those of 
Lin are given in Table V. On some other plates we can see 
the third white lines of the same sort, but they are too weak 
to be measured. 
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Emission lines. a ae AG wR. N v, R. 
GS HG Gils caeceiscs 12° 24-9" 43025.) 6997 | 2641 
i: CE F SERPEN 12 160 12870 | 7081 26609 
Hf Lg,. 9----+-) 12 206 1296-7 TOST 26:527 
GS Buln racsot: 14 H0 1540-7 591-5 24:320 
GF T P OREITIA | 28 268 98857 | 31579 17-771 
BS Cbg nas ects dus | 32 33:1 32596 ;, 27957 ' 16720 
OTE i | 35 522 35497 | 25672 © 16-022 
I I ee EERE | 28 398 2905°9 | 31360 17709 
1 P TIEAN ASTA 27 513 98305 | 32195 | 17-943 
r E A OS | 98 155 2868-2 3ITT2 = 17825 
i ERAN ESTEI | 23 463 24421 ı 37816 19317 
A ee | 23 118 O382 | 3RLSY 19542 
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Table VI. gives the result of the measurements of some 
emission lines which have not been measured accurately and 
are necessary for the calculation of the energy values of 
other levels in the next paragraph. The accuracy of these 
measurements is about the same as in the case of the 
absorption edges mentioned above, since most of these 
emission lines are weak and diffuse. 


The Values of the Energy Levels, 


According to Coster’s scheme, the results of our previous 
work and the present one enable us to calculate the values 
of different energy levels of different atoms by means of 
the frequency values of emission lines. In doing this, the 
values given by the following experimental results were 
consulted :— 


L-Absorption ... 74 W -50 Sn, Coster, Nishina, and Werner, Zs. für Phys. 
xviii. p. 207 (1923), and the present measurements, 

53 I-50 Sn, Custer Zs. für Phys. xxv. p. 83 (1924). 

56 Ba-51 Sb, Lindsay, C. R. clxxv. p. 150 (1922). 
L-Emissivn lines 74 W, Siegbahn, Phys. Zs. xx. p. 533 (1919). 

73 Ta, Coster, Zs. für Phys. vi. p. 186 (1921). 

72 Hf, 69 Tm, Coster, Phil. Mag. xlvi. p. 956 (1923). 

71 Cp-57 La, Coster, ibid. xliv. p. 546 (1922). 

56 Ba -50 Sn, Coster, bid. xliii. p. 1070 (1922). 
M-Emission lines 74 W-66 Dy, Hjalmar, Zs. für Phys. xv. p. 65 (1923). 

92 U-66 Dy, Stenstrom, Dissertation Lund (1919). 

T4 W, Thoræus, Zs. für Phys. xxvi. p. 396 (1924). 
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By means of these data, the values of the spectral terms T 
divided by Rydberg’s constant R and those of the square 
root of the same for different energy levels of each element 
were calculated, and are given in “Tables VII. and VIIL.* 
respectively, The levels Mai, Miy, Nj, and Ny, mav be 
computed in different ways, but those processes which 
invelve the use of frequencies of the weaker and more diftuse 
emission lines as well as absorption edges were avoided, and 


the following formule were used :— 


My=Lyy— La Miv= Li — Las, 
Ni= Lu — Lg, Nyr= Liur — Las — Me. 


Just as in the paper by Bohr and Coster we plot the 
value 4/ T/R as a function of the atomic number Z, as shown 
in fig. 3, where, however, the L-curves have been omitted, 
owing to the very large values of their energv levels. In 
the figure the black dots represent the levels with odd 
sufixes and the white circles those with even suffixes. In the 
case of the L- and M-levels the points lie on smooth curves, 
which have distinct and sudden bends at La (57) and Cp (71), 
a feature which was emphasized by Bohr and Coster and 
which will be discussed later. On the other hand, the points 
corresponding to the N- and O-levels have small irr eqularities. 
This is perhaps due to the fact that the term values here, 
which are obtained by the difference between absorption and 
emission frequencies, are small, and consequently the errors 
of both these measurements are revealed more prominently 
than in the case of the L- and M-levels. 

In this connexion the following remarks as regards the 
accuracy of term values may be made. First of all we have 
the error in the measurements of the L-absorption spectra. 
This has been already pointed out and is rather large for Ly. 
The values of the other levels are calculated from the fre- 
quencies of the L-absorption edges by means of L- or M- 
emission lines, some of which are weak and diffuse, for 
instance, La, Lg. and Lg +. Thus the errors in the values of 
some levels are fairly high, and we may consider them 
generally twice as large as those in the L-absorption ed ves. 
Expeci ally as regards the Lg. line, which is used for ‘the 

calculation of the O,-level, there are some uncertainties in 


* Some values which were improved by the further measurements of 
the present writer are given differently in these tables from those in our 
previous work. The difference is, however, in most cases within the 
limit of the experimental error. 

t As regards the accuracy of emission lines, see Coster, Phil. Mag. 
xliii. p. 1034 (1922). 
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its identification in the case of certain elements *, because 
this weak line lies quite close to another weak line and even 
crosses it, if we follow from one element to another, This 
may perhaps account for the irregularity of the values of the 
O; -levels. But, of course, we cannot draw any definite conclu- 
sion as to the certainty of the explanation of this and other 
irregularities without a further accurate test, and especially 
without a closer systematic investigation of the emission 
lines. The writer is at present occupied with such an 
investigation. 

At the end of this paragraph another remark may be added 
that the frequency of absorption edges, as is well known 
now, is influenced by the chemical and physical state under 
which the element. in question exists. The maximum 
difference is about 1:0 unit in frequency between different 
compounds for the K-absorption of P, N, Cl +, Ti, Va, Cr, 
and Mn, and the L-absorption of Sn, Sb, Te, and Tf. As. 
mentioned above, the present experimental results were 
obtained with different sorts of compounds for the different 
elements. The tables given above consequently contain 
uncertainties as to their absolute values to the extent that 
they give the values obtained not with pure elements, but 
with compounds. But from the results we may conclude 
that the general features of the curves, which are of primary 
impor bance and will be discussed in the next paragraph i in 
. connexion with the natural system of the elements, is not 
thereby materially alfected. 


Discussion of the Results. 


Following the classification adopted by Bohr and Coster, 
each level in fig. 3 is characterized by a symbol n(ki, kz |; 
where ky is either equal to $; or equal tok;—1. The appear- 
ance of any such level is assumed to be conditioned by the 
presence in the normal atom of electronic orbits for which 
the principal quantum number is equal to n, and for which 
the azimuthal quantum numbers are equal to $y and ks. 
Any pair of levels for which the values of n and kare the 
same, whereas the values of A, differ by one unit, form a 
so-called relativity doublet. For such doublets the distance 
between the corresponding curves increases in general 


æ This was kindly pointed out by Dr. D. Coster during the U 
of this paper. Compare Coster, Phil. Mag. xliv. p. 554 (1922) 

t Lindh, Dissertation Lund (1923). 

t Coster, Zs. fiir Phys. xxv. p. 53 (1924). Tandberg, Arkiv for: 
Matematik, Astronomi och Fysik, xviii. no. 14, p. 1 (1924). 
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rapidly with the atomic namber. Pairs of levels for which 
n and kz are equal, but for which k, differs by one unit, form 
the so-called screening doublets, which show themselves 
by the remarkably parallel course of their curves. The 
theoretical explanation of these features of the curves 
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presents at present unsolved problems, for the discussion of 
which the reader is referred to the paper by Bohr and 
Coster. Here we shall confine ourselves to a discussion 
of those properties of the curves which may be brought 
in direct connexion with the gradual development of 
the electronic groups due to the appearance of orbits of new 
types with increasing atomic number, The addition of such 
new orbits can be traced partly by the appearance of new 
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X-ray levels, and partly by changes in the rate of variation 
with the atomic number of levels already present. Within 
the region of elements investigated in this paper we shall, 
according to Bohr’s theory, expect the first appearance of 
6, orbits at Cs (55), of 53 orbits at La (57), and of 4, orbits 
at Ce(58). Now, the orbits of the 6, type correspond 
within the whole sequence of elements under consideration 
only to valence electrons moving for the most part in the 
exterior region of the atom, and it is therefore easily under- 
stood that it has not been possible with certainty to detect 
the appearance of the corresponding new levels or to recognize 
any marked influence on the other levels due to the addition 
of such orbits. With the 4, orbits the situation is quite 
different. Their appearance in the atom marks the final 
states of completion of the 4-quantum group, and according 
to the theory gives rise to the presence of the family of rare 
earths within the periodic table. As mentioned, Bohr and 
Coster drew attention toa number of anomalies in the course 
of the level curves in the region of this family of elements 
which could all be accounted for on the basis of the theoretical 
expectation that the added 4-quantum orbits will find their 
position in a region of the atom closer to the nucleus than 
that region where the electrons in 5- and 6-quantum orbits 
are moving during the greater part of their revolutions. 
The present measurements allow us to examine these 
anomalies with greater accuracy, and to obtain a general 
support of the conclusions of Bohr and Coster. 

In conformity with the classification of fig. 3, the levels 
which are directly conditioned by the presence of electrons 
in 4, orbits are Ny; and Nyy. According to the theory, the 
stage in the development in the 4-quantum group, to which 
the binding of electrons in such orbits gives rise, is initiated 
in Ce(58) and is completed in Cp (71), which forms the 
last of the rare earth elements. This development takes 
place, so to speak, in competition with the binding of the 
valence electrons ; and we must therefore expect that as long 
as it goes on, the work necessary to remove a 4, electron 
from the atom will remain quite small, about the same order 
as that for valence electrons 6, and smaller than that for 5, 
and 5, electrons, throughout the whole rare earth family, 
and first start to increase steadily at the element Tf (72). 
This is brought out clearly in the course of the Nyr and 
Nvu curves, which show a sharp upwards bend at Cp (71). 
As we know from older me:surements, these carves will 
cross the O-curves somewhere between Ir (77) and TI (81). 
As indicated in the figure, the curve Nvr below Cp (71) 


536 L-ubsorption Spectra of Elements from Sn (50) to W (14). 


seems to diverge from the Ny; curve. This is quite unusual 
because these two curves form what is called a relativity 
doublet ; the divergence, however, seems to be too large to 
be explained by sy stematic experimental errors, Whether 

this anomaly has real existence, and points to special features 
connected with the deve lopment of the 4-quantum group, 
remains, however, to be settled. 

As regards the other levels, the influence of the develop- 
ment of the 4-quantum group is perhaps most strikingly 
shown in the O-levels. The irregularities in the points 
representing the measurements are in this case probably due 
to accidental errors, but the figure nevertheless brings out 
clearly that these levels during the whole region of the rare 
earth family remain very nearly constant. This is explained, 
according to the theory, by the cirenmstance that the added 
4, electrons will move ina region of the atom lying within 
the region in which the 5, and g electrons move during the 
greater part of their revolutions, The effect of the increasing 
nuclear charge on the strength of binding of these electrons 
will therefore in the interval between La (57) and Cp (71) 
be nearly balanced by the screening of the added electrons 
in the 4-quantum orbits. The Or- and O,, yy-curves have, 
furthermore, a distinct bending at Ba (56) instead of La (57), 
at which all other curves havea marked bend, although there 
seems to be a very slight indication of bendine at Bat (56) for 
some levels. This unique feature of the O- levels is perhaps 
caused by the first binding of the 53-eleetron at La (57), the 
elfect. of which will not be so much felt by other levels as by 
the 5-quantum orbits. 

Apart from small anomalies probably due to accidental 
errors, the levels Ny, Nin Nu, Nv, and Ny, which are 
conditioned by the presence of 4), 49, and 4; orbits, show a 
smooth course with a distinct bend at La(57) and a less 
pronounced bending at Cp(71). On the theory this is 
accounted for by the diminishing influence on the strength 
of binding of these electrons, due to the repulsive forces 
from the 4, electrons, which move in the same region in the 
atom as the 4,, 4., and 4; electrons, and which are just 
added in the interval between La(57) and Cp (71). Atten- 
tion may be called to various svstematic deviations in the 
relationship between neizhbouring N-curves from what is 
usually expected from the behaviour of relativity and 
screening doublets. For instance, the curves Nyy and Ny 
seem to draw closer after Hf (72), and there is an indication 
that the N- and O-curves show certain irregularities below 
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X (54), which are perhaps to be connected with the develop- 
ment of the 5-quantum groups which are brought to partial 
completion at X (54). Whether these facts represent the 
real nature of things or come merely from the experimental 
errors, it is difhcult to decide at present. 

The development of the 4-quantum group can, moreover, 
be clearly traced in the M-levels, since all the curves repre- 
senting these levels show bends at La(57) and Cp(71). 
The M-levels are conditioned by electrons in 3-quantum 
orbits moving still closer to the nucleus than the 4-quantum 
electrons. In the effect under consideration we have to do 
with what is denoted by Bohr and Coster as the outer 
screening effect, which arises from the balancing influence 
on the work necessary to remove a 3-quantum electron, due 
to the increase in the strength of the binding of the electrons 
in the 4-quantum orbits resulting trom this removal. 


In conclusion, the author wishes to thank Professor N. 
Bohr for his constant encouragement during the experiment, 
and for his invaluable discussion and criticism during the 
preparation of this paper. His thanks are also due to 
Dr. D. Coster for his unfailing kindness in giving instructive 
advice throughout the work. 


Universitetets Institut for teoretisk Fysik, 
Copenhagen, November 1924. 


LIX. The Motion of Free Electrons in Black Body Radiation, 
and the Interaction between Radiation and Matter, By 
G. Breit *. 

Introduction. 


YHE motion of free electrons in black body radiation 
T has been discussed by Fokker f, who showed that 
if the waves constituting black body radiation have random 
phases, the mean kinetic energy of the electron’s motion 
is not 3/2kT but about 1/24 of this value. The problem has 
been considered again by Paulit, who discusses the motion 
of eleetrons on the supposition that quanta are absorbed 
bodily by electrons and that simultaneously with the 
(absorption) 
(emission) 
(absorbed) 
(emitted) 


of a quantum Av a momentum hy/e is 
by the electron. Pauli obtains 3/24T for the 


* Communicated by the Author. 
+ Dissertation Leiden, 1913; Arch, Néerl. (3 a) iv. p. 379 (1918). 
t Zeits. f. Phys. xviii. p. 273. 


Phil. Mag. S. 6. Vol. 49. No. 291. March 1925. 2N 
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mean kinetic energy. It is generally supposed that 3/24T 
is the proper value for the mean kinetic energy of free 
electrons in black body radiation, and the present situation 
is therefore such as to condemn the classical wave theory in 
favour of the light-dart theory from considerations based on 
the motion of free electrons alone. 

This evidence in favour of light darts is re-examined 
below. In §1 the problem of the statistical equilibrium 
of free electrons is considered as a special case of a coupled 
quantized system, and the a priori necessity of having the 


Ses oh 3kT . l 
mean kinetic energy equal to exactly > ÍS questioned. 


In § 2 it is shown that Fokker’s treatment is concerned 
only with one type of motion, which may be termed the 
slow surging or progressive type. In addition to this, there 
is a rapidly vibratory type. A numerical estimate of its 
value ay it to be small at ordinary temperatures. It 
is pointed out that Fokker’s result must be modified if there 
are systematic phase relations between the waves constituting 
the radiation. Reasons are given for looking at the term 
p*/v in the numerator of Fokker’s result as a special case of 
ae?/h, where e is Einstein’s expression for the average square 
of the fluctuation of energy density applied to unit volume, 
which for Planck’s formula has the expression hyp + hp?/av? 
and for the Rayleiyh-Jeans relation degenerates into hp?/av?, 
It is shown that with this change Fokker’s formula gives 
exactly 3/241 tor the mean kinetic energy of free electrons. 

In § 3 the meaning of the modification introduced in § 2 
is examined, and statistical relations are derived which must 
be satisfied in order to make the modification valid. 

In § 4 the problem is discussed from the point of view of 
very loosely bound electrons, and it is shown that the case 
is not essentially distinct from the case of Bohr atoms such 
as are discussed by Einstein *, and the writer’s remarks ft 
applied to Bohr’s atoms are translated into corresponding 
statements for free electrons. Tt is shown that for both 
problems the essential condition is that the relation between 
the electric force on the electron (which does the work) 
and the motional foree due to the magnetic intensity (which 
gives the radiation pressure) should be the same as on the 
classical theory. This suggests thinking of the transmission 
of energy and momentum in terms of old-fashioned waves, 
and regarding the absorbed energy as force x distance where 

* Einstein, Phys. Zeitschr. xviii. p. 121 (1917). 
t G. Breit, Phys. Rev. pp. 313-319 (1923), 
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the force is the force due to the wave and the distance is 
closely allied to the actual distance traversed by the electron. 
Similarly, the momentum imparted by the wave is calculable 


 e 
from the motional intensity A [v, h], where v is taken for 


the same motion which is considered in the calculation of the 
absorbed energy. This motion is shown presently to be not 
exactly the electronic motion, but to be more closely allied 
with Bohr’s corresponding motion. 

In § 5 the difficulty of applying the wave theory to the 
photoelectric effect is discussed, and it is shown that 
the difficulty disappears if the absorption is conceived of 
on the lines of § 4. The present point of view differs from 
the older in looking at the absorbed energy as jorce X distance 
instead of considering the flux of Poynting’s vector across a 
section of the wave of atomic dimensions. The Principle 
of Conservation of energy is shown to be satisfied by the 
postulated mechanism. It is shown that the view proposed 
may be looked at as a generalization of Bohr’s Principle of 
Correspondence, provided the action of the radiation force 


2 : 
3 ¿ù on the atom is unclassical to the same extent as the 
C 


action of the external wave. The unclassical nature of both 
consists in a cumulative action on the atom for a time long 
in comparison with the period of the wave without affecting 
the motion of the equivalent corresponding mechanism, which 
isan harmonic oscillator of a frequency equal to the emission 
frequency and of an amplitude equal to a mean amplitude of 
the motion of the electron between the two states. The 
integral actions, however, are the same as on the classical 
theory. This is in agreement with phenomena of dispersion. 
The view proposed also explains the very high absorption 
of y rays by the atom in which the y rays have been pro- 
duced, which is found from a study of y-ray spectra by 
Ellis and Meitner. 


$1. The problem of free electrons subjected to the action 
of black body radiation is a special case of the general 
problem of investigating the result of the action of a 
system (A) on a system (B). [The system (A) is the 
radiation. The system (B) is the electron.| The essential 
characteristic of our case is that the number of degrees 
of freedom in (A) is large and that in (B) is small. The 
approximation which is made by Fokker in the problem of 
tree electrons, and which has always been made by everyone 
in the problem of ee atoms, is that one can 

9N 9 
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regard the motion of (A) as unaffected by (B), and from 
the statistically known state of (A) calculate the so far 
statistically unknown state of (B). If on using the Planck 
radiation formula the classical interactions do not give 
the correct mean kinetic energy for free electrons (B), 
then one must conclude that the interactions between (A) 
and (B) are not classical. This is the claim made for the 
special case of free electrons from Fokker's calculation 
by Pauli. 

The cornerstone of this line of reasoning is the necessitv 
of having the mean kinetic energy of (B) equal to 3/24T, 
which is the value it would have if it were not coupled 
to (A). The necessity for this is not at all obvious. As 
soon as an interaction between (A) and (B) is introduced, 
we cease to have two separate systems, and we must deal 
with a coupled system. In this any of the old coordinates 
of (A) implies something as to the state of (B), and rice 
versa *. 

From a purely formal point of view we must quantize the 
coupled system and apply quantum statistics to the result. 
If the motion of the coupled system (AB) is multiply periodic, 
this can always be done. In the very process of quantization 
the interactions between (A) and (B) are of necessity taken 
as classical. From this point of view it seems more proper 
to question the validity of the statement that the mean kinetic 
energy of a “free” electron is 3/2kT rather than the classical 
nature of the interactions, because the unclassical element 
comes in through the quantization of the coupled system (AB) 
and not through the unclassical nature of the interactions. 
The view maintained here is that an electron put in black 
body radiation cannot be properly called free because it is 


coupled to the radiation. ; 


he 2e.. 
The fact that the radiation force zar is known to be 


inapplicable to the Bohr atom is, of course, an objection to 
the formal viewpoint just sketched. So far as the problem 
of free electrons is concerned, we can imagine a fictitious 


) p2 
è Ps e e . = e eo e e 
system in which a dissipative force 3 is operative for 
Cc 


the electron and in which an equal and opposite reaction is 
exerted on the rest of the system in such a way as to keep 
the resultant system conservative. 

# Jeans, in his papera: Phil. Mag. xviii. p. 209 (1909), xvii. p. 773 
(1909), xxvii. p. 14 (1914), deals with the interaction of free electrons 


with radiation. However, he dues not discuss the radiation pressure 
effects. 


- 
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Even though we cannot accept without further proof the 
necessity for having mv? =34T tor electrons in black body 
radiation, we have some reason for expecting that electrons 
emerging by chance from a space occupied by black body 
radiation into free space should satisfy this condition. It 
may be shown that it is probable that Fokker’s calculation 
deals with that part of the motion which survives after the 
escape of the electron. 

The approximate assumption which is very conveniently 
inade by Fokker is that the motion of (A) is not modified 
appreciably by the presence of (B). This amounts to saying 
that the coupling between (A) and (B) is loose. The problem 
of loosely-coupled systems has been considered by Burgers*, 
who showed that the quantizations become independent, and 
that the perturbations are in the limit calculable on a purely 
classical basis. From this point of view it is again question- 
able that the apparent violation of statistical mechanics is to 
be attributed to the classical interactions. 


§ 2. The motion of an electron in the radiation field is 
thought of most simply by depriving it of some of its degrees 
of freedom. To start with, let us constrain the electron to 
move in a straight line. The calculation of mv? is very 
clear in this case. We consider a very long period of time T, 
and resolve the component of the electric intensity along the 
line of motion into a Fourier series with T as period. If 
T is very great, the effects of the initial motion are of no 
importance and the electron may be thought of as executing 
forced vibrations under the action of each of the terms in the 
expansion of the electric intensity. Using the Heaviside- 
Lorentz notation, the equation of motion is 


e xs 
mË — z t = edy . ». . « . (I) 


Gre 


from which it can be shown that the mean kinetic energy 
is for Planck’s radiation formula 


© mg a _mbhvd (ev/(3e*)) (2) 


“2 mh , eve 
0 (e—1) (m+ (5.3) ) 
: . mez kT ol, 
If in this formula h->0, —-- > - This means that for 


2 2° 


* Burgers, Dissertation Leiden, p. 216; Fersl. Akad. Amst. xxvi. 
p. 702 (1917), 
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es ae ; 
the Rayleigh-Jeans radiation y is obtained, However, 


for ordinary temperatures the value of the expression on the 


RA A 


right is only a very small fraction of ,, for its order of 


; ‘ “y KT 
magnitude is that of iT tan="(5°%), where vœ |. If 
3me h 


y=10", the energy of the motion is only about 10774T. 
If the energy of the electron having one degree of 


freedom hail to be a the calculation of Fokker would be 


unnecessary, for the above simple formula gives less than 
the required value. An inspection of the above formula 
shows, however, the presence of the factor z/(e7—1), 
(v=hv/kT), so familiar in the quantum theory of specific 
heats. The reason why the kinetic energy ix too small 
is that the electron is to be considered as coupled to the 
radiation, and that its motion is to be thought of as resolved 
into harmonic vibrations each of which is associated with 
a general mode of vibration of the coupled system as a 
whole (§ 1). The small value of the vibratory energy 
of the electron is in this case a natural consequence of 
the small value of the vibratory energy of the higher 
frequencies in the black body spectrum. The small value 
is not in contradiction with the statistical requirement 
that free electrons having Maxwell’s distribution—then 
subjected to the action of black body radiation, and then 
removed from the radiation—should remain with Maxwell's 
distribution. For there are no radiation pressure-effects on 
the constrained electron, and the vibratory motion is so 
small that the electron has a negligible chance of leaving 
the radiation field. 

The type of motion illustrated by the constrained electron 
is thus seen to be powerless for giving a criterion in favour 
of or against licht-darts. It is not the type considered hy 
Fokker. 

We suppose next that the line of constraint OX is 
allowed to move perpendicularly to itself in the plane OXY. 
We imagine the line endowed with a mass —m+Mssm. 
The equations of motion are :-— 


e 


mi — = e(d + Yh-/r), | E (3) 
Mj — <4 = e(dy—êhħfe). | 
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If M is very great, the values of } are very small. Asa 
first approximation, we may consider the vibratory motion 
of x to depend on dy. To this approximate value of w there 
corresponds a value of è which, when substituted into the 
second of the two equations (3), vives rise to surging motions 
ot y (due essentially to combination-frequency terms arising 
from —.th-'c). These are the terms taken into account 
by Fokker. Making the calculation for three degrees of 
freedom, and assuming that this involves the addition of 
the effects due to cach, he gets a result equivalent to 


dete y a a we a A) 


where p({v) dp is the energy density in the frequency range dr, 
which on substituting Planck’s expression for p becomes 


x 
et. _1)\2 da 
amo” = 3AT peint = 3kTx 00417. . (4')* 
‘ =| av 
Formula (4) Fokker derives from his equation 


A+ Y?+Z? 
AQr ” 
in which (X, Y, Z) is the momentum imparted to the 
electron by the electromagnetic radiation in time r, and 
Qv is the systematic resisting force exerted by the radiation 


on an electron moving with velocity v. The numerator 
in (£) is thus essentially 


X? 2f e pP 
— => odv, 
tT Q\4arme} Jo v 


while the denominator is 


4t (7°/ vòp _ 2 4e (~ 
4Q = brêm? f, (-3 Sote) E 0 poe: 


seer 
Y9 rem” $ 


one 


* h is seen to be absent in this formula. This in itself raises a 
suspicion as to its validity. 

t This transformation is valid only if yp vanishes both at =œ and 
at v=0. Thus the transformation is not applicable in the case of the | 
formula of Rayleigh-Jeans. 
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The term 4Q is obtained by considering the reaction on 
the electron due to the radiation in a very “long time during 
which the electron moves with finite average velocity. The 
problem is essentially that of forced Silieations and of trans- 
forming the radiation field to a moving system of reference. 
There is thus little reason for doubting the expression 


for 4Q. 
The origin of X?/r7 is, in cross-product terms, 


2 ttr 2# 
VEGER ( (ds, be], tt) 
t 


T \earmp 1,2 


where (d,, hi), (dz, hy) are the electric and magnetic intensities 
in two waves of neighbouring frequencies, and [ ] denotes 
the vector product. “IE there are no phase relations between 
the various waves, the product terms between the various 
terms in the summation for X*/t need not be taken into 
account. ‘They are actually neglected by Fokker. 

Now, it is known ae Einstein’s fluctuation formula 


= hvyp+hp?/(av*) 
is inconsistent with a picture of black body radiation based 
on waves with random phase differences t. We must admit, 
therefore, the possibility of some phase relations in a manner 
similar to Planck's $. 

Since the numerator of (4).contains p?/v? just as the 
classical part of e, and since the origin of X?/r is closely 
similar to the origin of e? (one arising from Poynting’s 
vector and the other trom the energy “density), we may 
provisionally expect that the contribution to X?/r due to 
the frequency range dv is changed by taking into account 
the phases in the. same proportion as e is changed. This 
ratio is 

l+av'/o =e, (æ = hv/kT). 


Hence, from (4'), 
Poot = gates 5 ga get... 8) 


* See equation (7) below. 

t H. A. Lorentz, ‘Les Théories Statistiques en ‘Thermodynamique.’ 
(Teubner, 1916.) 

t M. Planck, Ann. der = lxxiii. p. 272 (1924). 


§ V a (=? 1 i t'er 
4 = — : ; = o OU, 
exe 5 z dv (21) as wo aye 


a 0 
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To summarize this paragraph, the numerator of Fokker’s 
formula (4) must be modified if the waves of the radiation 
are to conform with the thermodynamically derivable ex- 
pression e? of Einstein. Regarding the changes in e? and 
in X*/r as proportional to each other, Fokker’s result becomes 


equal to 3/24 T. 


§3. We must now inquire into the meaning of the 
hypothesized equivalence of the effects of phase relations 
on X?/7 and on è. 

Let us calculate e". We consider the radiation field 
inside a sphere. The energy density is given by 4$(d?+/°). 
The value of d at any point is the sum of the values due to 
the various component waves. The value of e which we 
must. consider is therefore 


e=2 (didz + h,a) JÈS cos 27 (nt oes "E —y,) 
S l 


Laat moy + Naz 
X COs 2m (vt — -- ` -7 -y )dæ dy de, 
2 


where d, h are vector amplitudes ; v, A, (l, m, n), Y are the 
frequency, wave-length, direction cosines, and phase of each 
wave; and where the integration is extended over the 
interior of the sphere. The summation is extended over 
all combinations (1, 2), each combination being taken once. 
We have, on performing the integration, i 


1 € sin EÇ) cos ) 
o ST a shh, (5 aa 
3 4rr'/3 z 2 idz + j 2) Tia” Li” 
x cos 2n ((vi—v:)t— Yit Yo) 
Sin ejg COs a” 
+ E Mdd haih) (2-08 2) 
X12 d 12 
x cos 2r (ivi +r) — yi — We) *, 
where ~ 


sL lo\? {my me\? Ny No\? 
a = 2nry/ a) ( 1 Ma) i *) 
i SA a a a) 


LO LN? [m m? fm n? 
Pob ra/( 1 =) 1 >) rae W 
ORREN ANT Na G PU © 


` `~ 


; d*-th?/ siny cog. 
* We disregard > y ( -=-= —; ) cos 4r(vt—y) because phase 
av v 
relations introduced by these terms do not appear likely to sive 
systematic effects. However, there is a possibility of there being 

a need of taking these into account. 


-” 
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Squaring the above relation and averaging, we obtain 


sın ue COS a 
9 a Sp) = > (ia tabd (Sa Ti” ) 


be ' 

SIN jg COS v'y9\? 
+ - a, y — - i » 
12 T2 


+ 4 5 (did; + hih) (d;d; + hyh,) (= ty _ 008 tre ‘) 
12° 


» 2 
6 badi Geel tl | t19 


(= Tz COS Lay 


ty ae) cos 2m( yi — pa vst hu) 


e 1 
SIN ejg COS ) 
re 
Ë 12 T 19 


+ 43 (did) + byh,) (d;d, + hyh 


Vi ty =v; tH, 


x oar as ze ~) cos 2r (Yi +p — pys — Wu) 


3 
A 34 e 34 


sin e 12 _ COS a) 


+ 4% (did, + bib,)(&sd, + hsh.) (* 


v -r =v ry X13" EF 
/. Cos. 
? (aos r rm) cos 2ar(yy— =y vat Ya- 
N wv (6) 


The first summation gives rise to the term /p?/(av?) in è. 
In fact, the space positions of the wave normals 1 and 2 are 


entirely random. Further, the average value of (d)d,+h,h,)? 
for two waves, the normals of which form a fixed angle @ but 
which have random polarizations, is 


4(1 + cos 8)? (di”)(a:"), 


as may be shown by integration. 
The first summation is then 


ese E is r z POETAE 9 
1 De 2 Í » SIN Wye COS Tio 
JE We) a ag oS) 


Tio 


S ax’ cos Ü 13 
+(1+ ceos 0) (`® a tn ey fs 


a! 12 


The space averages in either of the terms are taken by 
assigning to the interval (0,0 + d0) the probability 4 sin 0 dð. 
Setting 
Imr =N, 


we have all 
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Thus _ 
sin Tis COS tN? 
RP: ! 
(1+ cos ĝ) (° te ) 
1 atl ( o ‘sin Ti COS. oy. d ra) 
= 9 | l+ 2NIN v 3° Ug (cos ) 
na å i i 
cosĝ=-— 
— 1 =a NEAN? aad | i sin v _cos xy? e 
= JNN; gyn, DOT a a 
* INi- Ny 


Here we need to take into account only the lowest power 
in 1/N. With a sirihcient ee the integral is 


á sIn æ cos T 
N2? v i Roe ae 
N,—N, | 


which is easily shown i. iia integrations to be 


[on neglecting EN) 
E En (N,—N sin (N,—N,) _ cos (Ni— 2) } 
2N? NNS +(° (Ni— N,)? Ni- N: l 


The average of the second term is similarly found to be 
zero. The contribution to the first summation in (b) to e? 
is then 

Amr? (d; *)(do?) f sin? (N, — N3) 
3 E 1 1 2 
@=3,(°5 ) z N? | NLN 
sin (Nı— Nə) cos (N, -—N,) ale 


(N-Na) NN, 


Here = 
È d? = 2ody, 


dy 


since the quantities d are vector amplitudes. 


Further, 
(7 (m+ sin vw a ire dor 
Jew Ne ae a? ki PB 

Replacing the summation by integration, and performing 
one of the two integrations (remembering that the result 
must be divided by 2 if in the first integration the limits 
of N,—N, are taken as —:æ and +o because each 
combination term we agreed to count only once in the 


summation), 
a) 
— 4rr(* e p 
Et pad ee a aera F P dp, e e . e (6°) 

3 hb ër 
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Thus, if it were not for the last three summations in (6), 
we should have per unit dv, 


a oy 

=A Sar v” 

where V is the volume of the sphere. 
lt is essential for all that follows below that at least 
one of the last three summations in (6) should not vanish. 
Jf all vanish, (0') replaces (6) and there is no possibility of 
reconciling the wave theory with thermodynamics. The 
existence of the sums depends on the values of expressions 


of the type 
(did, + h,h:) (dzd; + hzh,) cos 2r (Yi — p—s + ya). 


Such expressions have positive values if Yı— y» is likely to 
be equal to W3—yW, when the inclinations of (dj), hı) to 
(dz, h,) are similar to the inclinations of (ds, h;) to (d,, h,). 
This obviously implies that waves of neighbouring fre- 
quencies travel in groups. If the elementary process of 
emission should consist in the creation of a group of waves, 
all having the same or nearly the same polarization and all 
confined to a sharp band of frequencies, we should expect 
such relations to exist, provided there is similarity in the 
structure of the various groups. Such a similarity is a 
very natural one to expect. We thus expect the second 
and the third summation in (6) to make finite contributions. 
The influence of the fourth summation is likely to be 
negligible. From equation (6), 


(<) = ve 8m v Pdv 


ie (d ıd + h; h, »)(d; a, + h;h,) = Vig cos a) 
12° 


2 
vi- ae Tig 


SIN Wg, COS Ty 
X ( IN tag 


) cos 27 (vi — Y — bs +a), 

| - sin.’ @'\2 

+ 2% (did: + byhe) (d;d, + h;h,) ( r' eae *) 
vg 


! 2 
vitr=v; tí; T 12 


sin z” COS wv’ 
x (=, Pi =) Cos 2m( Yi + Y— Y; =y). 


U: 2 
ý (6") 


We shall now similarly consider the effects for X?*/r. 
The equations of motion are 
e? e 
me—-, v= el.+ [{v.hl,. 
ome : ol : J. 


» 3 
yy aq" 
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To a first approximation in the complex notation 
i= ed,|(2mivm), where i= 4/—l. 


We must consider the value of X given by 


e? t+r m 
X = Yormve 2 í { (a, ha]; a (2a 7 i z) 


X cos 2r (vat — Yo) 
+ (do, h; ],cos 27r (vit — p1) cos (2an — 2my—3) } dt. 


Squaring, averaging, and neglecting terms in (vi +r) ~}. 
as well as higher-order terms in vı — #2, in the usual manner, 


(e 2 X _ wo (Idi he]: Lee, h,},)? sin? 2m (vı —va)T 
2 aa” y T(r v) 


2 > ([di, bo]. — [dz In] )([4s, by} 2— (d,, hs].): 


V\V3 


e 


vyn =r er 


sin? 2r (v; —Y2)T 

x ironman cos 2m (yi — Ye- Yst Ya) 
where the first summation is extended over all combinations 
of indices (1) (2), each combination being counted once. 
In the second summation each term of the first summation 
is combined once with every other term. The first sum- 
mation gives rise to the term taken into account by Fokker. 
In fact, the space average of ([d;, hs]z— [d2 h,]z)? is- 
readily found to be 4(d?)’. 

Remembering that 


Ea? = 2pdp, 
dy 


and that 
Ho in? 


z — dæ = rT 


it is found that the contribution of the first summation is 


i 4 2, & VO 
yp ay (ence pP el 
(X [7) ae) ( y dv... (T) 


Comparing the structure of formulæ (6) and (7), we see that 
the phase terms, i. e. terms depending on yi— yz- Yt Yi 
are likely to contribute relatively as much to e and X27 
in comparison with the absolute terms (6), (7) if there is a 
vrouping of waves so far as their direction of propagation is- 
concerned. ; 
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We must remember here that the second term in (6) is 
extended over all such v’s that vi =v: =v; — v, and also such 
that v;—v3=v. —v,. This means that contributions to the 
sum will be brought about not only by having (1, 2) and 
(3, 4) in the same groups, but also by having (1, 3), (2, 4) 
in the same groups ; for with this condition d, d+ hh, is of 
the same sign as d;d, + h3h, if polarization persists through 

each group. There is a very much greater number ‘of 
possibilities of such combinations than of the groupings 

, 2) (3, 4), and we are thus tempted to consider these as 
the only essential groupings. From this point of view, the 
average value of 


(did + hiho) (Aad + byh,) (228° 2) (“HE 8 Sa) 


Tig” V3 . T34 

is the same as that of 
SÎN Zio COS Pia ? 
did, + h,h, (> ee rye 
(did + h,h:) ee a 

Quite similarly in (7) the average value of 
sin? 2m (v; — v2) 

—[d., h,},)({ds, k d in 1~¥e 

(Cd; hy |. [ 29 “1, dL 33 ijz -[ 49 h;].) t(2a(v;—v2))? 


is the same as that of 


([di, h:}-— [de, bi J2)? 


It is thus seen that the ratios in which (6), (7) are changed 
hy the presence of the second terms may be the same. 


sin? 2ar(v; — v )T 
(7(2a(vi—v2))? * 


4. We shall consider now the relation of the problem of 
the motion of a free electron in black body radiation to that 
of the motion of a Bohr atom in the same radiation as con- 
sidered by Einstein * in 1917. We must first of all decide 
in how far a free e'ectron may be considered to be the 
limiting case of an electron bound to a Bohr atom. Let 
the binding to the nucleus be quasi-elastic, so that the 


equation of motion 1s 


2 
t+ maya aed det) + [v, h! uh. 


Mut -a 
OT 


Let us suppose temporarily that the term l y, hj. has a 


"e . 7 . ° : . @ 
negligible effect. Let d, be periodic and of frequency Ft 

2T 
Then the amplitude wœ of the vibration set up in x is 


* Einstein, Phys. Zeit. xviii. p. 121 (1917). 
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related to the amplitude ' d; j of d, by 


OU, teed at a 0G) 


/ ae: 


m’ (w — w) + ( bre ) wi 


If w is near to the resonant value œ, the ratio of the 
second term in the denominator to the first is that of 


47 Qt \2 
: (=) to (wy—w)?. The width of the band to which 
din? \6re 
the oscillator responds is therefore proportional to wt, and is 
smaller for longer wave-lengths. Resonance for loosely- 
bound electrons is sharper than that of firmly-made Bohr 
atoms. We have therefore less reason for disregarding 
the effect of values of w close to win the case of loosely- 
bound electrons than we have in Einstein’s case of 1917. 
and similarly we see more reason for taking into account 
values of w=, in the case of firmly-built atoms than in 
Fokker’s case. 

The kinetic energy of a bound electron obtained from (3) 
and summed for all values of w is in absolute value 


M,.9 m” we" |d? |u dw 
tape o Es gee 
0 mIo —w?)? + (ar) w 


where the effective value of d,? is taken. 
The effect of frequencies in the neighbourhood of wọ is 


m e d? dw Barre? | dh... 


ON ce ae 
2 = 0 
“° din? + (wo —@)? + tne Gre) 


where |d |w, is the sum of the effective squares of all the 
d,in a range a—@=1. Relatively to the energy present 
the kinetic energy attained due to resonance is thus seen to 
be greater for small values of wp. (The Rayleich-Jeans 
formula is, in fact, adjusted so as to make | d? |,,,/wo" = const.) 
Thus again we see no definite reason for treating loosely- 
bound electrons on a basis different from rigidly bound 
atoms, and even expect loosely-bound structures to accen- 
tuate properties of resonance on account of a lower frequency 
and a decreased loss of energy by radiation. 

Since a strictly free electron is a physical impossibility, 
we could put the whole problem on the basis of Einstein's 
which we have already discussed *. This, however, would 


e G. Breit, Phys. Rev. Oct. 1923, pp. 313-319. 
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be unfair, because Einstein’s problem of (1917) must be 
solved by taking into account other frequencies than those 
in the immediate neighbourhood of the emission line. This 
is indicated by the fact that matter has a refractive index 
for wave-lengths different from the emission wave-lengths, 
as well as by the possibility of thinking consistently of the 
motion of free electrons in which other frequencies than the 
natural y=0 are taken into account. 

As shown in $2, the vibratory motion is very small, 
and from §§ 2, 3 it follows that the contribution to X?/r of 
the radiation pressure-effects becomes very small when v0. 
Thus free electrons may be thought of as the limiting case 
of bound electrons, the influence of frequencies outside the 
resonance band being in this case the more important. This 
can be shown to be the case by considering the radiation 
pressure-effects in the band and outside of it, the contri- 
bution in the band being found to vanish for infinitely loose 
binding on account of a small value of p(v) for small v. 

It will be worth while to go into Einstein’s case in slightly 
greater detail. Two states of the atom are considered : one 
of high energy e,, and another of low energy ¢,. A fall from 
e, to e, gives rise to the emission of hyv=e—e,. A rise 
from & to e gives rise to the absorption of the same 
quantum, The spontaneous probability of emission in the 
time dt is a dt, the probabilities of absorption and of emission 
due to radiation are 4,?pdt and bypdt respectively. The 
a priori probabilities of 1, 2 are pi, pa respectively. For 
equilibrium 


(a+ bape" = bpp a, 


which leads to a 


p= hy ’ 


eT —] 


where 3 a 2 
PE E a by? py = ba pa 
2 


In order that the Brownian movement should give a kinetic 
energy of AT/2 per degree of freedom, Hinstein’s equation 
A? 
— = 2RAT © 8 e œ 7 e 
: (9) 
must be satisfied. Here A is the momentum imparted to 
the atom in the time r, and Rr is the systematic resisting 


force to an atom having the velocity v. The term a gives 
rise to transitions which in the quantum theory correspond 
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to the dissipated energy of the classical case. It is for this 
reason that the correspondence principle relates a to the 
time constant of the classical theory. The amount of energy 


Fa 
dissipated per second is then pe ahv. If the atom moves 
with velocity v, the amount of momentum absorbed from the 


! 
. e e v e e 
radiation is a times this energy where 


v= e(3-7 oP). 


(See writer, l. ce. Postulate 1.) Thus 
R = (3—2 bP) penita a- .. (10) 


Again, the average square of the fluctuation of energy is 
obtained by multiplying the number of Sn between 


(1), (2) by h?v?, This is per second 2p,e “Hb toC)? If it is 
granted that this result must be divided by c? in order to 
obtain A?/r [See writer, l. e. Postulate 2. This condition 
is an expression of the statistical ie of d and h and 


of the physical existence of the force - “Ly, h] alongside with 
ed], we have then 


$ = 2phte i (7), a AD 


Substituting (10), (11) into (9), it is found that (9) is 
salisfied if 
av? 
P S warg 


The writer’s postulates (1), (2) are thus sufficient conditions 
in order that (9) should be satisfied. Postulate (1) is 
identical with the supposition we have made in § 2 above 
as to the nature of Fokker’s Q. Postulate (2) is less specific 
than the treatment of Fokker’s X?/7 in §§ 2,3. But both 
involve the same idea: viz., the agitating influence is the 


e e e e 
force [v,h] which acts simultaneously with the force ed. 
c 


In the case of free electrons the transitions in the motion are 
gradual, and the calculation of both the absorbed energy and 


Phil. Mag. S. 6. Vol. 49. No. 291. March 1925. 20 
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the absorbed momentum is manageable by the classical 
theory. In the case of a quantized atom the motion changes 
discontinuously. When the motion changes from the state 
(1) to the state (2), we assign a greater energy to the atom. 
Our postulate (2) has then the meaning that if the absorp- 
tion of energy should be pictured as work done on a 
resonator, and if simultaneously the amount of transferred 


momentum due to “Ty, h] should be computed, then this 
c 


momentum may be assigned to the atom simultaneously with 
the assignment of the absorbed energy. This momentum is 


a Av, PA . 
not necessarily —. The statistical effect of this momentum 
€ 


is, however, the same as that of Einstein’s needle quanta. 
So far both problems may be thought of in terms of the 
force equation 


F=d+~[v,h], 


where it is remembered that a certain amount of work must 
be done by the force before the atom changes from 1 to 2. 


$5. One of the fundamental objections to classical 
electrodynamics is its apparent Inability to explain the 
large accumulation of energy which is necessary for the ab- 
sorption of a quantum in experiments on the photoelectric 
elfect. The amount of energy carried by a plane wave 
across an area of atomic dimensions is calculated, and is 
found to be too small to give a quantum in a reasonable 
length of time *. It does not seem to the writer that a calcu- 
lution of this sort is capable of deciding what the absorbed 
energy may be. In fact, on the classical theory the quantity 
which is spoken of as absorbed energy is force times distance 


where the force is dt “Ly, h], and the distance is the 


distance travelled hy the charge on which the foree is 
exerted. The theorem of conservation of energy on classical 
electrodynamics is devised in such a way as to account for 
the absorbed energy by means of quantities connected with the 
held. It states that the energy absorbed by matter is ab- 
sorbed at the expense of the energy stored in space (or æther) 
and the flux of Poynting's vector into the space, The energy 
flowing across a section of a plane wave in the absence of an 
_* Millikan, ‘The Electron,’ p. 239 (Univ. of Chicago Press, 1916), 
ce reference to Lord Rayleigh’s criticism, Phil. May. xxxii. p. 183 
(1310). 
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atom has thus little to do with the amount of energy which 
may be absorbed by an atom when placed into the wave. 

On the classical theory, a charge the motion of which is 
confined to a small region may absorb from a plane wave an 
amount of energy which is great in comparison with the 
energy flowing over the region due to the wave in the absence 
of the charge. All that is necessary for this is a properly 
controlled vigorous motion of the charge which keeps its 
velocity in phase with and parallel to the electric vector of 
the wave. Inside a surface just enclosing the region to 
which the charge is confined there is not enough field 
energy to supply the demand of the theorem of conserva- 
tion, but this amount is automatically satisfied by the flux 
of Poynting’s vector through the surface. The essential 
addition to the field of the wave is the magnetic field due to 
the moving charge. This gives rise to a term in Povnting’s 
vector which, when integrated over the surface, gives a flux 
contributing the main part of the necessary energy. 

We must next decide what element in the atom and what 
characteristics of its motion we should consider in order to 
compute the energy absorbed. Bohr’s principle of corre- 
spondence 1s of fundamental importance in this connexion, 
for it indicates the manner in which the classical radiation 


2 

. e oe . e e 

force bared ® finds expression in the quantum theory. This 
Te : 


radiation force is neglected in the formulation of quantum 
conditions. However, the sin committed by forgetting it is 
punished by the failure of the atom to conform ‘to quantum 
S rigidly. The atom has a spontaneous tendency, given 
by Einstein’s Am” (our symbol a of the preceding $), to fall 
trom a high energy state to a low one ; and this tendency is 
such that on the av erage the emission of energy from a set 
of atoms put into Einstein's state n may be likened so far as 
the frequency and the intensity ef the radiation are concerned 
to the radiation from a set of “ corresponding” classical 
mechanisms, these being essentially constant frequency 
vibrators having in their motion a close similarity. to the 
mean motion of the electron between the two states m, n. 
So far as frequency is concerned, the analogy is exact 
(Bohr’s correspondence theorem). So far as intensities go, 
the analogy or another similar analogy is probably ex: ci 
also (Bohr’s correspondence principle). Now, the amount of 
energy radiated may be thought of as the amount of energy 
dissipated in the motion of the atom owing to the action of 


2 
. . e ee e 
the radiation force ree ee This force may be thus thought 


Te 
202 
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of as exerting a cumulative effect on the equivalent corre- 
sponding resonator. When the accumulated dissipated 
energy acquires the value Ay, the atom jumps from m to n. 


The force ..- 30 
Ore 

It affects them only inasmuch as it makes strictly periodie 
motions impossible, except in quantum orbits of lowest 
energy, and the width of spectral lines may be thought of 
by formal quantum theory when violations in the simple 
periodicity due to the quantum jumps are considered *. 
Similarly, the force due to the exciting wave is a stranger to 
quantum conditions, and its action is similarly cumulative. 
The wave can be thus thought of as doing work on the 
“corresponding vibrator.’ IË the frequency of the wave 
is equal to the frequency of the vibrator (neglecting the 


is a stranger to the quantum conditions. 


2 
e * e ae 
broadening of that frequency due to the action of --—,¢), 
Š Bmt - 
work will be done at a steady rate, and ultimately a 
quantum Av will be absorbed. Then the atom leaves the 
state n and goes into the state m. Similarly, while it is in 
the state of high energy m, the phase of the wave may turn 
out to be such that the wave does a negative amount of work 
I ; e. 
(= —hv) on the atom (or perhaps this, together with gra” 
does that work). Asa result, a jump from n to m takes place. 
It is seen, therefore, that a fairly concrete explanation of the 
correspondence principle and of the position of absorption 
bands of a substance may be obtained by the introduction of 
the corresponding vibrators together with a consideration of 


3 
the effects of ;¢. The quantitative side of the absolute 
Cc 


coefficients of absorption has been discussed by Ladenburg 
and Reiche, and by Milne t. Their discussions, however, are 
based on a formal appeal to the principle of correspondence 
and do not depend on the mechanism just proposed. 


In calculation of the photoelectric effect, our picture can be 


used only if there is sufficient possibility for the absorption of 


a quantum, The amount of energy absorbed per unit time 


* G. Breit, Proc, Nat. Acad. ix. no. 7, pp. 244-246 (July 1923), 

Added im proof, For similar considerations, see Tolman, Phys. Rev, 
p. 698, June J924. Ehrentestand Tolman, Phys. Rev. p. 287, Sept. 1924, 

t Ladenburg and Reiche, Naturwissenschasten, xi, p. 554 (July Wen), 


Miine, Phil. Mag. xlvii. p. 209 (1924). Ladenburg, Zeitsch. fo Phys. iv. 


p. dol (1921). 
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from a wave having an electric intensity of amplitude d, 
a frequency v, and in exact synchronism with the vibrator, 
is then mwedAv, where A is the amplitude of the vibrator. 
This amplitude we relate to the amplitude of the electronic 
motions, and we suppose that it is the same as the amplitude 
which must be considered for emission. For our present 
purpose we need to know only the order of magnitude of 
the amplitude, and we may take it to be the radius of the 
electronic orbit. The value of d involves some uncertainty. 
Let us suppose that we are dealing with a monochromatic 
wave emitted by a flame sending out N quanta per second. 
If we should calculate on the old viewpoint the amount of 
energy flowing per second through an area of atomic dimen- 
sions at a distance of x cm. from the source that energy 


Ni 


iv : 
would be Igp” where a is the atomic radius. The 


number of quanta sent through per second is then Na?”/(4:°). 


With 
N = 10", a= 1078 em., r= 100 cem., 


this is 2:5 x 10-7. Thus one must wait 4x 108 sec. before a 
quantum is absorbed on the view that Poynting’s flux of the 
original plane wave accounts for the absorption. A quite 
ditterent result is obtained if we adopt the view of work 
done on the equivalent resonator. 

Let the time of emission of each quantum be 7 (length of 
wave train =cr). Using electrostatic units and letting 

d = Ecos wt, 


the value of Ey is determined by 
Aor? Ie et = hw. 
Sm” 


During the interval 7 there are Nr wave trains emitted. 
Provisionallv we may assume that the phases of these are 
random. The resultant value of Ey? is then giyen by 


2N hv 
E; =- 3 e 
T C 


The number of quanta absorbed which could be absorbed 
per second if the absorption should go on at the maximum 


rate is then 
TV N hv mae Nh 
ae- — p- = —- - 
; hy 7? y h? 
with ¢ £ 


a = 108cm., r = 10 em., N = 10", »v=10!/see. ; 


this gives 5x 10%. Thus an atom must wait only 0°0002 sec. 


(db | 
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before a sufficient amount of work has been done. Between 
the old view and the one here presented we see thus a 
divergence by a factor 2 x 101° *, 

vai though the view presented here is numerically very 
much more satisfactory than that previously held, the esti- 
mate of time which we just made is likely to be too high. 
One reason for this is the possibility of interference actions 
in the wave front such as has been suggested by Lorentz. 
The other is the purely theoretical possibility of cumulative 
actions due to previous influence on the atom, For we are 
computing essentially the storing of energy due to work 
done on the equivalent oscillator, and we must admit the 
possibility of this storing being cumulative in the sense that 
atoms which have been exposed previously and which have 
stored some energy need a smaller additional amount. 
From this point of view our calculation applies to fresh 
atoms only. 

Even though we attempt above to look at absorption as 
related to the classical absorption, we do not wish to imply 
that the phenomenon is a classical one. All experimental 
evidence points to the opposite conclusion, viz. that there 
are transitions between discrete states. The probability of 
these transitions, however, is caleulable on a classical basis, 
as pointed out above. This view is similar to that of Mie t. 
It is an extension of the principle of correspondence to the 
case of absorption, provided the principle of correspondence 


9, 
: . 2¢7 
is formulated in terms of the force ont 
c 


The exact manner in which external influences are to be 
considered as acting on the equivalent resonator is, of course, 
uncertain. That some such action exists, however, appears 
to be indicated by various phenomena. Anomalous disper- 
sion apparently has no other possible explanation than that 
of an interaction between the incident wave and the e equiva- 
lent resonator. It is of interest to observe in this connexion 
that as long as the frequeney v of the incident wave is 
different from the frequency vy of the equivalent. oscillator 
(supposed here for simplicity infinitely sharp), there is no 
experimental indication of a true change in the quantum 


æ The order of magnitude of Lord Rayleizh’s correction is 10°. The 
y-ray difficulty cited by Millikan is noc necessarily real, because the 
electrons absorbing y-rays may be much more rapidly moving than 
the optical ones. 

t G. Mie, Ann. der Physik, lxxiii. p. 195 (1924). 
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state of the atom. This may be interpreted in two ways: 
(a) the work done on the equivalent resonator by the 
incident wave is never comparable to hv if v—v,Æ0 ; (b) the 
transitions between levels the energy difference of which is 
given by AW=/Ayvy cannot be caused by values of vy, 
(disregarding, for the present, diffuseness of quantization). 
Which of these hypotheses is true is very hard to answer. 
However, it appears that (a) is likely to be the case. In 
fact, let the motion of the oscillator be given by 


v= Asin 27yv,f, 


and let the æ component of the electric intensity of the 
incident wave be Kycos(27vt—wW). The amount of work 
done by the wave between the instants ¢,, £% is then 


bd 3) DEn — 2 . — t, 
LEyevA hoa -volt =y) , sin (2m(v +vo)t — w A 
V — Vo V+ v f 


Only the first term in this expression is of importance. The 


i . « KgevoA 
maximum value of absorbed energy due to it is Te ? S 
she a y — Vy 

In order that this term should be appreciable in comparison 
withthe action of a wave for which v=vy acting for a time 7, 


1 . 
we must have - comparable to T. For the time T we 
Y — Vo 
may take the time corresponding to the length of a wave 
train, and thus corresponding according to the measurements 
of Wien * and numerous other evidences to the time constant 
on the classical theory. We shall show presently, nowever, 


1 e . + e 
that - -- is comparable to r only if the frequency v is 
V—Vy 
within the width of the emission line vo We see, therefore, 
that as long as resonance is sharp, we need not be concerned 
with a differentiation of the vossibilities (a), (b). 


1 e hd . 
The property of —~-- in relation to r which we have 
Y — Vo 
just used is related to some general properties of oscillators 
which are conveniently kept in mind in connexion with the 
subject here discussed. These properties are expressed by 


+ W., Wien, Ann. der Physik, lxxiii. p. 483 (1924). 
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the mathematical identities 


"+x dv 
-) ——— a a 
TA [L+ (22(v—vy)79)] [1+ (2a(v—p,)71)° ] 
To 
E Ty tT] 
=e 
1+(2 mn) i.) 


t 


4o cos (27rt) Pa 
d LHT)” = a cos (27v,t), . (IT.) 


( +o (2ar(v—vo)7) sin (2arvt) dy 
J$- L4(2a— 47)? 


ae 7 cos (2mvt). (IIL) 


Formulas (II.), (ITT.) show that a damped wave begin- 
ning at ¿=0 and having the time constant 7 (represented by 


La , 
at T.(14+]t//t) eos (2rv)t)) may be thought of as the 
sum of the two Fourier integrals on the left-hand sides of 


(1), (IIL). Adding (I1.), (IL1.), we have 


(1° er an ere) g 
bg V1+(2r(v—w)7)? 
e 


== a (1+ t /t)cos(2ryt). (LV.) 


The main contributions to the integral on the left come from 
a band of frequencies determined by such values of v that 
2ar(y—v,)7 is not too great in comparison with unity. This 
shows that the band of frequencies which would be emitted 
by an oscillator would be confined to a region in which the 


e 1 e e e e 
time is not too small in comparison with 7. 


0 
Again, the motion of the oscillator is given by 


ey ‘ al x 
Epit (Orn a = ii ei ae a (V.) 


where r, is the natural frequency, æ the dissipation factor 
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3e 


units. The time constant ras If E, is of the form 


given by «= (2mv)? on the electrostatic system of 


Fo cos (?mvt— y), the absolute value of the forced vibration 
in æ is given by : 
I, | e/m 
ee a ces a (OD 
y (Dmv) + (2m) (v? — r?) 

It is easily seen that the expression under the radical of 
this formula is very nearly (2a«yv)* [1+ (2rmív—vo)T)?’]. 
Thus forced vibrations have an appreciable value only if the 


e 1 e e . . e 
time -- is not too great in comparison with the time 
V — Vo 


constant T°. 

Further, according to equation (I.) the effect of a damped 
wave (IV.) having the time constant 7) and a natural fre- 
quency vg on a resonator having a time constant 7, and a 
natural frequency vı depends on vı—v in such a way as 
though the resonator were undamped and the wave had a 
small time constant 


1 E TT) 
ete 


— “9 
To Ti Tot Ti 
or otherwise in such a way as though the wave were 
lamped and tl | i i 
undamped and the resonator had a time constant Pee 
Ty TT 


The Bjerknes decrement law t. 
J 


* It is of interest to note that to within the approximation here con- 
sidered, the amplitude induced in a resonator by a wave of frequency » 
and given by (VI.) is proportional to the amplitude of the component 
oscillation in the Fourier integral (IV.\ This means that the width 
and the spectral distribution of the band of frequencies from which the 
resonator absorbs energy is the same as the width of the bands into 
which it radiates. If it were not for this fact there could be no true 
equilibrium of a resonator with black body radiation. 


t From (1.) we obtain the following results :— 
(a) We have: 


+o 
Ora ( - A - ; 
pam AH 2r( y= rr (L4+(2a(y—y, )r,)?] 
ga) 
= 2(ry+7,) mm pies Ne 
1+ (2x(v9-m)- oe ) 
or, 


This we interpret by saying that an oscillator having a time constant To, 
when subjected to a group of damped wave trains recurring periodically 
at intervals of l second having a peak amplitude 2 and a time constant 7, 
{see (IV.)), acquires an average energy which is 2(ro+7,) times the 
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These resonance relations, which are of importance in 
wireless telegraphy, are known to be true experimentally, 
and it is natural to require an extension of these relations 
in the quantum theory of spectral lines. Equation (IV.) 
appears to be the natural viewpoint to take in the quantum 


energy which would be acquired by a resonator having the same m.a-$ 
. . . ' ToT a 
and re-titution constant, but a decreased time constant r=-- ' il 


To tT: 
this resonator were exposed to a monochromatic wave of frequency v, 
aud of unit amplitude, 


(b) We have: 


*-F a0 dy 
(27o ri b+ 9zi A E Pes ae 
l Hri evro ll E Gaw nor] 


=- 
Tak 
= Op a To+T, : 
— hy 3° 
< pr 
1+ (2r =n) ) 
Tot T) 


This means that the energy dissipated by an oscillator having a time 
constant 7, from a group of waves hasing a time constant Ta recurring 
periodically at intervals of 1 sec.and having a peak amplitude 2, is 
2ry times the energy which would be dissipated by an oscillator having 
. Tafi . : . 
& time constant ones (with mass and restitution constants unchanged» 
(9) 
from a monochromatic wave of frequency vy and unit amplitude. 
The right-hand side of the above equation may be re-written as 


Cane ) 
l To tT) ees Toth, 
») 
2 yr TT 
1 ] e) f 01 
2miri—=r,) ) 
x +( | Ty tt, 
Since 
+a 
Tdv ; 
.) y 5 ay — py 
Megs L+(2al(y— r )r,) 


we can state that the energy dissipated may be also thought of as that 


Hee . . TT 
dissipated from a group of damped waves with a time constant -°° 
; : : ToT T, 
having unit group frequerey, a peak amplitude of 2, a frequency v, and 
acting on a very sharp resonator with a very large time constant r., 
. . . ys (r,r) 
provided that energy is multiplied by © “— ~~. 
-w ká Ti 
As special cases from (b) we obtain 


(6°) The energy dissipated by am infinitely sharp resonator from a 
group of waves having a peak amplitude 2,a group fre- 
quency l, and a time constant r, is 2r, times the energy 
dissipated from a monochromatic wave train of unit amplitude, 
of frequency vo, by a resonator having a time constant To. 


Electrons in Black Body Radiation. 563 


theory. A damped wave is resolved by this equation in 
a Fourier integral. The expansion happens to be of such 
a nature as to be similar to (VI.) integrated over v.’ It 
appears natural to require the same “similarity in the 
quantum case. Further, if the physical information of 
equation (I.) (the reciprocity of Tọ Tı) may be legitimately 
extended to the quantum case, then it appears that one 
must either form a dynamical model leading ultimately 
to spectral distributions equivalent to (IV.) or else one 
must postulate the direct applicability of (I.). 

It is natural to look for a quantum-theory analogne 
of (L), because the simplest fundamental phenomenon is 
the transition of one atom from a state of high energy 
to one of low followed by a transition of another atom in 
the reverse direction. The first phase leads to the emission 
of a quantum having a finite length of emission, and there- 
fore the general characteristics of (1V.). The second phase 
is the absorption of that quantum. ‘This we may suppose 
to happen in a manner analogous to (1.). If such is the 
case, we should expect that experiments on the absorption 
of resonance radiation will give apparently larger width of 
spectral lines than one should suppose from the value of 7. 
It the emitting and absorbing atoms have the same Ty 
the effective value of + is T/2. 

The writer knows of no direct experimental evidence 
bearing on the existence of such ettects. However, by 
analogy with classical theory it would be surprising if 
they were absent, and further it would be very dificult 
to see how equilibrium with black body radiation is main- 
tained unless the emission and absorption bands have the 
same width and spectral distribution. The formulation of 
quantum theory does not seem satisfying therefore before 
one is able to account for the width of lines for emission as 
well as absorption on the same basis. A tentative theory 
explaining the width due to collisions on the same hasis 
as the intrinsie width has been given by the writer (Proe. 
Nat. Acad. /.¢.). A different and in all probability - more 
correct point of view is taken by Bohr *, who ascribes the 
width of lines to an intrinsic inaccuracy in the applicability 
of quantum rules which causes the spectral width. Whether 
the broadening is actual as suggested by Bohr, or statistical 
as the above would suggest, the order of magnitude of the 
effect is such as would be caused on a classical resonator 


* Zeits. f. Phys. xii. pp. 145-153 
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9 o? 
damped by the force 3 e if v,or else undamped but interrupted 


by external influences at time intervals comparable with the 


time constant of the damped resonator *. Thus here also 
9 e? 


there is a certain similarity of the action of the a -v and 
of the external forces. To summarize : 
(1) The equations of motion of an electron in its orbit 
are to a first approximation classical, provided the 
radiation force a and the wave force ed += [ vh | 


are disregarded. 


{2) The electron leaves its quantized state and passes into 
a state of higher or lower energy if the amount of 
work done on it by either of the neglected forces is 
equal to the energy difference between these states 
(or perhaps both). The forces are regarded as 
acting on a collection of equivalent resonators which 
represent the mean motions of the electron between 
various quantized states. 


(3) Besides the function of determining probabilities of 
transitions between quantum states, each of the 
equivalent resonators of frequency vo acts on in- 
cident wave of frequency v as though it were a 
classical resonator. This view is forced on us by 
phenomena of dispersion . 


The writer’s purpose in sketching the above theory is 
to point out that the classical wave theor v, if given proper 
attention, is not powerless in dealing with phenomena for 
which light-quanta have been expecially devised. He may 
be permitted to call attention to a phenomenon (in addition 
to those of interference and diffraction which are strongly 


* The question as to a possible difference in the width of an emission 
and an absorption line, which has been discussed in the above-mentioned 
note, must apparently be answered in the sense that such a difference 
does not exist, for otherwise the equilibrium with black body radiation 
would not be maintained. This is true even in such radiation fields in 
which the atom rests in the lowest state a very long time before passing 
to an upper level. 

+ One can state this definitely only for frequency y not too far 
from v. However, in a purely speculative manner one might 
suppose that the deviation of atomie dynamics from classical is due 
to an interaction between electrons taking place in terms of equivalent 
resonators rather than according to the inverse square law, 
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emphasized by Bohr) which apparently is in favour of 
classical wave theory. This is the tendency of a y-ray 
to emit ĝ-rays out of the atom in which the y-ray is 
produced. The inapplicability of light-darts is mentioned 
by Meitner*. It is of interest to point out that on the 
wave theory, estimating the time of emission of the y-rays 
by the classical formula, a value of the electric intensity i in 
the neighbourhood of the K ring results which is com- 
parable ‘with the electrostatic field due to the nucleus. It 
seems very natural from the point of view of the wave 
theory that the electron is thrown out under these circum- 
stances. The evidence from the Compton effect at the 
present. time is not very decisive, especially on account of 
a possible classical Doppler effect which is pointed out by 
Bauer tł. It will suffice to state that the original Compton 
effect was diffuse ; that the tertiary radiation effect of 
Duane, Clark, and Stifler is also diffuse ; but that the lines 
photographed by J. A. Becker, E. C. W nison, W. R. Smythe, 
R. B. Brode, and L. M. Mott-Smith are sharp T: 


After writing the article the writer received the May 
number of the § Philosophical Magazine, in which Bohr, 
Kramers, and Slater deal with the iey riual ” resonators 
in connexion with optical phenomena in general. In many 
respects the views proposed here are similar to theirs. The 
aspects of the reactions discussed are different, however. 
The writer is very grateful to Prof.. J. H. Van Vleck for 


many valuable comments. 


The University of Minnesota, 
June 3rd, 1924. 
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* I. Meitner, Zeits. f. Phys, xix. p. 307 (1923); . D. El 


p. 203 (1922), and Proc. Camb. Phil. Soe. xxvi. x 
Meitner, Zeits. f. Phys. xi. p. 95 (1922). 
t E. Bauer, C. Rend. at pp. 1031-1033 (1925). 
t American Physical Society, Washington Meeting, April 25-26, 
Added in proof.—aAt the W ashington Meeting of the American 
Physical Societv (Dec. 1924) an appare: ntly definite verdict in favour of 
the Compton eff-ct has been obtained. As stated, however, this dees not 
ecntradict the views presented, 
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LX. The Mobility of the Positive Tons in Air. 
; By H1. B. WaunLixs *. 


Po determinations of ionic mobilities have shown 

that the nature of the ions formed when a gas is 
ionized by æ particles is more complex than was hitherto 
supposed to be the case. Erikson f, using a moditieation of 
the air-stream method for determining mobilities, has 
demonstrated the existence in air of positive ions having 
mobilities of 1:35 and 1:89 em./sec./voltjem. The higher 
value was obtained if the mobility was determined soon after 
the ions were formed, and the lower value if the ions were 
allowed to remain in the gas for about ‘5 see. before the 
measurements were made. This lower mobility may be 
termed the normal mobility, since it represents the value for 
the most stable form of the ion after it has remained in the 
gas for an appreciable length of time. It is the value 
generally ascribed to the positive ion in air, l 

Phe most obvious explanation of Erikson’s results is that 
the initial ion when aged picks up one or more neutral 
molecules to form a heavier ion, and therefore one with a 
lower mobility. 

Nolan f, using the alternating field method as well as the 
air-stream method, has been able to obtain not only the 

values given he: but values much higher than those 
observed by Erikson. He found mobilities as high as 
11:2 em./sec./volt/em. for the positive ion. 

The work presented herewith was undertaken to determine 
if ions having mobilities lower than the value ascribed to 
the normal ion could exist in air. The method used was the 
Franek modification of the Rutherford alternating current 
method, and has been described in an earlier paper §. The 
ions were produced in an auxiliary chamber and were 
driven through a ganze by a field which could bhe varied 
from 2/10 volts/em. to 39 volts/em. The polonium used as 
an æ partiele source was so arranged that the ions had to 
pass throngh an appreciable layer of the unionized gas before 
passing through the gauze into the alternating field. Thus, 
bv using a low auxilis ary field, all the ions could be aged for 
a ‘longer time than would be the case if the entire space in 
the auxiliary chamber were under the influence of the 
ionizing radiation. [n this ease an appreciable number of 

* Commuuicated by the Author. 
+ Erikson, H. A., Phys. Rev. n. s. xx., Aug. 1922. 


t Nolan, J J. , Proc. Irish Rov. Acad. xxxvi. A (1923). 
§ Wahlin, H. B, Phys. Rey. Sept. 1022, 
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the unaged ions would pass into the alternating field even 
if the auxiliary field were so low as to allow the greater 
portion of the ions to become aged. The effect of ‘such a 
condition would be to cause the mobility curves to approach 
the voltage axis less sharply, and consequently make a 
determination of the mobility from the intercept inaccurate. 

The alternating field used in these determinations was 
obtained from the 60 cycle alternating current lighting 
circuit, and also from a vacuum-tube osciliator of the Hartley 
type. The frequency of this oscillator could be varied from 

180 eycles/sec. to as high a value as was desired. When 
the oscillator was used, “the alternating potential was ob- 
tained hy grounding one side ot the condenser in the 
oscillating circuit, and connecting the other side through 
the necessary key to the gauze. "The alternating potential 
could then be varied by adjusting the plate voltage only. 

Since the ions can age after passing through the gauze as 
well as before, it is necessary that the alternating field be 
as high as possible so that the ions will reach the collecting 
plate i in a time short compared with the time necessary for 
ageing to take place. For this reason, the mobilities were 
determined in as high fields as could be measured accurately. 

The air used in these determinations was dried by passing 
it slowly through a tube 75 cm. long filled with potassium 
hydroxide, then through a similar tube filled with calcium 
chloride, through two tubes of the same length containing 
phosphorus pentoxide, and finally through a trap cooled 
with liquid air, and a coil also immersed in liquid air. From 
this coil it passed into the measuring chamber. Water 
vapour as well as any other condensable vapours would thus 
be reduced toa minimum. The coil was in direct connexion 
with the chamber, and was therefore kept immersed in 
liquid air during a series of determinations. 

Mobilities were determined with alternating fields ranging 
from 45 volts/em. to 105 volts/em., and with auxiliary fields 
as given above. The method of procedure was the usual one 
of measuring the charge received by the collecting plate in 
a given time y for different values of tire alternating ‘potential, 
This charge can be taken as a measure of the current. 
From the data thus obtained a curve of the current acainst 
alternating voltages is plotted, and the mobility determined 
from this. 

If only one type of ion were present, one would expect a 
smooth curve whieh would approach the voltage axis quite 
sharply. If more than one type of ion, each with a different 
mobility, were present, however, these curves would show 
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quite sharp breaks. The resultant curve would in this case 
consist of a number of mobility curves each with a definite 
voltage intercept superimposed on a curve with a lower 
intercept. Therefore, from the breaks in the mobility curves 
as well as from the intercepts the mobility K may be deter- 
mined by the relation 
K=" nd? P 

~ V2V 760" 
where d is the distance between gauze and collecting plate, 
nis the frequency, V is the effective value of the alternating 
voltage, and P is the pressure in mm. 

Fig. 1 illustrates the types of curves obtained at a pressure 
of 200 mm. with a distance d equal to 15:5 mm., and with 


Fig. 1. 


Velts 


a freqnency of 60 eycles/see. Curve 1 was obtained with 
an auxiliary field of 3 volts/em., and curve 2 with a field of 
1:5 volts/em. The curves shown in fig. 2 were obtained at 
a pressure of 50 mm. with a frequency of 2 230 evcles/sec., and 
with d=15°5 mm. Curve 1 was obtained with an auxiliary 
field of 37°5 volts/em., eG 2 with a field of 18 volts em., 
curve 3 with a field of 25/100 volts/em., and curve 4 with à 
field of 1'5. The breaks appearing between 65 and 68 volts 
give the normal mobility 135 em./sec./volt/em. Breaks 
above this would correspond to lower mobilities and those 
below this to higher mobilities. 

As may be seen from an examination of these curves, 
with sufficiently low auxiliary fields, ¿. e. when the ions 
have a lone time in which to ave, ne ions become more 
complex. Curve 1, fig. 2, shows “that the initial ion is of 
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one class only. It is :ossible that the initial ion observed 
here is a single molecule, and that the ageing consists in 
adding molecules o atoms to this. This, however, i is not in 
accord with the work of Nolan, since he was able to observe 
ions with mobilities as high as 11-2 em./sec./vol'/em., while 
the highest value observed in this work was 1'89 em. /xec./ 
volt/em. If this 1:49 io» corresponds to a single molecule. 
ion, it would be difficult to account for the higher values 
obtained by Nolan. The writer was unable to observe the 
high mobilities given by Nolin. However, it is possible 
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that these age so rapidly that unless they are caught im- 
mediately after formation they will pass over into a less 
mobile type. If that is the cas , the experimental conditions 
were not favourable for the observation ot them. 

In some cases pias w - ind cationsof a break in curve 3, 
fig. 2, and curve 2, fig. 1, at ahout 105 volts. This break 
coull not be repeated ‘at will, however, so that the mobility 
comp ited from this point was not noted. 

The mobilities observed by the writer, together with the 
corresponding values found by Erikson and Nolan, are given 
below :— 


Nolan _...... 1:79 1:52 1:37 
Erikson ...... 1:59 SF 135 
Wahhn = ...... 1 89 LoT 135 1-20 1:10 970 


Phil. Mau. S 6. Vol. 49. No. 291. March 1925. 2 P 
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By an examination of the curves it may be seen that the 
1'2 ion (intercept at 75 volts) disappears, as the ageing time 
is decreased, before the 1°10 ion. The explanation immedi- 
ately suggests itself that this ion is due to a breaking down 
of the 1:10 ion. Possibly what happens is that the 1°35 ion 
adds on a molecule to torm the 1°10 ion, and this loses an 
atom and forms the 1'2 ion. 

The indications are therefore, that, while with average 
time of ageing the bulk of the ions present are such as to 
give a mobility of 1°35 cm./sec./volt/em., with sufficient 
ageing ions with lower mobilities may be present. That the 
presence of these ions depends on the time of ageing is 
shown by the fact that the lower mobilities disappear as the 
ageing time is decreased, until finally those ions having a 
mobility of 1:89 cm./sec./volt/cm. predominate. 

In conclusion the writer wishes to express his thanks to 
Mr. C. M. Bardin for his assistance in obtaining these data. 

University of Wisconsin, 


Madison, Wisconsin. 
October 17, 1924. 
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LXI. A Theorem in Tidal Dynamics. By J. PRouDMAN 
(Tidal Institute, University of Liverpool) *. 
1. Ce theorems on pairs of solutions of the wave- 
equation (V7? + x?)¢=0, of which Green’s theorem 
is the root, are well known t. Inthe present paper { these 
theorems are extended to the general dynamical equations of 
the tides. 

Theorems of the type indicated appear likely to be helpful 
in the attempt to determine the characteristics of the actual 
tides far away from land. For example, if the tidal elevation 
is known at all points of the coast of a landlocked sea or 
ocean, the present methods provide a means of calculating 
the elevation at any point notonthe coast. But the methods 
are not restricted to landlocked basins, as will be seen 
from §§ 5, 6. 

The main theorem of the paper (§ 3) is a relation between 
certain integrals involving functions which satisfy the 
tidal equation-, and also auxiliary functions which satisfy 
equations similar to, but not identical with, the tidal equa- 
tions. The auxiliary functions contain a large arbitrary 
element and ure not subject. to any boundary conditions. 

* Communicated by the Author. 


t See for example, Lamb, ‘ Hydrodynamics, Arts. 290, 305. 
t Part of Adams Prize Essay, 1923. 
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Their determination is therefore free from the chief difficulty 
of tidal problems. For any distribution of ocean-depth they 
can be constructed by direct computational methods, and if 
the depth may be regarded as uniform they can be repre- 
sented with great ease (§§ 5, 6). 


2. General Equations of the Tides. 
We shall denote by : 
a the radius of the Earth, 
Q the angular speed of the Earth’s rotation on its 
uxis, 
g the acceleration due to gravity, 
6, x the co-latitude and east longitude of any point, 
z,y Cartesian coordinates in the mean surface of a 
flut sea, 
h the depth of water below any point of the mean 
surface, 
¢ the time, 
€ the elevation of the free surface of the water at 
any time above any pvint of the mean surface, 
u, v,v the mean values along any vertical of the velocity- 
components at any time in the horizontal 
directions of increasing 6, y or z, y, and along 
the normal to a section respectively, 
— gë the potential of the astronomical disturbing forces, 
F,G the components of the external frictional force 
per horizontal area and per density of the 
water, 
o the speed of the harmonic tidal constituent con- 
sidered. 


It is convenient also to write 
w=NQ cosh, =t. 


We shall consider a complex harmonie constituent, so that 
the time enters only through the factor e*t and only the 
real parts of the functions are to be interpreted. 

The equation of continuity may be written as 


R EY ESE a )ettefl=0, (2.1) 
and the equations of motion as 
| vey OG cd Beppe OG, lO 
IOUS ZOU Gn ps ee da asinddy A 
co i Hee) 


A ce 
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We shall use a triad U, V, Zof auxiliary complex functions 
of 0, y which are continuous and satisfy the differential 
—, 


a fe (hU sin 0) + 3- -ant +io4=0, (3.1) 
; OZ... 3 OZ 
2i E py ET ER ents Q¢ 
io U+20V I a0’ io V —?wU = R E (3.2) 


over the ocean. It is to be noticed that in defining these 
functions we have changed the sign of w from (2.2 

Now take any definite region of the ocean and let N 
denote the component along the outward drawn normal at 
any point on its boundary of the vector whose components 
in the directions of 0, y increasing are U, V respectively. 
By the aid of Green’ i Theorem applied to this region, we 
deduce from (3.1), (2.2 


val 


fagnas= J l ng f2 apu sin 0) + T S ag Vj t dS 


AI 7 { f e'ZdS +{f h KES ont Ves ots) ds 


= —ic | C'Zd5 s (| hfico(Uut Vv) 


— 2w(Uv— Vu) dS -; (| (FU +GV)ds. 
(3.31) 


Here the line- integrals are taken round the houndary of 
the region considered, and the surface-integrals are take n 
over its area. Similariy using (2.1), (3.2) we obtain 


(ize —io (f ZędS— f (| hfic(uU+rV) 
Yo(uV—rU)}dS, . . (3.32) 
so that 
(ae Nas- (nzvds =ic | (zas = A| | FU +GV)aS. 


(3.4) 
Equation (3.4) constitutes the theorem. 
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Suppose that the functions U, V, Z are specially related 
toa particular point Q in such a way that for any point P 
on 2 circle of centre Q 


2m. QP. AN>... (AD) 


as P—>Q, where l is a convenient constant length. We 
shall say that the functions have a source at Q, at which 
point of course, on account of the intinity, they do not 
satisfy the condition of continuity laid down in § 3. 


Let us suppose that U, V, Z are continuous at every 
point considered other than Q. Then on applying the 


Fig. 1. 


theorem of the last section to an annular region round Q 
(fig. 1), we obtain, on making the inner circuit shrink into Q, 


ol{ = (1E N-Zv)ds—ie | f czas, a oa E2) 


on supposing that F=G=0. In (4.2) the line-integral 
reiates to the outer curve oly and the surface-integral to 
the whole area which it contains. 

Equation (4.2) provides the means of calculating the 
elevation at any point inside a closed curve, providing we 
know the elevation and normal current all round the curve 
and frictional forces inside the curve may be neglected. In 
particular, we can calculate the elevation at any point 
inside a landlocked sea or ocean providing we know the 
coastal values. Once the functions U, V, Z have been 
constructed, the computations involved are of a direct and 
relatively simple kind. 


Next suppose that Q lies on the bounding curve of the 
region under consideration, but that for the purpose of 
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applying (3.4) we exclude Q by means of an arc of a circle 
having this point for its centre (fig. 2). We obtain, on 
making the circle shrink into Q, 


botta- fat Nas=- | 1Zvds—io (\ czas, (4.3) 


which is an integral equation of Fredholm’s type, determining 
¢’ on the boundary when v is known on the boundary. This 


Fig. 2. 


integral equation does not appear to have been previously 
given, though similar equations are familiar in the theory 
of potential. Integral equations which have been previously 

ae ; 
proposed for the solution of tidal problems involve Green’s 
functions. 


5. Flat Sea of Uniform Depth. 


Now let us suppose that the region under consideration is 
small enough for the curvature of “the Earth to be neglected, 
and also that we may take h as constant. The equations 
(3.1), (3.2) may be replaced by 


3: 7 oZ B 
5 ai + 3y? teL=0; « w & -» (9,1) 
o? —4w* OL 2wAdAz4 
ia Se ae 
go Ov ao OY 5.2) 
o—dw*?,, OZ  2w dZ | 
— V= -+ O o, 
go Oy o ÒT 
where x? =(0?°—4w°)/ah, 


and œw is now constant. 


Let us first apply (3.4) to a region bounded by the coast 
ABO and a straight line OA (fig. 3). We shall show that 
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when we know the tidal elevation on the coast we can calcu- 
late both the elevation and the normal current at all points 


along OA. 


Fig. 3. 
y , 
B 
6) x 
A 
Take axes as shown and first let 
icl : 
Z=% eos se sin bel, 


where s is a constant, and 
pe =K. 
This satisfies (5.1) and on OA makes 
Z=0, AN=—AV=cl’ cos sz. 
On applying (3.4) we obtain, if OA =b, 


b hi Ge 
Col? cos sede + í hE N ds = ic (| CZds. 
«0 a ABO ae 


Now suppose that b= mr/s where m is any integer. 


K m *m 
| C'ol? cos sede = 7 at*| Ẹ' cos mEd€, 
0 9 


Then 
(5.33) 


and gives the coefficient of a Fourier’s cosine-series for ¢ 
along OA. Asi is at our disposal, we thus see that we can 
calculate the terms of this series when we know € over the 


sea and ¢ round the coast. 
Next take 


D6 

lws . , 
— = COS SX COS My +. —SIN se sin py 
l Pi in ps PY» 


which also satisfies (5.1). On OA this makes 


Z=leosse, AN =— AV =0, 
so that on substituting into (3.4) we obtain 


» ha o/? i 
{ weNas— | hvl cos sx de = io (| CZ.d8. 
ABO 0 « 


(5.41) 


(5.42) 


(5.43) 
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Again, 
"b m "= 
í lvl cossrde= ~lh | vcos mdg, . (5.44) 
e 0 s Y 
and we see that we can evaluate the terms of the Fourier’s 
cosine-series for y on OA. 
To illustrate the formule of § 4 let us take 
L=hinrlKo(aer). 2. 2... (5.51) 


where Ko ( ) denotes the Bessel’s function of zero order 
and second kind. This makes the radial and transverse 
components of the vector (AU, AV) respectively equal to 


— roto Ko(«r , — jos? - Ko(ær), . (5.52) 


r 


and therefore the value of AN is given by 
—łol’? vos ta sing } ox (xr), . (5.53) 
' io or ° i 
where œ is the angle between the outward drawn normal 


Fig. 4. 


and the radius vector from Q (fig. 4). The expression 
(5 53) may equally well be written 


Ò 2 , 
—łol’? SES) Ko(er). . . (5.531) 
Equation (4.2) then takes the form 
mares f Ò 2w 0 K? l 
400= (| t(<.- ro z hy Ko(«r)ds 
+2 (ci (ena. (5.54) 


If we next suppose that the sea is non-rotating so that 
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@=0 and 
ia OC 


K” àn’ 


hv = 


equation (5.54) becomes 
i=- í | ¢’ a Ky (ar) — Ky(ar) | ds 
+ e | | eK Genus. (5.541) 


If we still further restrict by supposing that there are no 
disturbing forces, so that =U, we obtain a result given by 
Lamb * except that we have taken Ko(«r) instead of Dy xr). 
The use of the real function Ko(«r) instead of the complex 
function Do(«r) is legitimate when the region under consider- 
ation does not extend to intivity, as the two functions only 
differ by an imaginary multiple of Jo(«r) which has no 
sources in any finite region. We thus see that (4.2) is a 
generalization of the formula given by Lamb so as to cover 
the extra circumstances of curvature and rotation of the 
Earth, variable depth and the action of disturbing furces. 


The integral equation (4.3) takes the form 
Per | ai (cos d— a sin $) 2 Ko(ar)ds 
i 
= A hy Ko(xr)ds + «? | EK Corpus. . . (5.55) 


Now the principal part of QKo(«r) [òr as r>0 is —2/rr, 
and we see that all the integrals are convergent, except that 
containing sing as a factor, which is semi-convergent. 
From the way in which the equation was obtained it is clear 
that we must interpret this invegral as the limit of that 
obtained by excluding an are of centre Q, when the length 
of this are tends to zero, i. e. as the “ principal value” in 
Cauchy’s sense. 


6. Ovean of Cniform Depth. 
Suppose that 


497a? U ae | 
oe = iU, sin" g eX | 
gh oa 
4070? V E I 
si yie = : r— —? X ` 
ah ad Vesin alg eA ya a (L 
-a 
< = Z,.sin"@.e-%% 
h J 


* * Hydrodynamics,’ Art. 505. 
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where U,, Vm Z, are functions of @ only, and r, s are 
numerical constants. 

It is found* that both for r=s and r= — s solutions of 
(3.1), (3.2) exist which make U,, V,, Z, finite at the Equator 
and the North Pole. We shall fix their magnitudes by 
supposing that U =1 when 0=0. 

When r=s we shall call the solution 


Man + r+ 
Ls, Va, Z, 
and when r= —s we shall call the solution 
Us Von linn 
It is to be noticed that in the above s may be either 
positive or negative. 


Let us suppose that an ocean does not extend to the 
North Pole, and let us consider only that part of it which 
lies to the north of co-latitude a( Lr). L t us also suppose 
that the parallel of co-latitude æ strikes the coast at y=0 
and y=mr/s, m being an int-ger which determines s. 

Now consider the solution of (3.1), (3.2), in which 


ah Z. y sint OZF /pe— sin OZI Ags 


irek o Pape Refy -s 
E 3 I fs — xin’ L Ne 
EAK in 02L p-s sin’ @Z, fis (6.21) 
3 l ~af[ Pps Qy: , 
where Pss P—s, fs, Ys 


denote respectively the values of 


sin’ 0. Z7, sin-*@.Z7,, sinf06. Z7. -in-'@.Z2, 


for @=a,. and 


Fa Poa Qa Qe, 
denote respectively the values of 
sint? @. Už, sina*-'@.U7,, sins-10. U7, sin™tt 0. UZ, 
for d=2. We shall then have for @=2 
Z=(0, U=ca cossy. 
On applying (3.£) we therefore obtain 
(ne. gu cos sy . a sin ady + ig Nae lo | i CZdS, (6.22) 


e 9 


where the line-integral is taken round the coast of the ocean 


* See G. R. Goldsbrough, Proc. Lond. Math. Soe. (2) xiv. pp. 31-66. 
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and the surface-integral over the surface of the ocean, in 
each case north of @=e only. 


Now 
See ; moah sin æ 

i) hY ca cos sy . a sin ady = ; T cos mEdE, 
o 


and we thus have the coetħcient of a eee cosine-series 
for along the parallel of co-latitude a. As m is at our 
disposal we can thus evaluate ¢' along any parallel of latitude 
when we know its values round the coast, and those of ¢ 
over the ocean. 

Again, when 


Ly ig, Sim OZ /P,— sin-"6Z_,./Q_s 
Pll Ua Qs 

Laing SIN * OZ LŽ Pae sin OZ, [Qs re 

+ gex p-s/l SEN J >» ( 1) 

we have 


L=hcossy, hU=0, 
on =a, so that (3.4) will yield 


« O 


fugnus í hv.h cossy. asin ady=io| | ZdN, (6.32) 


the integrals being taken as in (6.22). Again, we see that 
we can evaluate v through its Fouriers series along any 
parallel of latitude. 


LXII On Kinematirs. 
Ly CHaruLes L. R. ls. MENGES *. 


HE following concerns the modern views related to 
electromagnetism. This subject being treated so 
clearly and concisely in Prof. J. H. Jens well-known 
excellent book f, a quotation therefrom will be the best 
beginning to attach mv explanations. 
Page 607 reads :—“ In Fizeau’s water-tabe experiment, a 
stream of water was made to flow through a tube, its 


D 
velocity of flow being u relative to the earth, and a ray of 


* Communicated by the Author. 
tJ. H. Jeans, ‘The Mathematical Fheorv of Electricity and Mag- 
netism ’ 4th edition (Cambridge, at the University Press, 1923). 
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light was passed through the water in the direction of its 
motion. To an observer moving with the stream, the water 
would appear to, be at rest, so that the light would be propa- 
gated relatively to this observer with a velocity w connected 
with the refractive-index v of the water by the relation 
(C=velocity of light in vacuo) 


a. ce Boer a OD 


“ According to classical laws of kinematics, the light 
ought to travel, relative to an observer at rest on the earth, 
with a velocity 


ul bu ee ge A Uk ca, cee 


C ee 
or F Ee 2) 


“ Fizeau found it possible to measure the actual velocity 
by an interference method and formula (3) was not confirmed. 
The formula 


C t 
© tu(1— 2) ae ee Be oe 


was found to represent the velocity accurately both for 
water and other transparent media.” 

The generally admitted inference is :— 

By applying the laws of kinematics to Fizeau’s water- 
tube expriment, formula (3) is obtained, and this formula 
was not coifirmed by experiments. Therefore those laws 
of kinematics are not true. 

This conclusion is derived from results obtained by means 
of a moving liquid, water, which has obvious practical 
advantages for the experiment, But the theory, the kine- 
matical ‘insight of the question, is more intricate when the 
ligit-waves propagate in a motionless tube, wherein water 
Hows, than when they traverse a moving solid transparent 
substance. It is therefore of importance, that formula (4) 
for flowing water has been very accurately confirmed in- 
directly by Prof. P. Zeeman’s experiments on Fizeau’s effect 
in moving solid transparent substances * 

Tue following concerns in particular J"izeau’s effect in 
moving transparent solids, 


* P. Zeeman, Ferslagen Akadem. Amsterdam, xxvii. p. 1458 (1919). 
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In Zeeman’s experiment the source of light L sends a ray 
through a glass cylinder AB moving with the vel city u 
reiative to L. When the glass cylinder is still at rest, the 
frequency n? of the light-waves in it is the same as in the 


source L. Then the light-waves propagate with velocity 
u? in the glass, its refractive index being v’ according to the 
relation és 
t 
0 — — = 
C= a Ss See Be oh, ces SOD) 
We know that the refractive index of glass, when at rest, 
v.ries with the frequency of the light-waves. The frequency 
in the glass being n instead of n°, the refractive index is by 
Lorentz’s formula *: 
dy? 
E, 0 p 
y =y n Ā— = te ° . . ° . i 
+( Vi (6) 
When the frequency of the source I remains n°, but the 
glass is moving with velocity wv in the d rection of the propa- 
gating light-waves, then the frequeney in the glass is no 


v 


longer n°, By Doppler’s effect it is then 


aaa . oe we th we oe (7) 


Lorentz improved Fresnel’s original formula with v’, by 
replacing v? by v from equation (0). . The velocity u may be 
introduced in equation (6) by replacing n—x® by its valu- 
from equation (7). But it must be well understood that 


us in equation (6) is not in the least related with movement ; 
Vt 
its value is takes from experiments wethout any material 
movement Therefore, with pv according to equation (6° 
instead of v, only a diference in frequency apart from 
motion is t-ken into account, but not that part of the observed 
total effeet, which in particular results from motion, 

To di-cuss the question clearly, three exactly defined cases 
will be consi-lered, 

Casg L: The source of ligh L with frequency n° and the 
glass evlinder at rest ; the frequen y in the glass is also ne’. 

Case 2: Without material movement as in case 1, but the 


* II. A. Lorentz, ‘The Theory of Electrons, p. 191; and note 69, 
p. 316 (B. G. Teubner, Leipzig, 1909). 


582 Mr. C. L. R. E. Menges on Kinematics. 


frequency of the source L and in the glass AB both being 
now n» instead of n°. 

CAsE 3: As in case 2 the frequency of the light-waves is n 
in the glass AB, which, however, is now moving away from 
L with velocity u. 

In this last case with the movinu glass cylinder (Zeeman’s 
experiment), the frequency in the source of light L must 
differ from n because of Doppler’s effect. But immediate 
action at. a distance is excluded, therefore the different 
frequency in L cannot by itself produce in the distant glass 
cylinder AB an effect differing from that in case 2. As 
experiment proves beyond any doubt that the optical effect 
in case 3 is really different from that in case 2, there must 
exist in the field, immediately in contact with the glass face 
A, in case 3 something which ditters from that in case 2. 
Now, in vase 2 without material motion, the velocity of the 
light-waves which fail on the face A is C. But in case 3 
the face A is moving with velocity u relative to its position 
in case 2, where it receives the waves with velocity C. 
Therefore in case 3 the speed wherewith the moving jace A 
receives the waves is by kinematics equal to C—u. 

This being taken into account, I showed * by pure mathe- 
matics and kinematics, without introducing a “dragging 
coefficient”? or any hypothesis of that kind, that v» in 
formula (1)—to make it kinematically correct for a moving 
substance be it water or glass—must be replaced by 


v =v= 51) ee ee 8) 


The true formula for u’ in moving glass is then 


i ee es: oe ee I) 
V u : 
y— 4 (= 1) 


It is now easy to explain the above given quotation : 
“ Fizeau found it possible to measure the actual velocity and 
formula (3) was not confirmed.” 

For formula (3 , namely 


1 


ai E E A 
> 


is obtained by inserting in formula 
wtu s coa ew ee (2) 
the value of u' from 


® Comples Rendus, clxxv. p. O74 (1922). 
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Formula (2) being taken in accordance with perfectly true 
laws of kinematies, then it will certainly become false, if the 
true value of w be replaced by a value which is contradictory 
with said laws. This is the case with formula (3), because 
of the false value of wu’ from equation (1), which ought to be 
true for the moring glass. But in this sense © in it is 
certainly inconsistent with the laws of kinematics, as I above 
explained ; C must be replaced by C—w, giving the kine- 
matically correct formula (1a). 

Instead of the hitherto generally admitted inference that 
the laws of kinematics, as expressed in formula (2), are not 
correct, the true inference now is quite inverse. or 
according to the laws of kinematics formula (1) must be 
replaced by formula (la), and this is exactly confirmed by 
Zeeman’s very accurate experiments. It follows from the 
formula confirmed by Zeeman’s experiments, his formula 
being obtainable from my new formule (la) and (8) by pure 
mathematical transformations, as follows. 

The glass cylinder of length J being at rest, the specd of 


. e . C ° ° 
the light-waves therein is u? = a and it contains 
u? ln? 
9 ~ 0 
waves. While the glass cylinder moves it contains 


ln 
Tone 


u 


waves. The optical effect of motion is therefore 


[e n 
wW up 


and with «' from formula (la) it is 


on 
n? a ln? 
A ER a Oa 
; C  U—u C n) 
yoo y 
With formule (6), (7), (8) and the wave-length Y= 2 
this optical effect is È 
lu 


which is Zeeman’s formula. 
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LXII. The Proof of the Corollary of Carnot?s Theorem. 
By ARTHUR E. RUARK *. 


F FXHERE are many methods for proving by the use of the 

first and second laws of thermodynamics the theorem 
that “All reversible engines working between the same 
temperatures have equal efħiciencies.” 

So lar as [ can find, it has not been pointed out that this 
statement may be der ived by using the first law together with 
a postuluite which denies the validity of the second law. This 
postulate mav be stated in the form: It is impossible for 
any self-acting mechanism working in a complete cycle to 
produce wor k continuously by transferring heat from a 
higher to a lower level of temperature without producing any 
other effect 

Let us first consider the usual proof of this theorem. Let 
there be two reversible engines, 1 and 2, such that in a single 
evcle each does work W. Engine 1 takes in heat Q, from 
the hot bath and gives heat qı to the cold bath, while 
engine 2 takes in Quand rejects go We have 


Qg =W =Q:-—4G, 
whence 
Qi- Q= nge 


If engine 1 drives engine 2 in a reverse direction, the hot 


bath loses Q,—Q, and the cold bath gains g,—q3- By the 


second law 
Q,—Q,>9. 


But if engine 2 drives engine 1 reversely, we find in exactly 
similar manner that 


Q.—Q) 20. 
Therefore Q= Qa g,= 2, and 

WwW 

QQ: Qr 


If we say, on the contrary. that the hot bath gains heat at 
the expense of the cold bath, we have in the first experiment 


Q- Qs <0, 
and in the sceond Q.—-Q, <0, 


leading to the same econelusion as before. 


* Publishe d by permission of the Director of the Bureau of Standards 
of the U.S. Department of Commerce, 
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The interest lies in the fact that deductions from the 
theorem “ All reversible engines working between the same 
temperatures have equal efhciencies ” cannot be used as the 
basis of experiments designed to test the validity of the 
second law. It will be understood, of course, that the above 
objections do not apply to the theorem “A non-reversible 
engine cannot be as ethcient as a reversible engine working 
between the same temperatures.” It is only the preceding 
statement concerning all reversible engines which can be 
proved by postulating the opposite of the second law. 


Bureau of Standards, 
October 30, 1924. 
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LXIV. The Influence of Temperature on the Intensity of Re- 
flerion of X-Rays from PRocksalt. By R.W. James, M.A., 
Senior Lecturer in Physics in the University of Manchester *. 


CONTENTS. 
. Introductory. 
. Previous experimental work. 
Description of experiments. 
. Permanent effects of heat on the reflecting power 
of rocksalt. 
. Results of observation. 
. Correction of observations. 
© Discussion of results and deduction of an empirical 
law to tit them. 
. Comparison with Debye’s theory. 


l. A THEORETICAL expression for the influence of 

temperature on the intensity of the interference 
maxima produced when X-rays are diffracted by a crystal 
was first obtained by Debye t in 1913. Suppose a beam of 
X-rays of wave-length à passes through a crystal in a 
direction making a glancing-angle @ with a series of 
atomic planes whose spacing is d. Then the spectrum 
of the nth order may be considered as produced by reflexion 


at these planes, if 
P ? 2d sin 0 = nÀ. 


If the atoms lie exactly in the plane, the contributions from 
all of them to this spectrum will be exactly in phase ; but 
if, by reason of their heat-motion, they are displaced by 
varying small amounts from these planes, the contributions 


* Communicated by Prof. W. L. Bragg, M.A., F.R.S. 

+ P. Debye, Verh. der deutsch. I’hys. Ges. xv. ' pp. 678, 738, and 867 
(1913). 

Phil. Mag. S. 6. Vol. 49. No. 291. March 1925. 2 Q 
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will no longer all be in phase, and the intensity of the 
spectrum will be correspondingly reduced. Debye in his 
earliest papers supposed each atom to be bound by a quasi- 
elastic force to a position of equilibrium lying in the atomic 
plane, or rather at one of the lattice points of the crystal. 
Owing to the heat motion, each atom is displaced at any 
instant by a certain distance from its equilibrium position. 
If we knew all the displacements at any time, we could 
calculate the effect on the intensity of the X-ray beam 
diffracted in any direction. Debye carried out the calcula- 
tion fora given configuration, multiplying the intensity factor 
so obtained by the probability of the occurrence of the con- 
figuration, and summing up over all possible configurations 
obtained a value for the mean intensity of the diffracted beain 
in any direction. The probability of a given set of displace- 
ments was calculated according to Maxwell’s distribution law. 
Debye obtained an expression for the intensity of the X-rav 
beam in any direction which consisted of two parts—the first 
corresponding to the scattered radiation, the second to the 
interference maxima. The effect of increasing temperature 
is to increase the scattered radiation and to diminish the 
intensity of the interference maxima. Debye’s early cal- 
culation showed that to account for the effect of the 
temperature movement, the intensity of the scattered 
radiation had to be multiplied by a factor 


16r'kT iat 
(ree 


while that of the interference maxima had to be multiphed 


by a factor WakT o 


ae ant ~— 
e JM 


9 
Á 


where T is the absolute temperature, & the gas constant, 
f the quasi-elastic force per unit displacement of the atom, 
and @ the angle which the diffracted beam makes with the 
incident beam, so that if the spectrum is supposed to be 
formed by reflexion from a set of planes at a glancing 
angle 0, d=¢/2. | 

The use of the Maxwell-Boltzmann distribution law in the 
above calculation is equivalent to assuming that the dis- 
placements of the atoms are all independent. It is evident, 
however, that this assumption is not justified. The atoms 
are not held to fixed points of equilibrium, but to one 
another, and the displacements of any atom must influence 
those of its neighbours. The heat-motion of such a medium 
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may be considered as a series of “elastic waves,” and had 
been discussed by Born and Karman*. Debyef recalcu- 
lated the effect of heat-motion on the interference maxima, 
using these ideas and taking the quantum theory into 
account. He found that the intensity of the interference 
maxima had to be multiplied by a factor e~~, where 


Wee sin? ? 2) e & a & (1) 


Here p is the mass of one of the atoms, h is Planck’s 
constant, ® a temperature characteristic of the crystal, 


L=, and ¢(c) is a certain function of T which can 


? 
T 
be evaluated. If the existence of Nullpunktsenergie is 


assumed, a is replaced by fit, For values 


r 


of T small compared with the characteristic temperature ®, 
M should be proportional to T?, while for high values of T 
it should be proportional to T, as the more elementary 
treatment showed. 

More recently the question of the effect of temperature 
on the scattered radiation bas been considered by Faxen ł 


and by Waller §. 


2. The first experiments on the influence of temperature 
on the intensity of reflexion of X-rays by crystals were 
carried out in 1914 by Sir William Bragg |], who used 
rocksalt and sylvine. With rocksalt, experiments were 
made at temperatures of 15° and 370° C., and the con- 
clusion was reached that the effect was of the same order 
as that calculated by Debye. More recently experiments 
on similar lines have been made by Backhurst{, who used 
aluminium, corundum, carborundum, diamond, and graphite. 
Only very general agreement was found with the theory of 
Debye, but it must be noticed that Debye’s theory applies 
to a simple cubic lattice only. Quite recently Collins ** 
has studied the Debye effect for aluminium, and again 
finds results at variance with the theory of Debye. The 


* Born and Karman, Phys. Zeitschr. xiv. p. 65 (1913). 
t Ann. der Phys. xliii. p. 49 (1914). 

t H. Faxen, Zeitsch. für Physik. xvii. p. 266 (1923), 
§ L. Waller, ibid. p. 898 (1923). 

|) W. H. Bragg, Phil. Mag. May 1914, 

© Proe. Rov. Soc. A, cil. p. 340 (1922). 

a# YH. Collins, Phys. Rev. xxiv. p. 152 (1924). 
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effect of temperature on the seattered radiation has been 
studied experimentally by G. E. M. Jauncey *. 


3. The experiments to be described in the present paper 
had their origin in some work hy Professor W. L. Bragg 
C. H. Bosanquet, and the writer on the intens ity oť re- 
flexion of X-ravs from rocksalt, in which an attempt was 
made to get some idea of the distribution of the electrons in 
the atoms of sodium nd chlorine. In the course of this 
work it was necessary to make allowance for the Debve 
factor. The only figures available for rocksalt were those 
of Sir W. H. Bragg obtained in 1914, and it was considered 
desirable to repeat. them with the better apparatus at our 
disposal, and iť possible to extend the temperature range 
in both directions. The intensities of reflexion were mea- 
sured by the method first used by W. H. Bragg f, and 
deseribed in detail by W. L. Bragg, James, and Bosanquet 
in the papers quoted. The crystal was mounted on the 
table of an ionization spectrometer. The ionization chamber 
was set at the angle appropriate to the spectrum under 
investigation, with a siit wide enough to reci ‘ive the whole 
reflected beam, including both the « and a’ peaks, and 
the crystal was rotated at a uniform angular velocity 
through the range of angles ever which it reflected. The 
total “quantity of electricity passing across the ionization 
chamber during the sweep of the crystal was measured. 
Let this he proportional to E. Then if œ is the angular 
velocity with which the crystal is swept, and I the quantity 
of electricity passing in unit time when the beam is allowed 


è 
7 is a constant 
for a given crystal face, and can be taken as a measure 
Ew. 
y 3 
called by Darwin the “integrated reflexion’’—a convenient 
term which will be employed here. 

The source of radiation was a Coolidge bulb with either a 
rhodium or a molybdenum anticathode. To supply the 
current, a transformer operated by a rotary converter of 
about 2°25 kilowatts capacity worked from the Cor poration 
mains and producing alternating current at about 140 volts 

mags used. The potential employ ed was usually about 


to enter the chamber directly, the quantity 


of the reflecting power of that face. The quantity 


æ Jauncey, Phys, Rev. xx. p. 421 (1922). 


t Phil. Mag. xli, p. 869 (1921); xlii. p. 1 (1921); xliv. p. 433 (1922), 


t Loc. cit, 
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50,000 volts. With this arrangement it was found possible 
to keep the intensity of the X-ray beam far steadier 
than in the earlier experiments *, when a coil and mercury 
break were used. A null method was used in the ob- 
servations. The string of the electrometer, which was of 
the Lutz-Kdelmann type, was connected to the inner plate 
of a condenser, whose outer coating could be raised to anv 
desired potential by means of a potential divider. The 
sign of the potential applied to the outer coating was such 
as to neutralize by induction the charge received by the 
electrometer due to the ionization current. The ental 
necessary to bring the string back to its zero is then pro- 
portional to the total charge received by the electrometer 
during the observation. The actual readings taken were 
thus the readings on the potential divider, which had 
one hundred divisions. A maximum potential of 6 volts 
could be applied, and to increase the range of reading, 
any desired fraction of the potential could “be tapped off 
by means of a post-office box and applied to the potential 
divider. The range of the instrument could be increased 
still further by having several inner plates of different sizes 
for the condenser. In this way spectra differing greatly in 
their absolute intensity could be compared. 

The crystal was held between two jaws lined inside with 
asbestos, on an iron stand to which the necessary adjustments 
for tilt and centi ing could bhe given. The stand was mounted 
on an asbestos sheet supported on brass and insulated froin 
the spectrometer table by a fused silica ring 3 em. in height 
packed with kieselguhr. Over the crystal fitted a cylindrical 
electric furnace wound with © nichrome ” wire and provided 
with mica windows to allow the ingress and egress of the 
X-rays. The furnace was surrounded by a cylinder of 
sheet asbestos pierced with suitable openings, and radiation 
downwards to the spectrometer table was ‘further checked 
by surrounding the silica tube, on which the furnace was 
mounted, by a broad collar of asbestos sheeting. The 
arrangement for heat insulation proved very satisfactory, 
and it was possible to work for hours with the cry stal 
at red heat with the spectrometer table only slightly warm. 
The whole furnace, including the silica pedestal, could be 
lifted off the spectrometer table and replaced while hot, 
so that alternate readings with the heated crystal and 
with the standard could be made. It was found that 
no appreciable change in temperature was produced by 


* Bragg, James, and Bosanquet, loc. cit, 
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removing the furnace from the spectrometer and placing it 
on another stand close beside it. 


The temperature was measured by a thermocouple of 


Iron-constantan placed in contact with the crystal face in 
such a position “that. the X-rays did not strike it. The 
e.m.f. generated by the couple was measured directly with 
a very convenient potentiometer, kindly lent for these ex- 
periments by the Cambridge and Paul Scientific Instrument 
Company, to whom my best thanks are due. The thermo- 
couple and potentiometer were calibrated, using the boiling- 
point of water and the melting-points ‘of tin, lead, zine, 
antimony and aluminium, and from the readings so obtained 
a temperature-e.m.f. curve was drawn. Very closely similar 
curves were obtained with the different couples used, and the 
error in temperature should not be more than a few degrees. 
To ensure steadiness and uniformity of temperature, the 
erysta! was heated for from one to two hours before readin gs 
were taken. 

To determine the proper setting of the ionization chamber, 
which varies with the temperature on account of the ex- 
pansion of the crystal and the consequent alteration in the 
spacing d, a series of readings were made in the region 
of the peak, the setting of the chamber being altered balf a 
degree at a time, with a corresponding change i in the crystal 
sweep. To determine the intensity of the peak, readings 
were taken with the chamber two degrees above and two 
degrees below the setting of the peak, where only the general 
continuous radiation from the bulb could enter it. The mean 
of these readings was subtracted from that corresponding to 
the peak, and the difference was taken as the intensity of 
the peak. The allowance for the general radiation is of 
considerable importance, since at high temperatures it may 
in some cases account for as much as 70 per cent. of the 
radiation entering the chamber at the setting of the peak. 
It should be noticed that any creep of the electroscope due 
to natural leak, or to scattered radiation, is included in the 
allowance for general. These factors remain practically 
constant as the intensity of the peak diminishes, and the 
increasing fraction of general radiation is no doubt largely 
due to this fact, although, in the case of high-order spectra, 
the general radiation will include reflexions of longer wave- 
length at lower orders, for which the decrease of intensity 
with temperature will be less than for the peak, and this 
also will cause an increase in the percentage of general as 
the temperature rises. 
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The intensity of reflexion from the crystal under investi- 
gation was compared in each case with the reflexion from 
the same face and the same order from a standard rocksalt 
crystal. 

A typical comparison began with a determination of the 
percentage of general radiation for the heated crystal Q, 
and ended with a similar determination for the standard S. 
After the determination for Q, a series of alternate sets of 
readings at the peak-settings of Q and S were taken in 
rapid succession, Q being removed from the spectrometer 
and replaced by S, and so on. The mean values for Q and S 
obtained from these alternate readings are corrected by sub- 
tracting from each the appropriate percentage of general, 
and the ratio of the corrected values is taken as the ratio of 
the intensities of the two spectra. 


4. Some difficulty was experienced in finding a crystal of 
rocksalt suitable for these experiments. It was found that 
all crystals which had a turbid appearance were destroyed 
on heating, owing to the swelling and bursting of the small 
liquid or gaseous inclusions which they contained. If care 
was taken to choose a perfectly clear crystal containing no 
inclusions, this difficulty could be overcome completely. 
Even with such crystals it was found that the intensity 
of reflexion became smaller after continued heating. A 
similar effect was noticed by Backhurst*, who ascribed 
it to the breaking down of one complete crystal into 
smaller ones differently oriented. It does not seem certain, 
however, that this is the true explanation, at any rate 
in the case of rocksalt ; indeed, there is some reason to 
believe that the reverse may be true, and that the size 
of the homogeneous crystal eleinents may be increased by 
heating. The effect in question is much more marked with 
the first-order reflexion from the (100) face than with the 
second, and with the second it is more marked than with 
the third; and this appears to be the case whether the 
reflexion takes place from a face, or through a slip of 
crystal in the manner employed in determining the ab- 
sorption coefficient at the reflecting angle f. For example, 
in some preliminary experiments with a slip of erystal about 
1 mm. thick, the intensity (100) before heating was found to 
be 0:71 of the standard. After heating to 590°C., the 
intensity had fallen to 0°50 of the standard, but after the 


* Backhurst, Proc. Roy. Soc. A, cii. p. 340 (1922). 
t Bragg, James, and Bosanquet, Phil. Mag. July 1921, p. 1. 
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crystal had cooled, the intensity had only risen to 0°53. 
The intensity (200) before heating was 0°92; on heating 
to 590° it fell to 0-43 and rose on cooling to 0°83, and the 
permanent fall for (300) was still smaller. This behaviour 
suggests strongly that the effect of heating is to increase 
the special absorption or “ extinction coetticient’ of the 
crystal. This would have a far greater influence on the 
intensity of the strong (100) than on the weaker (200) 
and (300), and might be accounted for by a more perfect 
crystallization of the material of the slip. The effect is 
not confined entirely to the surface layers, since reflexion 
at a slip occurs throughout the whole thickness. The 
phenomenon requires investigation in much greater detail, 
and this work is being undertaken. Experiments showed 
that for (200) and spectra of higher orders, a steady state 
appears to be reached after several heatings to 500° or 600°. 
The values of the intensities are less by a few per cent. than 
those before heating, but are permanent in the sense that 
the intensities before heating and after beating, when the 
crystal has been allowed to cool again, are the same. No 
consistent values for (100) could be obtained, and con- 
sequently this spectrum was not used in the present set 
of experiments. 


5. All the observations to be described were made by 
reflexion ata face. The first set of observations were made 
with the (300) spectrum, rhodium radiation being used. 
The rhodium anticatnode contained ruthenium as an im- 
purity, and the ruthenium lines caused a certain amount. of 
trouble in determining the general radiation ; so, later, the 
rhodium bulb was replaced “by one having a moly bdenum 
target, and with this a series of observations were made 
between 15° and 630° C., using the (200), (300), and (400) 
spectra. The results of the e are given in 
Table I. 

In this table, column (1) gives the absolute temperature : 
coluyn (2), R the intensity actually observed, expressed 
in terms of the reflexion from the corresponding ‘face of the 
standard crystal at 19° C. as unity. Column (3) gives the 
ratio of Ry, the observed intensity, corrected in the manner 
described below, to R, the mean corrected intensity at 
room temperature. 
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TABLE I. 
Rh Ka radiation. 2X=0°615 A. 


| a" .@) (3) (4) (5) (6) 
: ' Rr wef sey Ry À K Rr, 
£: ji R; £ b AP or Asin oa ) logio R, 
(300) 293 | 0926 | 1015 8:58 x 104 | +0°0064 +0022 
292 Yll 0:998 803 . 1 =—0'0007 — 0:002 
0,=19° 10' | 291 | 0908 | 0995 847 ,, — 0:0020 —0-007 
cae 292 0-906 0991 , 853 ,, —U'0031 —VOL1 
=0:3283 | 413 | 0701 | 0765 | 16°89 ,, -01163 —0'438 
472 | 0621 | O677 . 21-95 ,, —O'1696 | — 0:597 
513 0:535 0:582 20:83. -;; — 0:2347 — 0:826 
615 | 0357 | 0388 3683 , -04114 —1°447 
630 | 0351 | 0:381 | 38:58 ,, =— 04190 —1°474 
670 | 0-304 | 0330 | 4351 | —0'4818 — 1-695 
778 | 0169 | O183 58-21, —0°7379 — 2°56 
862 | O115 | O124 7098 ,, | —0'9060 —3:188 
| 
Mo Ka radiation. 2X=0°710 A. 
| | | | 
(200) | 292 | 0831 | 0987 | 853x10 — 0-0057 -— (0045 
292 | 0845 | 1003 | 853 ,, +0:0016 +0013 
@,=14° 37' | 292 | 0850 | 1009 | 853, +0:0041 +0032 
nee 426 | 0710 | 0833° 1804 ,, — 00793 — 0:628 
=02524 | 573 | 0-595 0-803 32-69 ,, — 0:1598 — 1:265 
Š 703 | 0500 0:577 | 46°81 ., | —(:2390 —1:892 
843 | 0362 ` 0413 | 674 . | =03841 — 3:040 
| 913 | O312 0355 | 79°20 ,, |!  —04500 —3'562 
| | 
(300) | 291 0-917 1-000 8:47 x 10+ 0-000 0-000 
PRE | 2 0:722 | 0785 1547 —0:1051 — 0:370 
ae 15’ | 511 : 0510 | 0-552 | 25°65, — 0:2582 —0-908 
=0:3786 | 756 ` O191 | 0205 | 55vt . — 06882 = 2-422 
898 ' 0102 | 0109 | 76°70 ,, __ —0°9624 = ORF 
(400) | 292 0943 ! 0989 | 853x105 —O-00H6 | — 0:009 
0. =30° 18" ' 290 O964 1:012 84l ,, +00050 | +0010 
1=80" 18 | 382 V682, O714 | 1447 , — 0-1466 | — 0:290 
sin 0, 437 0504 0527 , 1887 ,, —0:2784 =()551 
=0:5045 | 503 0362 ` 0378 | 2436 ,, — 04228 | —0 837 
| 693 0219 : 0228 | 3430 ,, —0°6426 —1°272 
697 Ollo O1l4 | 46°97 , —0'9436 | — 1:867 
| = 
f 
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6. The measured intensity R is proportional to the 
E : 
ar where E is the total energy 
reflected when the crystal is rotated with angular velocity w, 
and I is the energy received by the ionization chamber 
when the incident beam enters it for one second. Now it 
can he shown that *t 


integrated reflexion 


v sin? 0 
Bo OO N e pe L+cost20 ADET (ay 


I 2p sin 20° mtt  * 2 


In this formula N is the number of molecules per unit 
volume of the crystal, w the linear absorption coefficient 
of the crystal, 0 the glancing angle of reflexion, and A the 
wave-length of the X-rays. eand m are the charge and the 
mass of an electron, and c is the velocity of light. The 
26 

factor = ae allows for the fact that the incident rays 
are unpolarized, and the factor F? for the finite size of the 
atom—which, since the electrons producing the scattering 
of the X-rays are distributed throughout a region whose 
dimensions are comparable with the spacings of the atomic 
planes, adds to the spectra a contribution which depends 
on the angle of diffraction, becomes smaller as that angle 
Increases, and is proportional to the number of electrons in 
the atom for very small angles of scattering $. As the 
formula is written, the factor I? also includes the “ structure 
factor ?” which depends on the arrangement of the atom in 
each repeat of the crystal pattern. 

; —hf(T) m, CE 

The term e "is the Debye factor which is under 
Investigation in this paper. 

We inay write 


Qty” Eo Ante! sin20 1 
x —_ Ea t sin L l 
Í I’ eX © N?° 1+ cos? 24° I? recess 3) 
The measured intensity R, column (2), Table II., is pro- 

e E r e ° . 
portional to T We require Ry, the corrected intensity, 


column (3), which is proportional tu the value of the Debye 
factor at different temperatures. To obtain this it is 


* C. G. Darwin, Phil. Mag. xxvii. pp. 315 and 675 (1014). 

+ A. H. Compton, Phys. Rev. ix. p. 1 (Jan. 1917). 

t W. L. Bragg, James, and Bosanquet, Phil. Mag. xli. p. 309 (1921) ; 
xlii. p. 1 (1921); xliv. p. 433 (1922). 
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necessary to allow for the fact that p, N, 0, and F all 
depend on the temperature; p and N are proportional 
to the density of the crystal, which decreases as the tem- 
perature rises owing to the thermal expansion, and for 
the same reason 6, the glancing angle for « given spectrum, 
decreases as T increases. The factor F? depends on a 
and thus on the temperature. The change of © with 
temperature was determined by direct measurement, and 
from this the value for æ the coefficient of expansion of 
the crystal was calculated. To a sufficient approximation 
for the purpose under consideration, the coefficient of ex- 
pansion was found to be linear over the range from (° 
to 500°. The value of æ obtained as a mean of several 
experiments was 0°0000383, which is in fair agreement 
with that obtained by Fizeau, 0°0000402, over a much 
smaller range from interference measurements, From 
this figure, the ratios of the values of the factors 
u sin 20 
N? DE T4 cos? 20 
temperature were calculated directly. 

The allowance for the change in F? presents more diffi- 
culties. The values of F? determined by W. L. Bragg, 
James, and Bosanquet * for rhodium rays were used. [n 
order to apply these determinations to the observations 
made with molybdenum radiation, use was made of the 


fact that F is a function of sae If the values of IP? 


l Seas sin @ 
obtained for rhodium radiation are plotted against ca 
Rh 


the curve obtained should be independent of the wave- 
length, and the value of F? for any angle @ for molybdenum 
can be read off at once over the corresponding value of 
sin 8 


at any temperature to those at room 


x The uncertainty in this correction lies in the un- 
Mo 
certainty of the actual values of F?, which change rapidly 
with 0. The corrections for ie and for Fe 8° in Opposite 
directions, so that the total correction is not large and was 
not over 2 per cent. in any case, which is really within the 
errors of experiment. 

There is one other correction to be taken into account— 
that for the change in the “extinction coefficient.” For 
intense spectra the value of the linear absorption coefficient 
* Phil. Mag. xlii. p. 1 (1921). 
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depends on the intensity of the spectrum *; hence, as the 
Intensity diminishes with rising temperature, the effective 
value of p decreases. It has Deen shown that, to a fair 
degree of approximation, 


u= mpte = mtkR, . . . . . (A) 


where yw is the effective absorption coefficient at the re- 
flecting angle, pọ is the ordinary absorption coefficient of 
the crystal, and e is the extinction coefticient, which is 
porportional to the observed intensity of reflexion. The 
values of e for different spectra for rhodium radiation 
were determined in the paper quoted. More recently, 
Wasastjerna f has carried out a determination by a dif- 
ferent method for molybdenum radiation, and this has been 
emploved in the present paper. Wasastjerna finds that 
fo=16°2 and e=¢4 for (100). Assuming as a sufficient 
approximation that Rio: Reo: Rao = 100 : 20:5, we can, 
using (4), obtain a curve giving the value of e for different 
values of R, and so apply ‘the necessary correction. 

The extinetion correction is inappreciable for the 3rd- 
and 4th-order spectra, and has only been appited in the 
case of (200). The allowance for extinction made above is 
verv uncertain. It is known that the extinction coethcient 
depends considerably on the particular ervystal used, and, as 
we have seen, it is possible that the extinction coefficient 
for a rocksalt crystal which has been heated is abnormally 
large. All that can really be claimed is that the results 
corrected in the manner described are probably closer to 
the truth than they would have been had no correction 
been applied at all. In any ease, the correction for the 
(200) spectrum is not very large. 


R 
(. The values of the corrected reflexion ie plotted 
1 
against the absolute temperature, are shown in fig. 1. 
The theory of Debve leads to the conclusion tliat if Ry is 
the corrected reflexion at temperature T; R, that at any 
standard temperature T, (here the room temperature) ; ; and 


R, the value of the i a at absolute zero, then 
sin? e 


Rr = R exp { -u (T) — 


k . 2 j 
R, = R exp [yita 


* Bragg, James, and Bosanquet, Phil. Mag. xlii. p. 1 (1921). 
C. G. Darwin, Phil. Mag. xliii. p. 800 (19: 22). 
t W.A. W asastjerna, Suc. Set. Fenn. ii. p. 15. 


. . (3) 
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where b is a constant, I(T) some function of the absolute 
temperature, and @ and 0, the glancing angles at T and T, 
respectively. 


Fig. 1. 


R, 
R 
ZOGO 209- fune 09 QU TOC SU YUN? 10H? 
Temperature of crystal in degrees absolute. 
© (300) Rhodium radiation. A (300) Molybdenum radiation. 
© (200) Molybdenum radiation. x (400) i j 
Hence l 
Rr Ds go T sin? ; \ 
= =ex —.. in? 0—7 (T) sin? 6 
te exp | x2 (I )s I(T) sin? 4) 
b sin? 6, sin 2) l 
= == T —f(T i? r ) 
exp | © fr - SE) j (6) 


bn? sin @ 


= const. x exp { DETAI f m (5 A po s a (0) 


where n is the order of the spectrum and d, the spacing of 

the atomic planes at the standard temperature Ti. Thus 

the curve showing the relationship between and T 
1 

should be independent of the wave-length for a given 

order, apart from Ady effect introduced bv the small change 


in the value of (E 7 ») as the temperature changes. 


This portion of the theory is confirmed by the experi- 
ments. The curve in fig. L for the (300) spectrum was 
obtained with both rhodium and molybdenum radiation. 
The circles indicate the points obtained with rhodium 
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radiation, the triangles those with molybdenum, and it 
will be seen that both sets of points lie on the same curve, 
almost within the limits of experimental error. 

To find the form of ;(T) which agrees most closely with 
the observations, we write equation (6) in the form 


` £ Rr m. (sin 8 \? 4 
(75 ) lox et) (iia) teonst. . (8) 


Thus, if (= y log e is plotted against f(T) (S25) 
sin 6, l 


sin 8 
all the points should lie on the same straight line, whatever 
the order of the spectrum observed, and whatever the wave- 
length. Debves theory indicates that 7(T) should be 
; ; ty. ; 
proportional to T, but if log Re is plotted against T, 
l 
not even an approximately straight line is obtained, If, how- 
: AÀ R X si 2 
ever, we plot ( ae a) log | ie against T?(: =). all the 


33 experimental points lie very nearly indeed on a straight 
line. This curve is shown in fig. 2, where the circles, 
triangles, squares, and crosses correspond to those in fig. 1. 


0 lo Pay 3) 40 D0 6) 70 89 yü 
ma [50A : 
] K ( x ) x 10 4, 
sin 6, - 
© (300) Rhodium radiation. A (399) Molybdenum radiation, 
o (300) Molybdenum radiation. x (400) " i 


The fact that all the points lie on the same line means that 
sin? @ 


the exponent of the Debye factor is proportional to y 
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for all the spectra investigated; while the fact that a 
straight line is obtained when /(T)=T? means that we 
can write the factor 


Calculating, by the method of least squares, the most 
probable straight line in fig. 2, we obtain 
1162x1078"? T 
Rr = Roe A ’ 
where A is expressed in Ångström units, as the empirical 
expression which fits the experimental results most closely. 


8. We have seen that, according to the theoretical work 
of Debye, the exponent M in the temperature factor should 
be given by 


_ bh? . aele) 
—M T uk® 81D 0 P , 
where «c= = and © is the “characteristic temperature ” 


which for rocksalt is 280° absolute. For values of T small 
compared with O this reduces, according to Debye, to 
2h? sin? 8 
— | 1 = is e i a ( 
Mee ge Pe O) 
while for high temperatures 
6h? sin? 8 


a a e aoa ok ge oe EO) 


The experimental results show that M is actually propor- 

sin? A 

r2 

observations are reasonably accurate, and also that the 
allowance for general radiation has been made correctly, 
for the proportion of general to characteristic radiation 
is very different for the different spectra examined, and 
different also for the same spectra in the case of rhodium 
and molybdenum radiations. 

But the results do not agree in the least with theory 
as to the form of the function of the temperature contained 
in M. Over the range of temperature considered, M should 
be proportional to T, whereas the results showed that with 
a fair degree of accuracy it is proportional to T?, which 
according to the theory should only be the case for tempe- 
ratures up to about 50° absolute. 


tional to 


, and this would appear to indicate that the 
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For high temperatures the form of M is the same as that 

obtained in the elementary treatment, from which 
| ltor°k sin? 0 
—M ee eke a T, 

where f is the force called into play when the atem is 
displaced by unit distance from its equilibrium position. 
Comparison shows then that 
Fo Smk 


Ti © 
p 3h o 
or that the restoring force f is proportional to the square of 
the characteristic temperature. 
If we take 

© = 280°, 

h = 655x 10-* erg. sec., 

karyo 

u = average mass of an atom in the structure 
4°85 x 107” gm., 


we obtain for the case applicable to high temperatures 


sin? @ 


—M = 4'59 x Loni ° F e >è >œ (11) 


. . o ee e 
A being expressed, as before, in Angstrom units. For 
(300) this reduces to 


—M=139x10"T. . 2... (AJ 


TABLE ITI. 


qT: x (eale.). ic (obs.). 
300° 973 ‘98 
400° B46 “79 
500° “739 60 
600° "640 “42 
700° 08 i 27 
SOUP "486 17 
900° 422 10 


Table II. shows the values of = calculated from this 


formula compared with those actually observed. It is 
evident that the intensity of the spectrum falls off far more 
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rapidly with increasing temperature than theory indicates. 
The difference between the observed and calculated figures 
is much greater than could be accounted for by experi- 
mental errors, and there must therefore be some factor 
which diminishes the intensity as the temperature rises 
which has not been allowed for in the theory. 

One possibility which might be worth examining is that 
the value of the factor F may depend on the temperature. 
The theory treats the atoms as diffracting points. Now 
we know that the atom does not diffract even approximately 
as a point, particularly for large values of 6. The electrons 
are distributed around the atomic nuclei throughout a region 
whose dimensions are comparable with the spacing of the 
crystal planes; this causes a rapid decrease in the effective 
scattering power of the atom as it increases, and the factor F 
is introduced to allow for this. If, owing to the temperature 
vibration and the consequent jostling of atom against atom, 
the electron orbits were caused to vibrate about their mean 
positions, this would cause a change in the factor F in such 
a direction as to increase the falling-off of intensity with 
temperature. 

Another possibility, although it seems very unlikely that 
it could account for such a large effect as that observed, is 
that the crystal may become softer as the temperature rises, 
so that an atom is more easily displaced from its position of 
rest. This would be equivalent to supposing that the charac- 
teristic temperature e depend: on the temperature—an hypo- 
thesis which might be investigated by examining the Rest- 
strahlen at different temperatures. To account for the T? law 
on this hypothesis alone, it would have to be assumed that @ 


: 1 : Sad 
varied a3 Tr This seems highly improbable, and it is more 


likely that several factors work together and produce, over 
the range of temperature used, a law approximating closely 
to the T? law. 

It is evidently desirable to extend the measurement to low 
temperatures, and experiments by means of which it is hoped 
to measure theintensity of reflexion at liquid-air temperature 
are already in progress. 

Another point to be noticed is that in rocksalt we have 
two different kinds of atom—sodium and chlorine. In all 
the spectra so far examined we are dealing with the sum of 
the contributions from Na and Cl. In the case of spectra 
such as (111), (333), (311), (555), and so on we are, how- 


ever, dealing with the difference of the contributions from 
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Na and Cl. It is proposed, therefore, to make a set of obser- 
vations using the (333) spectrum, in order to see whether 
the law still holds good in this case. 


In conclusion, I wish to express my thanks to Professor 
W. L. Bragg, F.R.S., for his interest and advice during the 
course of the work, and to Mr. W. A. Wood, B.Sc., for help 
with a number of the observations. My thanks are also due 
to Mr. W. Kay and Mr. W. Reynolds for much assistance 
in the design and construction of the apparatus. The X-ray 
bulb used in this research was very kindly presented to the 
laboratory by the General Electric Company of Schenectady, 
New York, and the alternator was purchased with the aid of 
a grant made by Messrs. Brunner Mond, Ltd. 


Sammary. 


1. A series of measurements of the intensity of reflexion 
of X-rays from the (100) face of a rocksalt crystal at 
temperatures between 19° C. and 650° C. are described. 
The spectra investigated were the 2nd, 3rd, and 4th orders, 
using molybdenum Ka radiation, and the 3rd order, using 
rhodium Ka radiation. 

2. A theoretical formula obtained by Debye shows that 
if Ry is the intensity of a spectrum reflected at a glancing 
angle 6 at absolute temperature T ; Ry that at absolute zero : 

rin? @ 

Rr = Roe bf(T) A? - ae 
where b is a constant and f(T) is some function of the 
temperature. The theory indicates further that over the 
range of temperature employed, M is of the form 


sin? 8 
n2 
3. The experiments show that M is proportional to ane 


for all the spectra investigated, but that instead of being 
proportional to T it is proportional to T?. The results 
obtained may be expressed by the empirical formula 
= 

| —1:162x 1075 8 Te 

Rr = Roe r ; 
where A is expressed in Angstrom units. 

The intensity diminishes as the temperature rises much 
more rapidly than theory indicates. 

The University, Manchester, 

Jan. 28, 1925, 
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LXV. Adsorption from the Gas Phase at a Liquid-Gas 
Interface.—Part III. By THomas IREDALE *. 


Tr attempting to measure the surface tension of mercury in 
a vacuum by the drop method (Phil. Mag. xlviii. p. 189, 
1924) certain difficulties were experienced owing to the rapid 
accumulation of impurities on the surface. In air, the sur- 
face tension was always higher than in a vacuum, except 
when it was measured with great rapidity in the vacuum, 
and also, in special cases, when the apparatus was newly 
cleaned and freshlv-distilled mercury employed. It has 
been found very difficult to ascertain the exact nature of 
these impurities in every case, but it seems impossible now 
to believe in the suggestion originally made, that the ano- 
malies observed are due to the presence of water films on 
the mercury surface. Difficulties of a similar kind have 
been experienced in the lubrication experiments of Hardy 
and co-workers (Phil. Mag. xxxviii. p. 32, 1919; Proc. 
Roy. Soc. A, c. p. 550, 1922), and are as likely as not due 
to adsorbed films, not necessarily derived from the vapour 
phase, which cannot be removed at ordinary temperatures 
even in the highest possible vacuum. In the washing and 
cleaning of glass apparatus with the usual reagents, certain 
impurities may sometimes be lett behind on the glass which 
can only be removed by a more drastic method of rubbing 
or polishing of the glass surface. Such a procedure, how- 
ever, would be very difficult with apparatus consisting of 
long capillary tubes, and this is probably one of the most 
serious defects in the original drop- weight apparatus designed 
by the author. The mercury column has to move against the 
interior glass surface of the capillary before issuing in drops 
from the orifice, and the chances of contamination in this 
way are very great. The possibility also of the electrifica- 
tion of the mercury by friction against the glass cannot 
entirely be ignored, but the earthing of the mercury in 
many instances has not changed the essential uspects of the 
phenomenon. It is remarkable that the presence of the air 
should so greatly hinder the adsorption of the impurities, 
but this does not seem to be a reversible effect ; reversible, 
in the sense that the admission of air to a surface already 


* Communicated by Prof. F. G. Donnan, F.R.S. 
2R 2 
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formed in the vacuum does not appear to result in a desorp- 
tion of the impurities. It must be admitted, however, that 
the technique of the drop method is not sufficiently adaptable 
to the measurement of such reversible effects. What is 
needed is some method of measuring the surface tension of 
mercury which can be applied to both old and new surfaces. 
We could find the tension from the contour of a surtace 
formed in a vacuum, and note how it changed on admission 
of air. If the change in shape pointed to an increase in the 
tension, we would be justified in saying that the effect was a 
reversible one. But in the drop method, the drop usually 
detaches before the air can be properly admitted to the 
dropping chamber, owing to vibration and similar causes ; 
and this technical imperfection makes it difficult to say what 
one is actually measuring in many cases. Such vibration 
may be induced by the surging of the gas molecules as the 
air fills the vacuous space, and the drop will alwavs detach 
at the point of maximum instability. We should not be 
justified in saying, therefore, that the adsorption of the 
impurities was irreversible, as the growth of the drop might 
be hindered owing to other extraneous causes. The drop 
method, then, is at best a dvnamical one, and cannot be 
employed for accurately measuring reversible adsorption 
effects. 

Another difficulty with the drop apparatus is the breaking 
apart of the mercury column in the capillary which is pro- 
bably due to some minute speck of dust getting into the 
apparatus. In spite of every precaution the progress of 
the work was hampered a great deal owing to this cause. 

Of other possible methods of measuring surface tension, 
that of the sessile drop seemed to meet the requirements 
most satisfactorily. It has recently been employed by 
Richards and Boyer (Journ. Amer. Chem. Soc. xliii. p. 274, 
1921) for both mercury and liquid gallium, but was in use 
as far back as the time of Laplace. Quincke (Ann. Physik, 
ev. p. 38, 1858) was the first to make the most extensive use 
of the method, not only for mercury, but for a variety of 
other liquids, and seems to have made the first attempts to 
measure accurately the distance from the top of the drop 
to its maximum diameter. In the case of large drops this 
distance, A, is connected with the surface tension by the 
relation 


p being the density of the liquid. 
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The most complete study of the forms of sessile drops of 
mercury is that of Bashtorth and Adams (‘An Attempt to 
test the Theories of Capillary Action °: Cambridge University 
Press, 1883). Their method is to trace out successive small 
portions of the curve of the drop by means of the differential 
equation to the curve, “the increments of the coordinates 
being developed in series proceeding according to ascending 
powers of the increment of the quantity chosen as inde- 
pendent variable.” The procedure is very long and tedious, 
but its accuracy is unguestioned. The most interesting result 
of their investigation is the relationship of the capillary con- 
stant a, the distance h, and the radius (maximum) of the 
drop. | 

eee measurements made on their published diagrams 
and on reference to their tables, it is found that h gradually 


approaches the value of a (see Table I.) as the drop increases 
in radius from 1°9 mm. to 4mm. 


TABLE I. 


Relationship of A and a for Drops of different Radii. 
(Bashforth and Adams’s tables.) 


Radius of Drop. h. J? i Jia a. 


& CA 
1:905 mim. 1:499 mm, 
2515 , 1°854 
297Z 5: 2034 ,. 
3:353 ,„ 2134 , 
3658 ,, 2-209 ,, | 
3990 ,, 2235 .. 3°167 nm, 224l mm. 


_ It would not be satisfactory to employ drops less than 1 em. 
m diameter, and in most of the experiments described in this 
poper the diameter was usually lS cm. Itis to be remarked, 
owever, that the value of a computed from Bashtorth and 
Adam s's tables is exceptionally low—?'241 mm. Most ex- 
perimenters have found values for a varying from 2'5 to 
"8 mem., and it is to be expected that these differences are 
ue t© varying degrees of contamination of the mercury 
surface. 

Ferguson (Phil. Mag. xxv. p. 507, 1913) bas deduced a 
relationship between A and a which is very similar to an 
equation originally given by Poisson (‘ Nouvelle Theorie de 
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laction capillaire, p. 212), and involves a first-order correc- 
tion of considerable maynitude. I do not know what to 
make of this equation, as it yields results nearly 25 per cent. 
lower than those calculated from the simple equation 


for drops 1°5 cm. in diameter ; and these latter calculations 
are more nearly in agreement with the surface-tension 
values by the drop inethod. Now, the drop method has 
been shown to rest on at least an experimentally sound basis, 
and is hardly likely to give rise to an error as great us 
25 per cent. In all the experiments described in this paper 
I have computed the surface tension with the aid of the 
simplified equation given above; and as the diameter of 
these sessile drops was 1°2-1°5 cm., some idea of the order 
of magnitude of the correction term can readily be formed 
by those who consider the correction necessary. 

The use of very large drops is unnecessarily cumbersome, 
especially as the measured height A is found to have a con- 
stant value after a certain diameter is reached. 

Most experimenters form a globule of mercury on a hori- 
zontal surface with the aid of a pipette, which is no doubt 
very thoroughly cleaned, but probably results in some inevi- 
table contamination of the mercury surface. I have adopted 
a more satisfactory method of distilling over a quantity of 
mercury in vacuo on to a clean glass plate, a very small 
depression being made in the centre of the plate to assist the 
formation of the first portions of the globule. The pro- 
cedure will be readily understood from fig. l, and its success 
depends on the form of the curvature of the capillary tube 
at A. I the distillation is carried out properly and the 
glass surfaces are absolutely clean, the small globules of 
mercury should roll over the surface and pass down. the 
capillary without clogging at A. The chances of surface 
contamination are minimized in this way, but too great 
emphasis cannot be laid on the necessity for rigorous 
cleaning of all portions of the glass that are likely to come 
into contact with the mercury. The apparatus should be 
treated with hot chromic acid, with nitric acid and alcohol, 
and also, if necessary, with pure boiling alcohol for some 
time. This applies more especially to the glass plate on 
which the mercury globule rests. Such treatment, however, 
may not always remove all the impurities adhering to the 
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surface. (as films and water films may have to be removed 
by outgassing the apparatus at high temperatures, but there 
are reasons now for believing that such films are only of 
secondary importance so far as contamination of the surface 
is concerned. 

Observations of the drop were made with a cathetometer 
through the window W of plane, optical glass cemented on 
to a circular opening in the main chamber of the apparatus. 
No satisfactory cement made of inorganic materials was 
found which could be used with high vacua. A variety of 


Fig. 1. 


T9 VACUUM 
PUMP 


red sealing-wax worked fairly well; it should be put on at 
a temperature of 110°C. The wax should not be heated too 
much, otherwise vapours will be given off which will foul the 
interior of tle chamber. If necessary, the interior must be 
re-cleaned, with the window cemented in position. The 
experimental conditions would be very much improved if 
such adhesives could be done away with. After some time 
impurities from the wax undoubtedly creep over the surface 
of the glass, and the apparatus has to be taken to pieces and 
re-cleaned from time to time. 

An accurate cathetometer made by the Cambridge and 
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Paul Instrument Co. was used to measure the dimensions of 
the drop, the outline of which was brought into focus by the 
telescope of the cathetometer against a strongly illuminated 
background. In locating the maximum diameter of the drop, 
I have adopted the method of Richards and Boyer (loe. cit.). 
A small filament lamp was lit some distance behind the tele- 
scope andl on the same level with it. The lamp was reflected 
from a point on the maximum diameter as a tiny spot of 
light, which could be brought to a focus and located with 
fair accuracy by the cross-hairs of the telescope. The 
distance 4 in mm. from the top of the drop to the maximum 
diameter is given in the tables to one in the third place of 
decimals, as it is usually the average of a number of read- 
ings; but the order of accuracy is probably about 
+0°0005 mm. Richards and Boyer (loc cit.) quote some 
of their results'to one in the fourth place, and attribute the 
great variation in the value of %4 for different drops of 
mercury to the difficulty of adjusting optical conditions to 
perfect uniformity. I am inclined to think that the varia- 
tions are too great to be due to this cause ‘alone, and it is 
more likely that they are the result of variable contamina- 
tion of the surface. 


Reversible and Irreversible Adsorption at a 
Mercury Surface. 


In carrying out the determinations with the apparatus 
described, the whole system is evacuated for some hours to 
a pressure of 1075 mm. or less with the aid of a mercury- 
vapour pump. The mercury is then carefully distilled from 
the flask F to forma globule of the necessary dimensions 
on the plate P. It very often, though not invariably, 
happens that the surface tension of the first globule formed 
is very low, but it continues to rise as successive quantities 
of mercury are distilled over to form new globules. It 
appears as though the first portions of mercury removed 
some impurity from the glass surface; but sometimes the 
tension tends to fall slightly again on distilling further 
quantities of mercury. Some results of a typical experiment 
of this kind are given in Table II. 
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Tase II. 
Temperature 1995 C. 


Succeasive drops h. . Surface tension, 
No. (mm.) (dynes per cm.) 
Doiie dour reuee se POD 430 
SF treet) VES 444 
ANE E 2570 439 
EE See 2590 442 
Dated 2618 435 
Be ie co cores 2-610 453 
T ayei PEE ded, A02 458 
Be acosecce aane “2634 461 
E AASE dae 2:665 472 
IO has ia DES 461 
I T EEEE E es 265 465 
After remaining for twenty-four hours in the vacuum: 
2-590 446 
Dry, purified air admitted at 760 mm. After one hour: 
2:598 445 
More mercury distilled at 107$ mm.. after re-cleaning apparatus: 
| heen Coren etre! .. 2580 442 
PAE E EA 2-587 445 


Unpurified air from laboratory admitted. After 5 minutes: 
2:534 27 
After one hour: 
2485 410 


Apparatus re-evacuated to 10-> mm. : 
2400 412 


The admission of pure dry air to a mercury surface formed 
in a vacuum does not appear to alter its tension very much, 
but the chances of contamination from the ordinary air of 
the laboratory are very great. The tension falls to a very 
low value, and does not rise again on re-evacuation of the 
system. The contamination in this case is completely irre- 
versible. The effect of raising the surface tension by shaking 
or vibrating the drop, a phenomenon noted especially by 
‘Quincke, is only of a temporary nature, and the drop settles 
down to its original condition in a very short time. The 
vibration may temporarily disturb the orientation of the 
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molecules of the adsorbed impurities, but it is evident that 
they cannot be made to leave the surface, even under very 
high vacua. 

‘In extreme cases the tension has fallen by irreversible 
contaminatiom to as low a value as 296 dynes per cm. 
(h=2°110 mm.). I have frequently observed that whenever 
it is found impossible by reason of the dirtiness of the 
apparatus to form drops with high surface tensions, the sur- 
faces very quickly become contaminated, with a progressive 
fall in the tension. 

These results are in harmony with those obtained by the 
drop method. When a surface is formed in air at-atmo- 
spheric pressure, the presence of the air may hinder the 
adsorption of the impurities, but the admission of air to a 
surface already formed in a vacuum does not appear to 
result in a desorption of the impurities. In fact, it seems 
to have a slight lowering effect on the tension, and some- 
times, if not purified, it may reduce it to a much lower value 
than was possible in the vacuum under the given conditions. 

The view has been held that liquid mercury is composed 
of different sorts of complex molecules, and that changes in 
its surface tension with time are due to the slow accumula- 
tion at the surface of those modifications possessing the 
lower tension (see Bancroft, ‘Applied Colloid Chemistry,’ 
p- 134, 1921). The experiments described in this paper do 
not substantiate this argument. Moreover, we have evidence 
from another source (Smits, Zeitsch. Physik. Chem. lxxvii. 
p. 378, 1911) that mercury behaves as a unary substance. 

It is impossible to believe that the contamination of the 
surface is due to water vapour adsorbed from the glass as 
originally suggested. I have taken a globule of mercury 
with a clean surface (tension about 470 dynes per cm.), and 
exposed it to water vapour up to the saturation pressure 
(temperature 20°5 C., pressure 18 mm.). The results were 
not very interesting, as the effect of water vapour on the 
tension is rather small : 


Pressure of water vapour. h. Surface tension. 
(inm. Hg.) (mm.) (dynes per cm.) 

TOAD eenen dat 2-610 455 

ESO? cia nteni 2597 449 


These figures, however, are in fairly good agreement with 
those obtained by the drop method (Phil. Mag. xlviii. p. 1380, 
1924), using an air-water vapour mixture. "But it has not 
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been found possible to condense the water on to the mercury 
surface at the saturation pressure. By slightly warming 
the bulb containing the water with the hand, the water 
readily condenses on the walls of the apparatus, but there is 
no change in the tension of the mercury. In the drop-weight 
experiments, the mercury surface was formed very near to 
the water surface, and in this vicinity momentary conditions 
of super-saturation might prevail, favourable to the rapid 
condensation of the water. The theoretical aspects of this 
phenomenon, however, are discussed in a later part of this 
paper. 

Further adsorption experiments have been carried out 
with the vapours of certain organic liquids, no admixture 
with air being allowed in these cases. The liquids were 
contained in small bulbs communicating with the apparatus 
and kept at various temperatures to give vapours of different 
pressures. The apparatus was first of all exhausted to a 
presure below 10-° mm., a satisfactory globule of mercury 
formed by distillation, and after shutting off this part of the 
system from the pumps the vapour of the organic liquid 
was allowed to enter the chamber containing the globule. 
The pressure of the vapour was recorded by a merenry 
manometer, and could be varied within certain limits by 
shutting off the vapour from the liquid supply and ex- 
panding it into the main part of the system. The reversi- 
bility of the adsorption could be tested by this means, as 
changes in the shape of the globule could be observed 
as the vapour pressure was first increased and afterwards 
reduced to its original value. As the temperature coefticient 
of the surface tension of mercury is not very large, it suf- 
ficed for the present purpose to work in a room of fairly 
constant temperature. 

Table III. records some results with the vapour of benzene, 
which indicate that the adsorption is a partly reversible phe- 
nomenon. But it seems practically impossible to remove the 
last traces of vapour from the surface. These data are ex- 
pressed graphically in fig. 2, and the points marked with 
squares are those which were obtained by reducing the 
pressure to its original value after reaching the saturation 
point. They mark the limits of reversibility of the 
process. 

The results are in fair agreement with those previously 
obtained by the drop method, using air-vapour mixtures, 
and, as will be shown later, give much the same value for 
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the area per molecule of adsorbed benzene on the mercury 
surface. 


Fig. 2. 
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Vapour pressure of benzene in mm Hq. 


Tape III. 


Surtace-tension Changes in Benzene Vapour. 
Temperature 23° C. 


Pressure, h. Surface tension. 

aam. Hg.) (mm.) (dynes per em.) 
Oe -555- sesieddes 2-400 4) 
PEOS aseina 2-540 429 
Bi Geth E h 419 
VD: aaor en 2:479 403 
600 Laane 2473 4053 
IO riea 2458 402 
BFS oosa 2:450 ot) 

Brought back to: 

A i ee ee 2-488 411 
BAD. gece esenieees 2:560 435 
TOF? aaen 2:558 434 


T have obtained some remarkable results with a sample of 
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benzene of doubtful purity which are recorded in Table IV. 

The adsorption in this case appears to be completely irre- a 

versibie; but it is difficult to put any interpretation on these r. a 
Y 
D 


results, as we do not know how much this effect may be due 
to traces of sulphur eompounds in the benzene. i a 
wo [S f 

Taste IV. a I 
O” 


Irreversible Changes of the Tension in Benzene Vapour. ^ 
Temperature 21° C. 


Pressure. h. Surface tension. 
(um. Hg.) (mm.) (dynes per em.) 
JIO isio 2473 j 
DLO» ekur 2:352 368 
ADO nhai 222 330 
Breught back to: 
VO oiii B28 330 
After 20 minutes: 2:145 306 


On re-evacuating to 10-5 mm. and continual shaking of drop, 
h rose to 2'510, and rapidly fell again to 2 177. 

I have not followed up this phenomenon any further at 
present, but have observed that sometimes an irreversible 
contamination may take place concurrently with the adsorp- 
tion of the vapour, and that this contamination is not neces- 
sarily derived from the vapour. It is safer to start witha 
clean surface of mercury and observe it for some time before 
admitting the vapour, so as to be certain that it is not being 
progressively contaminated in the vacuum itself. 

The results of experiments with ethyl alcohol are recorded 
in Table V. and fig. 3, and with propyl chloride and ethyl 


TABLE V. 


Surface-tension Changes in Ethyl Alcohol Vapour. 
Temperature 21° C. 


Pressure. h. Surface tension. 

(min. Hg.) (mm.) (dynes per em.) 
FO oirean 2:605 451 
8:5 site eds 2:570 439 
120 ane ee 2-5593 434 
VO. E 2540 429 
20D ren 2:522 423 
ATO aan, 24198 415 


Brouglit back tu: 
20 iaaa 2-570 439 


614 Mr. T. Iredale on Adsorption from the 
Fig. 8. 
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Vapour prrssure of ethyl alcohol in mm Hy. 


Fig. 4. 


10 20 30 40 50 60 70 80 90 100 HỌ t20 130 140 150 
Vapour pressure of propyl chloride in mm Hq. 


bromide in Tables VI. and VII. and figs. 4 and 5 respec- 
tively, As in the case of benzene, the adsorption of these 
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substances appears to be within certain limits a reversible 
phenomenon. It is remarkable that these substances, which 
are more definitely polar than benzene and, especially in the 


TaB_LE VI. 


Surface-tension Changes in Propyl Chloride Vapour. 
Temperature 21° C. 


Pressure. À. Surface tension. 
(mm. Hg.) aim.) (dynes per cm.) 

GUS aR 23790 440 

435 eneee 2519 422 

GO: 3d cotosgey 2 WS 417 

USO vrais 2492 413 

FIGO- greia 2455 411 

Brought back to: 
BO) aasan DONS 454 
Fig. 5 


Surface Tension in dynes per crn. 

+ 4 > > > 

2 re Ww È w ~ @ 
© (e) 


È 


20 40 60 80 100 120 140 160 180 200 220240 260 
Vapour Pressure of ethyl bromide in M.m. Hq. 


case of the alkyl halides, possess an atom or group more 
likely to form a definite linking at the mercury surface, 
should have no more marked effect on the surface tension 
than benzene itself. 
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Taste VII. 


Surface-tension Changes in Ethyl Bromide Vapour. 
Temperature 22° C. 


Pressure. h. Surface tension. 
(mm. Hg.) (mm.) (dynes per cm.) 
JOO oe. 2-580 442 | 
OO: anar 2-559 434 
825 sena. 2D 424 
1580 _........ eas 2495 414 
2300. sayana 2-480 411 
Brought back to: 
SOO) sesiis 2-565 437 
HO nasia 2575 440 


In the case of methyl iodide, however (Table VIIJ. and 
fig. 6), a very decided change in the nature of the adsorp- 
tion was observed. Not only was the tension lowered to a 
much greater extent, but the adsorption appeared to be 


completely irreversible. as poed E E y 
Taste VIII. 


Surface-tension Changes in Methyl Iodide Vapour. 
Temperature 22° C. 


Pressure. h. Surface tension. 
(mm. Hg.) (min.) (dynes per cm.) 
ee ere 2:560 435 
IOI an 2-531 426 
SOT rankes: 2400 383 
TOPO: aseyi 2:335 362 
Brought back to: 
TO ahri 2:335 362 


(No increase in the tension on re-evacuation to 1075 mm.) 


Now mercury is known to form—at least in sunlight— 
a definite chemical compound with methyl iodide (Frank- 
land, Annalen, Ixxxv. p. 361, 1853; Whitmore, ‘Organic 
Compounds of Mercury, p. 89, 1921), and it is possible that 
the molecules of this substance are held at the mercury 
surface with a much greater tenacity than in the case of the 
other halides. This might be regarded as a low temperature 
analogue of an interesting phenomenon occurring at high 
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temperatures—the irreversible adsorption of oxygen by tung- 
sten studied by Langmuir (Journ. Amer. Chem. Soc. xxxv. 
p- 105, 1913; ibid. xxxviii. p. 2272, 1916). The oxygen 
atoms, how ever, are not regarded as forming a definite oxide 
at the tungsten surface, ‘but rather some form of stable 
adsorbed film, in which the valenev bonds of the oxvgen 
atoms are fully saturated ; but the valencies of the tungsten 
atoms on the surface are still partially saturated by union 
with the atoms in the laver beneath. It might be possible 


Fig. 6 


Surface Tension in dynes per.em. 


E Mae ERS Cee eee CRANE) CEES AME See 
20 40 60 80 100 120 149 160 180 200 220 240 ZO 8O 
Vapour pressure. of methyl tudide in mr, Ha, 


to apply a similar reasoning to the methyl iodide case, and 
this will be discussed presently in dealing with the space 
taken up by the molecules on the mercury surface. 

A detinite surface compound would be quite a different 
thing from the average adsorption film held at the surface 
by secondary valence forces, which may be likened to a 
kind of surface solution. In the above case, the methyl- 
merewric iodide may have a definite dissociation pressure of 
its owm ; but it must be noted that we reach the adsorption 
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maximum along a curve very similar to that of any of the 
other substances which show reversible adsorption. 

This brings up the interesting question of the rate 
of adsorption, as it might be thought that at low pressure 
the process was a very slow one, and that equilibrium was 
not always reached under the given experimental conditions. 
I have given some curves (fig. 7) to show how quickly the 
surface tension falls with time; but this is only an approxi- 
mation, as it is a very difficult matter to measure the tension 
when it is changing so rapidly, owing to the impossibility of 


Fig. T. 


Surface Tension 


Metil lodide. 


aA La aa a a 
} 2 oa a S 6 
Time (in minutes). 
Fall of surface tension with time. 


makinzethe necessary optical adjustments within the short 
space of time required, I have observed, however, that for 
moderately high vapour pressures, 40-50 mm., the adsorp- 
tion of the methyl iodide is much more rapid than that of 
any of the other substances examined. The rate of desorp- 
tion in the reversible process seems to be quite as rapid as 
the adsorption itself; but this part of the technique of the 
method will have to be improved considerably betore any 
reliable results can be expected. 

It has been said that the tension may sometimes continue 
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to change with time quite independently of the vapour. 
I have often observed, however, that after the mercury 
surface has been in contact with the vapour for an hour or 
more, the tension was very little different from what it was 
at the end of the first five minutes. It may safely be said 
that. the adsorption equilibrium is reached in every case 
within a few minutes. 


Purity of Materials. 


The benzene was Kahlbaum’s “ Thiophen frei,” and was 
redistilled after standing over phosphoric oxide. 

The ethyl alcohol was practically anhydrous. It gavea 
negative test with a crystal of potassium permanganate, and 
was free trom aldehydes as indicated by the silver nitrate 
test. The presence of traces of other homologues was not 
thonght likely to be objectionable in the present ex- 
periments. 

The methyl iodide was purified by shaking with dilute 
alkali, drying over calcium chloride, and distilling, the 
major portion boiling at 42°°5 C. (760 mm.) being collected. 
It was redistilled from silver-foil, and kept over a small 
4juantity of silver in an amber-coloured bottle. The bulb of 
the apparatus containing the methyl iodide was shielded 
from the light during the experiments. 

The ethyl bromide and propyl chloride were Kahlbaum’s 
pure chemicals, and were used immediately after opening 
the sealed hottles. 


Methods of Calculating the Adsorption. 


In the previous paper of this series (Phil. Mag. xlviii. 
p. 187, 1924) reference was made to the difhculty of caleu- 
lating the amount of the saturated adsorption owing to the 
form of the o-p curve. It so happens in most of these 
instances that the surface tension is some logarithmic func- 


f , , do 
tion of the pressure, so that the value of -- does not always 
ct x 


ip 
afford a convenient means of calculating the adsorption 
coethcient I. 

It is possible to express these relationships in the form of 
an equation very similar to Szyskowski's (Zeitsch. Physik. 
Chem. lxiv. p. 385, 1908), which Langmuir has made use of 

28 2 
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(Journ. Amer. Chem. Soc. xxxix. p. 1885, 1917) to calculate 
the adsorption coefficient in a number of instances. I have 
thought it worth while to re-caleulate the values for the 
saturated adsorption of benzene and methyl acetate with 
the aid of this derived form of Szvskowski’s equation, and to 
compare them with the previous values obtained by the use 
of the tangent to the o-p curve. 

Inserting vapour pressure for concentration in the original 
Szyskowski equation, we have : 


7 =1—Bloe(” 
— Blog(} +1), 


where o)=surface tension of mercury, 


o =surface tension for any particular vapour pres- 
Sure p... 


B & A are constants. 


Langmuir (loc. cit.) has shown that, by differentiating this 
equation and comparing it with the Gibbs adsorption equa- 
tion, the limiting amount of adsorbed vapour will be 
expressed by : 


T = 0:434 Be, 
RT 
in gram molecules per square centimetre. 
Now, in finding the value of the constant B, I have adopted’ 


hes š i : ; TE ER 
the original method of Szyskowski. To values of - dif- 
Oo 
fering by constant increments, I have found corresponding 


values of @ and p from the sainotlied a curve; Ap are the 
Ay, rae 

suceessive increments of p, and ' their ratios (R). If 
e 

the logarithmic law be followed, R should be a constant: 

and it appears to be so within the limits of ae curacy at 

Szvskowskis own data on which Langmuir bases his general 

eonelusions. Now, it n be the number of successive incre- 


o ee 
ments of | , and d the value of this increment, 
oO» 
nd d 
Pa - 


i log R - ‘oo R? 
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Taste VII. ‘a). 


@ 4OPa+1 
ay" o. p. Op. Ape 
08:10 396:5 720 
170 

0-850 401:2 ood 
22 (140) 

0:860 405-9 42°8 
91 134 

0:870 4106 33T 
ren 1:22 

0-850 4154 20:2 
oO 125 

0-890 420:1 20:2 
t5 1:33 

0:9009 4247 157 
34 1:32 

0-910 29-4 12:3 
2-6 1:30 

0-920 434-2 9:7 
2:1 1:24 

0:930 4389:9 76 
17 1:24 

0:940 443°6 a9 
Mean (R) ...... 1-28 

Hence 
eee Ee eG, 
log 1:253 0:1092 
s0 that 


0434x 0:0961 x 472 
~ 54x10 x299 
= 0:078 x 107" gram molecule per sq. em. 
= 0°0473 x 10° molecules per sq. cm. 
<. area per molecule = 21°2 x 107" sq. em. ; 
previously found value = 21:0 x 107" sq. em. 
From the data obtained with methyl acetate it is found in 
‘a similar way that 
B = 0:0715, 
T = 0:0583 x 1078 gram molecule per sq. em. 
= 0:035 x10! molecules per sq. om. 
*, area per molecule = 28 x 107" sq. em. ; 
previously found value = 27 x 1077° sq. cm. 
The agreement between the values calculated by the two 
‘methods may be considered as satisfactory. 


The adsorption coefticient has also been calculated from 
the data on the lowering of the surface tension of the sessile 
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drop. The results obtained by this method are not likely to 
be of the same order of accuracy as those computed by the 
drop method ; but in the case of benzene the agreement is. 
fairly satisfactory. , 

I’ was found to be 00726 x 107% gram molecule per sq. 
em. giving an area per molecule on the surface of 23 x 1078 
sq. CI, which isa little larger than the previously found value. 

For ethyl aleohol, P=0°0567 x 107% gram molecule per 
sq. em., and the arca per molecule, 29x 1078 sq. em, It is 
interesting to compare this with the value found for the area 
(29 x 10°) sq. cm.) From the data of Bireumshaw (Journ. 
Chem. Soc. exxi. p. 887, 1922) on the surface tension of 
water-ethyl aleohol mixtures. The agreement ts striking, 
but it is doubtful if the results are strictly comparable. In 
the case of substances adsorbed on the surface of water, it is 
usual to imagine some form of solubility such as affects the 
polar group of the molecule. With the mercury surface this. 
assumption would not be feasible. We must imagine some 
kind of linking of the atoms at the surface, whereby the area 
per molecule of adsorbed substanee is determined partly by 
the specific group attached to the surface, but more espe- 
cially by the spacing of the mercury atoms themselves, In 
connexion with this there are some crystallographic data 
(MceKeehan and Cio, Phys. Rev. xix. p. 444, 1922; 
Debierne, Comptes Rendus, elxxiii. p. 140, 1921) from 
X-ray examination of both sohd and liquid mercury, but 
they are not considered satisfactory (Wyckoff, ‘Structure 
of Crystals, p. 243, 1924). It is noteworthy, however, that 
the molecule of methyl iodide appears to accupy only about 
half ora third the space appropriated by the molecules of 
the other substances (Table IX.). Now it is fairly certain 


Task IX. 


Area per molecule 
in sq. em. X lUt. 


Methyl acetate crossiessrsvss: ia 
BOneentdatcichnaasientansiiiad 21 23 
Ethiytalolol cicecheovssacwens 29 
Propyl chloride... ab. 40 
Ethyl bromide occ ab, 40 
Methyl todide co... ee 13 


that the formula of methyl-mereurie iodide is CH; —Hg— I. 
If we imagine that this compound is actually for med at the 
mereury surface, and that with the saturated adsorption all 
the available spaces of the surface are covered, then every 
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mercury atom will be united by two bonds to the methyl 
group and the iodine atom respectively. But such an 
arrangement might not satisfy at the same time our idea of 
the electronic configuration of the system, and it would be 
better, from the analogy of the oxygen atoms on the tungsten 
surface, to imagine the methyl group and the iodine atom 
as each attached to a separate mercury atom, which is itself 
partially saturated by union with a mercury atom in the 
layer beneath. The area tor each mercury atom on the sur- 
face will then be 6:5 x 1078 sq. em. It is evident that the 
molecules of the other substances ure not packed so closely 
at the surface, nor are they held there with such tenacity ; 
but it is not proposed to discuss this matter any further until 
more extensive data, particularly on the heats of adsorption, 
are obtained. 


General Theory of Adsorption and Condensation. 


It has been necessary in all these cases to postulate in the 
first instance the existence of a monomolecular tilm, and 
afterwards to calculate on this assumption the space appro- 
priated by each molecule on the surface. But we might 

also suppose that only a small part of the surface is cover red 
with the adsorbed molecules, and that there is a gradual 
decrease in the density of the vapour outwards from the 
surface through a layer several molecules thick. This 
assumption, however, would not be in accord with the 
usually accepted idea of the nature of molecular attractive 
forces, and certainly not in agreement with the very convin- 
cing theories of Langmuir and Harkins, based as they are on 
some very conclusive experimental evidence. 

Now, the film of discontinuity imagined by Gibbs was an 
essentially ditferent thing. In his “day, and until quite 
recently, it was usual to regard such a film as forming, what 
Hardy termed, a composite surface. The tension of such a 
tilm formed from the saturated vapour would be written 
O,+,p, Where oas is the interfacial tension of the film and 
the liquid beneath it, and o4 the surface tension of the liquid 

composing the film, assuming also that the two liquids are 
mutually insoluble. The condition of the film as it thinned 
to molecular dimensions was largely a matter of speculation. 
Hardy’s interesting experiments on the tension of composite 
surfaces (Proc. Roy. Soc. Ixxxvill. p. 312, 1913), especially 
with reference to the spreading of certain liquids on water, 
did not reveal the essential difference between the film 
formed from the vapour and the thicker film formed by the 
spreading liquid. But it was obvious that certain substances 
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would form very thin films by adsorption of the vapour by 
the water that normally would not spread on water. The 
tension of such thin films could not be ca +o, 8, as this was 
greater than the surface tension of water, op. 

Now, Gibbs imagined (‘Ncientifie Papers,’ i. p. 235) that 
the saturated vapour of water would form a thick film ona 
mercury surface whose tension was equal tog,a+oap. He 
quoted some figures of Quincke, and indicated that if we 
knew the surface tension of mercury under different pres- 
sures of water vapour up to the saturation value, we could 
caleulate the amount of water on the surfaec, and hence find 
the thickness of the film. Quincke’s figure for the tension 
of mercury at 20° C. is 539 dynes per cm., and for oa +oaB 
814417=498 dynes per em. If experiments had been 
carried out to determine the surface tension of mercury for 
intermediate pressures of water vapour, a nearly linear rela- 
tionship between the pressure and the tension would have 
been found. The pressure and density of water vapour at 
20° C. are 17:5 mm. Hg. and 0-0000174 gram per c.c. respec- 
tively. Hence 


P= 0-0000174x | _. ce = 3x 107° gram 


: a eas F b 
L7dx* 95l x 13°6 per sq. cm. 


the exact requirement for a monomolecular film. 

Since the film was imagined to possess the properties of 
hquid water in mass, being in equilibrium with the saturated 
Vapour, such a result would have been regarded as an 
anomaly, as it was in conflict with the theory of molecular 
dimensions; and the concept of a monomolecular film 
having the tension equal to o4+o, is something entirely 
novel, and would not have been considered as adequately 
representing the facts. 

But in how many eases, it may be asked, other than water, 


TABLE N. 


Ox. O AB. Oxr+OrB. om. 
Water .......... E EE 73 370 448 449 
Methyl acetate............... 25 370 395 412 
Benzene  .........000 eesse 28 She > 382 395 
Ethyl alcohol ooo... 22 364 386 415 
Methyl iodide ............0.. 30 304 339 349 


(Some of these figures are taken from the data of Harkins and Grafton 
(Journ, Amer, Chem, Soe. xlii. p. 2543, 1920) on interfacial tensions.) 


is this relation true? I have given in Table X. some figures 
for o,,, the tension of the monomolecular film in the saturated 
vapour, and for oa+oap, and it will be seen that o is 
usually somewhat greater than o4+ 4p. 
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Now it has been shown very conclusively by Gibbs 
(‘Scientific Papers,’ i. p. 258) that the most stable film 
between two phases such as these, the vapour phase of the 
substance A and the liquid phase B, would have the tension 
O,+oap, provided that o,4+oapn<op, which is certainly the 
case for these films on the mercury surface. Gibbs, how- 
ever, did not consider the possibility of building up a film 
from successive layers of molecules, and unless we knew how 
the tension changed with each layer, we could not find out 
how Om approached the value o4+oap; for in all real 
changes the diminution in free surface energy per gram 
molecule of adsorbed substance cannot be less than the 
external work required to condense the gram molecule from 
the vapour state. 

But there are some special instances where it seems 
fairly certain that ¢m=oat+oap. I refer to the interfacial 
tension of two liquids slightly soluble in one another. The 
relationship is known as Antonoft’s law (Antonoff, Journ. de 
Chim. Phys. v. p. 372, 1907; Hardy, Proc. Roy. Soc. A, 
Ixxxviii. p. 313, 1913), and expresses the fact that this inter- 
facial tension is equal to the difference of the tensions of the 
two liquid phases. Reynolds (Trans. Chem. Soc. cix. p. 466, 
1921) has adduced some experimental evidence in support of 
this law. Now, in the case of benzene and water, the tension 
of water saturated with benzene is the same as the tension in 
the saturated vapour of benzene, and is equal to om. The 
tension of the benzene saturated with the water is very little 
greater than the tension of benzene itself, oa. According 
to Antonoff’s law, o,—o,=o4R OF Cm=0a +0ap. There 
are not sufficient data to enable one to say if this Jaw is 
‘capable of universal application. 

There mnst be some cases, of course, where on <o,+O,AB3 
and this is to be found when the vapours of certain saturated 
organic substances, such as carbon disulphide, lower the 
surface tension of water; but the substances themselves 
cannot spread on the water, since oa +o4pn > Gp. 

With mercury, however, the experimental results have in 
many cases indicated a very great fall in the tension when 
the mercury surface is formed in the saturated vapour; and 
this fall occurs most rapidly when the mercury is near the 
surface of the other liquid. Owing to the slight temperature 
fluctuations of the thermostat, momentary conditions of super- 
saturation of the vapour may occur, favourable to a rapid 
condensation of the vapour in this vicinity; and it has been 
argued, with some justification, that the films formed in this 
way are of unusual thickness compared with the primary 
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adsorption films, As far as changes in the tension are con- 
cerned, what must happen is this: with the primary adsorp- 
tion of a monomolecular film, the drop registers a tension 
which is that of a composite surface and may be of the 
order o,+oap. As each laver of molecules is added to 
the film to form a new and independent surface of the 
condensed liquid, the drop begins no longer to register 
the tension of the composite surface, but rather the 
interfacial tension TAB. But what concerns us most 1s 
the change, if any, in the orientation of the first layer of 
molecules adji cent to the mercury surface. It is impossible 
not to believe that some change has taken place, because the 
tension associated with tlis first laver has fallen from 
atag to cage It seems reasonable, therefore, to assume 
that the molecules become more closely packed at. thie surface 
during the condensation process ; but, if so, this change in the 
orientation must be due to an eroen attraction ex- 
tending through a layer many molecules thick. 

But as long as on is of the order Tatan, condensation 
under isother anil conditions is thermodynamically impossible 5 : 
and we must assume, as we have already done, that there is 
some slight devree ök supersaturation of the vapour, in order 
that the condensation may take place. But a thick film 
already formed in this way and possessing the tension 
orton would not be unstable under isothermal conditions 
unless o,+oan>co,, in Which case it would first break up 
into lenses and afterwards form the primary film of the 
tension om. The dithculty of experimentation in these cases 
would lie in the accurate control of the temperature. 

Now, the interjarial tension has been nsed in recent vears. 
as the basis of certain calculations of the attraction of one 
liquid surface for another. [t occurs, for instance, in 
Dupre’s equation, W =o; +0g—oag, where W is a measure 
of the attractive forces, the adhesional werk ; and this has 
been used by Ilarkins (Journ, Amer, Chem, Soe. xxxix. 

35-4, 1917) in the development of his theory of the 
orientation of moleeules at liquid-liquid interfaces. But 
Harkins’s deductions would lead us to believe that the inter- 
facial tension of two liquids is the result of certain molecular 
rearrangements confined exclusively to the first layer of 
Mole aa This can hardly be the case, as we have seen 
that the interfacial tension may result from an inter- 
molecular attraction extending through a layer several, or 
many, molecules thick. His argument, at first sight, seems 
very convincing, but it is doubtful if his results can be 
interpreted in so simple a manner, 


Gras Phase at a Liquid Gas Interface. 627 


It is hoped shortly to be able to communicate some results 
of the direct measurement of the adsorption. 


7 
Summary. 


It has been shown by two independent methods of 
measuring the surface tension of mercury, when the 
mercury “surface is exposed to vapours of different pres- 
sures, that these vapours adsorb on the surface to give films 
that, in all probability, are only one molecule in thickness ; 
and the space taken up by these molecules on the surface 
has been found to agree fairly satisfactorily with data of 
a similar kind from other sources. 

Jn the saturated vapour, under special conditions, it has 
been found possible to form films which are of much greater 
thickness; but it has been argued on thermodynamical grounds 
that eich: condensation is impossible under str ictly isothermal 
conditions, if the tension of these films is not less than the 
tension of the monomolecular films. 

The mercury surface has been found to be very casily 
contaminated by traces of impurities, the source of which 
has often been difficult. to ascertain; but it is possible that 
they are derived in part from the glass surfaces with which 
the mercury comes in contact, and are not readily removed 
by the usual cleaning agents. Such contamination is irre- 
versible, and the adsorbed impurities cannot be removed at 
ordinary temperatures, even in the highest vacua. 

The adsorption of the vapours of certain organic sub- 
stances has been found to be largely reversible, except in 
the case of such a substance as methyl ‘iodide, which is known 
to forma definite compound with mereury, Tt is considered 
that the bond of union between the mercury atoms and the 
halide molecules is of a more pronounced type than in the 
case of the molecules of other substances. It is suggested 
that a distinction may have to be drawn between a “surface 
compound” and a “surface solution,” even in these simple 
Cases. 

The investigation of the adsorption of vapours on liquid 
surfaces is considered to open upa new and promising field 
for the study of adsorption films and molecular structure. 


I ain indebted to Professor Donnan for the great interest 
he has taken in this investigation, and to the Department of 
Scientific and Industrial Research for a grant of money 
which has enabled me to carry it out. 

The William Ramsay Laboratories of 

Inorganic and Physical Chemistry, 
University College, London, 
December 20, 1924. 
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LXVI. Notices respecting New Books. 
T'he History of One Hundred Years of Life of the Leeds Philosophical 
and Literary Society. By Lieut.-Col. E. Kitson CLARK, 1924. 
(Jowett & Sowry Ltd., Leeds.) 


HIS very interesting and delightful volume chronicles the 
activities of one of the leading philosophical societies in the 
country. The Leeds Philosophical and Literary Society was 
founded in 1818, and has from that time pursued an honourable 
career. The writer of the volume has chosen the best possible 
way of commemorating the Centenary in reprinting selections 
from the actual Reports of the Society vear by year. By skilful 
editing these extracts are made to tell the history of the Society, 
and indirectly they give a vivid picture of the intellectual interests 
of the more thoughtful citizens of Leeds during the century which 
is past. 

The initial decision to purchase land and erect a building was 
made at a general meeting on Mav 7, 13517, and on Julv Y the 
corner stone of the Court House was laid and a gold sovereign of 
1817 and other coins were let in. The first meeting was held in 
the year 1819 to discuss a paper on ‘ The Effects of Spirituous 
Liquors on the Human Frame.” During the first ten vears a 
great variety of subjects were discussed belonging to Archeology 
and History (24 meetings), Literature, Art, Pedagogy, and Ethics 
(94 meetings), Chemistry, Geology, Entomology (56 meetings), 
Physiology and Biology (18 meetings), Geography, Ethnography 
(11 meetings), and Economies (11 meetings). Many of the papers 
discussed have familiar titles. Thus in 1834 there was a dis- 
cussion “On the general improvement and prosperity of Leeds 
as affected by the smoke of the factories.” Others are not so 
familiar. Thus in 1548 the president read a paper on “ The 
Principles of Education—for Professional Men, for Females, and 
for the Working Classes.” It is interesting to notice the lecture 
on * The Colour of the Sky” by John Dalton, in 1825, and a 
lecture by Silvanus Thompson on ‘ Waves of Sound and the 
Photophone,” in 1850, 

In 1840 it is recorded that “the tea and coffee for lectures 
were made exigible in the case of those only who arrived later 
than a quarter past seven, the hour of meeting being seven.” 
The curve of unpunetuality varied correctly in inverse ratio to the 
severity of the penal regulations. 

This is a fascinating volume, and if it stimulates others of the 
older societies of this type to a similar publication, will serve a 
purpose interesting not only to the professional scientific man. 


La Technique du Vide. By L. Duxoyver. (Pp. 225. Paris, 
Les Presses Universitaires de France. 1924.) 
Tuts book provides a useful summary of the varied methods of 
producing and managing vacua. The subject has become of great 
importance during the past ten vears, owing to its applications in 
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the research laboratory, and in the technical production of lamps, 
valves, and X-ray tubes. The construction of mercury diffusion 
pumps is treated in some detail. Holweck’s ingenious modification 
of the Gaede molecular pump will still be new to many people. 
The account of the many types of manometers, which have been 
proposed for the measurement of high vacua, serves to emphasize 
how unsatisfactory such measurements still remain. 

Another section deals with the design of vacuum apparatus, the 
expulsion of occluded gases, etc. It is unfortunate that more 
information upon the making of glass to metal joints has not been 
included here. A short account is given of recent work on the 
disappearance of gases in the electric discharge. 


The Earth, tts Origin, History, and Physical Constitution. By 
Harod JeErFreys, M.A., D.Sc., Fellow and Lecturer of 
St. John’s College, Cambridge. (Cambridge University Press, 
1924.) 


THIs important volume is based to some extent on a set of 
lectures delivered by the Author in the University of Cambridge 
during the years 1920-1923. It isthe first book in which any 
attempt has been made to present a general view of the present 
state of geophysics. It is a matter of great importance that 
a general survey of this kind should be made, and this work 
should mark a new era in the subject. Up to the present time the 
subject of geophysics has suffered very much from the fact that 
the problems with which it is concerned are of such extremely 
diverse kinds that it is impossible that any worker should have 
a specialist’s knowledge of even a majority of them. And this 
state of affairs inevitably results in the independent development 
of different problems, even when the logical relation of the problems 
is intimate and important, and the feasibility of projected solutions 
of one can only be adequately evaluated by reference to the state 
of development of another, both as regards the data available and 
as regards the state of theorising with respect to it and the pro- 
bability values to be attributed to the various theories, 

In the present volume the desirability of coordinating the data 
and theory belonging to different problems is stressed at every 
possible opportunity; and for this reason the book is important 
also as an example of scientific method. And the matter of 
geophysics lends itself very readily to such treatment. For during 
recent years a remarkable feature of geophysics has been the 
extent to which different lines of attack have led to mutually con- 
sistent results. This is the more noteworthy when we take into 
consideration the very varied nature of the data on which geo- 
physics as a science depends, and, more important still, the very 
varied nature of the hypotheses on which it depends. In part, 
however, these hypotheses are well established, as, forexample, the 
laws of gravitation, heat conduction, radioactive disintegration, 
elasticity, and fluid friction. 

The aim of the author has been to discuss the theories of the 
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main problems of geophysics, and to exhibit their inter-relations. 
And throughout he has introduced quantitative and not merely 
qualitative comparison of theory with fact. A large number of 
the theories advocated have survived the test of quantitative appli- 
cation to several phenomena, while decent burial— with no necessity 
for any exhumation—has been given to many old favourites. 

Such an object as quantitative testing necessarily entails the use 
of mathematics, and this will probably not make the book any 
easier for geologists nor prejudice them in its favour, But, as 
the author poiuts out, “if geophysics requires mathematics, it is 
the earth that is responsible, not the geophysicist.” The author 
has, however, been remarkably successful in making the spirit of 
his arguments intelligible to the non-mathematical reader, for he 
has on several occasions segregated the part of the argument which 
necessarily requires mathematical treatment, either open or veiled, 
and has given a clear statement of the point at which mathematics 
needs to be introduced and the point at which its use can be dis- 
continued, aud has, at the same time, recorded the mathematics for 
the sake of those who want them for reference. This treatment 
is plainly preferable to that of some writers, who endeavour by 
means of protracted discussion in words, to make intelligible to 
non-mathematicians arguments, which even the trained mathe- 
matician or logician requires to have iu symbols. 

We may conclude by recording our great admiration for the 
way in which this book has been constructed. It is the role of 
the scientist to take data of all kinds and build on them in- 
ductions and general laws. In geophysics, however, the task is 
especially difficult in view of the vast problems involved and the 
paucity of experimental, as opposed to observational data and, 
indeed, the relative paucity even of observational data in com- 
parison with many sciences. The general principles of scientific 
method have, however, been applied in this book in a notable 
manner on material of very great interest, Important parts of which 
are due to the insight and logical acumen of the author, 
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LXVII. Untellivence and Miscellaneous Articles. 
THe INTERNATIONAL CRITICAL TABLES. 
A T the meeting of the International Union of Pure and A pplied 


Chemistry ‘held in London in 1919, the American delegates 
submitted a proposal for the international compilation of critically 
prepared tables of the physical properties of chemical substances 
and technological materials, The proposal was approved bv the 
Union, and the American National Research Council at W ashing- 
ton has since undertaken the financial and editorial responsibility 
for the undert: aking. A Board of Trustees has undertaken to raise 
the sum of S200,000 or such part thereof as many be necessary. 
‘The editorial responsibility is invested in a Board of Editors, the 
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Editor-in-Chief being Dr. E. W. Washburn, formerly Professor 
of Physical Chemistry at the University of Illinois. 

To ensure the international character of the Tables, Corre- 
sponding Editors have been appointed in the principal countries 
of the world. It may be added that the Tables are in no sense a 
commercial undertaking and the members of the Boards of 
Trustees and Editors and the Corresponding Editors serve in an 
honorary capacity. 

The work of critically examining the data and of compiling the 
various tables is being carried ont by well-known chemists, physi- 
cists, engineers, etc., some three hundred in number, who have been 
chosen for this purpose in the various countries of the world, 
largely on the basis of recommendations from the Corresponding 
Editors and their advisory committees, 

These experts are not being expected to assume the responsi- 
bility of searching the literature, a task which is being carried out 
in the main by the editorial staff at Washington, but rather to 
assemble, to examine critically and to select the best value for 
each constant indicating at the same time the probable uncertainty. 

Each portion of the Tables will be published over the name of 
the cooperating expert who has assumed responsibility for the 
selection, reliability and accuracy of the data in question. The 
size of each assignment has been restricted so that the work may 
be carried out within a reasonable time and without becoming too 
great a burden for any individual (or cooperating group of indi- 
viduals) to bear, 

The main language employed in the Tables will be English, but 
the introduction, table of contents, definitions, general explanatory 
text, and a very complete index will be in English, French, 
German, and Italian. 

The Tables will contain all available information of value 
concerning the physical properties and numerical characteristics 
of (a) pure substances, (b) mixtures of definite composition, (c) the 
more important classes of industrial materials, (d) many natural 
materials and products, and (e) selected data for certain bodies or 
systems, such as the earth and its main physical subdivisions, the 
solar and stellar systems, and certain biological organisms, 
including man. Publications of the world in many languages 
have been combed for data and much unpublished information 
has been collected. The scope of the tables is so immense and of 
such an unprecedentedly comprehensive character, that special 
attention has had to be given to the arrangement so as to enable 
the Tables to be used with fac ility and dispatch. 

For pure chemical substances the data will be assembled in 
tables of properties, but a certain amount of latitude and dupli- 
cation will be permitted in some instances, and tables of materials 
will be employed where it proves to be more convenient, 

In some cases no definite value of a constant can be put down, 
but only upper and lower limits. In other cases a graph inay be the 
best means of indicating the variation of the particular property 
in question. Whatever method of presentation is employed it 
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will be such as best to bring ont the main purpose of the Tables, 
which is to take stock of our present quantitative knowledge of 
material things and to prepare in convenient form a critical digest 
of such knowledge. 

The importance of securing uniformity in the case of funda- 
mental constants, conversion factors, ete., has not been lost sight 
of, nor the importance of associating, where possible, with the 
data for a particular specimen or material, a statement of the 
exact experimental conditions, life history, ete. 

The Tables will be issued in a series of volumes comprising a 
total of about 2500 pages (94 in. x 7 in.), publication extending over 
about a vear anda half. The progress made has been such that 
the first volume is now in the Press and may be expected during 
the early months of 1925. 

The published price of the Tables will be from $60 to $75 for 
the set, but the Trustees are reserving the privilege of purchasing 
from the publishers at the rate of 835 per set whatever number 
of sets may be required to fill all advance subscriptions received 
by the National Research Council of America up to a definite 
fixed date, probably April Ist or May Ist, 1925, after which daie 
the privilege will lapse, and subsequent sales will be handled 
exclusively by the publishers at the higher rate. $35 represents 
only the cost of printing, but the Trustees and the National 
Research Council are anxious that all scientific men and women 
shall be given the opportunity of taking advantage of the lower 
rate. Accordingly, arrangements are being made so that (1) nem- 
bers of a recognised scientific, technical or engineering society, 
or (2) Universities, research laboratories, libraries, government 
departments or the like, will shortly be given preferential facilities 
for purchasing sets at the lower figure before the expiration of the 
above-mentioned date. Only one such set may be subscribed for 
by one individual, but a reasonable number of sets may be 
purchased by organisations such as the above. 

The National Research Council will deal with such applications, 
but all orders placed in the ordinary way through the Trade will 
be handled by the Publishers at the higher figure. 

The Advisory Committee for the British Empire (excluding 
British North America) consists of Dr. G. W. C. Kaye (Corre- 
sponding Editor), Sir Robert Robertson, F.R.S.. Dr. W. Rosenhain, 
F.R.S., Prof. A. W. Porter, F.R.S., Dr. T. E. Stanton, F.R.S., 
Mr. J. E. Sears (Jr.), Mr. A. C. G. Egerton, and Mr W. F. 
Higgins as Secretary. Dr. Rosenhain is also acting as Special 
Editor for Metals and Alloys. It is requested that any corre- 
spondence from the British Isles with reference to the Tables 
should be addressed to Dr. Kaye, The National Physical Labo- 
ratory, Teddington, Middlesex. 


[The Fditors do not hold themselves responsible for the 
views expressed by their correspondents. | 


NISHINA. Phil. Mag. Ser. 6, Vol. 49, Pl VIII. 
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LXVIII. The Electrical Behaviour of Radioactive Colloidal 
Particles of the Order of 10-7? em. as observed separately 
ina Gas. By Feix Eurennart, Dr.Phil, Acting Pro- 
fessor of Physics and Head of Physics Institute ILI. of the 
University of Vienna *. 


§ 1. o a few years ago all the observational data 
which we possessed were sufficiently explained 

by the Rutherford hypothesis—that the a-particles of radio- 
active substances all had identical charges and properties. 
Lately, again, Henderson f, experimenting with æ-particles 
which had passed through matter, deduced that they can 
carry double or single charges or be uncharged. I am 
interested, nevertheless, in those experiments of the Ruther- 
ford school where Kapitza ł has succeeded in photographing 
the tracks of æ-particles under a strong magnetic field ina 
Wilson chamber. It was found that these tracks were of 
various kinds, having each its own curvature The writer 
had already pointed out, some years § ago, that all deduc- 
tions concerning a-particles had to do with average values, 
and that we could not really speak of having determined the 
actual tndimdual charges. This idea seems to have received 
definite support from Kapitza’s experiments, for the experi- 
menter himself treats the separate a-particle charges as a 
function of the distance travelled, and the reader of the 

* Communicated by the Author. 

t Proc. Roy. Soc. cii. p. 496 (1923). 

t Proc. Camb. Soc. xxi. p. 511 (1923). 

§ Wiener Akad. Ber. exxiii. (ii. a) p. 61 (1914); Ann. d. Phys. xliv. 
p. 664 (1914); cf. also, Wiener Akad. Ber. cxix. (ii. a) p. 816 (1910). 
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article can see that the charge of one single «-particle, for 
example, varies from 2x 107" to 7x 107” e.s u. 

This state of affairs induces me to draw attention to investi- 
gations which I have been carrying on for more than fifteen 
years and which may be of interest for their application, set 
out in detail below, to radioactivity and as bearing directly 
on these experiments of the Rutherford school. 


§ 2. The charge on the electron enters as a fundamental 
physical constant into many theories of modern physics as well 
as into the science of radioactivity. As early as 1910 the 
writer had strongly emphasized the idea *, that it was only 
hy averaging the observations on groups of particles, or other 
averaging processes, that one could obtain the elementary 
indivisible quantum charge on the electron, as demanded by 
the fundamental hypothesis of the electron theory. The 
writer had himself observed the motions of small spherical 
particles of silver, of the order of 107° em., in a gas, and, by 
averaging, had deduced f a charge for these particles of the 
order of the so-called elementary quantum. It was clear, 
however, that such a procedure, where average values are 
depended upon, is incomplete. For this reason, even before 
the publication of these results, tle writer had given a 
method $ (Anzeiger d. Wiener Akad. d. Wiss. no. vii. 


* Vide loc. cit. 

t Wiener Akad. Ber. exviii. (ii. a) p. 82] (1909). 

t Since Prof. Millikan has opened up, in several English publications, 
the question of priority in the method of determining electric charge on 
individual particles, and since, by reason of the war, I could only reply 
in German ones (Ann. d. Phys. lvi. p. 58, 1918), I should like to be 
allowed to make the following remarks :— 

Prof. Millikan has changed his standpoint on the priority question, 
for, at first, he wrote ìn the Phys. Rev. xxxii. p. 392, April 1911: “The 
only other investigations which appear to yield results which are in any 
way adverse to the conclusions herein contained are reported in very 
. recent papers of Ehrenhaft and Przibram, both of which kae appeared 
since this work was first presented to the Physical Society on April 25, 
1910.” His contention was thus, all this time, limited to independence 
in discovery of the method. On the other hand, he wrote later on, in 
the Phys. Rev. viii. (mn. s.) p. 596, Dec. 1916, as follows: “ Ehrenhaft, 
in a paper read at the Naturforschersammlung zu Königsberg in Sept., 
1910, made a very clear statement of this defect in his own attempted 
determination of e, and asserted that it inhered also in the work of all 
other observers, Asa natter of fact, however, I had the good fortune to 
find a way of removing this limitation entirely more than a year earlier, 
viz. in the spring and summer of 1909.” He is here already claiming 
priority and in fact modifying the standpoint he had taken up to this 
time, as is shown by his article in Phil. Mag. xix. p. 209, Feb. 1910, con- 
cerning which we shall have something to say below. In 1917 he goes 
so far, indeed, as to write in Phil. Mag. xxxiv. p. 1, July 1917: “For, 
first, Professor Ehrenhaft and his pupils began publishing in 1914 a 
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enabling us to determine the charge on the smallest possible 


series of results which, though obtained by a modification of my 
method, were wholly irreconcilable with the results which I had 
found.” That is, he now dates the beginning of my writing about 
five years too late, a presumption which cannot be entertained. 

Tho actual state of affairs is, however, as follows: Asearly as the no. 7 
issue, March 4, 199, of the Anzeryer der Wiener Akad. d. Wiss., i. e. before 
the publication by any other writer on this point, L expressly pointed out 
that the measurement of the electric charge on single particles supplied a 
new method for the determination of the elementary electric quantum. 
Also in an exhaustive article of March 138, 1900, in Sitzungsber. d. 
Wiener Akad. exviil. (ii.a) p. 321 and in the Phys. Zt. x. pp. 03-310, 
l established the fact that the method I had developed for measuring 
charges could be applied to individual particles and would enable us to 
calculate the charge of a single particle. Millikan, on the other hand, 
has not pointed out the necessity for measurements by the aid of 
single particles either in his preliminary communication of Dec. 1909 
(Phvs. Rev. xxix. p. 260) or in his more cowplete paper on cloud 
particles, Phil. Mag. xix. p. 208, Feb. 1910. Neither is this to be 
woudered at, for, as can be clearly seen from the last named article, 
he arrived only accidentally at the method of observations on single 
particles. (In this connexion, cf. lines 20 to 32, p. 2'6, of the article 
in question.) Accordingly he does not apply his readings to these 
particles separately—a point I have already made in the Wiener Akad. 
Sitzungsb. cxix. (iia) p. 825 (1910), and in the Phys. Zt. xi. p. 942 
(1910)—but takes their mean. [t was I who first recalculated Millikan’s 
results for separate particles and could thus demonstrate, for example, 
that in a group to which he accorded 3 quanta he had averaged a 
water particle which by my calculation carried 1559x107" e.s.u. 
Another water particle for which I calculated the separate charge of 
153x10 '° e.s.u. was included ia a group in which was given 4 quanta. 
It follows that my papers, which appeared in the Academy Anzeiger 
no.7, March 4, 1909, no. 10, April 21, 1910, and no, 13, May 12, 1910; 
in the exhaustive article in the Setzungsber. d. Wiener Akad. d. Wiss. 
May 12, 1910, and also the paper read at the Science Meeting at Konigs- 
berg (Phys. Zt. xi. pp. 940-949, 1910), are the first ones dealing with 
the charge on individual particles which discuss the question of the 
existence or non-existence of an electron. Thev are also the firat iu 
which observations were taken and caleulutions made on separate 
particles. On the other hand, Millikan’s iirst papers in which he 
recorded and calculated from separate particles avpeared first in Dee. 
1910 in the Phys. Z., the first in Enghsh being in the Phys. Rev. of 
1911. He, therefore, did not abandon the Wilson cloud method to 
adopt the method of observation aud calculation with separate oil drops 
until Dec. 1910 in the Phys. Zt. 

It is clear from this that the point of view that the existence of an 
elsmentary quantum was to be proved by measurements on individual 
particles was brought forward and carried out in the first place by the 
writer, whereas Prof. Millikan had up till then employed only charge 
averages, and this is of course quite easy to understand, for he had 
never had any doubt concerning the existence of an elementary quantum 
of electricity. 

2T 2 
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particle in a gas. This method was next treated exhaus- 
tively in several papers *, and again the point was discussed 
at large at the Science Meeting in Konigsberg ft. The 
fundamental idea in all this was that we can most probably 
erpect to jind the smallest electric charge on particles of the 
smallest capacity. These test bodies of smailest capacity 
must, however, be still large enough to be optically and 
separately perceived and subjected to physical measurement. 
We are therefore directed à priori to particles whose dimen- 
sions correspond with the limiting powers of the microscope. 
Test bodies of the noble metals or mercury have the special 
properties of great density and reflecting power which allows 
them to be individually seen against a dark background down 
to sizes where other particles are invisible. Moreover, 
spheres of the noble metals are definitely determined chemi- 
cally and have, as inert substances, great stability in the inert 
gases. I have further convinced myself of the sphericity of 
the test bodies which [used for this purpose. They displayed 
symmetry against a dark background trom all directions and 
suffered no orientation in an electric field. Furthermore, 
precipitations of such particles, when resolved with large- 
aperture microscopes, showed exact sphericity $. 

Let us consider, say, a mercury sphere of the order of 
107° em. in an inert gas, nitrogen or argon, and observe it 
in the gas space between two horizontal metal poen Let 
the plates have a diameter of 8 to 9 mm. and be 1 to 2 mm. 
apart. By suitable arrangements this small space is com- 
pletely isolated from other gas. Between the plates apply 
a variable vertical electric field E. The space between the 
plates is illuminated by the diffuse portion of a beam of light 
emitted by a horizontally adjusted microscope objective. 
The observing microscope is adjusted at right angles to this 
beam. It is then an easy matter to observe against the dark 
background the uniform speed of this brilliant mercury 
sphere under the influence of an external force P. In 
particular, if the test body carries a constant charge e and 
the field strength in the condenser is E, then the force 
acting vertically upwards on the body is eE—mg, where 


° Wiener Akad. Ber, cxix. (ìi. a) pp. 815-866 (May 1910); Phys. Zt. 

i, pp. 619- €30 (1910). 

- Phys. Zt. xi. pp. 940- 949 (1910). 

t G the tables in the Wiener Akad. Der. exxiii. (Gi. a) p. 53 (1914); 
Ann. d. Phys. xliv. p. 664 (1 914); C. R. elviii. p. 1071 (1914); Paes, 
Zt. xvi. p. 227 (1915); ibid. xviii Pe 52 (1917); Ann. d. Phys. lvi. 
pp. 1, SE (IDIR); tbid. Ixiii. p 773 (1920). For further proofs of 
sphericity, of. also Ann. d. Phys, lvi. p. 54 (1918). 
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mg is the weight of the mercury particle. It is the limiting 
steady velocity of such test bodies, attained under the 
influence of constant external forces in a resisting medium, 
which we are required to measure as base for conclusions. 
The speed of the test body is proportional to the force acting 
on it, and hence, in particular, if the foree eE —mg acts verti- 
cally upwards the velocity is (eE —mg)B, where B is the 
mobility, i.e. the speed attained by the body under unit 
force. The observed speed must, therefore, vary linearly 
with the field strength if the mobility Is actually a constant, 
and this can, in fact, be demonstrated over wide ranges * 

It remains to define the mobility constant, B, for the tèst 
body, and in defining it we also give its magnitude. For this 
purpose the writer “has, up to the present, emploved four 
methods :— 

(1) The hydrodynamical method of determining the 
mobility from the Stokes law of fall for spheres in re- 
sisting gaseous media. This is the classical method by 
which J. J. Thomson and his school determined the size 
of a falling “cloud” particle. At the Science Meeting in 
Königsberg (1910) I drew attention f to the fact that in 
this case C 'unningham’ s correction has to be applied f. 

(2) An optical determination § of the magnitude of the 
particle and with it the mobility. To this end the writer 
observed the colour of the light scattered. For these bodies 
are small enough for individual selective colouring to be 
visible in the microscope: in general, the smaller the sphere 
the shorter is the wave-length of the perpendicularly diffracted 
light, though the colour of this diffracted light depends 
also upon the optical constants of the sphere. If, therefore, 
we calculate the colour of the light radiated from a sphere of 
known size, we can deduce the size of the test body from its 
observed colour. 

(3) The writer could also determine the size and mobility 
from the photophoretic maximum || of the forces acting on 
a silver particle. We assume in this that the positive photo- 
phoretic force of light on silver is identical with the light 
pressure. I have already shown] that small test bodies in 


Æ Ann. d. Phys. xiii. p. 782 (1920). 

+ Phys. Zt. xi. p. 952 (1910); Wiener Akad. Ber. cxix. (ii. a) p. 860 
(1910). 

t See Fritz Zerner, Phys. Zt. xx. p. 546 (1919). 

§ F. Ehrenhatt, Phys. Zt. xv. p. 952 (1914); xvi. p. 227 (1915), ete. 

| Phys. Zt. xviii. p. 367 (1917). 

€ F. Ehrenhaft, Ann. d. Phys. lvi. p. 81 (1918): “Die Photophorese.” 
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gases aro driven either with the light,  light-positive,” or 
against it, “light-negative.’ The discussion of the nature 
of these forces is by no means at an end. Assuming, how- 
ever, that the light-positive action on silver, which has x 
high reflective power, arises from light pressure ; since light 
pressure for certain spheres must be specially strong *, we 
can draw conclusions regarding the size of these spheres 
from observations of the maximum action. 

(4) Finally, the mobility t can also be deduced from the 
Einstein theory f of the Brownian movement in gases §. 
This method seems to the writer, however, the most untrust- 
worthy of all inasmuch as it gives results differing || from 
those of the other three, while the latter are self-consistent. 

From the very first I found charges on individual test 
bodies, from metals as well as from mercury, which were 
often only small fractions of the so-called elementary quan- 
tum of electricity. The general conclusion was reached that 
test bodies below a radius of 3 x 1075 em. often carry charzes 
smaller than that of the electron and, hence, that the charge 
on test bodies decreases J on the average with their capacity 
(and hence radius). In this connexion charges of the order 
of a tenth or twentieth part of the electron’s are by no means 
the smallest. 

The most serious objection raised against this result, which 
contradicts the prevailing theory, has been that the test 
bodies which I used were not spheres; but this is, of 
course, sufficiently met by microphotographs and direct 
observation, if, indeed, one is inclined at all to doubt deter- 
mined sphericity in the case of minute mercury particles **. 

A further objection has been that the density of the test 
body was not that of the molar (buik) substance. Under 
the high-power microscope, however, the spheres still show 
the colour and glitter of the molar substance. Nevertheless, 


* See P. Debye, Ann. d. Phys. xxx. p. 57 (1909). 

tE. Weiss, Wiener Akad. Ber. exx. (iia) p. 1021 (1911); F. 
Ehrenhaft, Ferh. d. deutsch. phys. Ges. xv. p. 1187 (1913), ete. 

t E. Einstein, Ann. d. Phys. xvii. p. 549 (1905); xix. p. 371 (1906). 

§ F. Ehrenhaft, Wiener Akad. Ber. exvi. (ii. a) p. 1175 (1907). 

| Cf. Ann. d. Phys. lvi. p. 71 (1918); S. Landman, %. f. Physik, xxvii. 
p. 237 (1924). 

q Cf. Phys. Zt. xii. p. 103 (1911). 

** M. A. Xchirmann has recently in my department (Phys. Zt. xxiii. 
p. 441, 1922) investigated light polarized by diffraction from submicro- 
scopic particles of Hg, Au, Cu, Pb, oil, and a modification each of S, Se, 
and Te, which were still smaller than the above test bodies, aud has 
shown their complete symmetry for all orientations. 
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the quite implausible assumption has been made that the 
density of platinum (21°4) or mercury (13°56) could vary 
from particle to particle and in the case of platinum, for 
example, sink* to 0°2. Such assumptions are actually 
necessary if the charge 4°774+0°004 x 10-1 e.s.u. is to be 
accorded to individual test bodies. 

As a third objection it has been maintained that the test 
bodies are surrounded by gas layers t resulting in the deduc- 
tion of wrong charges. This hypothesis also seems untenable, 
for with modern methods of investigation in this ragion, 
carried out, it is granted, on matter in bulk, the contrary 
conclusion was reached, viz. that no gas layers are found to 
any extent that matters. At the most we find layers of the 
order of one molecule f thick. It is, further, impossible to 
imagine what forces could cause gas layers great enough to 
influenve the results. 

Finally, it has often been emphasized that the exact form 
of the law of resistance for such small spheres in a gas 
(e.g. Stokes, Stokes - Cunningham, Knudsen - Weber, 
Miliikan, Zerner, Lenard, Epstein) is not yet known. We 
must, of course, keep in mind that if, on the one hand, the 
validity of the resistance law for small moving: spheres of 
mercury and other material is to be doubted, then it cannot 
hold, either, for other substances, e. g. oil. The withdrawal 
of such a premiss would of course cut the ground away 
from the elementary quantum idea of 4°774+0°004 x 107” 
e.s.u. as deduced from observations of electric charges on 
individual oil drops on the assumption of the validity of one 
of these laws. The writer, however, has all along taken the 
stand that an exact and purely empirical derivation of 
the resistance law for small spheres falling in a gas, which 
has hitherto been only theoretically formulated or found by 
observations on large spheres, is still to be attained. At the 
same time, we must take care that the experimental deriva- 
tion of this resistance law does not contain the presupposition 
of an indivisible electron, as has been done in the well known 
work of R. A. Millikan. Such a procedure is a case of 
petitio principii. No significance can therefore be attached 


# R. Bar, Ann. d. Phys. \xvii. p. 193 (1922). Against this, cf. Th. 
Sexl, Wiener Akad. Ber. cxxxii. (i1. a) p. 139 (1923); Zt. f. Physik, xvi. 
p. 34 (1923); Zt. f. Physik, xxvi. p. 371 (1924). 

+ Cf. my remarks in the discussion at the Science Meeting in Nauheim, 
Phys. Zt. xxi. p. 624 (1920). 

t Cf, e.g., F Langmuir, Journ. Amer. Chem. Soc. xl. p. 1361 (1918); 
F. Paneth, Zt. f. phys. Chemie, ci. pp. 445, 480 (1922); Zt. f. Electro- 
chemie, xxviii. p. 113 (1922); Zt. f. angew. Chemie, xxxv. p. 549 (1922). 
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to resistance laws derived in this manner from which in turn 
the electronic charge is deduced, its existence, of course, 
being by such methods easily demonstrable. The exact 
determination of a resistance law must follow from a method 
which is completely free from any assumption of the existence 
or non-existence of an elementary quantum, as well as of the 
divisibility or indivisibility and also of the equality of charge 
on the various drops. Such an investigation has long been 
going on in this Institute and is nearly completed. The 
purely mechanical and experimental determination of the 
correction to be applied to Stokes’ law for the motion of a 
small sphere in a gas has thus not as yet been realized. It 
is, however, to be remarked that the final result of the 
experiments which are discussed below is independent. of 
the exact numerical value of the quantity * 


B= E + “(A+ De-i) | fonna. 


On the other hand, it is important to demonstrate for 
later deductions that the electric field is of uniform strength 
and direction atall points between the plates of the condenser. 
An ideal ballon-sonde for investigating the field isa test body 
of the order of 3 x 107° em., say a mercury sphere of constant 
charge, for it is infinitely small as compared with the length 
of path observed and the condenser dimensions. It turns out 
that this test body is driven with constant speed f and direction 
in all parts of the field. Whence it follows that the field is 
completely constant at all points of the condenser, and the 
proviso of a homogeneous field is satisfied. 

Such a colloidal test body with constant charge may even 
be used as an electrometer, for it is easily found that it rises 
with uniform speed in a field of constant gradient. If, how- 
ever, we suddenly cut off the voltage from the condenser 
plates the upward motion becomes less and less, the body 
finally stops, turns about, and begins to fall with acceleration. 
This procedure can be repeated indefinitely on the same test 
body, and the reason for the phenomenon is quite clear. When 
the plate tension is cut off the condenser charge passes through 


* 7, mean free path of the gas molecule. 
p, coefficient of internal friction for gases. 
a, radius of test body. 
A, D, C, constants. 


t Cf. F. Ehrenhaft and D. K. Konstantinowsky, “Radioaktivität und 
Elektrizität,” Ann. d. Phys. lxiii. p. 780 (1923). 
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the ebonite insulation of the container and is dissipated out- 
side. In this way the potential difference varies and with it 
the field between the plates. The magnitude of the field is 
given at every instant by the speed of the test body. The 
electric force acting on it is at first still greater than its 
weight and so it rises with continuously decreasing velocity. 
These forces ultimately become equal and the body halts. 
‘Then the electric force is exceeded by gravity and the body’ 
falls with increasing speed. We thus see that in such expe- 
riments the test body assumes the function of an electrometer, 
for it enables us to calculate easily the tension on the con- 
deuser plates from the velocity observed. 

It can thus be seen from these details that such a 
colloidal particle makes an ideal instrument for determining 
the quality and direction of the field, and, finally, that 
knowing the capacity * of the condenser in which it serves 
as electrometer, information is given as to the condenser’s 
rate of leak. 

A test body possesses, in general, a mean constant rate of 
rise or fall in a field of constant strength, and from this 
we deduce that it also possesses constant mass and charge. 
If we vary the charge on the test body at any time, it is well 
to remove the electric field for an instant and at the same 
time ionize the gas between the condenser plates by outside 
means (radinm preparations, Röntgen rays, ultraviolet light, 
etc.). On reapplying the field the motion of the same test 
body is again observed. It is then often found that a new 
velocity, in the same or the opposite direction, has been 
acquired, so that a variation of charge on the test body is 
deduced from the change in velocity. The charge on the 
particle is then said to have been varied from outside. 


§ 3. In 1909 I set myself the problem of measuring 
the electric charge on the smallest possible individual 
particles and thereby subjected the foundations of the electron 
theory to a sharper test. Similarly the present problem is 
to follow, if possible, radioactive phenomena not statistically, 
as done hitherto, but observing the detail of the time variation 
of the radioactive process itself. I have succeeded f in doing 
this by investigating the motion of a small colloidal spherical 


æ Cf. Ann. d. Phys. lxii. p. 792 (1920). 
t These and the following investigations were carried out with 
Dr. D. Konstantinowsky, who was my assistant at that time. 
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test body, which was radioactive and of dimensions of the 
order of 107° em., in a constant electric field. 

The first thing to do was, thus, to transform small test 
bodies of these dimensions into a radioactive condition. As 
is well known, the writer has been able to form spherical 
particles of any substance, e. g. mercury or selenium, by 
vaporization. Radivactive particles can also be formed in 
this manner. For this purpose, radium emanation was 
enclosed in a vessel with selenium powder or mercury and 
the vessel was shaken for several hours, so that the break- 
down products of the radium emanation—radium A te 
radium D—were shaken out upon the substance used. The 
excess emanation was removed and the infected substance 
brought into another chamber (a small bulb) *. To remove 
all remains of the emanation that mivht have been 
occluded, the bulb and contents were heated and at the same 
time dry pure gas allowed to pass through it. Such p 
bodies must necessarily emit radiations of all kinds (a, 8, 
y. 6) on account of the radioactive substances produced. 
To obtain, further, a radiation of æ rays only, we separated 
out electrolytically polonium on selenium. The selenium 
Was actually found to be a radiator of æ rays only. 

It is now possible by suitable arrangements ¢ to bring 
a single one of these test bodies between the plates of 
my condenser and subject it at once to measurement. The 
very first one showed a quite different behaviour from that 
of the non-radioactive particles. The movement in the 
constant electric field was no longer uniform, and the 
particle often changed from one type of motion to another 
with accompanying ; change of speed, giving one completely 
the impression of a continuous chan ge of electric charge. 

We must therefore next follow the phenomenon quanti- 
tatively by registering the velocity of the test body as 
nearly continuously as possible. The times required by 
the falling particle to pass successive scale-divisions of the 
observing microscope were recorded. The field was then so 
altered that the same particle rose past the same divisions, 
at the same point in the condenser. The change of field in 
the condenser was brought about in such a way as always to 
have a voltage difference on the plates. The test body was 
thus at no time in a field of no gradient. The following 
figures give some idea of what happens :— 


* Cf. Ann. d. Phys. (4) lxiii. p. 813 (1920). 
t Cf loc. cit. p. 787. 
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Tn the above figures the average charges are plotted as 
ordinates against the times as ‘abscisse ; the individual 
points corresponding to continuously varying charges 
cannot be determined, but only the average values “of 
the charges during the periods ‘of rise or fall while the 
test body passes a ‘few successive divisions of the eyepiece 
scale. Non-radioactive test bodies were introduced as a 
check, and fit extraordinarily well along a straight line 
parallel to the abscissa axis. The minute variations of 
these step curves are sufliciently accounted for by obser- 
vational errors. The charges on the test bodies sometimes 

vary extraordinaril y—sometimes in shorter, sometimes in 
longer periods. For example, the selenium particle no. 1 
of May 20 (fig. 1) after about 20 seconds shows an 
apparent abrupt variation in charge of about 6 x 107)? e.s.u., 
followed immediately by a return to the original positive 
charge of a little over 10x 107! es.u. It retained this 
charge for about 20 secs., gained a small amount during 
the next half-minute, and “then lost it gradually down 
to about 3x 107! es.u. Readings were taken five times 
during this latter loss of charge. A second particle 
(selenium no. 6, May 22, fig. 1) lost its charge of 
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about —7x10-" e.s.u. in a minute, and so on. It, too, 
was recorded five times. The particle mercury no. 2 of 
Jan. 9 (fig. 2) varied in charge continuously over some 
ten seconds from about 13x 1L0-!° e.s.u. to, say, 25 x 10-0 
e.s.u., and was recorded five times during this continuous 
increase. The charge on the particle mercury no. 2, 
Jan. 11, varied continuously between about 10 and 
5x10-'e.s.u. We must keep in mind, here, that these 
test bodies had been in contact with emanation and would 
therefore emit all four radiations a, B, y, ò A similar 
condition of affairs (vide figs. 3, 4, 4a) is furnished by 
the particles, selenium no. 1 of Mar. 11, and selenium no. 9, 
May 22. The latter was under observation for 1600 secs. 
These variations should be compared with those under 
similar conditions and shown in the same figures, but 
given by the non-radioactive particles selenium no. 1 
May 15, and selenium no. 1 March 9. On the other hand, 
the particle selenium no 3 Aug. l (figs. 5, 5a) contained 
only polonium. It was observed over 2000 secs., showing 
seven slow continuous changes in charge and only one more 
rapid change. It could only be expected to emit æ-particles. 
Tt is to be noted, in particular, that a series of test bodies 
observed over relatively long periods of 10 to 50 sees. 
showed an apparently continuous loss of charge, e. g. from 
10 to 5x 1071 e.s.u. and from —7 x 10-™ e.s.u. to zero. 

It might be objected here that the absoiute charge on 
these test bodies is still somewhat indeterminate, since 
the question of determining the body’s size rom its 
velocity under gravity is not yet finally cleared up. For, as 
mentioned at the beginning, the purely mechanical deter- 
mination of the correction term in the resistance law for 
small spheres falling in a gas is still to come. From the 
previous discussion, however, it is clear that the question 
turned rather on the exact determination of a small 
correction term. As regards deductions from these ex- 
periments sach a question is of no importance, for when a 
particle loses its charge continuously in about 60 secs. from 
—7x10-! e.s.u. to zero and is meantime eight times 
observed, it is all the same whether the absolute value of 
the chorge at the beginning of the run was —7 or —6 or 
~8x 10-" e.s.u. 

We must now ask whether these new phenomena can be 
explained without either having to make the assumption of 
charges smaller than those of the electron or subseribing 
again. to the old idea of continuity in electricity. We 
calculated, for example, the impulse which would be given 


646 Prof. F. Ehrenhaft on the Electrical Behaviour of 


to the test particle by the ions imagined to have been 
generated by the impact of an a- particle and accelerated by 
the field, but it was found to be 10% times too small * to be 
at all observable. Statie space charges cannot exist between 
the condenser plates, as there is alw vays a high gradient 
(1 to des.u.em.), and it is only the test body which 
remains, owing to the suitable field regulation. 

From this discussion it follows that the phenomenon of 
continuous charge variation on radioactive test bodies 
cannot, in my view at least, be regarded otherwise than 
as due to the fact that such sinall particles are capable of 
picking up or losing charges which are only quite small 
fractions of the supposed indivisible electronic charge. 
This is in agreement with the point of view I have repre- 
sented for 16 vears, that minute test bodies are frequentiy 
observed with charges which are to a different order of 
magnitude smaller than the electric charge. 

The above results seem similar to those of Kapitza 
mentioned at the beginning, but it must be borne in mind 
that they were observed in a field of high potential gradient, 
so that they ean no longer be explained by capture “and loss 
cf free electrons in the eas. 

During the last three decades a series of phenomena have 
been observed in Physies which lead ultimstelv to the 
decision that the indivisible atom has to be broken up into 
smaller parts. What was considered indivisible up to a 
certain point, in time falls a victim at last to division. The 
case seems quite the same with the electron. There may be 
a group of phenomena capable of seeming explanation on 
the assumption of preferential charges. On the other hand, 
it does not seem justifiable under any circumstances to 
conclude that only certain preferred charges occur, i. e. are 
universal, all other conditions of charge being excluded. 
It is especially not clear why observ ious on individual 
charges should not show oe charges, nor why the 
separate electrons cannot also be split up in the midst 
of such mighty energy changes as accompany radioactivity. 
And this is all the more true, since, as far as the writer is 
aware, there is up till now no theory of anv kind to account 
for the electron’s cohesion. A number of well-known 
Investigators, such as Poincaré, Weyl, Einstein, ete., have 
raised the question of the eleetnen’s: stabilitv. No con- 
clusion has been reached. This very question, however, 
impl'citly contains the possibility of a break up. The point 
of view that the electron is in all cases strictly indivisible 


æ CE. loc. cit. p. 790 


Radioactive Colloidal Particles of Order 10-* em. 647 


would piace the question as to its stability among the 
superfluous. No investigator has so far, however, as far as 
1 know, taken this stand. 

I have to thank Mr. Herbert Bell, of Manchester Uni- 
versity, for his great kindness and trouble in translating 
this article from German into English. 


The University of Vienna, 
December 1923. 


APPENDIX. 


An important advancement toward the purely experimental 
determination of a law of resistance in the sense indieaced 
above, without the presupposition of the electron, has since 
been made in my department through the work of J. Mattauch, 
Phys. Zt. 1924. From observations of the same test-body 
under different gas- pressures, he succeeded in establishing a 
law of resistance, or in confirming the Knudsen-Weber law. 
I cite this although, as already mentioned, this circumstance 
is irrelevant as revards the conclusions of this paper. Further, 
important points concerning the nature of the different test- 
bodies might be obtained from the photoelectric properties 
of those individual test-bodies which, on illumination with 
ultraviolet light, very frequently give off positive charces 
(and indeed by fractions of the electron) and not exclusively 
negative ones as one might expect from the theory. (C7: 
M. Hake, Zt. f. Phys. xv, p. 110, 1923, and E. Wasser, Zt. f. 
Phys. xxvii. p. 203, 1924.) However, departures from the 
elementary quantum must also have been observed in the 
researches of the Millikan school, for Ishida writes (Phys. 
Rev. xxi. p. 550, 1923): “ There were a few cases that had to 
he discarded, the results being for some unexplained reasons 
10 to 50 percent. out.” Silvey likewise communicates (Phys, 
Rev. vii. p. 87, 1916): “ As a rule, however, the more slowly 
falling particles indicating no evaporation, wave values for 
the ultimate charge much ‘lower than if they had been pure 
mercury droplets with the same speed under gravity, although 
the change in charge was an exact multiple of the charge 
originally on the droplet. ” Asis known, Millikan uses the 
mercury droplets observed by Derieux besides oil as a second 
experimental material for the determination of the electron. 
Th. Sexl (Zt. f- Phys. xxvi. p. 371, 1924) has shown that 
these give results departing from the elementary qnantum 
provided one computes with the law of resistance consistent 
with the mechanical conditions (7. e. determined by the 
velocity of fall of the same test-body under different gas- 
pressures). The discrepancy appears to lie, therefore, not at 
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all in the observations but in the interpretation of the expert- 
mental results. 


The University of Vienna, 
December 6th, 1924. 


[Since the war period inevitably perturbed the inter- 
relations between Austrian and American science, it seems 
fair to allow space for Professor Ehrenhaft’s contention 
about the fundamental unit of electric charge, which he 
regards as not an indivisible unit. But it is also fair to 
Professor Millikan to point out that in his book, ‘ The 
Electron, published in 1917, he devoted a long chapter to a 
discussion, and what he considered a refutation, of Professor 
Ehrenhaft’s contention that the existence of fractions of an 
electronic charge were demonstrable: 


(1) by criticism of statistical methods, 
(2) by the Brownian movement, 
(3) by direct observation of microscopic silver particles in 
a horizontal electric field. 
Professor Millikan’s own words, near the end of Chapter 
VII., are as follows :— 


“While then it would not be in keeping with the spirit 
or with the method of modern science to make anv 
dogmatic assertion about the existence or non-existence 
of a sub-electron, it can be asserted with entire con- 
fidence that there is not in Ehrenhaft’s experiments a 
scrap of evidence for the existence of charges smaller 
than the electron. If all of his assumptions as to the 
nature of his particles are correct, then his expe- 
riments mean simply that Hinstein’s Brownian- 
movement equation is not of universal validity, and 
that the law of motion of minute charged particles is 
quite different from that which he has assumed. It 
is very unlikely that either of these results can be 
drawn from his experiments, for .... [certain verifi- 
cations of the law have been given]..... I have 
thus far found no evidence of a law of motion essen- 
tially different from that which I published in 1913. 

“There has then appeared up to the present time no 
evidence whatever of the existence of a sub-electron.”’ 


The last sentence Is printed by Prof. Millikan in italics. 

Nevertheless the fundamental importance of the atomic 
nature of electricity, and the size of its ultimate unit, is so 
great that no serious attack on the orthodox position can be 


ignored. O. J. L.] 
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LXIX. On Eddies formed behind Apertures through which 
Air is Streaming. By A. L. GRIFFITH, B.Sc., and 
ALFRED W. Porter, D.Sc., F.R.S. * 


a e work described in this paper is complementary to 

that on “ Eddies in Air” (Phil. Mag. xlvi. p. 754) by 
Nisi and Porter, since it deals with apertures in plates 
instead of obstacles. 

The flow of gas took place in a cylindrical metal chamber, 
of square section, divided by a transverse metal frame in 
which the plates containing the apertures were successively 
fitted. ‘The complete apparatus is sketched in fig. 1. 


Fig. 1. 


Arrangement of Apparatus and Experimental Description. 


Water flows from a ten-litre aspirator and causes a suction 
which draws air through the whole apparatus. The air first 
enters a large chamber in which smoke is produced. This 
smoke is picked up by the air, and carried along through a 
smaller chamber containing three gauze obstacles which stop 
the heavier and larger smoke particles and steady the general 
flow. The smoke-laden air now passes into the observation 
chamber. ‘This consists of a square-section brass tube 


* Communicated by the Authors, 
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containing at each end a fine gauze to steady the flow, and, 
one-third along its length, a diaphragm in the middle of 
which is the aperture to be experimented with. 

Two sizes of observation chamber were used—the smaller 
2°6 x 2°6 x 30 cm. and the larger 5 x 5x 30 cem., with aper- 
ture varying from *25 cm. to ‘U5 cm. 

In the middle of the observation chamber, windows were 
cut in the sides and top, and these were covered with thin 
glass plates. Horizontal illumination was provided by a 
5-10-amp. carbon are, the light from which was focussed by 
suitable lenses into a thin horizontal sheet in the axial plane 
of the chamber in the neighbourhood of the diaphragm, heat- 
filters being employed to reduce the heating effect of the are 
to a minimum. After passing through the observation 
chamber, the air traverses a five-litre vessel which minimizes 
any tendencies towards pulsations in the gas-flow. Thence 
it passes to the aspirator. 

The phenomena were observed vertically by the light 
scattered by the smoke particles being focussed by a camera 
lens of wide angle and short focal len ath. The image of the 
smoke was focussed on a graduated ground-glass sereen 
whieh, if necessary, was replaced by a photographie plate, 
and a photograph taken. 

At first, horizontal flow and horizontal observation were 
used, but the latter had to be abandoned because the gravity 
effect on the smoke cloud produced dissymmetry in the field 
of view. The lower part of the field contained the larger 
particles, which had settled owing to gravitation, and the 
photographic exposure necessary for these was very different 
from that required by the upper part. 

Various kinds of smoke were tried (e. g., tobacco smoke, 
powdered silica, ammonium chloride, and magnesium oxide), 
but magnesium oxide was used for most of the observations. 
Typical cases were photographed, but in the majority of 
cases eve observations only were taken. 

The tlow of water from the aspirator was controlled by a 
system of capillary tubes, and the mean velocity of the gas 
in the aperture was calculated from the rate of flow of water 
from the aspirator. This rate of flow was measured by 
means of a graduated tube and a stop-watch. 

The room temperature was noted each day of experiment, 
and it was found that the slight daily variations of temperature 
had an inappreciable effect on the experiments, 
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Notation. 


Throughout this paper the following notation is used :— 


d, diameter of aperture. 

D, diameter of observation chamber. 

Z, longitudinal distance from diaphragm. 
X, transverse distance from axis of chamber. 
y, mean velocity of gas in aperture. 

Ye, mean critical velocity of gas in aperture. 
v, longitudinal velocity of gas in chamber. 
w, transverse velocity of gas in chamber. 


Parr I, 


The Relation between the Dimensions of the Apertures 
and the Critical Velocities. 


It was found on first using the apparatus described, that 
on varying the gas velocity three distinct types of motion 
occurred. First of all a steady stream-line flow of the gas 
through the aperture is seen ; then, as the velocity increases 
this stream-line flow ceases, and a steady eddy motion takes 
place, the centres of the eddies formed having fixed positions 
in the chamber. Lastly, as the velocity is increased still 
further, the eddies are no longer stationary, but move down 
the tube as soon as they are formed. 

The critical velocities studied were (1) those between 
stream-line flow and steady eddy motion, and (2) those 
batween steady eddy motion and unsteady eddy motion. 
Each aperture is in reality a short tube of length equal to 
the thickness of the plate. Four such cylindrical tubes were 
used successively in each chamber. The diameter of these 
apertures ranged from ‘05 to*25 cm. Each critical velocity 
was measured both when the velocity was being increased 
and when it was b¿ing diminished. This was repeated 
several tims, so that each critical velocity was determined 
six to ten times. The temperature of the air-stream was 
noted in each case, magnesium oxide being the smoke used. 
In all this work it was found necessary to use a somewhat 
long heat-filter and a small light stop, in order to render 


the heating effect negligible. 
The critical velocities determined frem observations of 
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the moving particles were plotted as graphs against the 
diameters of the apertures (figs. 2 and 3). 


Fig. 2. 
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Critical Velocity between Stream-line Flow and Steady Eddy Motion. 


X Large Chamber. Experimental Points, 


p do. Points from Formula, 
© Small Chamber. Experimental Pointe. 
is do. Points from Formula. 


Each critical velocity gave one curve for each tube, ull of 
the same general shape, the pairs of curves for the two types 
of critical velocity being of somewhat similar shape. although 
we have not found it possible to represent both by similar 
algebraic equations. 

Various types of equations were tried for these curves. 
but the best results were obtained using an equation of the 


general form 
=a #[1+e(5)] 
y =A h [1+e(5 


which is dimensionally correct if A and B are numerics. 
In the case of critical velocity between stream-line motion 
and steady eddy motion A=20°1, B= 12, and n =—1, while 
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Critical Velocity between Steady Eddy Motion and 
Unsteady Eddy Motion. 
X Large Chamber. Experimental Points. 
k do. Points from Formula. 
© Small Chamber. Experimental Points. 
<3 do. Points from Formula. 


for that between steady eddy motion and unsteady eddy 
notion A=270, B= —4°2, and n=3/2. It must be clearly 
understood that such a formula as the above can only hold 
for small values of d/D. 


Part II. 
The Distances of Eddy Centres from the Plane of the 
Aperture. 

The same four cylindrical tubular orifices were used in 
each chamber, and the longitudinal distances of the eddy 
centres from the diaphragm were measured for velocities in 
the aperture varying continuously from the critical velocity 
at which stream-line flow ceascs and steady eddy motion 
hegins, to the critical velocity at which steady eddy motion 
ceases and unsteady eddy motion begins. 
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On plotting the longitudinal eddy distances against the 
mean velocities of the gas in the aperture, each chamber 
gave a system of four curves (figs. 4 and 5). 


Fig. 4. 
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Tubular Apertures in Small Chamber. 
I. d=-052 cm. Il. d=:079 em. III. d=:159 cm. IV. d=-238 cm. 


Fig. 5. 
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Tubular Apertures in Large Chamber. 
I. d= 062 cm. II. d=:079 em. III. d=:159 cm. IV. d='238 cm. 
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The eddy distance divided by the diameter of the chamber 
was now plotted against the mean gas velocity in the aperture, 
and it was found that the curves corresponding to the two 
chambers coincided. 

In order that the variable quantities might be further 
connected, the quotient of the eddy distance and the diameter 
of the chamber was plotted against the product of the mean 
gas velocity in the aperture and the square of the diameter 


of the aperture ; i. e., = against yd’. 


Fig. 6. 
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AB is Period of Steady Eddy Motion. 


In this way the original eight curves were reduced to one 
curve. A final graph was now drawn in which the logarithms 
of the previous abscissee were taken as the new abscisse. 
The resulting curve (fig. 6) can be divided into three definite 
parts :— 

I. Velocities less than for steady eddies. 


II. Steady eddy motion where S a log yd’, 
III. Velocities greater than for IT. 


For the second part of the curve, which corresponds to 
the greater part of the experiments (i. e., steady eddy motion) 


T log (yd?), as shown by the straight-line part of fig. 6. 
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For this part of fig. 6, 


« + log A = K log (yd?), 


where A must have the dimensions of (yd?) and K is a 
numeric. 


Parr III. 


Velocity Distribution in the Eddies. 


In order to study the velocity distribution in the eddies 
when they were formed, very short exposure photographs 
were taken, using a full aperture lens and intense illumina- 
tion. Owing to the difficulties of photography, these were 

only taken of typical cases. Great care was necessary to 

obtain successful photographs uniformly illuminated and 
corresponding to absolutely steady flow. The camera was 
clamped to a slate bench in order to obtain complete 
rigidity. 

‘Eauh smoke particle appears on the photograph as a line, 
the direction and length of which represent the direction 
and magnitude of the velocity in the corresponding region 
of the ed dy. 

The exposure used was of the order of one-tenth of a 
second, and of course was varied with the velocities of the 
eddies, in order to keep the streaks of the photograph to 
reasonable dimensions and prevent overlapping. 

The photographs when obtained were projected, using an 
ordinary lantern, on to squared paper, using a magnification 
of about ten times. 

The streaks of the image represent the resultant velocities 
in both direction and magnitude. 

The rectangular components of these were measured, and 
thus the longitudinal and transverse velocity distributions 
in the eddies were obtained. 

These two velocity components were plotted against the 
position of the particles in the eddies, using the axis of 
the chamber (which passes through the aperture) and the 
line Joining the eddy centres as reference axes. 

The space between the eddy centres and the diaphragm 
was divided into four equal spaces by transverse lines drawn 
at right angles to the axis of the chamber, and the two 
velocity components along these lines were plotted separately 
against the position of the particle in the eddies (figs. 
and 8). The case shown is that of the phenomenon in the 
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smaller chamber at a mean gas velocity in the aperture 
of 50°6 cm./sec. In the case of the transverse velocity 
components, an extra section (M) was included midway 


Fig: 7. 
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between the others to show the gradual transition in the 
shape of the curves. 

Mathematical equations of a two-term exponential type 
were fitted on to the family of longitudinal velocity distribu- 
tion curves, using the method of Sir J. J. Thomson (Phil. 
Mag. xxx. p. 780, 1915). 
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The equations determined were :— 


Curve To oo. Z= 973 cm. BL52e7 SPED Ly ggg eT RAL 
Curve Il. we. Z="730 cm. v= SOUT e7 TIOL 10.57 eTA 
Curve TIL. 0.2... Z= 487 em. e574 e VAIO L yale BEG 
Curve IV. ............ Z= 245 cin. r= 5608 67 eR 6-02 e 7 PA 


The values of X and I) were 1°28 cm. and 2:54 em. 
respective y iV. 

It will be seen that the index of the first term on the right 
of each equation varies inversely as Z, whereas that of the 
second term is at any rate approximately independent of Z. 
Hence a single equation which will approximately represent 
all the cases is: 


"84 
v= 99 e —17°4 Ze 8x)? ? 


where the numbers in the indices must vary inversely as a 
length and a square of a length respectively. The factor 


59 must have the dimensions of a velocity, and the factor 
= f l 1 : — 
17°4 must have the dimensions of Fa The determination 


of the way in which they depend on p, p, d, and D requires 
further experimental examination. 


Parr ly. 


Interaction of Neighbouring Apertures. 


The effect of one aperture being near another was now 
experimented upon. Diaphragms containing pairs of tubular 
apertures of +159 em. diameter, separated by ditferent dis- 
tances, were placed successively in the larger observation 
clamber r, and the longitudinal distances of the eddy centres 
for varying mean velocities of the gas in the apertures 
measured, 

These two quantities were graphed as before (fig. 9) and 
deductions made from the curves obtained. 

The eddies were observed alony the line of centres of the 
pair of apertures, and it was found that the eddy centres’ 
distance was in all cases greater than for a single aperture, 
and less than the distance for a single aperture “of the same 
area as the sum of the areas of the two apertures and for the 
same aperture velocity. 

The eddies were also observed at right angles to the linc 
of centres of the apertures ; and in this case it was found 


behind Apertures through which Air is streaming. 659 


that, for slow velocities of the gas in the apertures, the 
eddies were the same distance as in the line of centres, but 
as the aperture velocity of the gas increased, the two curves 
separated, though having the same general shape. At right 
angles to the line of centres of the apertures also, the eddy- 
centre distance was always greater than the corresponding 
distance for a single aperture. 


Fig. 9. 
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Interaction of Neighbouring Apertures. 


I. One Aperture. ‘159 cm. diam. 
II. Two Apertures. ‘159 cm. diam. *953 cm. apart. 


ITI. do. do. ‘635 cm. apart. 

LY; do. do. ‘318 cm. apart. 

Wis do. do. do. ( to line of 
V. One Aperture. +238 cm. diam. centres, | 


As a general result it was found that when two apertures 
are separated by eight or nine times their diameter, the 
effect of one aperture on the other is very small. 


Part V, 
Cylindrical Apertures of Elliptical Cross-Section. 


The eddies formed by cylindrical apertures of elliptical 
cross-section were now examined. ‘Three elliptical aper- 
tures were made for the larger observation chamber, each 
having the same area as a cylindrical aperture of circular 
cross-section of -159 cm. diameter, and having as ratios of 
their major to their minor axes the numbers 1°66, 4, and 10, 

The eddies which formed, and the mean longitudinal eddy 
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centre distances, were measured along their major and minor 
axes for corresponding mean velocities of the gas in the 
apertures, and the results expressed as before (fig. 10). 

The distances measured longitudinally in the plane of the 
major and minor axes respectively are shown as Major 1, 
2,3 and Minor 1, 2,3. The dotted curve is that obtained 
for a tubular aperture of the same cross-sectional area as 
that of each of the elliptical apertures. 


Fig. 10. 
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Cylindrical Apertures of Elliptical Cross-Section. 


Axes of Ellipse. I. 213 em. and +127 cm. 
do. II. ‘317 cm. and ‘0&0 em. 
do. III. ‘506 cm. and ‘051 em. 


As will be seen from fig. 10 in the elliptical cases, the 
eddies observed were not true sections of right circular 
vortex rings, for although the normal projection of the ring 
on to the diaphragm was a circle, yet the distance of the 
ring from the diaphragm was different along different 
longitudinal sections. 

The fact that when the ratio of the axes of the ellipse was 
nearly equal to unity the phenomena were nearly those 
produced by two circles having for their diameters the axes 
of the ellipse, and yet as the axes ratio of the ellipse 
increased this was not the case, was due to the eddies being 
initiated at different critical velocities for different diameter 
apertures. 
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Part VI. 
Non-Cylindrical Apertures. 


These investigations were begun with the view of throwing 
light upon the flow of a gas through the stomata of plants. 
These stomata are usually non-cylindrical, as well as being 
elliptical in cross-section. In order to lead up to such cases, 
apertures with barrel-shaped cavities were constructed for 
the large observation chamber, and experiments were made 
with them. Fig. 11 shows a section of such an aperture. 


Fig. 11. 


ge Aperture 


Diaphragm. 


Section of Diaphragm. 


Five apertures were made, each having the same diameter 
at both entrance and exit ( =:159 cm.), and having different 
internal diameters varying from *159 cm. to 1'27 em. Each 
was in turn mounted in the chamber, and the longitudinal 
distances of the eddy centres measured for various mean 
velocities of the gas in the aperture. 

Again, these two quantities were plotted on a graph 
(fig. 12). It was found that in no case were the eddy- 
centres further away from the diaphragm than in the case 
of a cylindrical aperture of circular cross-section, but varied 
with the amount of curvature of the section of the aperture. 
The eddy centres were nearest to the diaphragm when the 
internal diameter of the aperture was 3°3 times the external 
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diameter, and, when the diameter ratio was greater or less 
than this number, the eddy-centre distances approached that 
of the right circular case. 
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Non-Cylindrical Apertures. 
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Fig. 13. 
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This was shown very clearly by plotting the eddy-centre 
distances against the greatest internal diameter of the 
aperture for eight different mean velocities of the gas in 
the aperture (fig. 13). 
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LXX. A New Determination of the Constant N of Avogadro. 


To the Editors of the Philosophical Mayaczine. 
GENTLEMEN ,— 


SHOULD like to call to your attention several errors, 

arithmetical and otherwise, which occur in the inter- 
esting paper by Dr. du Noiiy, in the October issue of the 
Philosophical Magazine (Phil. Mag. No. 286, pp. 664-672, 
“A New Determination of the Constant N of Avogadro, based 
on its Definition ”). 

1. He states on page 668 that his valne 6°003 x 10% 
agrees within 0'1 per cent. with the value found by Millikan 
(6:062 x 10%). Of course this should be approximately 
1-0 per cent. 

2. He states on page 671 that his probible error is 
0'15 per cent., and that therefore his value for N is 

N =6'003 + 0°08. 

This should be 

N =6-003 + 0:009. 

Apparently, his value and that of Millikan agree within 
the experimental error. Actually, they do not so agree. 

3. Three so-called “control”? calculations are made on 
pp. 668 and 669. He states “It is not unnecessary to 
remark that there is no fallacy whatever in the foregoing 
reasoning, ete.” Elementary considerations show that the 
three experiments are dependent on one another and that 
the three “ control ” calculations are fallacious. 

Let 


A=surface of adsorption, 
m= mass of liquid, 


Cis Cg, Cg = concentrations of Sodium Oleate in the three 
minimum surface tension experiments, 


p=density of Sodium Oleate, 
w= molecular weight, 
ti, te, tg==three dimensions of the molecule, 
V=volume of the molecule, 
M=the mass of one molecule, 
a=horizontal area occupied by a vertical molecule, 
n=xnumber of molecules present ; 
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then 
m m m 
a= A f= pA‘? G= TA” 
m \’ 
Ve i6<1, =(% Ci e Cg. C3, 
m 
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Uo check this, I assumed that the three minima occurred 
at the same concentration, 1076, then 


ti=t,; =t; = c = 9°23 x 1078 en). 
volume of molecule = (9°23)? x 1074 
=780°3 x 10774 cu. em. 
mass of 1 molecule = 64555 x 1077! gram. 


horizontal space occupied by one molecule 
= (9°23)? x LO7'§ =85:19 x 107!8 sq. om. 

; l 2x 10-6x 10 

molecules in solution = --—..—.-—_ = 3'1 x 1035 
0415:55 

A=3'1 x10} x8519x10716=2641 sq. €m. 
This result is the same as the ones obtained in his control 
calculations. 

Yours truly, 


University of Cincinnati. L. M. ALEXANDER, , 
November 7, 1924. Asst. Prof. of Physics. 
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LXXI. On the Specific Heats of Carbon Monoxide and Hydro- 
cyanie Acid Vapour. By Prof. J. R. Partinatoy, DSe., 
and M. F. CARROLL, AL. Sc.* 


CARBON MONOXIDE. 


HE values of Cp, C,, and y for carbon monoxide recorded 
in the literature show little agreement. ‘The earliest 
measurement is that of Delaroche and Berard t, who used the 
method of mixtures, and obtained the value C,=8°075 cals. 
for the temperature range 15°-100° C. Dulong ł determined 
the velocity of sound in carbon monoxide by measuring the 
frequency of a reed blown by the gas, and comparison with 
a siren. He assumed the velocity of sound in air to be 
V =333 m./sec., and the variation of velocity with tempera- 
ture to be V;= Vo(1 +0°00375t), where Vy and Vo are the 
velocities at ¢° and 0° C. respectively. Dulong’s values 
require correction for: (1) deviation from the gas laws, and 
(2) incorrect density values. The value assumed for Vo in 
air is also too high: after correction, the value y=1°400 at 
15° C. is found. 

Suermann § obtained by Delaroche and Berard’s method 
a value for the dry gas, which on recalculation gives 
y = 1-410 at room-temperature. 

Masson | improved Dulony’s method by using a sono- 
meter wire instead of a siren, and found V =339:76 m./sec., 
which on recalculation gives the rather high value y= 1'425 
at 15°C. 

Regnault{ found directly C,=6°860 cals., which gives 
y= 1-409 at room-temperature to 190°. 

Cazin ** improved the Desormes and Clement method by 
the use of a larger vessel (60 litres), the tap being mechani- 
cully operated, and the time occupied in opening and closing 
the tap (about 0°03 sec.) recorded on a revolving band. He 
obtained for the diatomic gases Na, H», Oa, CO, ete., the 
same value y=1'410. These results require corrections 


* Communicated by the Authors. 

t Ann. Chim. et Phas, 1xxxi. p. 98 (1812). 

t Ann. Chim, et Phys. xli. p. 113 (1829). 

§ Ann. d. Physik, xli. p. 474 (1837). 

|| Ann. Chim. et Phys. liii. p. 257 (1858); Phil. Mag. xiii. p. 523 (1857). 

@ Mém. del Acad. xxvi. p. 1 (1862). 

+# Ann. Chim. et Phys. lxvi. p. 706 (1862); Phil. Mag. xl. pp. 81, 
197 (1870). 

Phil. Mag. S. 6. Vol, 49. No. 292. April 1925. 2X 
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which cannot now be applied, since the constants of the 
apparatus are not known. 

Wiedemann * improved Regnault’s method by the substitu- 
tion of tubes packed with metal turnings for Regnault’s 
heating spiral, The carbon monoxide was prepared from 
potassium ferrocyanide and sulphuric acid, and probably 
contained small amounts of impurities, such as hydroevanic 
acid vapour, which would tend to give a low result for y. 
The value C,=6°793 cals., which gives y=1°385 at 15° C., 
was fonnd. 

Wiillner’s | work was affected by the presence of im- 
purities, since the experiments themselves are fairly accurate. 
He used the Kundt method and obtained for the velocity of 
sound in dry air the accurate value V=331°90 m./sec. at 
0°C. When corrected from modern data, Wiillner’s result 
y =1:403 gives y= 1:401 for carbon monoxide. 

Scheel and Heuse f used an elaborate improvement of the 
Callender and Barnes constant-flow method. Their results 
with various gases agree uly well with those obtained by 
other methods, although ( ‘p is slightly high in most cases. 
They obtained for carbon monoxide y= 1° 398 at 18° C. 

Schweikert § employed a slight modification of Kundt’s 
method, but used as the standard gas ordinary instead of 
air, He found y=1:407, which on correction gives 

= 1:403 at 0° C. 


Hyprocyanic ACID. 


The only previous measurement of the specific heat of 
hydrocyanic acid appears to be an approximate determina- 
tion made by Usherwood |], who used the Kundt method at 
various temperatures from 65° C. to 210°C. As the critical 
constants of the gas have not been determined, and therefore 
any equation of state involving their use cannot be applied 
to calculate the true value of y obtained, Usherwood em- 
ployed an empirical equation giving a correcting factor asa 
function of the observed density :— 


PV = RTU +PAC HPAI) +...) 


Terms after P/i (T) were neglected, and Reech’s Theorem 
then gives: 
rns (A/2 gas 
la 
vase = hie Mai G AJ? air 


* Ann. d. Physik, clvii. p. 1 (1876). 

t Ann. d. Physik, clvii. p. 321 (1876). 

t Ann. d. Physik, xxxvii. p. 79 (1912); xl. p. 473 (1913). 

§ Ann. d. Physik, xlviii. p. 593 (1919); xlix. p. 433 (1916). 
| J. C.S, (‘T.) exsi. p. i604 (1922). 


ay (1+ a), 
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where M= molecular weight, A= wave-length of sound, and 
(1+) is the ratio of the observed to the theoretical (ideal) 
density. 

With the rough approximation C,—C,=R=2 cals., the 
theoretical values of y were calculated, and found to agree 
remarkably well when the assumptions made are considered. 
The values obtained by Usherwood are shown in Table VII. 
at the end of this paper, together with the corrected values. 
In the correction, the value of y for air, assumed constant 
and equal to 1:403 over the range of temperature employed, 
is taken from 1°403 at 20° C. to 1:397 at 200° C. The use 
of narrow tubes, which, contrary to the statement of this 
author, has an appreciable effect on the velocity of sound, 
is difficult to allow for, since the diminution in velocity due 
to the radius is not even the same for different gases in the 
same tube, and in the case under consideration would be 
appreciable. The assumption C,—(,=2 cals. for hydro- 
eyanic acid is probably far from correct at the temperatures 
employed. This is shown in the case of certain vapours in 
the tables given by Partington and Shilling *, and especially 
for water, which bears a strong resemblance to hydrocvanie 
acid in some of its physical properties. The density factor 
(1+) used is also open to criticism, since the experimental 
densities were apparently obtained on the assumption that 
the compressibilities of air and hydrocyanic acid are 
identical, whereas the correction for the deviation from the 
gas laws for the latter substance is larger than that for air. 
Vaponr-densities determined by the Dumas method, how- 
ever, can hardly be worth correction. The gas used, 
obtained by the action of dilute sulphuric acid on potassium 
cyanide, scarcely fulfils the purity requirements for the 
determination of physical constants, and there is no mention 
made of precautions tuken to prevent contamination of the 
vapour by air, due to leakage into the apparatus. It will be 
obvious that the results obtained by Usherwood, although 
interesting and useful, can be regarded as approximate only. 


Eerperimental, 


The method used, a modification of that of Behn and 
Geiger, has been fully described in a previous paper t, and 
only the preparation of the gases will be treated in detail here. 
All other details of procedure were exactly as described in 


the reference given. 


* ‘Specific Heats of Gases, p. 204 et seq. Benn Broa.. Ltd. 1924. 
+ Partington and Shilling, Phil. Mag. xlv, p. 426 (1925). 
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The tube correction factors for the tubes used in these 
experiments were found by experiment to be :— 


LE. rere Correction factor = 1:0050 
aah Sater vere à 5» = 10028 
Me Serre 7 = 10071 


Preparation of Hydrocyanie Acid. 


The apparatus is shown and described in fig. 1. 


Fig. 1. 
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A is a three-necked bottle containing calcium sulphide, B a tap funnel 
containing dilute hydrochloric acid, C a water bubbler, D a ealcium 
chloride tube, E a tube containing small crystals of mercuric 
cyanide, immersed in a water bath at 30°C.-40° C., F and G are 
phosphorus pevtoxide tubes, II is a mercury manometer, J a phos- 
phorus pentoxide tube, I a tube containing caustic potash sticks, 
K a caustic potash tower to absorb the gas, L a sample tube, and 
M the gas tuha. 


Pure hydrocyanic acid vapour produced by the reaction : 
Hg(CN),+H,S = HyS+2HCN, 


passed through the drying tubes G and H which contained 
phosphorus pentoxide, and then through the sampler J. to 
the gas-tube M. The completeness of the reaction was shown 
by the fact that while the salt in one limb of the tube E was 
completely blackened, the crystals in the other limb remained 


Digitized by Google 
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quite white. Asan extra precaution a piece of lead acetate 
paper was inserted in the tube F adjoining the glass joint, 
and remained unchanged. When the gas-tube had been 
filled the taps were closed, the tubes removed, and the gas 
in the sampler L treated with 5 per cent. caustic Beil 
solution, which comvletely filled the tube. All the joints in 
the apparatus were of ground-glass, sealed on the outside, 
when necessary, with Faraday’s cement. Before use, thie 
apparatus was evacuated to 10 mm. and allowed to stand 
overnight; the pressure remained constant. When filling 
the apparatus any escape of poisonous gas was avoided: 
(a) in the case of carbon monoxide by bubbling through 
ammoniacal cuprous chloride soluticn ; (b) in the case of 
hydrocyanic acid by leading the vapour through canstic soda 
solution, and then through the water-pump, the end of which 
led into the open air. 


Results for Hydrocyanie Acid. 


The gas-tube was filled as previously described. Measure- 
ments were made as in previous experiments, the tempera- 
ture and pressure being so adjusted that the vapour was w ell 
above the point of liquefaction, and the mean value of y' 
determined. 

The chief difficulty in calculating y from y’ is the choice 
of the correction factor. Although the critical constants for 
hydrocyanic acid are not known, they can be calculated to 
some degree of approximation for use in a correction term 
by methods due to P. Walden *, together with some other 
empirical relations. 

Walden finds the following relation : 


Slay Vac Oo oe e a & OCD) 
where Pe is the critical pressure, V, the molecular volume at 
the boiling-point T,, and K, is a constant. Again, 

D/D = hy. « or a & & OE) 
where D, aud D, are the densities of the liquid at the critical 


point and boiling-point respectively, and K, 1s a constant. 
These, together with the well-known relations f: 


Vive] Ve= Ks, 
T./Ts = Ky, 
give values for T, and P.. 


* Zeit. phys. Chem. lxvi. p. 885 (1909). 
t Guldberg, Zeit. phys. Chem. v. p. 374 (1890). 


and 
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With an approximate value of T, we can calculate Pe or 
vice versa, from van der Waals’ vapour-pressure equation : 


log Pyp =J(TJT—1) . . . . (3) 


where f is a constant depending on the nature of the 
substance. The following values for the constants were 
calculated for normal and abnormal substances. The 
former are the values given by Walden, and the latter are 
those for substances which resemble hydroevanic acid in 
certain physical properties, e.g. are strongly ionizing media 
and possess a high dielectric constant :— 


K.. K.. K, K. f. 
Normal substances......... 12°45 2-45 21:8 Loo 310 
Abnormal substances...... 11°35 2-89 189 1:695 2-80 


Using the data for abnormal substances, with D, = 0:690, 
we find for hydrocyanic acid, 


from (1), P= 87 atmos.; from (2), P,= 83°7 atmos. ; 
from (3), P.= 87'1 atmos., | 
giving a mean of 
P.= 85 atmos. approx., 
and hence T. = 506° abs. 
Using the data for normal substances, we find similarly : 
P,= 52 atmos., and T,=464° abs. 


The values of P, may be compared with the values for 
normal and abnormal substances of low molecular weight : 


Normal. 
Substance............ Air. N,. O, OH, CH, C,H, C.H, 
Patma, = 393 33 502 68 456 50-2 5l 
Abnormal. 
Substance............ HCl, SO,. NO.. NH,. 11,0. 
Poat ccc = 82-4 789 100 115 O17 


The abnormal values when substituted in the correction 
term give: 
@ = 1:0265 at 422 mm. and 2190 C. . . (4) 
The normal values give : 
$ = 1:0334 at 422 mm. and 21°0(. 2. . (5) 
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It will be observed that with either correction factor there 
is fair agreement ; thus, with the value y'= 1:2438, we find 
from (4) y=y'h=1°275, and from (5) y=qy'G=1:281. We 
have adopted the value of ġ deduced from the normal con- 
stants, for the reasons given in a later section. A typical 
specimen of the results is Table I., and Tables II. and III. 
contain the mean values for the two series of experiments at 
different temperatures and pressures. 


TABLE I. 


Hydrocyanic Acid. 


Exp. (1). Pressure==422 mm. P= 21"0:C. 
Tube A. Correction factor = 1:0050. 
Air Tube, l Gas Tube. 
penen JAG a a ee eee A 
No. A. B. Mean. A/2cm. No. A. B. Mean. A/2em., 
90:6 901 
l4. 90:60 647l 
910 905 
845 844 26 820 
13. 84-40 6492 13. 220 6323 
B42 8rd S24 824 
(779 778 757 758 
12. 77-83 6:485 12. TOTO 6:313 
|779 777 757 T58 
(713 713 (693 690 
ll. | 71:25 6477 ll. 69-40 6:309 
72 712 |700 693 
649 65l 627 622 
10. | 64°83 6:483 10 63°10 6:310 
64:7 64°6 637 638 
58:5 583 565 566 
9. 58°35 6483 9. 5679 6:303 
582 584 569 569 
522 518 (507 ` 508 
8. 51.83 6478 8. 50:63 6:328 
522 518 |508 502 
454 455 44°1 437 
T 45:35 6479 7. 44:18 6311 
453 452 447 44:0 
393 389 
6. | 38°90 6:483 
3887 387 
Mean ......... 6'482 Mean ......... 6.314 


A/2 for gas corr. = 6'314 x 10050 =6:334 em. 
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Tase IT. 
Hydrocyanic Acid. 


Tube A. Pressure = 422 mm. 
No, of exp. A/2Dry air. A/2HCN. A/2HCNecorr. y'. tC. 
cm. cm. cm. 
(1) 6482 6:303 6:334 1-247 21-0 
(2) 6-502 6314 6346 1-246 21:3 
(3) 6:4194 6297 6 329 1:243 21-1 
(4) 6511 631l 6:343 1241 21-4 
(5) 6444 6:308 6:339 1:248 21:2 
(6) 6:491 6:320 6:352 1:249 212 
(7) 6:518 6:339 6:371 1:249 21-8 
(8) 6:515 6:319 6:351 1:243 21-8 
(9) 6:538 6:343 6:375 124 22:2 
(10) 6:537 6351 6-384 1-247 22-2 
Tube C. 
(1) 7°026 0:782 6:839 1:240 200 
(2) 7038 6'811 6:858 1:241 20-0 
(3) 6:949 6:725 6:772 1:242 19-7 
(4) 6-965 6:735 6-781 1-244 19°7 
(5 T057 6:826 6:873 1:243 20:2 
(6; T038 6:813 6:860 1:244 20-2 
(7) 7038 6:802 6:847 1:238 20:2 
(8` 7088 6'824 6:873 1:210 20:2 
Mean ......... y =1:2:438 at 20° 80 0. 


Tase ITI. 
Hydrocyanic Acid. 


Tube A. Pressure = 505 mm. 

No. of exp. A/2 Dry air. A/2 HCN. A/2 HCN corr. y {C 
em, cm, em. 

(1) 6:473 6:197 6:229 1-211 171 

(2) 6'484 6:205 6:236 1'209 17:3 

(3) 6'484 6:229 6:261 1:218 17:5 

(4) 6°486 6:238 6:270 12329 17:5 

(5) 6:479 6211 6:243 1:215 17:1 

(6) 6:469 6:210 6:241 1:217 17:1 

(7) 6'486 6:208 6'246 r212 175 

(8) 6:487 6:214 6:240 1:212 17:5 


-e 


Mean ......... y'=1:2145 at 17:°350. 
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The second series of experiments shows the necessity for 
keeping the temperature and pressure constant during the 
experiments. A difference of pressure of 20 mm., or a dif- 
ference of temperature of 1° C., affects the results to the 
extent of five units in the third place of decimals, which, in 
the case of hydrocyanic acid near the point of liquefaction, 
is greater than the experimental error. A slight decrease of 
temperature or increase of pressure causes the value of y to 
fall rapidly, whereas for “ permanent” gases a large increase 
of pressure causes a comparatively small increase of y. lt 
is probable that at the second temperature and pressure 
17°35 C. and 505 mm., the vapour of hydrocyanic acid is 
near its point of liquefaction. Corresponding with the 
normal value of @ = 1:0334, we find : 


C—C, = Rd’ = 1:9875 x 1:0713 
= 2-130 cals. at 422 mm. and 20°°8 C., 
and similarly, for ¢6=1°04024, we find : 
C—C. = Rg’ = 1:9875 x 1:0880 
= 2°160 cals. at 505 mm. and 17°35 C. 
Hence at 20°8 C. and 422 mm. : 
y = 1:281, (, = 9°69 cals., C, = 7°56 cals., 
and at 17°35 C. and 505 mm. : 
y = 1:268, Cp = 1022 cals, CU, = 8-06 cals. 


for hydrocyanic acid vapour. 


Preparation of Carbon Monowide. 


The gas was prepared by the action of pure concentrated 
sulphuric acid on sodium formate in the cold, and purified 
by passing through concentrated sulphuric acid, over caustic 
potash sticks, and over phosphorus pentoxide. 

The apparatus was similar to that used for the preparation 
of hydrocyanic acid, except that tubes containing caustic 
potash sticks were substituted for the mercuric cyanide tube. 
The tap tube L was used to sample the gas, which was 
analysed by absorbing the carbon monoxide in ammoniacal 
cuprous chloride solution, and any residual gas estimated as 
air if in sufficient quantity. With the exception of two 
experiments the gas was completely absorbed, and in the 
former cases it was shown to contain 0'7 per cent. and 
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0-3 per cent. of air, respectively. Calculation of C, shows 
that these amounts will not affect y by more than 0-00], 
i. e. about the limit of the experimental error. 


Results for Carbon Monoxide. 


The tube was filled with the gas and a series of experi- 
ments made. It was then refilled and another series taken. 
When refilling, the tube was only evacuated once or twice, 
since it was already full of the pure gas, The results were 
tabulated and the mean value of A/2 for the gas tube was 
then corrected by multiplying by the previously determined 
tube correction factor for that particular tube 3 y' was then 
calculated from the equation : 


mem aie X Ka x< (wes i 
Tamm Ta Me) r/2 an ` 


TABLE IV. 


Carbon Monoxide. 


Exp. (3). t=11%5 C. 
Tube A. Correction factor = 1:0050. 

Ai Tube. Gas Tube. 
meme —— -a — eA 1al 
No. A. B. Mean. A/2em. No. A. B. Mean. A/2 em. 

81:3 819 82:1 827 

12. | 8153 6794 12. 82:48 6873 
81:2 &17 824 827 
743 746 757 759 

1l. 7469 6782 11 7560 6872 
T44 749 753 755 
679 67-9 68:5 68:3 

10. 67:80 6:780 10. 68:50 = GBD 
OFT OFT 68:5 68:7 
61:0 61:0 620 623 

9. 61:05 6783 9. 6193 6881 
Ol-l 6L1 617 617 

5t2 54:3 54:9 54:7 F 

8. 14°25 6781 8 5473 684i 
O45 54:0 547 548 

475 ATT 48:5 479 = 

ve 47:53 6789 7. 48:30 6:850 
473 476 486 484 

407 408 413 4l] . 

6. 40°70 6783 6. 41:20 6°86: 
406 405 412 412 

Mean = 6:785 Mean = 6:869 


\/2 for gas corr. = 6'869 x 10050 = 6'904 cm. 
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The mean of the experimental values was corrected for 
deviations from the ideal gas state by Berthelot’s equation : 


y¥=7¢=7[1- 3771 -67’)], 
m = P/P. and t= 1/0 =T,/T, 


where 


and Cp and C, were then calculated by means of the equation: 


C—C = Rd’, 
where 


R= 1:9875 cals. and ` =(1+2%q7°). 


A typical series is shown in Table IV., and the final results 
are tabulated in Table V. 


TABLE V. 


Carbon Monoxide. 


Pressure = 760 mm. 


Tube A. 
No.of exp.  A/2 Dry air. d/2 CO, A/2 OO corr. y’. te C. 
cm, cm. cm. 
(1) 6:779 6:853 6:888 1:403 ll 
(2) 6-784 6:848 688+ 1:400 lll, 
(3) 6:785 6'869 6'904 1:403 11:5 
(4) 6:778 6'856 6:893 1:402 10°3 
(5) O77 6:859 6:893 1:405 10:3 
Tube B. 
(1) 6:679 6:777 6:795 1:404 99 
(2) 6:679 6-780 6°798 1-405 99 
(3) 6:670 6'774 6793 1:407 93 
(4) 6:688 6:778 6795 1-401 105 
(5) 6:674 6772 6:789 1:404 9:9 
(6) -> 6:685 6:782 6:801 1-404 10:1 
(7) 6:682 6:779 6:797 1:4103 10:1 
Mean ......... y = 14035 at 10°:3 C. 


From the mean values obtained for y' and ¢, and the most 


recent critical data for carbon monoxide *, P,=34°6 atmos., 
T,=134°4 abs., we find : 


@ = 1:000675 and ¢' = 1:0053, 
C,—C, = 1:998 cals. 
* Cardoso, J. Chim. Phys. xiii. p. 312 (1915). 


whence 
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Thence for carbon monoxide at 10°3 C.: 
y= 1404; C,= 6940 cals.; and C, = 4942 cals. 


As the values of C, are practically constant over a small 
range of temperature,a comparison of the specific heats of per- 
manent gases is rendered fairly-simple. The close agreement 
of the values (all found in this laboratory) of y, C,, and C, 
for nitrogen and carbon monoxide is shown in Table VI. 
Nitric oxide, a similar gas in some respects, is also included. 


TabBLe VI. 


Specific Heats of Nitrogen, Carbon Monoxide, and 
Nitric Oxide. 


Gas. 1° O. M. N. y; Cp. Cr. 
N reena 16:7 28 10 1:40 6:93 $93 
CO visima 10:3 28 10 1:404 6-94 4°94 
NO Gebers tess 76 30 11 1:400 700 500 


N is the number of electrons in the outer shell of the 
molecule according to the Lewis-Langmuir theory. Results 
with nitrous oxide and carbon dioxide over a range of 
temperatures * show that such agreement is purely acci- 
dental, and the specific heat is not the same when the 
molecular weights and hypothetical external electronic 
structures are identical. 


Discussion of the Results obtained for Ilydrocyanie Acid. 


The question of the applicability of Berthelot’s equation 
of state to associated vapours and the method used in cal- 
culating the critical constants may be briefly discussed. 
Berthelot’s equation has been extensively used for the cal- 
culation of the specific heats from values of y' obtained by 
the velocity of sound and the adiabatic expansion methods, 
and gives good agreement in both cases when permanent 
vases are used. In the case of steam, Callendar’s empirical 
equation of state is almost certainly more reliable, but it is 
not known whether it can be used for other associated 
vapours. The application of Callendar’s equation to the cal- 
culation of y from the experimental values of Cp or C, leads 


* Partington and Shilling, unpublished. 
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to results which differ appreciably from those obtained by 
the use of Berthelot’s equation, especially near the boiling- 
point, as is shown by the following figures for steam * :— 


At 100° C. Callendar’s equation gives y = 1:330 


a 7 Berthelot’s se » y= F310 
„ 200° C. Callendar’s __,, a gyar 
E »  Bertheciot’s 5 » y= l 307 


The correction terms deduced from Berthelot’s equation 
and Usherwood’s density correction show much greater dis- 
crepancies. ‘This is shown in Table VII., together with the 
experimental results obtained. The actual experimental 
results for y’ were not given in the paper, but have been 
calculated by dividing y by the correcting term (14 a}. 


TaBLE VII. 


t° C. $. (lta), ye ye- Ya Ye Yar 
65... 10867 1077 1214 L212 1310 18308 1256 
LO rns 10273 Tl 35 P22 O r296 P293 r27 
Hoce 1:0199 1:010 1:266 1:262 1:277 1:275 1'288 
182) uran 10176 1002 1248 1243 b248 r443 T203 
BIO? sassavee 1:0145 1:001 1:238 1:231 1:238 1:241 1:250 


In this table: @= Berthelot’s correcting term, assuming 
the values P.= 52 atmos. and T,= 464° abs.; (1 + a)? = Usher- 
wood’s correcting term; y,=Usherwood’s experimental 
y’ values : y= Usherwooud’s experimental values corrected 
for variation of y for air with temperature ; y= Usher- 
wood’s experimental values using the correcting term 
(1+), assuming y for air = 1:403 (constant) ; y= Usher- 
wood’s experimental values using this correcting term, but 
corrected for variation of y for air with temperature ; 
ys= Usherwood’s experimental values using Berthelot’s 
correcting term and correcting for variation of y for air. 

These results are also represented on the graphs in 
fis. 2. 

Curve I. represents the value of (1+) obtained from 


* Partington and Shilling, ‘The Specific Heats of Gases,’ p. 205. 
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Usherwood’s density results. Curve II. gives the value of y, 
at different temperatures. Curve III. gives the values of ¥;. 
Curve IV. gives the value of y for carbon dioxide at corre- 
sponding temper ratures. 

Tt will be seen from the above that these results are open 

y different interpretations, and the factors affecting the 
ie are far more complicated than has previously” been 
supposed. 
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That association accounts for both Usherwood’s and the 
present authors? results appears probable from the following 
considerations. As we approach the point of liquefaction 
the greater extent of the association is shown by Curve I., 
hence the greater are the apparent values of C, and Ce, alec 
these quantities must be greater for the associated molecules, 
and consequently the smaller is the value of y. Thus, 
Curve III. shows that when the degree of association has 
become very small the value of y re: caelies a maximum, and 
then decreases in an almost normal manner, as is shown by 
comparison with Curve IV. fora normal gas (carbon dioxide) 
at corresponding temperatures. This argument is confirmed 
by the present results, which show that y decreases with 
increase of pressure and decrease of temperature near the 
point of liquefaction. It will thus be seen that owing to the 
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almost certain existence of association in the gaseous state, 
a determination of the specific heat of hydrocyanic acid does 
not necessarily afford any evidence of the existence of tauto- 
merism. The assumption that a change of specific heat with 
temperature, as such, is to be interpreted as indicating the 
existence of tautomeric change is, of course, devoid of foun- 
dation. A similar difficulty is met with in the attempted 
determination of the specitic heats of nitrogen dioxide, which 
associates according to the equation : 


2NO, = N.O, 


This case has been investigated fairly completely, both from 
the experimental and theoretical standpoint, but even in this 
comparatively simple case there are many difficulties to be 
overcome, and the results are far from satisfactory *. 

The choice of the correction term @ for hydrocyanic acid 
used bv the present authors has yet to be justified. Even if 
the critical constants for hydrocyanic acid had been experi- 
mentally determined, their use in this correcting term would 
introduce difficulties for the following reasons. From the 
density measurements the degree of association can be 
obtained approximately from the equation : 


a = (D)—-d)/d, 


where D is the theoretical density of (HCN), d is the 
observed density of the mixture, and æ is the degree of 
association of the compound (HUN),=2HCN. The equili- 
brium constant is given by : 


K = 2’P/(1—a), 


and the heat of association, Q, can then be calculated from 
the equation : 


log K =—Q/RT+¢, 


where c is the constant of integration. 

Thus, with sufficient data we can find the value of a at any 
temperature on the assumption that the heat of association is 
constant over the range employed. Using the density data 
of Usherwood we calculate, at the critical point itself, that «is 
very small, and therefore the vapour should consist almost 
entirely of double molecules. Therefore the values of the 
critical constants experimentally obtained should be mainly 
those of the substance (HCN )., which, from the physical 
point of view, is an entirely different substance from that 
used in the experiments ; or at least they are those of the 
simple and double molecules in equilibrium. 

The authors have therefore made use of the correction 


© Partington and Shilling, ‘Specific Heats of Gases,’ p. 182. 
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term deduced from the normal values of the physical con- 
stants of hydrocyanie acid, since, although the vapour is 
probably associated, the association is smal]. The associa- 
tion can be approximately estimated by means of the above 
equations, and was found to be between 5 and 10 per cent. 
at 20°C. and 422 mm., and between & and 13 per cent. at 
17°35 C. and 505 mm. In view of these considerations, the 
use of the experimental critical constants in the correction 
terms for associated vapours, such as steam and nitrogen 
dioxide, must be provisional, since these critical constants, 
as determined, are merely values for a mixture of the asso- 
ciated and unassociated molecules, and therefore cannot be 
applied to a mixture under different conditions, which is, in 
general, of a different composition. 

Whereas the authors’ experimental results are considered 
to be reasonably accurate, the values of y, Cp, and Ce for 
hydrocyanic acid deduced from any equation of state must 
be only approximate, and all values will be “apparent” 
owing to the effect of such factors as heat of association. 
The disentanglement of so many complicated factors presents 
a problem which, although theoretically attractive, is dis- 
tinctly formidable from the point of view of experimental 
investigation. 

Summary, 


The specific heats of carbon monoxide and hydrocyanic 
acid have been determined by a method depending upon the 
relative velocities of sound in these gases and in air. 

The expected values for the specific heats of carbon 
monoxide have been confirmed, and some provisional values 
have been obtained for the ratio of the specific heats of 
hydrocyanic acid. 


TABLE IX. 


Gas. te C. P mm. Hg. y=Cp/Cr. Cp . Cp. 
Carbon monoxide ......... 10:3 760 1404 694cals. {H cals. 
Hydrocyanic acid ......... 20°8 422 1282 969 , 756 ,, 
- sy), antes 17°35 505 1-268 1022 ,, 808 ,. 
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LXXII. The Rectification of Alternating Currents by Crystals. 
By ALFRED CLIVE JAMES *, 


N° satisfactory explanation has yet been proposed of the 
property of some crystals of rectifying an alternating 
current, first discovered by Dunwoody in 1906 f. 

Pierce (1907) suggested that the unilateral conductivity of 
carborundum was due to the small area of contact permitting 
the passage of electrons more readily in one direction than 
in the other. 

In 1010, Eccles f formulated a purely thermal theory of 
rectification, based on the Joule effect producing variations in 
the resistance of oxides and sulphides having large negative 
resistance coefficients. In 1913 § he deduced a very complete 
theory from electrothermal considerations. Neither of these 
theories is satistactory. 

The present attitude is that rectification is due to unilateral 
conductivity, so that when an alternating voltage is applied, 
the resulting mean current is a function of the alternating 
voltage ||. Up to the present no satisfactory explanation of 
this unilateral conductivity has been proposed. 

J. Strachan J] has recently proposed the theory that the 
loose contact acts as a metallic conductor in one direction and 
as a dielectric in the other. This seems probable. He then 
puts forward the hypothesis that the molecules have axes of 
conductivity, polar in nature and reversible. At the loose 
contact, changes of polarity, accompanied by actual move- 
ments of the molecules, take place. The definite orientation 
of the surface molecules as determined by crystal structure 
would result in detinite orientation of the conductivity axes, 
vielding predominant properties in one direction and re- 
quiring greater expenditure of electrical energy, in the case 
of the current in the opposite direction, to reverse the 
conductivity axes. One pulse of the oscillation passes 
readily in the predominant direction of conductivity, but the 
other pulse is met by the dielectric conditions produced by 
the reluctance of the molecular movements to coincide with 
the tendency of reversal of the conductivity axes. There 


* (Communicated by the Author. 

t U.S.A. Pat. Spec. 837616 (1906) ; Brit. Pat. Spee. 5332 (1907). 
t Eecles, Proc. Phys. Soc. xxii. pp. 269 and 860 (1910). 

§ Eccles, Proce. Phys. Soc. xxv. p. 273 (1913). 

| D. W. Dye, Dict. of Applied Physics, ii. p. 647 (1922). 

€ Strachan, ‘ Wireless World, xiv. p. 245 (1924). 
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seems to be little evidence upon which to base such a 
theory. 

Electrolytic theories were early applied to explain crystal 
rectification, but so far very little experimental evidence has 
been produc ‘ed to support them, In this paper, evidence is 
brought forward in support of a modification and extension 
of the old electrolytic theory. 

The effect of silver sulphide in increasing the rectifying 
properties of galena secmed to require investigation. [t was 
also noticed that in addition to possessing ‘unilateral con- 
ductivity, on passing a current through a crystal of galena, 
one contact being a sharp point, the current Was not constant. 
When the point was negative the current Invariably 
rose. When the point was positive the behaviour was less 
certain, This will be discussed in detail later. 

All the crystals used were synthetic, and were prepared 
by heating precipitated lead sulphide, with or without the 
addition of other sulphides, with a little sulphur to prevent 
oxidation, in an electric furnace to 1150° C. aud allowing to 
cool very slowly. The crystals containing stannous sulphide 
had to be heated to 1250°C. 


The Transition Point of Lead Sulphide. 


A series of experiments was first carried out in order to 
find the effect of temperature on the unilateral conductivity 
of lead sulphide. The crystal was mounted in a brass cup 
and immersed in pure B.P. paraffin in a large test-tube, this 
tube also being placed i ina bath containing B.P. parafħn. The 
paraffin immersion ensured the whole crystal “eine nt the 
same temperature, and also kept the contact clean and free 
from oxidation, The most satisfactory contact was found to 
be a fine steel needle fused into a glass tube, connexion being 
made by mercury in the tube. The glass tube carrying the 
needle slid easily inside a wider tube, and the pressure of 
the point on the crystal was constant and approximately 
equal to the weight of the needle and the tube into which it 
was fused. A thermometer was also placed in the inner 
tube. 

The crystal was connected in series with a commutator, a 
milliammeter , and a two-volt accumulator. 

On making the circuit, the current passing through the 
erystal was not constant (cf. above). For this reason the 
current had to be read on the ammeter immediately on 
completing the circuit, and the current again broken. ` 

The initial values of the current in each direction were 
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plotted against the temperature. The curve is shown in 
fig. 1. C” is the current when the metallic point is negative, 
and C” when positive. C” was read first, then C’. Tt was 
found that the conductivity rose rapidly at 160° C., indicat- 
ing that galena has a transition point at this temperature. 
Similar curves wero obtained on cooling, but the conductivity 
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never fell to quite its original value. Streintz * (1904) also 
noticed that on heating a crystal of galena and then cooling, 
the conductivity was higher than originally . Thisis probably 
due to the a-form, stable above 160°, being present in a 
metastable state. 

A similar curve was obtained for a crystal consisting 


* I, Streintz, Boltzmann-Festschrift (1904). 
2Y 2 
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of 90 per cent. lead sulphide and 10 per cent. silver sulphide, 
but it was found that the increase of conductivity at the 
transition point was more than trebled. The transition point 
had been lowered to 133°C. Thus, in the case of pure lead 
sulphide, the current increased from 45 to 150 milliamps, 
while in the case of the crystal containing 10 per cent. of 
silver sulphide it increased from 25 to 400 milliamps. (In 
this case curve C’ was read before ("’) (fig. 2). 


Fig. 2 
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This transition point, at which there is a large increase of 
conductivity, is similar, but to a less extent, to that which 
oceurs in silver iodide*, At 144°6(, the specific con- 
ductivity of silver iodide increases from 3'4 x 1074 to 1°31. 


* Tubandt & Eggert, Zeit. fur Anerg. Chem. ex. p. 196 (1920). 


Led 


alternating Currents by Crystals. 085 


A curve was also obtained for a crystal of 95 per cent. 
lead sulphide and 5 per cent. stannous sulphide. In this case 
the conductivities in the opposite directions were so nearly 
equal that only UC’ was plotted (fig. 3). With lead sulphide 
the curve had become nearly horizontal at 210°, with lead 
sulphide containing 10 per cent. silver sulphide at 180°; but 
with lead sulphide containing 5 per cent. of stannous sulphide 
the current was still rising at 270°, the limit to which the 
paratin bath could be taken with safety. : 


Fig. 3. 
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This transition point of lead sulphide explains why 
crystals used for rectifying purposes are most sensitive when 
cooled very slowly. The usual explanation given is that 
with slow cooling the sulphide crystallizes better and well- 
defined crystals are obtained. It has been noticed in con- 
nexion with this work that crystals witha granular structure 
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are more satisfactory than those with well-defined faces. A 
more probable explanation is that unless the crystal is cooled 
slowly the a-form, stable above 160°, is present in a meta- 
stable state. 


The Variation of Conductivity with Time. 


It has already been mentioned that when a current is 
passed through a erystal of lead sulphide, one contact being 
a sharp point, the current is not constant, but if the point is 
negative, whichis the low-resistance direction, rises steadily. 
The rate of increase decreases with time, and finally the 
current becomes constant. If the current is allowed to rise 
for a short time and is then reversed, the current has 
an initial value approximately equal to that before reversal, 
and then falls rapidly to the original value in that direction. 
The rise of the current is always fairly steady, but the 
fall is often erratic. ‘The current may decrease slowly for 
a short time, and then fall instantaneously to the initial 
value. 

The rise of current always occurs when the point is the 
cathode, and this suggests that the phenomenon is of an 
electrolytic nature. This suggestion is strengthened by the 
fact that the addition of silver sulphide to the crystal 
increases the rate and amount of this rise. Silver sulphide 
is known to conduct 80 per cent. of the current electrolyti- 
cally below 179°, while above this transition temperature the 
conduction is wholly electrolytic *. I£ the current is carried 
electrolytically, it should be possible to detect a difference in 
weight of the electrode. A silver point weighting 0°03 gm. 
was used as electrode. It slid easily into a hole drilled ìn 
the end of a short piece of brass rod, and was pressed down 
on the crystal by means of an adjustable spring. The 
electrode was weighed by means of the torsion type of 
micro-balance. It was used both as anode and cathode, and 
crystals of pure lead sulphide and lead sulphide containing 
10 per cent. of silver sulphide were used; but even atter 
passing 50 milliamps for 24 hours, the weight of the 
electrode was constant to within 000003 gm.. which is 
within the limits of experimental error. Hence it was 
concluded that electrolysis, at least of the ordinary type, 
could not occur. The suggestion arose, however, that the 
rise of current could be explained by the metal, instead of 
being deposited on the electrodes, forming metallic threads 
through the crystal. 


* Tubandt & Eggert, Zeit. fur Anorg. Chem. cx. p. 196 (1920). 
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Le Blanc and Kerschbaum * have stated that silver 
sulphide appears to conduct metallically because of the 
formation of fine threads of silver. The supposed metallic 
conduction of fused silver halides is also due to threads of 
silver stretching from pole to pole. 

In 1898, Bernteld f stated that the conductivity of lead 
sulphide increased with temperature. He also pressed lead 
sulphide between two silver plates and passed a current of 
one ampere for 20 hours. He found no alteration in the 
weight of his electrodes. This is similar to the results 
obtained above for small currents, and is also due to the 
formation of metallic threads which then conduct metallically. 
Guinchant f and Aubel § (1903) stated that the conductivity 
decreased with rise of temperature. The differences in these 
results are probably due to metallic threads forming in 
Guinchant and Aubel’s experiments, the conductivity of these 
threads decreasing with rise of temperature. Koenisherger || 
(1909) considered that the conduction was metallic. The 
results given in this paper show that if the currents are 
momentary, metallic threads have not time to form, and the 
conductivity then rises with increase of temperature, due toa 
fraction of the current being conducted electrolytically. 

It was found that, although the reversal of the current after 
it had been passing for a short time was accompanied by a 
decrease of the current due to the destruction of the metallic 
threads, if the current in the low-resistance direction was 
continued until it had become constant, it was found that on 
reversal, the current in the opposite direction was equal to, 
or even slightly higher than, that before reversal, and it did 
not fall. The explanation of this is that after a short time 
the threads are only formed for a short distance through the 
crystal, and on reversal the thread becomes the anode and is 
dissolved ; but that when the current has become constant the 
threads are formed right through the erystal, and the con- 
duction is entirely metallic. The fact that when the current 
had become constant, the reverse current had a higher initial 

value than before revorsal, is probably due to back E.M.F. 
No back E.M.F. of polarization could be observed after 
passing the current for a short time ; but this would be due 
to the fact that, the threads being short, the circuit would 
be completed through the crystal ; but when the threads 


* Le Blanc & Kerschhaum, Zeit. Electrochem. xvi. p. 680 (1910). 
t Bernteld, Zeit. fur Phys. Chem. xxv. p. 46 (1898). 

į Guinchant, Comptes Rendus, exxxiv. p. 1224 (1902). 

§ Aubel, Comptes Rendus, cxxxv. pp. 456 and 734 (1902). 

|| Koenisberger, Zeit. Electrochem. xv. p. 97 (1909). 
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stretched completely through the erystal, the cireuit would 
be completed through the ammeter, this having the smalier 
resistance, 

When no current is passing, the threads slowly disappear, 
provided that the current has not reached a maximum. 
This can be explained by local electrolytic action in the 
crystal. 

‘Tt has already been stated that the current often does not 
fall steadily, but drops suddenly to nearly its original value. 
This is due to the metallic threads becoming thinner and 
then breaking, instead of being dissolved steadily from one end. 

At high temperatures the current often rose in both 
directions. This could be prevented by using a very light 
contact of thin wire (No. 348.W.G ). At high temperatures 
the pressure of the steel needle is snfficient to prevent the 
formation of a film at the point, which in this case is the 
anode, and threads are formed from the other side of the 
crystal. Threads will be formed very much more easily if 
the cathode is a sharp point, as the metal will be deposited 
at the point, and form the beginning of the thread; but it is 
conceivable that threads might form from the broad contact 
at the other side of the crystal when the current is large. 

It was found that for any one contact the initial rate of 
rise of the current, and hence the rate of formation of threads, 
was proportional to the current. The rate of rise varied, 
however, for different points on the crystal. This will be 
discussed later. The addition of silver sulphide to the galena 
increased the rate of rise, while the addition of stannous 
sulphide decreased it. It was found that with pure lead 
sulphide the rate of increase per unit current with increase 
of temperature was constant until the transition point was 
reached, when it fell rapidly. With galena containing 5 per 
cent. stannous sulphide it Increased to a maximum at 200° and 
then fell rapidly, showing that in neither case were threads 


formed above the transition point. With galena containing 
10 per cent. of silver sulphide, however, the threads continued 
to form above the transition point. It is known that silver 
sulphide conducts entirely electrolytically above 179° *. This 
therefore is additional evidence that the rise of current is due 


to the electrolytic formation of metallic threads. 


nilateral Conductivity and Crystal Rectification, 
Unilateral Conductivity and Crystal Reetificat 


There appears to be a close connexion between unilateral 
conductivity and the electrolytic formation of metallic 
threads. 

* Tubandt & Eggert, Zeit. fur Anorg., Chem, ex. p. 196 (1920). 
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The rate of rise of the current varies at different points on 
the ervstal. It was found that when rapid rise of the 
current occurred there was marked unilateral conductivity. 
The longer the current was allowed to rise, the more nearly 
equal became the current in the opposite directions, and the 
less the rectified current when subjected to an alternating 
potential difference. 

As has already been stated, the addition of silver sulphide 
to the crystal increased the rate of rise; it also increased the 
ratio between the opposite currents and the rectifying 
efficiency. The addition of stannous sulphide decreased the 

rate of rise, the ratio between the opposite currents, and tHe 
rectifying ethciency. These facts all point to unilateral 
conductivity and the power of rectification being an electro- 
lytic effect. The deposition of metal at the point produces 
a good metallic contact, and on reversing the current a high- 
resistance film is formed. Very definite evidence of the 
formation of this film can be obtained from the graph 
showing the effect of heat on the conductivity of a crystal 
consisting of 90 pa cent. lead sulphide and 10 per cent. 
silver sulphide ( (fig. 2). It will be seen that the curve for 
C' (C’ = conductivity in low-resistance direction, C” in high) 
turns upwards at the transition point 13. 30C. In this 
experiment the value of C' was read, the current immediately 
reversed, and C” read. Between 130° and 170° it was found 
that on reversing the current the ammeter gave an instan- 
taneous vaiue for C” nearly equal to C’, and then fall at once 
to the value shown on the graph. This meant that the 
current, which here increased to a very large value, deposited 
sufficient metal at the point of contact to cause the reverse 
current to take anappreciable time to remove this before the 
high resistance could be formed. Further, the actual streneth 
of the current before the film was formed having increased 
so much, the film formed was thicker, and though C’ rose 
stee eply, C” actually decreased from 5 to 3 milliamps. At 
170° the film was not suflicient to prevent the passage of the 
current, which immediately increased to 275 milliamps. C’ 
again decreased after the transition point, this also being due 
to film formation. It was also found that at about 130° to 
140°, where this effect was noticed, if (’ was kept on for say 
5 seconds, on reversal the current kept constant at about the 
same value as C’ for 6 or 7 seconds while the metal was 
being dissolved, and then fell suddenly as the film was formed. 
A similar effect was also observed in an experiment, which 
will be referred to later, on the variation of ('/C" for 
different directions through the crystal. In one direction 
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where the ratio C'/C" was very large it was found that 
(=20 milliamps. If C” was kept on for a few seconds and 
the current then reversed, C’ kept nearly constant for a short 
time and then rose suddenly to 300 milliamps, showing that 
a high-resistance film was formed when the metal point was 
the ‘anode, and was removed on rever-ing the current, the 
current rising stldenly when the disappearing film was 
replaced by metallic contact. These observations appear to 
give definite evidence that a high-resistance film is formed 
electrolytically when the point is the anode, and metallic 
contact when the point is the cathode. 

` It has been stated that for crystals of lead sulphide and 
lead sulphide containing 5 per cent. of stannous sulphide 

4 
ne ? (C=current, T=time) falls rapidly above the transition 
temperature, while it does not do so for lead sulphide con- 
taining 10 per cent. of silver sulphide. It was also found 
that the ratio C’/C” decreased above the transition point for 
lead sulphide and lead sulphide containing 5 per cent. 
stannous sulphide, but did not do so for lead sulphide 
containing 10 per cent. silver sulphide. 

It was found for lead sulphide containing 5 per cent. stannous 
sulphide and occasionally tor pure lead sulphide that the high- 
resistance direction was not always the same; but when the 
high-resistance direction was such that the point was the 

cathode, the difference between the two conductivities was 
very small ; ; when marked unilateral conductivity occurred, 
the point was invariably the cathode. It appears that slight 
unilateral conductivity occurs in these erystals in a direction 
such that it cannot. be explained by the above reasoning. In 
the following crystals the direction of the rectified current 
is also such that the point is positive *: molybdenite (Mo8.), 
galena (PbS) (natural), zincite (ZnO), iron pyrites (eS). 
cassiterite (SnQ,), and carborundum (SiC). In all these it 
is interesting to note that the metals readily form amphoteric 
electrolytes. 

Several observerst have noticed a hysteresis effect when 
the characteristic curve is traced by the steadv-current 
method. On reversing the current and completing the cvele 
of applied potential, the curve was found to enclose an area. 
This is explained by the fact that metallic threads are formed, 
these having to be dissolved again on reversal of the current, 
thus producing a hysteresis effect. 

One of the most puzzling facts in connexion with the 

* Strachan, ‘ Wireless World, xiv. p. 397 (1924). 


t Pieree, Phys. Rev. xxv. p. 31. Goddard, Phys. Rev. xxxiv, p. 42: 
Coursey, Proc. Phys. Soc. xxvi. p. 105. 
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conductivity of ervstals is the different behaviour obtained at 
different p: arts of the crystal. The rate of rise of the current, 
the magnitude of the current, the ratio of the conductivities 
In opposite directions, and the rectifying power or ** sensi- 
tivity” vary greatly at different parts “of ervstal surface. 
This effect is particulariy noticeable in the ease of a crystal 
with well-detined faces, and much less so with one with a 
granular structure and innumerable small facets, when the 
results are more consistent. 

It has been shown by Tubandt * that in solid electroivtes 
such as the silver halides and silver sulphide the current is 
carried entirely by the positive ion. Lead chloride differs in 
that the current is carried by the negative ion. One set of 
ions In these solids forms a fixed cranes ork through which 
the other ions move with considerabie facility. 

Thus in silver sulphide, and most probably in galena. any 
current which is carried electrolvtica.ly wiil be carried by 
the metal ion. which will move through a fixed framework of 
the sulphide ions towards or away froni the metaliie point. 

The structure of a great many crystals has now been 
determined by several workers. ‘Lead sulphide belongs to 
the regular system, and usualiy erystallizes in cubes, It has 
a simple eubie structure. 

In a erystal having such a structure the (100) planes of 
the erysti tl each contain both lead and sulphur atoms, the 
(110) planes will likewise contain lead and sulphur atoms, 
but the (111) planes, however, will consist alternatively of 
lead or sulphur atoms 

Consider what occurs when the current is being conducted 
to the metal point along (100) or (110) planes. The metal 
ions will move towards the point through a fixed framework 

of sulphur ions ; but as they move towards the point they will 
come into solion with the sulphur ions, and their progress 
will be retarded. On the other hand, if the current is being 
conducted along (111) planes, the metal ions will be in one 
plane and the sulphur ions in the other, and the metal ions 
will move straight towards the point without colliding with 
the sulphur ions. Hence, when the current is carried along 
(111) planes, the metal ions will move with greater facilitv. 

Considering an alternating current passing through the 
crystal when the current is passing in a direction such that 
the point is the cathode, metal ions move through the sulphur 
ions towards the point, giving a metallic contact. On the 
reversal of the current thiase ions Move away again, leaving 
a film of sulphur. They will do this with “creator facility 
when the current is carried along planes such that the ions 

* Tubandt, Zeit. fur Electrochem, xxvi. p. 358 (1920). 
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do not collide, and we should then expect to get maximum 
rectification. 

It has been stated by R. Ettenreich* that the time of 
reaction in crystal rectifiers is less than 107® second, and 
that this makes electrolytic polarization theories involving 
comparatively slow molecular movements untenable. In 
the theory stated above, the film is present continually and 
the metal ions oscillate to and fro through permanent 
channels, giving metallic and non-metallic contact alter- 
natively, Ifthe time of reaction is of the order stated by 
Ettenreich, it is quite in keeping with atomic oscillations of 
this kind. 

Fig. 4. 


a Q 


C 


Diagram of a cubic crystal of lead sulphide. 


Since the addition of 10 per cent. of silver sulphide 
increases the rate of formation of metallic threads so con- 
siderably, it increases the fraction of the current conducted 
electrolytically to the same extent, which means that only a 
small fraction of the current is conducted electrolytically in 
pure lead sulphide. This fraction causes the alternate 
metallic and non-metallic contact which has been described, 
and this rectifies, in addition to itself, that part of the 
current which is conducted metallically. When the ions 
move without collision a greater fraction of the current is 
carried electrolytically. Hence the fraction of the current 
carried electrolytically varies according to the plane along 
which the current is passing through the crystal. 

Fig. 4 represents a cubic crystal of lead sulphide. Ac- 
cording to the theory which has been stated, maximum 


* R. Ettenreich, Phys. Zeit. xxi. p. 208 (1920). 
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unilateral conductivity (or allied phenomena such as rectiti- 
eation) should be a maximum when the current is carried 
along (111; planes, e.g. when the current passes from a to ¢ 
orb toc’. It should be a minimum when the current passes 
along (100) or (110) planes, e. u. from a to b or from a to ¢'. 

With a crystal of pure sv nthetice lead sulphide, as near a 
pertect cube as could be obtained, the following results for 
the ratio of the conductivities in opposite directions were the 
mean of a number of determinations :— 


Current passing from atob atoc atoc 
Mean ratio, ("/(" ... 03:1 123:1 159:1 


These results show that when the current is carried along 
(111) planes the unilateral conductivity is very much greater 
than when the current is carried along (110) or (100) Planes. 
This entirely bears out the theory which has been stated. 

When a crystal is rectifying high-frequency currents, the 
ions actually causing rectification will be confined to an 
extremely thin surface laver at the point of contact, and 
hence the degree of rectitication will depend on the plane 
along which the current is carried in the surface layer of 
crystal at the point of contact. Thus with a crystal having 
an irregular surface maximum rectification will occur at 
those points where the surface at the point of contact is at 
such an angle that the current is carried along the (111) 
planes. 

Silver sulphide increases the rectifying power of lead 
suiphide because it increases the amount of electrolytic 
conduction, thus increasing the number of ions oscillating 
in the surface film, and hence the ethciency of the metallic 
and non-metallic contact. The effect of stannous sulphide in 
decrea-ing the rectification is probably due to the fact that 
it is not isomorphous with lead sulphide, although partially 
soluble in it. It has a different atomie structure, and its 
space-lattice will be superimposed upon that of the lead 
sulphide. Its atoms will therefore obstruct the path of the 
ions moving in the (111) planes, ard hence decrease recti- 
fication. 

A small applied potential in the same direction as the 
rectified current improves rectification in most crystals. 
This is probably due to the fact that the applied potential 
will assist the formation of metallic threads, but will not. be 
sufficient to prevent the formation of the high- resistance film. 
Thus it will increase the conductivity of the erystal in the 
low-resistance direction, but not attect it in the high. In the 
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case of lead sulphide the crystal’ has a low resistance and 
the threads are formed rapidly, hence an applied potential 
does not make much difference. It is a slight advantage, 
however, but it should be less than one volt. As has been 
shown, a large potential will cause the formation of permanent 
threads which destroy rectification. 

Strachan * observed that in the rectification of high- 
frequency currents, when the contact is a loose one and 
the metal point made from fine wire, oscillation of the point 
occurs. IË a sudden strong current is sent through the 
crystal, the contact is completely broken. This is easily 
understandable on the above theory, and is caused by the 
surging to and fro of the ions. When a strong current is 
suddenly applied, the amount of metal forced against the 
point is sufficient actually to move it. 

Although in the past electrolytic theories have received 
little support, and have been subjected to much criticism, the 
above moditication of the old electrolytic theory is based upon 
experimental evidence,and explains several phenomena which 
could not be satisfactorily explained by other theories, such 
as the variation of the rectifying power over the surface of 
the crystal or “‘sensitive spots,” and the effect of silver 
sulphide in increasing the rectifying power of crystals of lead 
sulphide. 


Summary. 


(1) Galena has a transition point at 160°C., there being 
an increase of conductivity at this temperature. 

(2) Addition of silver sulphide increases the rise of 
conductivity at the transition point. 

(3) Passage of a direct current through galena, the 
negative contact being a point, is accompanied by the 
electrolytic formation of metallic threads. This is increased 
by the addition of silver sulphide and decreased by the 
addition of stannous sulphide. 

(4) Unilateral conductivity, rectification, and electrolytic 
formation of threads are closely connected. 

(5) When the point at the contact is positive a high- 
resistance film is formed. 

(6) Unilateral conductivity and rectification can be ex- 
plained from consideration of the structure of crystals, and 
hy the fact that in solid electrolytes the current is carried 
entirely by one set of ions, the other set forming a fixed 
framework, 


* Strachan, ‘Wireless World,’ xiv. p. 424 (1924). 
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(7) In rectification the metal ions oscillate to and fro 
through fixed channels of sulphur ions, giving metallic and 
non-metallic contact alternately. 

(8) The variation of rectifying properties at different 
points on the erystal surface can be explained by the fact 
that the metal ions can move without collision in some planes 
of the crystal but not in others. 

(0) Experimental determinations of the ratio of C'/C” for 
different directions through the crystal are completely in 
accordance with this theory. 

(10) Hitherto unexplained phenomena connected with 
crystal rectification can be explained by this theory. 


In conclusion, the author wishes to thank Mr. W. H. 
Patterson, M.Sc., for his continual interest and help in 
connexion with this work. 

The Chemical Research Laboratories, 

East London College, 
University of London. 
December 8th, 1924. 
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LXXIII. Spuce-Charge and Thermionic Currents. 
By Wa. S. KIMBALL *. 


HE effect of space-charge upon thermionic currents in 
high vacuum was first treated theoretically by Child t 


and Langmuir t. If the accelerating field was sufticient to — 


cause saturation, assuming the initial velocity of the electrons 
to be zero, they found that this maximum current varied 
with the three-halves power of the potential ditference be- 
tween the anode and cathode, and that the potential varied 
with the four-thirds power of the distance from the cathode. 
Since then the theory has been extended by Laue §, Richard- 
son ||, Epstein f, Fry **, Langmuir tft, and others, taking 
account of initial velocities or special cases of interest ; and 
Bridgman has treated the theory in its bearing on contact 
electromotive forces. No attempt seems to have been made 
to analyse the potential function into its two component 
parts: the impressed potential and the space charge poten- 
tial, the former being the potential that would be present 

* Communicated by the Author. 

t Phys Rev. xxxii. p. 492 (1911). t Phys. Rev. ìi. p. 450 (1913). 

§ Jahrbuch d. Raud. u. Elek. xv. p. 205 (1918). 

|| Em. of Elec. fr. Hot Bodies. 

@ Ber. d. Deut. phys. Ges. xxi. p. 85 (1919). 

## Phys. Rev. xvii. p. 441 (1921). 

tt Phys. Rev. xxi. p. 419 (1923). 
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between the electrodes in case the space-charge were removed 
to infinity. The present paper is a critical study of the rela- 
tions between these two parts of the resultant potential, 
showing the rôle each plays in the general theory. Attention 
is restricted to the simple case of currents where the initial 
velocity of the electrons, that is at the cathode, is zero. The 
case of parallel plane electrodes is considered in some detail. 
A special study of the boundary values of the charge density 
and electron velocity at the anode shows how the equation 
for the current between parallel plane electrodes may be 
derived without integrating the ditferential equation of the 
potential function. Conditions are established whieh the 
exact equation for the current between cylindrical electrodes 
must satisfy, it being pointed out that the approximate 
expression given by Langmuir * satisfies them. 

§1. Itis ‘well known that the potential distribution between 
parallel planes having empty space between them is of the 
form: V'= Bv, where E is the force constant, and that it 
satisfies Laplace’s equation. Since the potential function 
is a scalar point function, the resultant potential when space 
charge is present may be separated into its two parts added 
algebraically : V=V'+V", where V” is the space-charge 
potential function. The well-known equations of condition 
then take the form: 


1/2mv?=e(V'+ V")=(Er+V")e=Ve. . . (1) 
tpl. oe we. Se ey ah oe, 1G) 


era = 4rp. . . : . ° . 5 ° . ° (3) 


These are the same as those given by Langmuir except for 
the immaterial change of dropping V' from (3) since its 
Laplacian is zero. Thus (3) refers to either the space-charge 
potential or to the resultant potential, but it cannot refer to 
the impressed potential whose Laplacian vanishes. 

§2. When p and v are eliminat-d from these three 
equations we have : 


AN : Pa m i 
=—2r 9 Soy NE s A A 4 


y” : : R 
Use 2(B tn as integrating factor, and integrate : 
>) +R“ oe 4 B= 8or 2m( Me + V”). (5) 
de e 


- cae Rey. xiv. p. 306 (1919). 
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Here E’ is the constant of integration, so chosen to give the con- 

dition for space-charge limited currents : at the cathode where 

each potential is zero, the resultant force is zero : P 
x 

Taking the square root of (5) and integrating and solving 

for : and V gives 


A eee E 


m Ir x? 


V= Er+ V" =c’, where c=(9mi)??(m/2e)!3. (T) 


These equations show that the resultant potential varies with 
the four-thirds power of the distance from the cathode, and 
that the space-charge limited current varies with the three- 
halves power of the resultant potential. 

§ 3. Force due to Space-Charge.—It is well known that an 
infinite plane carr, ing a charge of uniform density, and with 
no other charges or conductors in its neighbourhood, will 
exert a force independent of the distance from the plane. 
If parallel plane conductors are placed at different distances 
from it, on each side of the uniformly charged plane, there 


Fig. 1. 
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will be induced upon the two conducting planes charges - 


whose density is inversely proportional to their distance 
from the charged plane between them. It the conductors 
are at zero potential, the induced charge will be the sole 
charge on them, and being proportional to charge, the force 
on each side of the charged plane will thus be inversely 
proportional to the distance to the parallel conductor. The 
assumption that the parallel plane electrodes are at zero 
potential restricts attention to the force due to the space- 
charge on this plane between them. That the force is 
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inversely proportional to the distance from the electrodes ix 
the outcome of the fundamental principle involved: that 
equal work is required to take unit charge from either zero 
potential electrode to the charged plane. If og is the 
surface-charge density induced on the cathode and o, is the 
surface-charge density induced on the anode of a plane of 
thickness dz and charge density p at distance «from the 
cathode, then the force between this plane and the anode 
is 4mo, and the force anywhere between this plane and 
the cathode is — 4mo. It is noteworthy that the direction 
is reversed as well as the magnitude of the force operating 
on an electron changed, as the latter passes through the 
plane in question. 

The space between parallel plane clectrodes may be con- 
sidered as composed of a series of such planes of thickness 
dx and charge density p which latter is constant over each 
plane but ditfers for different planes. The sum of the forces 
due to these planes is the total force due to the space- 
charge : 


" ar *d 
ae =| iro,- | Amo, . . . ~ (8) 
0 i ; 


dx i 


where the o’s are functions of x. The first definite integral 
gives the sum of the forces due to the several layers of 
charge behind an electron at distance æ from the cathode, 
that is, it is the total force driving unit charge across. The 
second integral gives the total force driving unit charge 
back towards the cathode. Force exerted by the impressed 
potential is, of course, not included in (8). 

Since the potential difference due solely to its own charge 
between a particular charged plane and each electrode at 
zero potential is the same, we have a condition on the o’s : 


dmoz —iro, (b—x)=0, or ogv=a,(b—v), . (9) 
where J is the distance between electrodes. A second con- 
dition on them is 

ort o=pdr.. o... . (10) 


The dx appearing in (10) reveals the difference in dimen- 

sions of the surface and volume densities. Solving (9) 

and (10) : 

(6-2) 
b 


o,==py da ; =p 


dt. s . (11) 
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Substituting these values in (8) gives 


dV" z x i b—ax 5 
: A) Amp; de= | 4mp a Le. s C12) 


dx 


§ 4. Boundary Condition upon Force due to Space-Charge.— 
If the velocity of the electrons emitted at the cathode is assumed 
to be zero, then the condition for space-charge limited currents 
is that the resultant force there due to both space-charge 
and impressed voltage shall be zero. Since the impressed 
force is constant between the parallel plane electrodes and 
equal to E, the boundary condition on the space-charge force 
at the cathode requires this force to be equal to —E. Com- 
bining the terms of (12) that involve w explicitly, we may 
write : 


dV" 


de 


b r 5 b 
a ( drp i de— | drp de=D—( 4mp dæ. (13) 
eu r e 4 


Here the first term on the right, being a constant, is set equal 
to D. The value of the space-charge force at a particular 
distance from the cathode is given by (13) or (12) by giving 
to the x appearing as a limit in the definite integrals the 
particular value of the distance in question. Setting æ equal 
to zero in (13) gives 


'" b 
(m) =2-Í drp dr= —E. E ae (14) 
dto 0 


This is the boundary condition on the space-charge force at 
the cathode. 

§5. The Space-Charge Potential Function —This may be 
expressed as an integral of (12) or (13): l 


x ("r ; rf-b oa ae 
vr={ ) rp T dæ de — ( | drp : dw de 
0 J0 b ovr b 
z mb 
= Dw at { dizp ied. . (15) 
0 zr 


Equation (9) states that the work due to the particular plane 
referred to upon unit charge in crossing from cathode to 
anode is zero. This is the conservation of energy. Equa- 
tion (15) is the work required to take unit charge from the 
cathode to distance x due to all of the space-charges. I£ 
the upper limit of (15) be set equal to b, the work repre- 
sented by it will be the sum of such works as represented 
by (9) for all the space-charge plane layers between the 
222 
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electrodes. Since the work due to each layer of charge 
upon unit charge crossing to the anode sums up to zero, 
the work due to all the layers together must sum up to zero. 
Thus when the upper limit of (15) is b, V” must be identically 
zero. This may be shown by integrating the 2nd term by 
parts : 


i bb 5 b 
V,"=Db—| f Amp dæ de= Db— [(2( Aap de) 
o /z er 0 


D 
+| Arpe de |=0. (16) 
0 


The expression in the parenthesis vanishes when the limits 
0 and b are substituted, and the last integral is shown by 
(13) to be equal to — Dd, so that (16) vanishes identically. 
This boundary condition on the space-charge potential func- 
tion is inherent in electrostatics and conservation of energy. 

§6. Application of Boundary Conditions for Parallel 
Plane Electrodes.—The relations established in §5 on the 
space-charge potential may be applied to (7) to get a rela- 
tion between the constant ¢ appearing in (7) and E, the 
impressed force. Since V=V'+V", and V” is zero at the 
anode, the resultant potential V is at the anode: V=V'= Eb. 
Thus by (7) 

V=V'=Elh=cl"”. 

Hence : 


CS. ae et a e a a e a 
and (7) takes the form : 


: Bat? 
V=Ew+V"= Ria 3 om ak ow ewe a (18) 
hence : 
Ert? 

7I? 

\ = ph — Ee. o © o œ e e.e à . e (19) 
dV” 4, fw ie 
a =38(7) siper ga aa s (20) 

E — 1 dv", 
P= Oba Em de? eo e e a CI) 


The minimnm value of V” occurs where by (20) the 


b 


e 27 
force is zero. It occurs at <= gi b, as shown in the graph. 
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The absolute magnitude of V” is here 1/4 that of the im- 
pressed potential V’ for this value of x. From the cathode 
out to this point the space-charge opposes the motion of 
the electrons, but between this point and the anode it 
expedites their motion. 


Fig. 2. 


Potential 


If the potential function appearing in (6) is replaced by 
(18), the space-charge limited current equation takes the 


form: 
Jel 1\ E” IE 1 (Eb)? J 
ima /™( 2. Vio N mm Poi 2e 


It is noteworthy that this expression is free from the 
variable æ. Its form thus brings out the fact that the 
current per square centimetre cross-section is independent of 
the distance of this square centimetre from either electrode, 
being a constant for changes of x. Since i=pv, and č is 
independent of «x, the exact equation (22) may be written 
down if the values of pand v at the anode are given: (1) 
and (18) give v and (21) gives p: 


De Fax, E 
v,= — Eb; and py=goy. ©- (23) 


The problem of obtaining these boundary values of v and 
p is theoretically a simpler problem than that of obtaining 
complete information about distribution of potential and 
charge between electrodes, which is supplied by solution of 
the differential equation with application of boundary con- 
ditions as set forth above. Thus the problem of deriving 
the exact expression for the saturation current that is constant 
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between the electrodes is theoretically simpler than that 
of solving the differential equation for space-charge distri- 
bution, | 

$7. Boundary Condition upon the Charge Density.—It can 


be shown directly from electrostatics that p, =A i where A is 


a pure number, is the expression for the charge density at 
the anode. To prove this consider equation (3). Since 
V and V" are each proportional to the constant E, this equa- 
tion shows that p must also be so. Since b is the only 
geometrical constant describing the configuration of the 
electrodes, we may write: p=AEys(/). It is well known 
that electrostatic force is of the same dimensions as surface- 
charge density, so that volume charge density or p must be 


5 : 4 : s 
of dimensions = where L stands for length. Since ù is the 


L 


only length involved in the configuration of parallel plane 


1) 
electrodes, it is evident that /(l)= 1 and p = which 
“ae Ae f b b 
was to be proved. 
The value of the resultant potential at the anode, 


V=VW’=E), together with (1) gives: anal ei foe 
m 
the velocity of the electrons there. Multiplying this by 


E s e s ° . 
p= 7 established in this section gives 


b 
x 2e E32 
ms b 


This expression for the space-charge limited current is the 
same as (22) except for a numerical factor, and is obtained 
without integrating the ditferential equation (3). 

The relations (17)-(21) are obtained from the boundary 
condition established in § 5 on the space-charge function V”, 
but if (21) is used to carry out the integrations of § 4, the 
above relations are seen to be consistent with the boundary 
conditions established there on the force. 

§8. Space-charge Force for Cylindrical Electrodes.—It is 
well known in electrostatics that the charge on an insulated 
hollow cylinder is on the outside, and that within there is 
uniform potential and no force or charge. If, however, a 
concentric conducting cylinder within the outer cylinder is 
grounded, an equal and opposite charge is induced upon the 
inner cylinder, and the charge on the outer cylinder is 
transferred from the outside to the inside, and a field is set 


(24) 
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up between the two cylinders. Likewise if the two cylinders 
are connected to the two poles of a battery a field is set up 
between them and the distribution of potential between them 


is given by V'=2ké log -, where & is the charge per unit 


length on one of the cylinders, and a is the radius of the 
inner one, which may be taken as the cathode, with zero 
potential, and r is the distance from any point between the 
cylinders to their axis. 

Assume a thermionic current in a steady state flowing 
between these electrodes, The space between them wil 
contain a series of concentric cylindrical layers of charge. 
Each layer has uniform distri»ution of charge upon it, but 
different layers have different density of charge. Consider 
a layer of thickness dr and density p and distance r from 
the axis. This layer of negative electricity will induce an 
equal positive charge en the two electrodes, but not in general 
an equal amount on each of the two electrodes surrounding 
the layer. Let ø, be the surface density of charge on the 
outside of the layer in question, and o, that on the inside of 
this layer. We have: 

oitog=pdr. . . . . « (25) 


The charge density induced on the anode will then be qH 
and that induced on the cathode will be ae 5s since the areas 


of the anode and cathode differ from the area of the layer of . 
charge by the indicated proportions. The force due to the 
Tio; 


Bs een 
layer between the anode and the layer in question is — ee 


0 
. 4 
and the force between the cathode and the layer is — es 


0 
where 7, refers to the place at which the force is measured, 
being greater than r in the first expression and less in the 
second, If the potential at each electrode is assumed to be 
zero, attention is restricted to the effect of the space-charge 
layer. Equal work will be required to bring unit charge 
from either electrode to this layer. We have then: 


( 4mrodro (" dorragd ro 
r 


9 
To 


ca 0 
where r and the o’s are constants for the integration. 


Amro, log - +4drro, log ; = 0) (26) 
r r : 
O3 log a m log b e. oe o à (27) 
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Solving (25) and (27) for o, and ø; gives 
log log : 
o =p z d” and T,=p— „dr. we . (28) 
log - log - 
a a 


The total space-charge force will be the sum of the forces 
due to each cylindrical layer of charge : 


r b r 


log + dr 
av” se ( te te (Pa 
dr r na r Sam r log ? 
a r a Pa 
b b 
iz rp log- dr s 
Sere E (29) 
log - 


§ 9. Boundary Conditions on Force in case of Cylindrical 
Electrodes.— Equation (29) may be written : 


b T 

dV" 4m |} P Pa 
.—— - = - 141 ~= , 3 ° . ° ) 
T : \ oe l prdr | ; (30) 

a “a 

WY" dni Tp log ; 
za j ars (orar) e a w 130) 

log = 


a a 


or 


The condition for space-charge limited currents when the 
initial velocity of the electrons is assumed to be zero is that 
the force due to the resultant potential be zero at the cathode 
where r=a. This requires that the space-charge force be 
egual in magnitude and opposite in sign to the force due to 
the impressed potential at the cathode. This latter force is 


24 oe 
—, so that the boundary condition on the space-charge force 
a 


is : 
dV” 2k | 
——___ = —_ a, o) 
dr — a e e e ° ° e (32) 


The second integral of (31) evidently vanishes when r=a, 
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and comparison of the first term of (31) taking r=a with 
(32) gives the boundary condition : 


rp log; 
k= a 5 r= tzr re s de xt oy OS) 


The first term of (30) evidently gives the force at the anode 
due to the space-charge potential function. 

§ 10. Boundary Conditions on the Space-charge Potential jor 
Cylindrical Electrodes.—Taking account of (33) the integral 
of (31) may be expressed : 


V” = —2k log - +{ ad prdr, . . (34) 
The conservation of energy equation (26) states that the 
work due to a single layer of space-charge when unit charge 
is taken from cathode to anode is zero. If the upper limit 
of V” in (34) be taken r=b then this equation will represent 
the sum of such works for all space-charge layers, and must 
therefore be identically zero. This may be shown by 
integrating the second term of (34) by parts, taking the 
upper limit r=): 


V,"=—2k log ` + An(l ay leh lee ai SOO 
a 8 aN re 54? gn NA eg 
The last two terms are seen by (33) to be equal to 


2k log ° which cancels the first term. Thus V,''=0 is the 


boundary condition on the space-charge potential. Since 
V=V'+V", this condition is equivalent to: 


b 


Va= Vy =2k log >. poa oa y e A00) 


§ 11. The Space-Charge Limited Current.—The current 
given by equation (2) for parallel plane electrodes and by 
i= 2mrpv for cylindrical electrodes is constant between the 
electrodes. Likewise for any shaped electrodes i= apv is con- 
stant between them if a is the variable area of cross-section of 
the tube of flow, or tube between electrodes containing all the 
current under consideration. ‘The values of p and vat the 
anode, together with the area “a” of the tube which is de- 
termined by the geometry of the electrodes, are thusall that is 
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required to set up the equation of the saturation current in 
terms of the constants of the electrodes in question. The 
value of rat the boundary is given by equation (1) using 
the boundary condition established for V, = Vs: equation (36) 
for cylindrical electrodes. Fora given pair of equipotential 
electrodes, then, all factors that make up the saturation 
current are known except p, the charge density at the anode. 
To obtain this, it would not seem necessary to solve Poisson’s 
equation for the electrodes in question. This method gives 
the distribution of potential as well as force and charge 
density between the electrodes, a result very much more 
comprehensive than obtaining merely the charge density at the 
anode. The problem of obtaining the exact expression for the 
space-charge limited current in terms of the impressed voltage, 
and the geometrical constants of the configuration of the 
electrodes, is therefore distinct from the problem of solving 
the differential equation obtained by replacing the charge 
density appearing in Poisson's equation by its value in terms 
of V by means of (1) and (2). It is distinct and possibly 
simpler than this latter problem to the extent that obtaining 
the boundary value of the charge density at the anode is 
distinct from obtaining complete information as to distribu- 
tion of charge density, force, and potential everywhere 
between the electrodes. 
§ 12. Boundary Conditions on the Charge Density for 
Cylindrical Hlectrodes.—The current expressed by 


L= 2mrpe e . . ww ee (3T) 


is constant between the electrodes. Equations (36) and (1) 
vive the velocity of electrons at the anode : 


2e b Sg 
u=q/ Zq / 2k log”. E er. e (38) 


l£ the expression for p, the charge-density at the anode 
can be obtained in terms of & and a and b, on which it 
depends, this value of p, together with (38), will give the 
current per unit length of electrode when substituted in (37). 
The writer has been unable to obtain this expression for p, 
directly from electrostatics for the cylindrical electrodes, as 
done in §7 for parallel plane ones. But the choice of p, is 
restricted by the following boundary conditions : 


(a) p,=*f(a,b): it is proportional to k. 


This follows from Poisson’s equation in cylindrical coor- 
dinates, because the first and second derivates of V” appearing 
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in the left-hand side of this equation are each directly 
proportional to k, the charge per unit length induced on the 
electrodes by the impressed potential. Thus p appearing as 
a factor of the right-hand member of Poisson’s equation 
must be proportional to k also. Since a and b are the only 
geometrical constants involved, p, will depend on some 
function of them as indicated above. 


k 
) = A —— 

M) P= 

Here L means any length. Tbis condition follows from 

dimensional considerations since p, is charge per unit volume, 

and k is charge per unit length. A is a pure number. 


E 
(c) When a=b=0, P=} x 


When the radii of curvature of the cylindrical electrodes are 
infinitely large, we have parallel plane electrodes, so that p, 
must reduce in this case to expressions found in §6, and §7, 
which are equivalent to (c) when b— a is the distance between 
electrodes. 


(d) When a=0, p,=0. 


As the size of the cathode approaches zero, the current 
emitted will evidently approach zero, and hence the charge 
density at the anode will approach zero. 

§ 13. Form of Expression for Charge Density satisfying the 
Conditions of § 12.—It is not difficult to show that the above 
conditions are satisfied by any p, of the form : 


amaa ;, I A 
by (log °) 


where f (log a) refers to any function of log ” expressible as 


(39) 


a power series in log a whose constant or zero power term 
is lacking, and also whose first power term is present, such 
; b. b 
as simply log a itself, or A —1). 
€ 


The current equation of Langmuir : 


= 2v2 af 2 yo- 
=g mbB?? 
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where 
b 2 DN? 11 DNS 
B= og — (lez) + i20 (19% ,,) e... 


shows in view of (36), (37), and (38) that his p involved in 
this current equation is of the form (39). 


The writer is much indebted to Prof. W. FEF. G. Swann 
and Mr. E. S. Akeley of Chicago for valuable criticism and 
discussions. 


University of Michigan, 
Anu Arbor, Mich. 


LXXIV. On Molecular Diameters. 


To the Editors of the Fhilosophical Magazine. 
GENTLEMEN, — 


È a paper published in your November number of 1924 

on “The Determination of Molecular Diameters, 
Mr. Sergius Mokroushin deduces a formula for the diameter 
which includes the following reasoning: The internal heat 
of vaporization of a gram- -molecule is equal to the product 
of the surface-tension and the surface of all its molecules. 
The molecules are thus assumed to be liquid droplets having 
the same surtace-tension as the liquid itself. In a paper 
just published * I have calculated molecular diameters 
starting also from a relation between heat of vaporization 
and surface-tension, using the modern point of view on 
constitution of matter. 

All methods of this determination, which are founded on 
phenomena caused by molecular collision, give values of the 
diameter depending upon the momentum of the colliding 
molecules. The greater their velocity is and the higher 
consequently (in cases to be discussed) the corresponding 
temperature is, the smaller such a diameter turns out. It is 
ealled recently “ Stossdurchmesser ? in German, which may 
be translated by “collisional diameter.” The method I used 
gives collisional diameters and was employed in order to 
determine them at a temperature as low as possible. 

It is now shown t that surface-tension consists of a statical 


* Zeitschr. f. Physikalische Chemie, cxiv. p. 114 (1925). 
t Madelung, Physikalische Zeitschr. xiv. p. 729 (1913). Born und 
Courant, Physikalische Zeitschr. xiv. p. 731 (1913). 
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portion y, independent of molecular motion, and of a kinetic 
portion dependent upon temperature and vanishing in the 
limit to the absolute zero. Therefore we may write for %o, 
the statical portion at the absolute zero, using the relation 
of Ramsay and Eötvös 
2°1T 
= 9 . 7 © òo č è œ (1) 


where Tx is the critical temperature and V, the molecular 
volume at the absolute zero. 

As to the constitution of the molecule we assume that it 
is in case of non-associating substances an electric quadruple. 
That is a neutral aggregate of positive and negative charges 
whose centres coincide in absence of a field. Ina field fit 
is deformated and acquires a momentum af, æ being a 
molecular constant. tisalsoa molecular constant determined 
by the configuration of the charges. These assumptions were 
made by Debye * in order to explain the v. d. Waals forces. 
In the same paper he calculates the statical portion of 
sarfuce-tension as the mechanical work required to build up 
the unit area of the surface, not regarding it as a mono- 
molecular layer, and finds 

_ Brann? 
== —-, 


a a te eee 


where n is the molecular density and s the molecular diameter 
considered as collisional as follows from Debye’s reasoning. 
He determines also A, the internal heat of vaporization for 
one gram-molecule in C.G.S.-units, by the same quantities. 
From his formula we obtain 

2 TaT? , 


2\7 j 
A=; Nes Se ge 4S He) 


where V is the molecular volume at boiling-point. 
From (2) and (3) we obtain 


av 
s = 32%, Sa ae ae ae 
Since from (2) y~n?~ z we get from (+) by use of (1) 


ON a e ea a 0) 


* Physikalische Zeitschr. xxi. p. 178 (1920). 
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Assuming the closest packing of molecules at the absolute 
; L ; M 
zero, so that Vo = —— $, and putting V = D 


a/ 2 
A = Mat'18. 107, 


? 


where 
D = the density of the liquid at boiling-point, 
M = the molecular weight, 


i = the internal heat of vaporization for one gram in cal. 


L = Loschmidt’s number, the number of molecules in 
one gram-molecule, 


we find from (5) for the molecular diameter in centimetres 


3/7 TEN 
wa aJore o 


The following table gives values for s calculated by (6) 
and also values for s*, the diameter on the dynamical theory 


TABLE I. 


Substance. - 8. 10”. s*., 10°. : . 
Helium oc... cc .cc cece eee 3 1:9 16 
Hydrogen ooeec. 31 23 1:3 
Nitrogen Leseren 39 31 13 
Carbon monoxide ......... 39 3:2 1:2 
a (0) E S 3:6 27 1:3 
OXygEn cadeozicendesicetees 36 2-9 1:2 
Carbon dioxide ............ 40 3°2 1:3 
Nitrous oxide ............... 40 31 13 
Methyl chloride............ 4:5 3d 1:3 
Chlorine asennon nenen. 4°3 37 1:2 
Iso-pentane... osn, G4 4+5 l4 
Ethyl ether.................. 6:2 4'8 1:3 
Acetone cecce 5'8 3°8 15 
Methyl acetate ........ ... 58 3:8 16 
Ethyl acetate ............... 6-4 4:2 15 
Chloroform... 57 48 1:5 
Benzene ..............c008ee 59 4°] 1-4 


Average... 137 


of gases. For its evaluation the formula for viscosity was 
used which Chapman, and independently of him Enskog, 
has deduced. This formula accounts for intermolecular 


. a gs ia, i E aa O a a O 
- — A, ee TAO a A jer ao RRE 
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forces and gives also collisional diameters. But they corre- 
spond to a temperature much higher than the diameters 
calculated by (6). According to that the values for s* 
are smaller than the values for s in the average about 30 
per cent. 

The molecule being identical with the atom in the case of 
argon, we may compare its value for s with the value for 
the atomic diameter which is calculated by the formula of 
Eucken-Lindemann t, giving a collisional diameter corre- 
sponding to the melting-point. Assuming that the crystalline 
argon has a face-centred cubic lattice as proved from X-ray 
measurement by Simon and v. Simson f, we obtain for the 
diameter 3°6 X 107° cm. in perfect accordance with the value 
from (6). The corresponding temperatures are practically 
identical, the melting-point being 85° K and the boiling-point 
to which (6) relates 87° K. 


Institut f. theoretische Physik Yours faithfully, 
an der Universitat, Vienna. H. SIRK. 
Jan. ?0, 1925. 


LXXV. Variation of Logarithmic Decrement with Amplitude 
and Viscosities of certain Metals. By Q. SUBRAHMANIAM, 
M.A., A.Inst.P., and D. Gunnatya, M.A., A.Inst.P.§ 


Introduction. 


ITH a view to determine the absolute coefficient of 
viscosity of certain liquids by oscillating a solid 

of “easy” shape, the authors have used a fine copper wire 
as suspension and have noticed remarkable variation of 
logarithmic decrement with amplitude. The results are not 
quite in agreement with those obtained by others, and could 
not therefore be represented by any one of the empirical 
formulæ proposed. They have therefore instituted a series 
of experiments to study, at some length, the nature of varia- 
tion of logarithmic decrement with amplitude and, if possible, 
to correlate it with other elastic properties of the material. 
The results obtained seem of sufficient general interest to 
merit publication, and the authors therefore propose to set 


t Eucken, Grundriss der physikalischen Chemie, p. 342. 
t Zeitschr. f. Physik, xxv. P; 160 (1924). 
§ Communicated by Prof. E. H. Barton, F.R.S. 
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forward the results of their experiments, in the first instance, 
with copper, brass, and steel wires. 

The change of both the logarithmic decrement and the 
period with amplitude las, of course, long been recognized. 
Schmidt * and, later on, V oigtt have found that the loga- 
rithmic decrement varies approximately as the square of the 
amplitude, while Streintz f found it to be independent of 
the amplitude in torsional vibrations and also of the period. 
Guthe and Sieg §, experimenting with certain platinum 
iridium wires, found that the decrement amplitude curves 
show a maximum value, and that this value depends on the 
initial amplitude. Harris ||, on the other hand, using bis- 
muth wires, observed a decrease of the logarithmic decrement 
with decreasing amplitude, but no maximum or minimum 
ralues. George A. Lindsay® concluded that the decrement 
of longitudinal vibrations of wires made of copper is propor- 
tional to the amplitude, and that the increase for other metals 
is less regular. 

Such behaviour of wires is influenced to a marked extent 
by (i.) internal friction and (ii.) elastic fatigue or after-effect ; 
and accordingly either or both of these causes is supposed to 
account for the observed differences in the rates of subsi- 
dence of vibrations. If the damping is caused by the elastic 
after-ctfect, the logarithmic decrement, according to Boltz- 
mann’s theory, is independent of the period ; and if there is 
really internal friction, the decrement depends on the pericd. 
The results of Voigt’s** work were not entirely in favour of 
either theory, and ‘his conclusion was that in some cases the 
preponderant factor in damping is internal friction, in other 
cases it is the after-effect. 

The viscous resistances called into play when a wire is set 
in vibration and to which the decay is largely due do not 
seem to be of the ordinary type; that is to say, such as are 
proportional to the rates of strain. I£ this type of resistance 
alone were involved, the proportionate diminution of the 
amplitude of oscillations per unit of time, as Lord Kelvin tf 


* Wied, Arn. ii. p. 48 (1877). 

t Abh. der Koniyl. Gesell. der Wiss. zu Göttingen, xxxvii. p. 189. 

t Wien. Ber. Ixix., [I Abt. p. 387 (1574); Ixxx., IH. Abt p. 397 
179), 
§ Phys, Rev. xxx. no. 4 (1910), 

|) Phys., Rev. xxxvi. no. 2 (1912). 

© Phys. Rev. June 1914. 

*e Loe, ct, 

tt Mathematical and Physical Papers, iii. p. 27 
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pointed ont, would be inversely proportional to the square of 
the period. 

Besides these two chief causes, the dissipation of energy 
from the point of suspension * outwards also, perhaps, partly 
accounts for the variation of decrement with amplitude. 


Experiments. 


On the present occasion wires made of three different 
muterials—namely, copper, brass, and steel—are used. In 
each case experiments are conducted with wires of different 
thicknesses and of different lengths. In view of the large 
amount of attention which the study of elastic properties of 
copper wires received at the hands of Lord Kelvin f, Joseph 
O. Thomson f, and several others, it is thought desirable to 
experiment with a greater number of wires made of copper 
than of the remaining two. These copper and brass wires 
are taken from ordinary commercial spools supplied by an 
electric warehouse, and are therefore of doubtful compo- 
sition ; the steel wires are, however, the best piano wires 
from Misquith and Co. 

Each of these wires before it is experimented on is kept 
stretched by half the maximum load which it can carry for 
the given dimensions, and is allowed to remain in that con- 
dition for several days. The wire is then suspended in an 
air-free chamber to the top of a massive stand by means of a 
self-centering three-jawed chuck, the lower end being fixed 
to a rotating cylinder by a similar device. Before readings 
are taken it is found necessary to bring the wires to a 
steady state. In the initial stages no two consecutive sets 
of readings agreed closely, so that the wires were kept ina 
state of continuous vibration for, indeed, a pretty long time 
before perfect consistency could be achieved. Thus in the 
case of the thinnest copper wire the values for the loga- 
rithmic decrement for a given amplitude progressively 
diminished with each successive trial, until at last it tended 
to a constant value. The time for which these wires should 
be kept thus continuously vibrating before constancy is 
obtained is, however, different for different metals, and even 
for the same metal it is found to increase with cross-section. 


* Kòtaró Honda and Seibi Konno, Phil. Mag. July 1921: and Iokibe, 
Phil. Mag. Sept. 1921. 

+ Loe. cit. 

t Phys. Rev. March 1899. 


Phil. Mag. S. 6. Vol. 49. No. 292. April 1925. 3A 
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For copper this interval is about three to five hours, for 
brass about six to ten hours, whereas for steel it is as great 
as five to seven days. 

A small bit of mirror is attached to the wire immediately 
above the lower chuck, and the wire in addition carries a 
fine pointer bent vertically down at the back of the mirror. 
The successive amplitudes are read off by the usual telescope - 
and scale method, and for appreciable values this method, 
though simple, is found to answer exceecdingly well, as a 
sufficiently quick and trained eye can read correctly to a tenth 
of a millimetre. When the extent of the swing has fallen to 
about a centimetre the following method is adopted. <A 
telemicroscope having in its eyepiece a scale divided into 
tenths of a millimetre is focussed on the vertical pointer 
behind the mirror, and is permanently arranged on the other 
side of the telescope and scale. The extent of the swing of 
the pointer is read off on the scale within the eyepiece. 
Readings so obtained are correct to a hundredth of a 
millimetre, as will be seen from the experimental results 
tabulated below. 

One peculiarity which the authors have noticed in the 
course of these experiments deserves special mention, though 
it may be a repetition * of what others engaged in similar 
work have observed. Fora particular length of one of the 
copper wires the amplitude is found to diminish gradually, 
and after a time, strangely enough, the values increase, 
and this progressive rise and fall is quite periodical and 
lasts for a considerable length of time. At the same time 
it is observed that the torsional pendulum begins to make 
pendulous oscillations, though, to start with, the vibrations 
are purely torsional, These pendulous oscillations are again 
noticed to die down, to be reborn again, and so on. This 
anomalous behaviour is evidently due to the mutual trans- 
ference of energy from torsional to pendulous oscillations 
and vice versa, and arises from the synchronization of the 
two periods—a fact so conspicuons in the theory of 
resonance. 


* Herbert Tomlinson, Proc. Phys. Soc. August 1836. 
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Copper Wire, diam. 0°03302 cm. (Graph No. 1.) 


Length, 53°13 em. Length, 31°93 em. Length, 26°37 cm. 
Period, 13:051 sec. Period, 10°15 see. Period, 9:177 sec. 
Pea ans a amc ae ite | amr he Foe re 
Awpl. Log. dec. Ampl. Log. dec. Ampl. Log. dec. 
cm. em. cm. 
1320 0:00139+ 1400 0:001901 
12:37 1321 12°81 1808 
11°01 1238 11:62 1701 11:40 0-002334 
9°80 1171 10°50 1669 10°23 2129 
8:30 1109 9°63 1554 9:27 1915 
Tõi 1094 8:87 1501 8°58 1871 
6:30 1082 T:58 1411 7°82 1750 
6:13 1071 6:60 1333 6°43 1582 
8:50 10623 5°95 1305 5:60 1529 
+86 1051 5°13 1284 5:03 1490 
4:15 1049 4°34 1272 4°75 1471 
3°64 1045 380 ` 1261 4:12 1436 
3°20 1047 3°02 1257 3°84 1417 
2°90 1043 2°45 1253 3°23 1386 
220 1045 2:00 1250 2°42 1361 
1°45 1042 1:63 1249 1:95 1353 
1:00 1046 1:21 1251 1:50 1350 
812 1049 G71 1253 778 1352 
O31 1945 603 1248 60} 1349 
nA 1044 O82 125] ANT 1348 
"235 1043 "219 1251 239 1348 
Graph 1. 
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Copper Wire, diam. 0:0555 cm. 


Length, 52:8 em. 
Period, 4°66 sec. 


oe RS 


ae 

Ampl. Log. dee. 
cm. 

15:10  0:003710 
13°23 3508 
11:72 3250 

9°80 3142 
848 2996 
T10 2874 
6:30 2802 
512 2694 
475 2670 
365 26:37 
315 2620 
2:80 2616 
2:50 2614 
218 2614 
1-70 2615 
13 2610 
1:02 2614 
RO 2615 
62 2014 
53 2614 
35 2613 
‘28 2610 
0065p Log. 
‘0360 
‘0055 
"0059 
"0045 
70040 
0035 
0020 
“0025 
0020 
(6) 


Length, 34°5 em. 


Period, 3°77 sec. 


O 
Ampl. Log. dec. 
cm. 
12:00 0:004551 
11:02 4408 
9:83 4245 
8:51 4052 
7°20 3860 
6:41 3748 
5:41 3600 
4°87 3532 
3864 3338 
3°00 3312 
2-13 3250 
1:60 32351 
1°12 3210 
R3 3204 
6l 3170 
°38 3202 
‘31 3201 
20 3202 
Dec. A. 
ger 
oP 
o 
On 
© <7 
C ea 
Cx q ye 
~O 
ka] 
Ci 
AN 
< 
LS 
2 4 6 


Length, 26:2 em. 


Period, 3:26 sec. 


(Graph No. 2.) 


Length, 19°6 cm. 
Period, 2°84 sec. 


—— ee fe 
Ampl. Log. dec. Ampl. Log. dec. 
cm. cn). 
11:21 0-005982 
10°13 5709 
9°40 5501 
8:60 5364 8:52 0005936 
7R2 2H 7:30 WHOS 
6°56 4604 6°32 b45 
571 4710 512 5142 
5:12 4560 4:40) 4971 
4:30 4358 3+5 474r 
3°47 4169 2°5t) 424 
2-91 4048 2:13 4431 
2:3 3984 1:62 4314 
2-30 3910 1:19 4224 
191 3859 90 427") 
1°50 3808 TS 4-00 
1°13 3771 632 497 
R2 3760 50 4\'«) 
‘HD 760 “38 4141] 
“52 3758 23 4190 
33. 37064 
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Copper Wire, diam. 0°0730 cm. 


Length, 61:20 cm. 


(Graph No. 3.) 


Length, 38°70 em. Length, 23°40 cm. 


Period, 2-92 sec. Period, 2°33 sec. Period, 1°80 sec. 
a a aes he za —_—_o oF 
Ampl. Log. dee. Ampl. Log. dec Ampl. Log. dec. 
emn. cm. cm. 
13-81 0-004590 13:20 0:005746 
12-08 4484 11°81 5644 
11:50 4448 10:29 5532 
962 $334 9:12 5441 9°61 0:000647 
8-40 4250 8°31] 5374 8:30 6566 
7:50 4198 7-20 5292 778 6537 
6:17 4110 6°45 §25 T12 6500 
5:02 4048 5°50 5165 6°50 6460 
410 3999 4°60 5100 5:31 6384 
320 3963 4°12 5064 4°20 6320 
2-81 3945 3°81 5049 3°50 6280 
2 42 3941 a2 5005 2-70 6256 
190 3035 2°30 4962 2°18 6249 
1:40 39°34 2°03 4959 1:80 6246 
1:01 3936 1:80 4956 1°41 6244 
"831 3940 1:40 4955 9] 6245 
642 3934 1:06 4956 ‘71 6246 
“482 3936 818 4955 "50 6245 
301 2935 603 4960 92 6249 
504 4954 
286 4956 
Graph 3 
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Brass Wire, diam. 0°05750 cm. (Graph No. 4.) 


Length, 62°50 em. Length, 51°34 cm. Length, 40°15 em. 
Period, 5:10 sec. Period, 4°628 sev. Period, 3:624 sec. 
a ae ~ am aR SS AE 
Ampl. Log. dec. Ampl. Log. dee. Ampl. Loc. dec. 
em. cm. cm, 
15:50 0002019 
12:12 1996 1294 0002201 
11-00 1978 11°89 2165 
10 20 1967 10°23 2106 
94l 1959 940 2084 
873 1954 8°71 2066 840 0002534 
T-59 1948 T52 2037 752 2474 
6°23 1944 6°95 2024 6:83 2430 
5RR 1942 6:00 2009 5°90 2371 
517 1940 5:24 1997 501 2320 
4:40 1938 4:38 1983 4°33 2281 
3°90 1937 340 1979 3°80 2249 
312 1035 2:39 1974 312 2211 
2:39 1934 2:10 1972 2-80 2198 
1-45 1932 1:51 1971 2°20) 2169 
1-00 1983 "942 1971 1-79 2158 
“810 1934 729 1970 1-24 2151 
“709 1931 602 1969 ‘972 2148 
"602 1931 408 1971 "799 2146 
430 1934 283 1970 ‘621 2146 
291 1932 482 2147 
312 2144 
Graph 4 
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Steel Piano Wire, diam. 0°02350 cm. (Graph No. 5.) 


719 


Length, 41:60 cm. Length, 25°90 cm. Length, 16°30 cm. 
Period, 16°28 sec. Period, 12°82 sec. Period, 10°21 sec. 
—_———_—S mÁ = A — A——— 
Ampl. Log. dec. Ampl. Log. dec. Ampl. Log. dec. 
cm. em. cm, 
12:06 00007705 13°09 0001626 
10°37 7532 11:80 1539 11:20  0:002088 
8:97 7352 10°12 1472 10-10 2026 
774 218 8°24 1387 8°72 1946 
6:72 7080 710 1325 715 1851 
585 6950 6-04 1268 6:20 1785 
5:12 6822 524 1223 5°41 1729 
4°47 6732 4°83 1196 4:73 1685 
3:93 6645 4°50 1170 4°20 1633 
3-44 6542 3°02 1125 3°76 1594 
3:04 6468 3°61 1104 324 1836 
2°66 6415 3°23 1081 2:83 1479 
2°35 6342 2°92 1046 249 1422 
2°05 6265 2°69 1028 201 1349 
1°82 6232 2°35 1002 1:82 1300 
16l 6185 2:10 0980 1:57 1249 
1°50 6152 1°80 0949 1:11 1164 
1-38 6120 1°49 0920 931 1125 
1:29 6102 1:12 0873 ‘802 1091 
1:18 6080 "943 0847 674 1055 
924 22 796 0837 ‘580 1045 
‘814 5995 ‘620 0821 "523 1011 
678 5960 509 0800 
Graph 5. 
0025r- Log. Dec.A. 
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Thoth 25 g0 ems 
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Steel Piano Wire, diam. 0°05350 cm. (Graph No. 6.) 


Length, 56°40 cm. Longth, 43°56 em. Length, 40°23 cm. 
Period, 3°69 sec. Period, 3°22 sec. Period, 3:12 sec. 
~- — ~ j= ` ~ pe ~ 
Ampl. Log. dec. Ampl. Log. dec. Ampl. Log. dec. 
em, cm. cm, 
11°84 0-002889 13:50 0003139 
9:60 2789 12°33 3092 
8:58 2754 11°49 3060 
7-40 2696 10:72 3019 
6°40 2542 9°80 2987 
522 2560 8°34 2914 841 0:003287 
4°88 2460 7-40 2806 799 3210 
375 2451 6°51 2820 6:49 3143 
3°29 2400 5:72 2771 5'98 3110 
2-92 237 5:03 2725 510 3051 
260 2352 4:42 2688 4:32 2999 
2°28 2330 3°80 2641 3°51 2940 
1°80 2206 301 2588 2°20 2834 
1:40 2261 2°68 2563 1:70 2796 
1:12 2239 2°10 2514 1:21 2756 
‘911 2226 1:70 2479 "BDZ 2730 
613 2203 1°21 2430 71 2721 
Hd 2192 "905 2401 543 2703 
34] 2173 682 2384 390 2693 
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pari 2340 
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These values are plotted on graph paper, amplitudes in 
cm. being marked along the z-axis and logarithmic de- 
crements along the y-axis. In all these experiments the 
scale is held at a constant distance of 74 cm., so that an 


180 
4x2 r 
= 0'39 of a degree. Since in no case did the amplitude exceed 
about 14 cm., the maximum twist to which the wires were 
subjected never exceeded about 4°86 degrees. 

The nature of the resulting curves is indeed very sugges- 
tive, and seems to be characteristic of the particular material. 
With copper wires the decrement seems to be approximately 
constant for amplitudes below a certain limiting value, and 
then to vary linearly with it. This is the characteristic 
feature of one and all of the copper wires examined, and the 
curves sugvest an equation of the form 


a= ào +S (a — m), 


where A, is the decrement for amplitude “a,” ^ that when 
the amplitude is zero, “m” the limiting amplitude, and 
J (a@—m) a linear function. For all values of “a” less than 
or equal to “m,” f(a—m) =0, so that Ag=Ao. 

The value of ‘“ m” depends both on the cross-section and 
on the length of the wire. Owing to the dissipation of 
energy, the minimum decrement for a given cross-section 
does not correspond to the same twist per unit length of the 
wire. Thus, for the thinnest wire (diam. °03302 cm.) the 
decrement reaches a constant value when the twist per unit 
length is 1°85, 1°98, and 2°13 minutes (of arc) when the 
lengths of the wires are 53°13, 31°93, and 20°37 cm. res- 
pectively. With the second copper wire (diam. ‘0555 cm.) 
the constant value is reached for twists (per unit length) of 
1:21, 1:02, 1:14, and 1:23 minutes when the lengths are 
52°8, 34°5, 26°2, and 19°6 cm. respectively ; and with the 
third wire (diam. °0730 cm.) the constant value is reached for 
twists (per unit length) of 1:15, 1:51, and 1°84 minutes when 
the lengths are 61:2, 38 7, and 23-4 cm. respectively. 

With wires of very narrow cross-section the curves get 
steeper and steeper for decreasing lengths. As the thickness 
of the wires is increased, it is, however, seen that they tend 
more and more towards parallelism. Of wires of the same 
material, those that are thinner appear to be steeper than 
thoze of greater cross-section. 


amplitude of 1 cm. corresponds to a twist of 
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The behaviour of brass wires is quite similar to that of 
copper. The logarithmic decrement remains constant over a 
certain range, and increases linearly thereafter. When the 
twists per unit length are 1°08, 1:11, and °96 of a minute 
respectively, this constant value seems to have been reached. 
Both in the case of copper and in that of brass, as the bend 
of the curves is rather ill-defined, these values of twists per 
unit length are at best approximate. For thicker wires, 
however, the bend is relatively well-defined, as can be seen 
from the curves for copper. 

The curves for steel wires, on the other hand, present 
features quite distinct from those of either copper or brass. 
The decrement does not tend to a constant value, but de- 
creases with decreasing amplitude, more or less linearly, so 
that Aa= ào + f(a) where f(a) is a linear function. Owing to 
the bend of the curves, which is more pronounced with 
narrower than with thicker wires, the nature of this function 
is different according as the curve is taken before or after 
the bend. For wires of diameter °02350 cm. the curves 
hecome steeper for shorter lengths, whereas with thicker 
steel wires they tend more towards parallelism. In the 
latter case the bend is less marked and the curves approxi- 
mate to right lines. 


Viscosities of Metals. 


The equation of motion for the torsional oscillations is 


I + TA +c0=0, 
where b and ¢ are the damping and restoring coefficients 
respectively. c = A , where n is the rigidity modulus, 
and b, as shown by Honda (loc. cit.), is a, where 7 


is the coeflicient of viscosity. The equation thus finally 
becomes 


LO  a.n.R! d0 m.n. Rt 
lge ae 2l "dt + 2l .0=0, 
the solution of which is 
w.y.Ri @ 


fie 8 = m +e). 


T 


~] 
iN 
Oe 
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The logarithmic decrement is thus 


r.n.R'T 
A=—— 
_ 8. Ilr 
i = RT ° 


In the following tabular form the viscosities are e calculated, 
taking the minimum values of A :— 


I, 3840°9 grm. cm.? Temperature, 27°5-29°7 C. 


, SILA 
Material. R. l. T. Log. dec. A= TRT x 10 
cm. em. sec. À. dynes per sq. cm. 
Copper ...... 01651 53:13 13:051 0°001046 5'610 
se Aa e 31:93 10:150 1250 5182 mean 5°30 
te seule 7 26:37 9:177 1349 5:103 
So, Medes 02775 52°80 4°66 2614 4°888 
cy, «weed M 34°50 377 3202 4'885 
a j 2620 3-28 3760 4-955 f Mean 4°89 
we hae os 19°60 2°84 4191 4°722 
“ esses °03650 61°20 2°92 3935 4:550 
e pet sy 38°70 2°33 4956 4-480 $inean 4°52 
Te j 23°40) 1:80 6245 4°540 
Brass ......... 02875 62°50 5°10 1933 3:393 
ER ATARA s 51-34 4:628 1970 3:129 \ mean 3'31 
seh « ip Stee ys S 40:15 3:624 2146 3404 
Steel ......... ‘01175 41°6 16:281 0582 i 635 
sie Neier 3 25°9 12:821 0721 7:483 $ mea 
aa! Savane ts a. 16:3 10:210 0928 7:601 
T 0:02675 56:4 3:690 2158 6°31 
Se e a) Š 43:56 8:218 2326 4 mean 6:30 
PES A S 40:23 3:116 2665 


n for a given material, though fairly constant when the 
cross-section is the same, appears to fall off as thickness is 
increased. This is true of both copper and steel. 


Summary and Conclusions. 


(1) The logarithmic decrement is not constant for different 
amplitudes, but is found to vary appreciably. 

(2) In the case of copper and brass wires the decrement 
remains constant over a certain range, depending on the 
material, its length, and cross-section, and then varies 
linearly. 

(3) The behaviour of steel wires is quite different. The 
decrement does not show any constant value, but falls off 
steadily with decreasing amplitudes. 
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(4) The viscosities of three different specimens of copper 
wire are found to be 4:52 x 108, 4°89 x 108, and 3°30x 10° 
dynes per sq. em. ; that of brass 3°31 x 10° dynes per sq. cm. ; 
and that of two specimens of steel wires 7°57 x 10% and 
6°30 x 108 dynes per sq. cm. These discrepancies are per- 
haps due to varying impurities in the case of copper and to 
varying composition in the case of steels. 


In conclusion, the authors wish to thank Prof. A. LL. 
Narayan, M.A., D.Sc., F.lnst.P., under whose guidance the 
present investigation was carried out. 


Research Laboratories, 
H.H. The Maharajah’s College, 
Vizianagaram, S. India. 


LXXVI. Internal Friction as a Cause of Shaft Whirling. 
By A. L. KIMBALL, Jr. *. 


N ANY articles have been written upon causes of the 

whirling of shafts, but, so far as the writer is aware, 
it is only within the last year that internal friction within 
the shaft, or within the rotor itself, has been suggested as a 
cause of whirling f. 

It might be supposed, at first thought, that internal friction 
would damp out whirling. In this paper it will be shown 
that under the right conditions internal friction will sustain 
a whirl rather than damp it out. 

Consider, for example, a shaft deflected as shown in fig. 1. 
Fig. la shows a top view of a cross-section of the same 
shatt. Owing to its deflexion, all the fibres in the right- 
hand half of its cross-section are in tension T., and all of the 
fibres in the left-hand half are in compression Ce. On 
tending to straighten itself, the shaft reacts from right to 
left, or from the tension side T, to the compression side C.. 
This reaction 1s represented by the force vector Re. 

If internal friction exists, however, every fibre is also 
subject to a force due to internal friction. These internal 
friction forces do not depend upon the length of the fibres, 
but only come into play when the length of the fibres is being 
changed, such as the force resulting from the stretching of a 


* Communicated by the Author. 

+ A. L. Kimball, Jr., Phys. Review, xxi. p. 703 (June 1928). B. L. 
Newkirk, G. E. Review, xxvii. p. 169 (March 1924), A. L. Kimball, Jr., 
G. E. Review, xxvii. p. 244 (April 1924). 
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fibre of molasses candy. When a fibre is being stretched, 
internal friction will evidently produce a tension; when a 
fibre is being compressed a compression is produced. If the 
shaft is revolving in a counter-clockwise direction, as 
indicated in fig. 1 a, all fibres in the lower half of the cross- 
section are being stretched, and are thus under frictional 
tension Ty, and all fibres in the upper half are being com- 
pressed, and consequently are under frictional compression 
Cs. Just as the elastic tensions and compressions on the 
fibres produce a reaction to the left from T, to C., so also the 


Fig. 1. 
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Path of Whirl 
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frictional tensions and compressions produce a reaction 
upwards, in the figure, from Ty to C}. This reaction is 
represented by the vector Ry. 

The elastic reaction R, may be very powerful, and will 
quickly disappear unless maintained by centrifugal force 
when the entire shaft and fly-wheel are “ whirling” at or 
very close to the critical resonant speed. ‘The frictional 
reaction Ry, although far smaller than R., is seen to be 
unbalanced, so that as long as Ry is in the same direction 
as the whirl, as shown in fig. 1, the whirl must continually 
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build up until frictional resistance is produced sufficient to 
balance the disturbing force Ry. 

“The disturbing force Ry is in the same direction as the 
whirling motion in the case cited, so that whirling builds up. 
A further consideration of fig.la shows that this is only 
true when the shaft rotates about E faster than the plane of 


Fig. la. 


3 Cross Section 
bS of Shaft 


3 / 


N 
Radius of 
Whirl 


S 


deflexion of the shaft revolves about O, otherwise the fibres 
shown in the upper half of the cross-section given in the 
figure will be increasing instead of decreasing in length, 
and those below will be decreasing instead of increasing in 
length, causing the reaction Rp due to frictional forces to 
reverse, and to act against the motion of the shaft in its path 
of whirl instead of with this motion. Whirling will be 
damped out instead of sustained, due to this cause when the 
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shaft is revolving more slowly than its natural whirling 
speed. 

In order to build up a whirl from internal friction action, 
therefore, a shaft must revolve with a higher speed than its 
whirling speed. Furthermore, it is seen that, due to internal 
friction, a shaft may whirl when running at any speed of 
revolution above its critical speed. The whirling itself must 
be at or near the critical speed. A whirl at any other speed 
is dynamically impossible without a powerful disturbing 
torce, just as the vibration of a reed at any other than its 
natural frequency is impossible without a strong stimulus. 

Fortunately, in steel such as is used for ordinary shafting 
the internal friction is so small that a whirl, due to this 
cause, will not develop unless the conditions aie exactly 
right. For example, if the bearings are not rigidly 
supported, the energy loss because of their vibration may 
completely annul the effect. 

It has been discovered that this internal friction action 
may be greatly increased if a shaft has external parts such 
as rings shrunk on to it. In such a case a whirl is very 
difficult to avoid. The disturbing force Ry (fig. 1 a) is caused 
just as before, except that the friction comes largely from 
the rubbing of the surface fibres of the shaft against the 
inner surface of the ring, which is shrunk on to the shaft. 
This surface friction may be so great as to cause a shatt to 
tuke a slight permanent set when given a small deflexion. 
Under these conditions a whirl is almost certain to develop 
when the rotational speed rises above the critical speed. 

This cause of whirling was discovered in connexion with a 
peculiar whirling or whipping developed by large turbo 
compressors built by the General Electrice Company of 
America *, and has been overcome chiefly by the use of 
spring bearings producing an absorption of vibrational 
energy. 

In this article no assumptions are made as to what laws the 
internal frictional force obeys, as they are not well under- 
stood. The important fact is that this disturbing force must 
exist if internal friction is present, and that the force may 
produce whirling. 


Research Laboratory, 
General Electric Company, 
Schenectady, N.Y. 
July 25, 1924. 


* B. L. Newkirk, Gen. Elec. Review, xxvii. p. 169 (March 1924). 
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LXXVII. A Class of equivalent Electrical Networks. Bu 
The Research Staff of the General Electrie Co., Ltd.* 
(Work conducted by A. C. BARTLETT.) 


Summary. 


Firstty, it is shown that there exists a large nnmber of alter- 
native networks that have the same impedance as networks made 
up of numbers of T, H. or Bridge artificial line sections short- 
circuited or open-circuited at the far end. 

Secondly, by the use of these networks a single Bridge type 
section can be made in a large number of ways that is equivalent, 
both as regards input and output terminals, to an artificial line 
consisting of any number of equal sections. 
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T“ telephone engineering use is often made of artificial 
lines composed of a number of similar sections, each 
section having two input terminals and two outpnt terminals, 


Fig. 1. 


the input terminals of any section being connected to the 
output terminals of the previous section. The most common 
sections are the T, I, and Bridge sections shown in figs. 1, 
2 and 3, the impedance elements A & B being each composed 


as t 


* Communicated by the Director. 
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of some arrangement of resistances, condensers, and induc- 
tances. Electric wave filters are a special case in which 
A & B are pure reactances. 


Fig. 3. 


The general transmission theory of such networks is 
identical with that of the uniform line except that n, the 
number of sections, replaces l the length of the uniform 
line. 

Whichever form of section is employed the impedance of 
n sections is Z tanh xô iť the network is short-circuited at 
the far end, and Z, coth 7 if it is open at the far end, where 
Zo is the characteristic impedance, and @ the propagation 
constant of a single section. The relations between Zo and @ 
for the different sections are given below. 


T section. 

Zo = A? + 2AB, 
TEE E 
Zo tanh j =A, 
Z,/sinh @ == B, 

0 

Zo coth 9 =A + 2B, 
AB 
Zo tanh 0 = A+ AB 
Z,coth@ = A+B. 


Phil. Mag. S. 6. Vol. 49. No. 292. April 1925. 3B 
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II section. 
Gaga a 
V A’ + 2AB’ 
Zo sinhé = A, 


Z coth S me 


0 1 _ AB 
Zo tanh = 173 SAJAD 
B'A 
1 AB 
Zo tanh 0 = I IFAD 
B A 
= l _ B(A+B) 
Zo coth 0 = Ta. = Àr: 
B A+B 


Bridge section. 


Z= VAB, 
Zo coth È = A or B, 


Ly tanh $ = B or À. 


Of course only two equations are independent in each case : 
the reason for giving more than two will appear later. In 
this paper it will be shown firstly, that there is a large 
number of networks that have the same impedance at all 
frequencies as an artificial line consisting of any number of 
either similar T, D, or Bridge sections open or short circuited 
at the far end ; and secondly, that a single Bridge type section 
can be constructed that is equivalent at all frequencies, both. 
as regards input and output terminals, to an artificial line 
consisting of any number of either T, I, or Bridge sections. 

Considering the first part of the problem. Any expansion 
of Z tani A or Z coth naĝ in terms of simpler functions, such 
as Zytanh 0, Zọcoth 0, or Zysinh@, that represents the 
impedance of a network built up of the simple networks 
represented by these functions will give a network whose 
impedance is Z tanh n0 or Z; coth v8. 

Examination of hyperbolic identities show that a large 
number exist that fulfil these conditions. 
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Among the most important are :— 


idl 


Tanh nO = n tanh @ (n?— 1?) tanh?6 (n?— 2?) tanh?0 


i+ 3+ 5+ 
tanh 6. ee 
“aL . a2r+l 
r=5-1 n sin eT 
? 
Tanh n0 = > tanh? @ 
r=0 1 PEE See eas 
tan? arl 
Qn 
when n» is even, 
tanh 0 : 2 
„*- . 2r + 
3 nsin? - - — 
Tanh nO = tanh 6 © 5 ee aa S a, 
See = Galen tanh? g 
5) i - 
tan? — +l T 
n 


when n is odd, 


( ome l Dopa PEA 
Coth nô = =( tanh 8 + coth 0) + 2 : tanh? 8 


rT 
tan?— - 
a 


when n is even, 


2 
tanh 6. 
ne rote! n sin? 22 
{ = ae. ee 
Coth nô = a T > tanh? @ 


a | 1+ 


rT 
tan?——- 
n 


when n is odd, 


T a- 
Tanl -y = i > Opa] 


0 
see Oe 
sinh @ +3 tanh 2 


when n is even, 


3 B2 
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732 
ee | 
g 2 
Coth * = 2coth 6+ > dd 
n =l ang TT 
sin? — 
To + tanh 9 | 


sinh @ 


when n is even. 
0 1l i 0 ot 1 
Tanh a = | tanh + So, pals 2 
2 a 2 2 sin? 2r+1 N 
a + Panis 
sinh @ ž 2 j 


when n is odd, 


| 


| 


i r= 
6 1 6 : 1 
Cot] : = — | coth - A a eee 
S g | 2 : 2 sin? 2 
n 
; oN tanh 2) 
when n is odd. 


First, consider the identity 
_? tanh @ (n?— 1°) tanh? 6 (n?— 2°)tanh? 0 n 


tanh nð = — 
1+ 3+ 5+ 


Irom this we obtain 


1 


i 1 
Lahn Se a a 
L/nZ, te : | 
[nZ tanh 6+ mae Z, coth 0 + 
l AE Eae A 
í n(n? — 2?) Sas i 


But this is the impedance of the network of fig. 4: 
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where S = Zo coth 0, 
T = Z, tanh 6, 
= 3n 
SEa h T n? =]? 
mea O) O 32 
TOURE 2 S n8) 
a= n(n? — 2?) (n? — 4?) E Lla(n2—2?)(n?—4?) 


T O(n? = 17)(n?— 34)? 3 e35 
Consider for exam ple the T section artificial line : 
Zo coth 0 = A+B. 


r = AB 1 
Lo tanh 0 = A+ A+B saan TA 
A B 
Then Z, tanh n0, which is the impedance of the network of 
fig. 5 having n sections, and short-circuited at the far end, 


is by the above result shown to be also the impedance of the 
network of fig. 6. 


Fig. 6. 


A like result for Zo coth nô can be obtained from the same 
expansion of tanhn@ but can be written down directly by 
means of the Method of Reciprocal Impedances, which may 
be regarded as a special case of the Principle of Duality * 


* Russell, ‘ Alternating Currents,’ vol.i. chap. xxi. 
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and may be briefly stated as follows :— 


2 
Let P and Q be two impedances, then o will be an 


impedance, and may be termed the reciprocal of Q with 
respect to P. 

Consider any network of the ladder type as fig. 7 having 
an impedance X, see. 


Fig. 7. 


~~ «n = an = ee a 


and consisting of a’number of series elements S, Sg, Ss, ete. 
. and shunt elements ¢,, ta, tz, etc. 


f p2? p: p? 
Construct a network having shunt elements —, s, = 
Pp? P? p? Si? S3’ S; 
and series elements —, —, —, as in fig. 8: 
t h t 
Fig. 8. 
- ———}—— ----- 
pe 
p p2 ta ! D2 
: Is 


e— 1 — 


and let its impedance be Y. Then it can easily be shown 
that p? 


X 9 
ie e. Y is the reciprocal of X with respect to P. 
Returning to the case of Zo coth nd. 
Zo coth n0 = Z,7/Z, tanh n0, 


and is thus the reciprocal of Z, tanh nô with respect to Zp. 

Therefore we can write down a network for Z,)coth n0 
by reciprocating the network of fig. 4 with respect to Zo 
obtaining the result of fig. 9: 


Fig. 


Y= 


9, 
mee al cee 
Say 


Vbo; 


where S, T, a), ag, ete. and b, ba, etc. have the same meaning 
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as in fig. 4. From these networks others can be derived by 
replacing 8 by (e +j a this substitution changes coth @ to 


tanh 0, and vice versa; if n is even, coth n and tanh nð 
remain unchanged; if n is odd, coth n@ is changed to tanh n0, 
and vice versa. Thus in the networks of figs. 4 and 9, if n 
is even the interchange of tanh @ and coth 0 throughout the 
network does not change its value, whereas if n is odd, 
the interchange changes the impedance of the network from 
Zy tanh nô to Z, coth nA, and vice versa. 
Taking the identity, 


Zy tanh nA 
Z, tanh 6 2 
. gart 1 
nsin? --—--. or 
= eee 
= H t nh? 0 
) EE 
2r+1 
tan? T 
2n 
1 
= > : a 1 o 1 s 
Z, tanh 0 2 + Z,coth@, 2 
“|. 2r¢l ” ¿2r+1 
n sin? eT cos* — 
2n 2n 


Now the expression under the Z is the impedance of the 
network of fig. 10: 


Fig. 10. 
| 
a 
b 
where 
2 
a= Zycothdé. TE. 
n cos? -z T 
b = Z tanh 0 
ARE oe a2r+1 
n sin 


an eT 
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Thus Z,tanhn@is the impedance of the network fig. 11: 


Fig. 11. 


consisting of 5 elements as fig. 10 connected in series. 
Reciprocating with respect to Zo, we have Zycothn@ as the 
impedance of the network of fig. 12: 


Fig. 12. 


consisting of és shunt elements, 
n 2r+1 
Jhor -7t l os 
where c, = tanh ð. 3 C08" =g 
and d, = Z,coth@. ” sin? ar+l i 
2 2n 
Taking the expansion, 
Lo tanh 0 “ 
n Š TT 
Z r=371 n sin? —— 
Zocoth nô = - (tanh 6+ coth 0) + 2 an A 
r= 1 + 
tan? Z 
n 


in the same way Zocoth 76 is the impedance of a network of 
the form of fig. 11. 
Reciprocating with respect to Zo: 
Zo tanh nð is the impedance of a network of the form fig. 12. 
Results of similar form follow when n is odd. 
Thus it will be seen that both Z,tanhn@ and Z,coth nA 


can be represented by alternative networks either of the 
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form of a ladder network or a number of simple impedances 
connected either in series or in parallel. 

It will be seen that these results are analogues of results 
previously given for the uniform line*. Both in the case of 
the artificial and of the uniform line the equivalent networks 
for Zo tanh nð, Za coth n0, Z, tanh Pl, and Z coth PI that take 
the form of a number of simple networks connected in 
parallel may be regarded as statements in physical form of 
the corresponding Heaviside expansion for the input current. 

From these results many other networks for Zy tanh n0 
and Zo coth n can be derived. 


Lo tanh S and Zo coth $ are physically realizable, hence we 


e 6 Ld 
can expand in terms of =; if n has a factor n}, we can expand 


e 


tanh nf in terms of n,ĝ, and we can also write 


Zə tanh nd 
= Zytanh {(n—1r)0+ r0} 


1 1 
| a aa re 
{z coth (n — r) + Z, tanh r0 - Zo tanh (n— r) + Z coth at : 
which is the impedance of the network tig. 13 : 


Fig. 13. 


c d 
where a = Žo coth (n—r)8, 
b = Z tanh rð, 
c = Z,coth 70, 


d = Zytanh (n—=r)0, 


and expand the elements of this network. 

The second result, namely the formation of a single Bridge 
type equivalent to any number of T, I, or Bridge sections 
follows from a consideration of the relations between the 
propagation constant and characteristic impedance of the 
Bridge section and its impedance elements. 


* Phil. Mag. Nov. 1924. 
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Consider a Bridge type section, fig. 14: 


Fig. 14. 


nô 
where a = Zotani -5 , 


nô 
b = Zo coth 9 9 


its line characteristic impedance is Zp) and its propagation 
constant is n. 

Thus, as regards both output and input terminals it will 
exactly replace an artificial line consisting of n sections such 
as fig. 3. 


i 0 0 
Now if n is even, Zo coth > and Zo tanh > are the 


5 Bridge sections of fig. 3 open or short 


impedances of 


circuited at the far end respectively; and if n is odd, the 

n—1 
2 

through Z, tanh , or oth at the far end respectively. 


impedances are those of 


Bridge sections of fig. 3 closed 


Further, from the previous sections we know that if 


Zy tanh § and Zo coth? are physically realizable, we can 
nO 


9 and 


form other networks having impedances Z,)coth 
nO. 
Z, tanh ~ 3 


Thus, given any Bridge type of artificial line consisting of 
any number of sections, we can construct a single Bridge type 
section that will replace it identically as regards both input 
and output terminals, and this can be done in a large number 
of ways. 
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Now returning to If and T sections, in both cases 


Zo coth É and Zo tanh $ are physically realizable, as also are 


Zo tanh n and Zo cotl E) . Thus we can construct a single 


Bridge an section, and this in a large number of ways, 
equivalent to any number of given II or “T sections. 


LXXVIII. Ultimate Rational Units and Dimensional Theory. 
By Prot. Giusert N. Lewis, Ph. D.* 


To have appeared recently several criticisms of the 

theory of ultimate rational units which demand reply. 
When my recent paper appeared in the Philosophical 
Magazine f, one of the editors (O. J. L.) felt impelled to 
protest against the theory of ultimate rational units in a note 
appended to iny article. However, since there is nothing in 
this note with which I cannot fully agree, one of us must 
misunderstand the other. 

Next, Dr. Norman Campbell Ẹł has, in a highly provocative 
o attacked the theory of ultimate rational units. He 

egins by saying: “‘O. J. L., in appending to this last 
paper some general a E to Prot. Lewis’s arguments 
(in which I concur entirely), has omitted to draw attention 
to the simple reasoning whereby it can be demonstrated to 
be false.” This reasoning will be analyzed presently. 
Meanwhile it is to be noted that Dr. Campbell himself 
appears dissatisfied with his formal proof, and proceeds to a 
psychoanalytical investigation of my motives in propounding 
the theory, and of Planck’s motives in not refuting it §, and 
he ends by stating that the theory of ultimate rational units 
may prove true, but, if so, that it will be useless, which scems 
incompatible with the statement that it is “ demonstrably 
false.” Nevertheless, when allowance is made for the vivid 
forensic style of Dr. Campbell, I find that I can agree with 
the greater part of what he writes (except always where he 
purports to state my own views), and, again, we must inquire 
what deep-seated misunderstanding on the one side or the 
other has provoked so heated a polemic. 

æ Communicated by the Author. 

t Phil. Mag. xlv. p. 266 (1923). 

ț Phil. Mag. xlvii. p. 159 (1924). 

§ Dr. Campbell pation “from Planck’s exposition of that subject 


that he judged theerrors which have led mee Lewis astray too obvious 
to be worth noticing explicitly.” 
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Finally, I shall refer to a criticism contained in the very 
stimulating little book of Bridgman on “ Dimensional 
Analysis”? *. Here he states, referring to one of the con- 
sequences of U.R.U., * It is undeniable that the result is 
of such simplicity that it seems probable that the coefficient 
may be the result of a mathematical process, and is not 
merely due to a chance combination of elements in a dimen- 
sionally correct form,” but adds, ‘The justification of this 
point of view (theory of U.R.U.) at present is not to be 
found in any accurate results of measurement, but is rather 
quasi-mystical in its character.” In the course of this 
article we shall find occasion to examine this question and 
attempt to ascertain just what is the quasi-mystical element 
that enters into the new theory. 

In examining these various criticisms, it has seemed to me 
that the source of the feelings of opposition engendered by 
the statement of the theory of U.R.U. springs from certain 
prevailing ideas concerning the dimensions of physical 
quantities, and it seems therefore desirable to show once 
more, as Dr. Adams and I did in onr original article f, that 
the theory of ultimate rational units may be presented 
without any statement or implication concerning dimensions. 


The Simplest Statement of the Theory of Ultimate 
Rational Units. 


Admitting that the centimetre, the gram, the second, and 
the degree are units which possess no profound theoretical 
significance, it is legitimate and desirable to inquire whether 
new sets of units may not be invented which will lead to a 
simplification of the equations of physics. Such an attempt 
was made by Plauck, who employed for the fixing of his 
new units four experimental constants of universal im- 
portance—namely, the velocity of light c, the Boltzmann 
constant k (gas constant for one molecule), the Planck 
constant h, and the constant of gravitation f. His method 
consisted merely in finding units of mass, length, time, and 
temperature which would make each of these constants 
numerically equal to unity. The first two steps taken by 
Planck were also taken by Adams and myself, and I doubt 
if anyone familiar with the present state of physical science, 
and willing to attempt the reform of the system of units, 
would do otherwise than eliminate first of all the & which is 


* Yale University Press, 1922. 
t Phys, Rev. iii. p. 92 (1914). 
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affixed to temperature T in every fundamental equation of 
kinetic theory and of thermal radiation, and the ¢ which 
accompanies the time ¢ in all of the equations of electro- 
a and of relativity. 

ur third step departs from Planck’s procedure and makes 
use of the charge upon an electron *. Now, no one will 
question that this charge, which is that of a singly-charged 
ion, positive or negative, is a quantity of really fundamental 
significance. Nevertheless, if we decide to make this 
quantity the unit of electric charge, it still remains to define 
unit charge in terms of units of length, time, and mass 
before we can take the third step toward the reforin of our 
present units. The dilemma may be illustrated by considering 
the third step of Planck’s procedure. In certain fields of 
quantum theory the constant h seems no more fundamental 
than tke constant h/2a, but if Planck had decided to make 
the latter constant numerically equal to unity, he would 
have arrived at an entirely different set of units. A similar 
ambiguity arose in connexion with the third step of our 
provedure, since two systems of electrostatic units were 
already in vogue. If e represents the charge upon an 
electron in ordinary electrostatic units, the same charge in 
Ileavyside electrostatic units becomes (4a)ie. Which of 
these two numerical values should be placed equal to unity ? 
In fact, we chose neither of these, but rather the value 47re. 
In other words, we chose (47re)? to be our new unit of 
energy xlength. We admitted that this decision, which 
seems arbitrary, was reached after looking ahead to some of 
its consequences. But even if the decision should appear to 
be purely arbitrary, it is a perfectly legitimate attempt to 
improve our existing set of units. 

The fourth step corresponding to Planck’s use of the 
constant of gravitation we have not yet taken, so that for 
the present we are content to employ any set of units which 
makes c, k, and dae numerically equal to unity. For 
example, we may preserve provisionally the centimetre as 
the unit of length, and thus determine the three new units of 
mass, time, and temperature. With such a set of units we 
stated, as our new theory, that if such a system of units be 


* Dr. Campbell devotes much space to proving the somewhat 
elementary proposition that it is not always possible to define n units 
by means of » constants. Thus it would be impossible to detine units of 
mass, length, and time by means of the three constants ¢, A, and e 
(electron charge). He doesnot claim, however, that we have used such 
a set of constants, and his remarks do not seem therefore pertinent to the 
present discussion, 
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employed, “then all universal constants will prove to be 
pure numbers, involving only integral numbers and m.” 
Our first application of this theory was to the constant of 
Stefan’s law, and we asserted that this constant (radiant 
energy per unit volume at unit temperature) is numerically 
equal to unity when energy, volume, and temperature are 
expressed in our new units. This assertion was in agree- 
ment with experimental determinations of Stefan’s constant 
within the wide limits of experimental error which at that 
time existed. 

The whole proof of the demonstrable falsity of the theory 
of ultimate rational units brought forward by Dr. Campbell 
is that, no matter how narrow the experimental limits of 
error may be, there always remains within these limits an 
infinite number of values consistent with the experiments. 
But this is nota disproof of the theory of ultimate rational 
units, but rather a statement that from a purely logical 

standpoint no proof of any physical theory can ever be 
a If, however, we predict from our theory certain 
numerical values, and if with continual refinement of 
experimental technique the experimental results come nearer 
and nearer to the predicted value, this will come as near to 
a proof of the theory as most scientists demand. 

We predicted that the constant o of Stefan’s law would 
be 570 x 107% From this, assuming Planck’s radiation 
law to be cither a true relation or a very close approximation 
to the truth, we predicted that the Planck constant h would 
prove to be 6:560 x 10-77, In the second volume of Planck’s 
‘Wiirmestrahlung, which appeared at the same time as 
our paper, he gave o=5°54x107> and h=6-415 x 10-7 
as the best experimental values then obtainable. The 
present accepted experimental values are o=5°72 x 1078 
and h=6°554x 1077. Hence I stated in my recent paper 
that nee tlieréfors, we are to assume a bizarre coinci- 
dence, the recent determinations of the constants of Stefan 
and Planck furnish a striking justification of the ideas 
which Dr. Adams and I advanced.” If further anl better 
measurements of Stefan’s constant lead to values nearer to 
the one predicted, we should be justified in considering the 
theory of ultimate rational units as proved for this one 
instance at least. 

The second application of the theory of ultimate rational 
units concerned the universal constant which appears in the 
entropy equation of a monatomic gas. Here, al~o, I pre- 
dicted that the expression for the entropy per molecule 
would prove to be numerically equal to unity after expressing 
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all the quantities involved in ultimate rational units”. This 
I have shown to be in remarkably good agreement with 
existing experimental data, and I predict that the agreement 
will become still better as the measurements are improved. 


What is a Simple Number ? 


In my more recent formulation of the theory I have stated 
that any universal constant would, in terms of U.R.U., prove 
to be a simple number, and the question of how we may 
logically define a “simple number” bas greatly troubled 
both Professor Bridgmin and Dr. Campbell. Perhaps it 
would have been betterif I had adhered to the more guarded 
statement given in our first paper which I have just quoted, 
but it seemed to me that such criticism would be to some 
extent disarmed by the fact that in the two cases where an 
unqualified prediction has been made, namely, for the con- 
stants of black-body radiation and of the entropy of the 
non-atomic gas, the number used was in each case unity, 
which would in general I presume be regarded as a simple 
number. In any case the simplicity of the number assigned 
to any universal constant would necessarily be relative to 
the physical conditions which are imposed. Thus, if in 
defining Stetan’s constant we consider the energy radiated 
per second from a black watch-spring of given size and 
shape, we should again find the energy radiated to be pro- 
portional to the fourth power of the temperature, but the 
constant of proportionality would be a very complicated 
number owing to the shape of the spring. If, however, we 
eliminate such complications in so far as we can foresee 
them, we may expect our universal constants to be as simple 
numbers as those which appear, for example, in a short table 
of definite integrals. The concrete question which has been 
raised concerns the Planck radiation formula, which by 
direct integration gives (in U.R.U.) al = 
Stefan’s constant and A is Planck’s. If a=1 we obtain A as 
a rather complicated number. Is this consistent with our 
theory as stated? I cannot answer this question in any 
positive way, but from the fundamental Beate of the 


, where a is 


æ It seems that part of Dr. Campbell's objections to U.R.U. is due to 
his having made some simple mistake whereby he concludes that 
my value for the constant of the entropy equation is N°? instead of 
unity, where N is the Avogadro number. It is perhaps not surprising, 
therefore, that he considers the theory fantastic. 
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quantities involved, and from the lack of any obvious com- 
plicating ‘ ‘shape-factors ” and the like, it is my belief that 
the constant h will prove to be a much simpler number than 
the one thus obtained, and therefore that Planck’s radiation 
formula will prove to be only an extremely close approxi- 
mation to the true radiation formula. 

It is to be noted in this connexion that Bridgman, while 
criticizing the concept of a „Simple number, “adopts and 
employs an idea of Kinstein*, namely, that a suspected 
physical relation obtained by considerations of dimensionality 
becomes probable if the numerical coefħcients involved are 
found to be small numbers. It might, however, be difficult 
to explain just what is to be meant by a small number. 


Is there a Mystical Element in the Theory? 


I think that every scientist at some time makes use of a 
vague principle which may be expressed as a belief in the 
simplicity of natural laws. This belief we may call mystical 
since we have not the slightest idea whether its undoubted 
usefulness is due to the structure of the objective world, or 
to some hitherto unanalyzed trait of human psychology. 
The theory of ultimate rational units was based consciously 
upon this belief, and therefore Bridgman is perhaps justified 
in calling it quasi-mystical. All that I desire to point out 
here is that every physicist employs the same principle in 
otlier but quite analogous ways. 

When the change of the mass of an electron with its 
velocity was first being studied, there were two rival theories, 
one of Abraham and one of Lorentz. However, the equation 
obtained by Abraham was so complicated that it seemed 
unlikely that it could be an exact expression for so simple a 
phenomenon, although the first experiments seemed to 
favour it. No one now doubts the accuracy of the very 
simple equation which was advanced by Lorentz. 

Since, however, this illustration may appeal only to a 
limited number, let us consider some far more familiar 
applications of the principle of simplicity. When Stefan 
proposed a purely empirical equation f for the emission of 
radiant energy from a black body, he introduced 4 as the 
exponent of temperature in that equation, which agreed with 


* Ann, Phys. xxxv. p. 679 (1917). 

t The exactness of this equation was later proved thermodynamically 
by Boltzmann. Many such examples of experimental equations which 
have later been theoretically deduced tend to confirm our belief in the 
principle of simplicity. 
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observations within the limits of experimental error ; but, as 
Dr. Campbell would say, “ so also would infinitely many other 
values.” Again, let us consider Newton’s law of gravitation. 
Neither the observations which had been made in Newton’s 
time nor the more accurate ones which have since been 
obtained would enable us to say that the exponent of the 
distance in the gravitation equation is exactly 2 and not 
sume number which differs by a minute amount* from 2. 
If we find deviations from Newton’s law our instinct is not 
to make a slight change in the exponent, but rather to 
invent some entirely new functional relationship which may 
reduce to the inverse square law in the limit. 

The fact that all the equations of physics which are 
regarded as at all fundamental contain exponents which 
involve only integers or simple fractions, is a striking 
example of the universal belief in the essential simplicity of 
natural laws, 

Instead of writing the laws of Stefan and of Newton in 
their complete form, let us write | 


sel? F=; 


The theory of ultimate rational units states that the same 
“mystical” principle which leads us to expect the exponents 
of such quantities as T, r, and m, to be simple numbers, leads 
also to the expectation that the coefficients a and f will 
appear as simple numbers, when such units as are based on 
the circumference of the earth and the density of water are 
eliminated. 


The Dimensions of Physical Quantities. 


All that is essential to the theory of ultimate rational 
units can be stated without any reference to the physical 
dimensions of the magnitudes considered. It is perhaps 
unfortunate therefore that in my recent exposition of this 
theory I superimposed upon it certain considerations which 
introduced so controversial a subject as the theory of dimen- 
sionality ; for while I consider that such considerations are 
valuable, they seem to be almost solely responsible for the 
opposition which my paper has aroused. There isa taint or 
heresy attached to any suggested modification of the 


* Itis true that some authors have proposed a different exponent of r 
in the gravitation equation: for ele 20000002. Tf such an equation 
were to be adopted it would be interesting to inquire into the dimensions 
of the constant of gravitation. 


Phil. Mag. S. 6. Vol. 49. No. 292. April 1925. 3C 
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orthodox statements regarding fundamental and derived 
magnitudes. Dr. Campbell challenges me to an admission 
of heresy by propounding the following dilemma :—‘ Either 
the statement that such a derived magnitude (e. q. velocity) 
has the conventional dimensions (e. g. lt~?}) is the expression 
of some scientific law or fact; or it is not.” ....... “If 
it is not such an expression, but is a mere convention, then 

it is impossible to deduce from it anything scientifically 
significant, whether true or not.” I have no fault to tind 
with this statement, although he has chosen a magnitude 
which has never so far been defined otherwise than dl/dt. 
But referring to derived units in general, I do emphatically 
assert that the dimensions which they are assigned are the 
result of mere conventions (although these conventions are 
extremely useful), and it is impossible to deduce anything 
scientifically significant from the assumption that these 
dimensions are inherent in the nature of the measured 
magnitudes. 

It would be difficult to overestimate the importance of the 
introduction of the svstem of fundamental and derived units 
which is due to the great genius of Gauss. Nevertheless, 
anv particular system of this character is essentially conven- 
tional. There is nothing in natural laws which prescribes 
the choice of any particular measured magnitude, or of any 
particular number of such magnitudes w ‘hich may be taken 
as fundamental. Furthermore, after the establishment of a 
definite set of fundamental units the derived units are not 
uniquely determined, nor are their dimensions. It is 
customary to choose some important relation between the 
derived magnitudes and the fundamental magnitudes, in 
order to determine the unit of the derived magnitude and 
also (through a distinct step which is by no means s necessarily 
consequent upon the first) its dimensions. Thus angle is a 
typical measured magnitude. It may be expressed in 
various units. Solid angle may be considered to have the 
square of the dimensions ‘of plane angle in precisely the same 
sense that an area can be considered to have the dimensicns 
of the square of a length. Nevertheless, we decide to regard 

ancele as a derived quantity. Having noted the relation that 
an “angle i is proportional to the length of an are divided by 
the length ofa radius, or 


angle=const. x are+radius, 


we choose the unit of angle such that the constant is unity. 
Changing the value of this constant, however, to unity does 
not nitecl its dimensions, and it is only by a completely 


a 
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separate step that we make this constant dimensionless by 
definition, and thus make angle itself dimensionless. Nome- 
times we find more relations of importance between derived 
and fundamental quantities than are necessary for the 
detinition of the derived units and dimensions. lf we make 
equal use of all these relations, and are not especially lucky, 
we shall find that we have conflicting definitions of some of 
our derived quantities, either with “respect to units or to 
dimensions or to both. But the conflicts may often be 
removed, cither by abandoning one or more of the defining 
relationships or by changing the set of fundamental units. 
The classical example of such a conflict is found in the 
electric and magnetic units. Gauss proposed that unit 


D 
electric charge be defined by making the constant equal to 


te) 

unity in Coulomb’s law for the force between two charged 
bodies. It was generally assumed Jater that this implied 
fixing the dimensions of charge by making this unit constant 
dimensionless. Similarly, Gauss proposed to define unit 
magnetic pole, and this also was assumed to carry with it 
corresponding implications regarding dimensions, All this 
would be perfectly satisfactory had it not been for the fact 
that the principle of Ampère furnished an inde pendent and 
equally simple method of defining magnetic quantities in 
terms of purely electric quantities and the fundamental 
magnitudes, thus leading to another set of units, and 
presumably also of dimensions, for magnetic quantities. 

Thus was created a dilemma which led to a great deal of 
discussion nearly half a century ago. In the year 1882 in 
the Philosophical Magazine alone there appeared a ‘loven 
papers on dimensions and units by Sundell, Helmholtz, 
Clausius, and many of the leading physicists of England. 
Among the latter was Dr. Oliver J Lodge, who pointed out 
the striking difference between the points of view of the 
continental and the English authors. This difference mav 
best be expressed by the statement that the continental 
authors laid greater stress upon the units, while the English 
authors laid more stress upon the dimensions of phy ‘sical 
quantities. Thus Helmholtz had no objection to reduemng 
mass to the role of a derived quantity (as indeed had first 
been suggested by Gauss himself), both with respect to units 
and dimensions, by employing the law of gravitation as the 
detining relation, and making the constant of that law 
numerically equal to unity and also dimensionless, so that 


he wrote 
HRH! 


3C2 
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This same line of thought was developed extensively in the 
very able paper of Sundell. Bridgman states that “ Planck 
was the tirst to think of the possibility of absolute units.’ 
He will find in this paper by Sundell, written in 1852, a 
very full discussion of many sets of absolute units in w hich 
he employs successively various numbers of fundamental 
units. and determines derived units by making the proper 
number of fundamental constants each equal to unity. At 
the same time he makes them dimensionless. For example : 
“Tf, in doing this, we wish to make the unit of time a 
derivel unit, we must put 


1 sec. =31 x10" millimetres. 


Time must therefore be expressed as a length.” He then 
shows that by using one set of constants, he obtains “a 
system in which the unit length is the only fundamental 
unit. The three electrical units now combine into one.’ 

This last is also true of the dimensional system which I 
based upon the theory of ultimate rational units (although it 
is independent of and not necessary for the statement of that 
theory). In the system that I outlined, not only do the 
various units and dimensions of electric and magnetic 
quantities become identical, but the dimensions of all electric 
and magnetie quantities become integral, thus doing away 
with the fractional dimensions alach. are now aseribed to 
the majority of these quantities, and whieh many have felt 
to be a blemish upon the existing system of dimensions. 

The paper of Sundell did not receive the attention which 
was its due, and the whole theory of dimensions, especially 
of electric and magnetic quantities, fell into confusion which 
was only apparently alleviated by a well-known paper of 
Rücker”, in which he showed that the various systems 
could be made mutually consistent by assuming that certain 
dimensions might be reg rded as having been “suppressed ” — 
namely, those of di-electrie constant and of magnetic perme- 
ability. Unfortunately, however, he gave no rule for 
deciding under what. E it was necessary to 
restore ie dimensions whieh have invariably been sup- 
pressed in the definition of every derived quantity. Thus 
we might decide to restore dimensions that have been 
suppressed, as we have just seen, in the definition of angle. 

Something like this was actually suggested by W aie t. 
who proposed to introduce three fundami dimensions 


* Phil. Mag. xxvii. p. 104 (1989). 
¢ Phil. Mag. xxxiv. p. 284 (1892). 
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corresponding to length, namely [X], [Y], [Z], so that tne 
dimensions of area would be represented by eG and of 
angle by [XY]. But even in this method of representing 
angle, the dimensions, if such there be, inherent in the 
constant of the relation—angle proportional to are divided 
by radius—are still suppressed. Of course, the answer to all 
such questions is that no quantity w hatever has any intrinsic 
or absolute dimensions, but only the dimensions which we 
agree to ascribe to it. 

One of the reasons for the proposals of Williams was that 
he objected to having two different types of magnitudes 
represented by the same unit. The same thought : appears 
to have been in the mind of “O. J. L.? when he appended 
his note to my previous paper, and said that “ Length and 
Mass and Time and Energy and Momentum are "ot the 
same, Noris Temperature ‘identical with Energy. Different 
things sometimes appear to be of the same dimensions, like 
Work and Moment ot force; but there is an elemeit of 
direction involved even (liete: and a scalar product differs 
from a vector product.” Such an element of direction is 
not always present. IE we consider the fraction of a mass 
of radium which disintegrates per second, we are dealing 
with a quantity of the same dimensions as the rate of change 
of a solid angle with the time, and both quantities are scalar. 
However, no one would think of regarding them as identical. 
Even using more than three fundamental magnitudes, such 
coincidences woeld occasionally occur, and ‘their number 
will obviously increase as we diminish the chosen number of 
fundamental magnitudes. Nevertheless, in some cases these 
coincidences will snggest the existence of hitherto unsus- 
pected identities. For example, those who are familiar with 
the four-dimensional representation of relativity recognize 
mass and momentum as two projections of the same vector 
of extended momentum *, and the fact that the new system 
of dimensions that I have proposed vives energy the same 
dimensions as frequency is very suggestive in the light of 
present views on spectroscopy. 

On the other hand, some have objected to the reduction 
of the number of fundamental magnitudes on the ground 
that this would restrict the scope “and usefulness of the 
methods of dimensional analysis. This, however, is not the 
case. All the valid results which are obtainable by these 
methods can be obtained equally well in a system of any 
number of fundamental magnitudes. Thus Rayleigh ob- 
tained a solution for a certain problem in the interchange of 


* See Wilson & Lewis, Proc. Amer. Acad. xlviii. p. 389 (1912). 
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heat, using heat and temperature as two additional funda- 
mental magnitudes; but Riabouchinsky °, emploving the 
mechanieal “theory of heat and thus adhering to the ordinary 
simple set of fundamental magnitudes, was unable to obtain 
the same solution. In his reply Rayleizh said : “It would 
indeed be a paradox if the further knowledge of the nature 
of heat afforded us by molecular theory put us in a worse 
position than before in dealing with a particular problem.” 
So we may also say that the recognition of the velocity of 
licht as a quantity fundamental to all Kinematics cannot in 
any way diminish the content of our previous knowledge. 

The whole method of dimensional analysis contains so 
much that is sound and so much that is unsound that a full 
logical analysis of the problem has long been needed. 
Fortunately sucha complete analysis in extremely satisfactory 
form is furnished by a recent paper of Mrs. Ehrenfest f. 
It seems to me that her conclusions are indisputable, and 
that they clarify to an extraordinary degree the whole 
problem of the methods of “model” equations and dimen- 
sional equations. One of these conclusions is that ‘ The 
very widespread method of determining, on the basis of the 
demands of homogeneity, the form of equations as vet 
unknown, bet ween masnitudes whose dimensions are alre: idy 
fixed, has no foundation and in geners] may lead to errors 

Tn other words, if we have a “problem of determining the 
functional re lationship between physical variables in a 
system of whieh the behaviour is determined by known 
differential equations, but of such complexity that integration 
of these equations is Inconvenient or impossible, the problem 
may be solved in identical manner either by the method of 
dimensional equations or by the method of “ model” 
equations. Both methods lead to identical results, although 
in using the method of models not a word need be said 
regarding the dimensions of poysical quantities. 

‘On the other hand, for the prediction of an unknown 
relation between phy seal quantities, the common method of 
dimensional analysis has no logical or mathematical basis, 
If we continue to employ it in the hope that it may lead to 
usejul results, this hope must be based not upon any estab- 
lished principles of science, but upon some vague belief in 
the simplicity of nature. 


* Quoted in Brideman’s ‘ Dimensional Analysis,’ 
+ T. Ehrenfest Atanassjewa, Math. Ann. lxxvii. pp. 259-276 (1916). 


LXXIX. Units and Dimensions. 
WOULD ask Professor Lewis (p. 739) whether he is 


not attaching undue importance to the numerical part 
of physical quantities, and trying to regard actual things as 
if they were or might be pure numbers. 

By choosing units we can easily control the numerical 
part of a specification, and make it 1 if we like; we cannot 
control the thing itself. The specific gravity of water at 
4°is not l; itis l gramme per c.c. The velocity of light is 
not 1, nor yet 3X10"; it is not a number at all, but a con- 
crete reality. 

Arithmetic and counting do not naturally apply to con- 
tinuous quantities : hence the device of artificial units. 
Recent Atomism and Discontinuity have given to the 
operation of counting greater prominence, or at least larger 
scope, than formerly ; for now, surprisingly often, we 
encounter what seem to be natural units that ask to be 
counted. But still we must specify what we are counting ; 
otherwise, one might count the oranges, another the bushes, 
and another the pips. 

Every physical quantity has a nature of its own, and it is 
the reverse of helpful to mask or disregard it. We do not 
know what an electric charge is, but we know that it is 
something real and not an abstraction ; no mere number 
can express it. The equation F= =ee/Kor? represents not 
a convention but a fact of nature. To take Kyas 1 is a 
confession that we do not know its real nature and neverthe- 
less wish to employ a practical system of electrical measure- 
ment to tide over the time of our ignorance. It would have 
been equally legitimate, and in some ways more convenient, 
to take it as 473 but considerations of that kind are of 
small importance. 

It we prefer to express a charge by counting the electrons 
on a charged body, then Ky would be something like 410” 
c.g.s. units. But until we know more, we cannot really 
measure e or Ky. Nor can we express any Ether quantity 
dynamically, unless two unknowns cancel out. What we 
measure is not e but e/ V Ko. 

We may hereafter arrive at a more fundamental dynamics, 
appropriate to the Ether, and be able to express electric and 
magnetic quantities in terms of space, time, and some more 
fundamental conception than mass. Always the actual 
nature of quantites is the important thing ; and about that 
our statements are by no meaus conventions, for they may be 
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true or false. If we say that RC is time, that RI? is power, 
that capacity is a length, and that e? or (4re)? is energy 
x length, we are making fundamental statements ; and of 
these the first two are true, while the last two are false. 

I seem to be saving elementary things, and perhaps 
Professor Lewis agrees with me. IË so, I am out of the 
controversy, which “then turns on what units are the most 
convenient, with our present limited knowledge, for practical 
purposes, OLIVER J. LODGE. 


LXXX. Semi-optical Lines in the X-ray Spectra. 


To the Editors of the Philosophical Magazine. 

GENTLEMEN, — 

I" a paper published in the February number of the Phil. 
Mag. by Messrs. Bäcklin, M. Siegbahn, ar d R. Thoræus 
“Ne mi-optical Lines in the X- -ray Npeetra ” (Phil. Mag. 

vol. xlix. p. 513, Feb. 1925) we have seen that many 

conclusions on ilie apparition of A-ray lines in the periodie 
system and on the electronic structure of the elements are 
said to bə new ones, although they have been pointed out 
by us more than a year ago (Journal de Physique et le 

Radinm, t. v. pp. 1- 19, Janvier 1924)*. [In the discussion 

of Mr. Hjalmars results on the starting up of K8 and Ky 

lines in the K series of light elements (P hil. Mag. vol. xli. 

p.675, April 1921, and Zeitschrift j. Physik, xii. p. 341, 1921) 

we have clearly shown that Mr. Hjalmar’s lines cannot be 

explained in another way, and that, in accordance with our 
system of atomic structure but in opposition with that of 

Prof. Bohr, the K8, line just starts up for aluminium and Ky 

for scandium. These statements are well illustrated by the 

accompanying table and di:gram, which are taken from 
our above- quoted paper; the table was published by us 
for the first time as soou as 1922 (Comptes Rendus de 

Uuleademie des Sciences, t. 175, p. 755, Oct. 1922). 

Let us finally note that Messrs, Bicklin, Siegbahn, and 
Thoræus ascribe to Stoner (Phil. Mag. p. 286, Oct. 1924) the 
first idea of the following repartition ‘of the electrons amongst 
the L levels: 

2L;, 2L, 4, 


although this was previously experimentally checked by one 


* In this paper we have denied the relativistic nature of the so-called 
“regular L doublets,” a conclusion which was also lateron reached by 
many authors (Landé. Milikan, and Sommerfeld himself). 


‘pjuondh poyinuizy 
"pjupnb apnjijyy 


‘pyunnh ymp 
‘pguonh porsoppnbyy 
‘sjaqqnop avjnbatay 

*s790a) atnzuvdaqy 


‘szaqqnop “oyn boyy 


Digitized by Google 


Electrical Conductivity of Metallic Solid Solutions. 153 


of us (A. Dauvillier, Comptes Rendus, t. 179, p. 476, Janvier 
1924). 

We hope that you will have the kindness to publish in 
your Journal this priority claim and also, if it is possible 
without trouble, the accompanying table and diagram. 

Yours sincerely, 
Lovis DE BROGLIE, 

Laboratoire de Recherches Physiques A. DAUVILLIER. 


sur lee Rayons X, Paris, 12 rue Lord-Byron, 
Feb. 17, 1925. 


LAAAT. On the Electrical Conductivity of Metallie Solid 
Solutions. By Wustace J. Cuy, Phd." 
(Contribution from the Department of Chemistry, Yale University.) 


T a very recent article Höjendahl ¢ has discussed “ the 

electrical conductivity and certain other properties of 
metals and alloys on the basis of the Bohr theory.” 

In a letter to Professor P. W. Bridgman some time ago 
(December 16th, 1923) L had expressed some similar views 
arrived at independently and from different sources of 
evidence. It may not be out of place to summarize them 
briefly, since, although in some parts they coincide with those 
of Hojendahl, in others they complement them. 

It is a well known fact that the electrical conductivity of 
a metal decreases if a second metal is added to it capable of 
forming solid solutions with it. By solid solution, or mixed 
crystals f, is meant that from the liquid state both substances 
crystallize together, giving, as far as microscopic examination 
can detect, a perfectly homogeneous solid phase of variable 
composition, whose physical properties vary continuously 
from those of pure A to those of pure B. It the specific 
electrical conductivity is plotted against the composition in 
per cent. (weight, volume, or mole), a curve very similar to a 
eatenary is obtained. This is not true, if the two pure 
metals or intermetallic compounds crystallize separately from 
solution giving a mechanical mixture known as a eutectic. 
In this case the conductivity-composition (A-2x) curve is made 
up of one or more straight lines depending upon the presence 
or absence of intermetallic compounds $. 


* Communicated by the Author. 

t Hojendahl, Phil. Mag. xlviii. p. 842 (1924). 

t It should be very carefully noted that the very common term 
“ mixed crystals” is a misnomer. It does not signify a mechanical 
mixture of ditferent kinds of crystals, but a homogeneous crystal of 
variable composition (mixed with something else). 

§ A very good treatment of this subject is to be found in Tammuann’s 
Lehrbuch der Metallographie, Voss, Leipzig, 1921, pp. 304-315. 
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Several attempts to account for the catenary form of the 
electrical conduetivity-composition curve of solid solutions 
have been made, none of which can at present be considered 
as successful. 

Lord Rayleigh * and Liebenow f have attempted to account 
for it by assuming that the apparently homogeneous solid 
solutions consisted of very small submicroscopic particles or 
plates of the pure components, which at their junctions 
developed counter-electromotive forces (Peltier effect). This, 
of course, would tend to decrease the electrical conductivity. 
Secondary and rather plausible assumptions enabled them to 
arriveat equations fitting very satisfactorily the experimental 
results. However, the recently -acquired knowledge as to the 
structure of ery stals by means of X-ray analysis has made 
their fundamental assumption of submicroscopie inhomo- 
geneity untenable. 

Vegard has found thata KCL-KBr mixed ervstal consists 
ofa tace-centred K lattice as in pure KCI or KBr and an 
interpenetrating also face-centre | lattice of negative ions 
of the same lattice constant as the positive ion Jattice, also 
CX actly as in KCI or KBr, with the difference, firstly, that the 
negative ion lattice consists of Cl and Br ions arranged at 
random, and secondly, that the lattice constant of the mixed 
crystal is temali te helwoen Iat-o KCI and KBr. The 
sharpness of the reflexion maxima, which was as sharp as that 
of the single salts, shows definitely the absence of groups of 
CI or of Br ions ar ranged in such a way as to constitute even 
very small KCl or KBr particles microscopically indistin- 
guishable. 

Furthermore, Bain § has investigated the solid solutions of 
Au-Ag and Au-Cu by means of X-rays. In this case also 
the crystals were perfectly homogeneous. The lattice 
constant for Au is 4:08 Á., for Ag is £08 Å., and for tho solid 
solutions of the two it has an intermediate value. For the 
alloys of Au-—Cu (Cu is 3°60 A.) the values were again bet ween 
those of the components. However, there were small de- 
viations from linearity in the direction of greater density 
(smaller lattice constant). 

Another way of accounting for the low conductivity of 
solid solutions was based on the assumption that the mean 


* Lord Rayleigh, ‘The Electrician, xaxvii. p. 277 (1896) ; ‘Nature,’ 
liv. p. 154 (1596). 

t Liebenow, Zeit. f. Evektrochem. iv. pp. 201, 217 (1817); Nernst, 
Theoretical Chemistry,’ Macmillan, London, 1911, 6th ed. p. 408. 

t Vegard, Zeit. f. Physik, v. p. 17 (1921). 

$ Bain, Chem, & Met. Eng. xxviii. p. 21 (1923). 
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free path of electrons in this case was considerably smaller 
than that in a pure metal, due to the presence at irregular 
positions of atoms of the second metal. The illustration 
commonly used was that in a pure metal the atoms were 
arranged as trees in a garden in definite rows, while a solid 
solution resembled a forest. A man (electron) could run 
through the garden much faster than through the forest. It 
is almost superfluous to state that the recent X-ray work 
quoted above makes the assumption of irregular arrangement 
of atoms in solid solutions entirely unjustifiable. 

JRosenhain * has recently proposed an explanation for this 
phenomenon, best deseribed by the following illustration, 
Ita number of billiard balls of the same size are arranged in 
a row and the last one is struck, the total impulse will be 
transferred to the first one. If, however, among them there 
is one of larger radius, and the last one is again struck, then 
the large sphere will not transfer all its energy to 
adjacent one, but there will he a lateral component which, i 
so far as direct propagation of energy is concerned, is ck 
If such a view is correct, then using an atom of another 
element having the same r: adius (in the above illustration, a 
sphere of another colour but the same size) should not depress 
the conductivity. A particularly good example is the Au-Ag, 
system referred to above, whose crystal strueture and para- 
meters have been determined by Bain, and whose electrical 
conductivity has been studied by Mat'hiessen, Roberts, and 
Stroudhal and Barust. The lattice constant of Au is +08 A. 
of Ag 4:06 Å., and of mixed crystals the same (no shrinkage 
or expansion on mixing), Consequently the two kinds of 
atoms are equal in radius. It is therefore hardly to be 
expected that any decrease in conductivity should occur, 
since with equal atoms there is hardly any lateral component. 
And yet the conductivity composition curve is very nearly 
the same as in the other cases where the radii are unequal. 
In other words, the atomic radius does not play the role it 
should if the above explanation were correct. 

Schenck = has assumed that the second component does 
not decrease the mean free path, but decreases the con- 
centration of the electrons. This, of course, would also lower 
the conductivity. Ina sense this cannot be considered as a 
solution of the problem; it merely changes the question : 
Why does the presence of B lower the conductivity of A? 


* Rosenhain, Journ, Inst. of Metals, xxx. p. 3 (1928). 
t See Tammann’s ‘Metallographie, p. 8309 (1921). 
t R. Schenck, Phyz. Zeit. viii. p. 239 (1907). 
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to: Why does the presence of B lower the electron con- 
centration of A ?* 

It is evident that the classical theory of Drude or its 
various modilications cannot account for this depression of 
conductivity. J.J. Thomsonf has suggested, in order to avoid 
the difficulty of the equipartition of ener gy of the electrons, 
that the electrons arrange thentselves in quasi-rigid electron 
chains having the properties attributed by the do aal theory 
to the individual electrons. It would he expected on this 
basis that the individual electrons or the electron chain 
should change their properties (concentration, velocity, mean 
Iree path, ete.) continuously upon the addition of a second 
component, giving a conductivity-composition curve approxi- 
mately a straight line, but under no circumstances a catevary. 

Also the possible explanation, based on the assumption 
that the amplitude of vibration of the atom passes through 
a maximum at 50 per cent. composition, making it more 
ditheult for the electrons to travel through the alloy, must be 
rejected since, in addition to the lack of any theoretical 
foundation tor it, it is empirically found that the conductivity 
depression is not, as a first approximation, a function of the 
atomie weight of the second component. This can be seen 
from the allovs of platinum f with iridium, palladium, gold, 
rhodium, manganese, copper, and iron§. Similarly, the 
Cu-Ni and the Ca—At systems give very similar A-æ curves, 
although their atomic w eights Gites by less than 8 per cent. 
in the former case, and one element is over three times as 
heavy in the latter. 

Bridgman |} has suggested that “in metallic conduction 
the electrons pass through the substance of the atoms, and 
that the mechanism by which resistance is produced is 
intimately connected with the amplitude of atomic vibration. 
The number of free electrons is supposed to remain constant ; 
their velocity is taken to be that of a gas particle of the 
same mass and temperature, and their mean free path to be 
many times the distance between atomic centres... ... 
There is no necessity in supposing that a single free path is 


* Compare also Hauer, Aun. d. Physik, li, p. 139 (1916), who 
assumes an equilibrium between the free and the bound electrons, 

t J.J. Thomson, Phil. May. xliv. p. 657 (1922). 

i Landolt-Lirnstein, Physikalisch- Chemische Tabellen, 5th ed.. p. 1056 
(1928). 

§ It should be noted that the conductivity is plotted against the 
composition in weght per cent. The agreement would be very much 
better if mol, per cent. were used, 


Bridgman, Phys. Rev. xvii. p. 161 (1921). 
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straight; the electrons may perform Virginia reels about the 
nuclei of the atoms in quantum orbits*, Something of this 
sort probably has of necessity to take place in non-cubic 
crystals.” 

This, in conjunction with the following suggestion made to 
the author by Dr. Kurt Fischbeck, formerly of Gottingen, 
leads to the explanation for the low conductivity of metallic 
solid solutions. If instead of concentrations their reci- 
procals are used, then the conductivity of mixed crystals can 
be calculated on the basis of an equation of the form : 

wa AA + AR _ AA ee AB 
Xa Xs Xa l-i 
where A, Aa, and Ag are the specific conductivities of the 
solid solution, of A and of B respectively, X4 and Xp the 
concentrations of A and of B respectively expressed in mol, 
percent.f It is evident that the values of A pass through a 
minimum at 


X,= Xg =50 per cent, 


It is seen that it is not the concentration that is the 
important factor, but the groups or clusters of atoms of the 
same kind through which the electron can pass before coming 
across one of the opposite kind. 

Benedicks f has expressed the opinion that it looks as if 
atoms had definite channels through which electrons could 
travel, but which were of such a specific nature (their 
location, direction, ete., were different in ditferent atomic 
species), that by mixing atoms of two good conductors the 
channels were more or less blocked, giving a poor conductor. 

The following picture of the cause and mechanism of the 
conductivity depression due to mixed crystal formation at 
once suggests itself. At the absolute zero the atoms are at 
rest, and the electrons are still revolving in their quantum 


* Page 171. The italics are mine. 
+ This equation would hold for very low temperatures. At more 
elevated temperatures it would assume the form: 


ne OE Semen en 
Xaia Ap-Kep Xa Sbha ( (l--Xa)—Kp’ 

where Ka and Kp are constants at a given temperature, and prevent 
the vatue of the conductivity of the pure metals (Xa=0, AAs!) from 
becoming infinite. These constunts are probably in some way related to 
the gaps present between groups of atoms, as will be discussed below. 

t Benedicks, Jahrbuch d. Radiwakt. und Elektronik, xiii. p. dol 
(1916), 
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paths. The valence electrons, to which conduction is due, 

move in elliptical orbits having a definite frequency of 
rotation and of perturbation. It does not seem unlikely that 
these electrons keep in phase. When the electron is furthest 
from the atom to which it belongs, so are the electrons of all 
the other atoms. At that instant it is nearest to a neigh- 
boring atom. Therefore a potential difference would cause 
the electron when it is at its greatest distance From its atom, 

instead of returning to its own atom, to Jump across to the 
not very distant quantum path of the neighbouri ing atom, thus 
accounting for the supra-conducting state. 

This in a sense bridges over the Haber * theory of an 
independent electron lattice moving through the metal, the 
Thomson t theory of rigid electron chains moving in certain 
directions, and the Bridgeman} theory that resistance is 
caused by the dithculty of an electron jumping from atom to 
atom. 

In a solid solution at the absolute zero the atoms are again 
at rest and the electrons revolving, but they are ndt now in 
phase, since the frequencies of retation and of perturbation 
for the electrons of each atomie species are different. This 
accounts for the fact that supra-conductivity is not observed 
in solid solutions. In other words, the “ gap trouble” 
does not exist since all the atoms are at rest, but the * phase 
trouble”? does since two different kinds of atoms are ee 
together. à 

Professor B ridøman has called my attention to the fact 
that recently some alloys of Sn and Pb and also some 
amalgams have been found to assume supra- -eonductivity. 
The Pb-Sn s system does not give complete solid solutions 
(the metals are not miscible in all proportions in the solid 
state), but Pb contains 4 per cent. of Sn, and Sn only 1 per 
cent. of Pb. From the phase-rule diagram it appears that 
the solubility of the two metals in exch other decreases on 
cooling. It is therefore possible that either or both metals 
may throw off all the foreign constituent at very low tempe- 
ratures. In any case, however, the foreign atoms are very 
few. The amalgams, on the other hand, usually give eutechics 
(mechanical UKUTE of the pure metals as in the case of 
He-Z4n, or of intermetallic compounds as in the case o 
Hg-Li or Hg-Na. As Professor Johnston has remarked. 
is not necessary that all the metallic mass become en 


* Haber, Sitzb. preuss. Ahad. pp. 506, 990 (1919), 
Tales Thomson, Phil, Mag. xliv. p. 657 (1922). 
t Bridgman, Phys. Rev. xvii. p. 161 (1921). 


Conductivity of Metallic Solid Solutions. 759 


conducting, since a few coherent threads of one supra- 
conducting metal are sufficient to cause the classification 
of the alloy as supra-conducting. It is, however, extremely 
probable that systems like Au-Cu, Ag—Au, ete., which give 
complete solid solutions, will never be found to exhibit supra- 
conductivity. 

As the temperature is raised, the atoms will begin to vibrate 

and bigger and bigger moving gaps will appear, making it 
more difficult for electrons to jump from atom to atom—that 
is, causing an increase in resistance according to Bridgman’s 
view. .- 
In a metallic solid solution this gap source of resistance 
will be present to the same extent as in the pure metals at 
the same temperature. In addition, there will be the difficulty 
due to the electrons of unlike atoms not being in phase. 
Therefore a configuration which would have allowed an 
electron to jump to the next atom in a pure metal will not 
do so in an alloy—that is, the resistance will be greater. 
This is known to be the case. 

Raising the temperature a given number of degrees will 
cause a given increase in resistance for reasons explained 
above. In a solid solution, however, this increase in the 
number and magnitude of the gaps will not have as great an 
effect as it did in the case of a pure metal, where it was the 
only source of resistance. To illustrate: in a pure metal, out 
of 100 possible electron Jumps, 30 say are hindered by the 
accident that the atoms are far apart at that instant; in a 
solid solution, out of 100 possible Jumps, 50 sav do not 
occur, due to the fact that the electrons of adjacent foreign 
atoms are not in phase, and 30 per cent. of the other 50 due 
to the gaps. Therefore the temperature coethcient of the 
resistance of solid solutions will be less than that of pure 
metals (15 per cent. as against 30 per cent. in the example 
given). This is in agreement with the experimental ob- 
servations. 

Bridgman has found that, in general, pressure renders 
metals detter conducting. This, of course, is to be attributed 
to the fact that the gaps are made smaller by pressure. By 
analogous reasoning to that given above about the effect of 
temperature, it can be shown that the pressure-coefficients of 
solid solutions should be less than that of their components. 
This is also in agreement with experimental observations, 
since cases are known where the coefficients of alloys are 
not only smaller but even negative. 

The well-known fact that the physical and chemical 
properties of components of an alloy (such as atomic weight, 
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valence, molecular volume, lattice constant, etc.) do not, as a 
first approximation, show themselves in the conductivity- 
composition curve is, of course, to be ascribed to the fact 
that the electron orbits are not a simple function of any of 
these variables. The great similarity of all A-z2 curves is to 
be attributed to the fact that they all represent probabilities of 
tavourable conditions making an interatomic Jump possible. 

The fact that, although the addition of a second metal to 
form a solid solution lowers the electrical conductivity very 
grea ly, the addition of a third or fourth has relatively small 
effect * can be attributed to the small number of g groups of 
atoms of A or of B which the addition of C or D ean break 
up, since the presence of B has already made impossible the 
existence of any large number of atoms of A grouped 
together. Ther efore our view that the increase in resistance 
due to the formation of solid solutions ean be attributed 
to the absence of large groups of atoms of either kind, 
accounts for the smaller and smaller effect that additional 
components have upon the conductivity of an alloy. 

It is not at present clear how the Franz-Wiedemann ratio 
could be derived for alloys from the views here given. 

The phenomena described above will have to be explained 
by any generally valid theory of metallic conduction. They 
have up to the present been, to a large extent, neglected by 
physicists. 

Summary. 

A brief review of the theories of electrical conductivity 
has been given with particular emphasis on their application 
to metallic solid solutions. It is found that none of the 
accepted theories will account for the observed phenomena. 

If it is assumed that the electrons responsible for metallic 
conduction move in quantum orbits, and in a pure metal are 
in phase with those of the adjacent atoms, then the following 
facts can be accounted for:—(1) The low conductivity of alleys S 
consisting of one kind of crystals of variable composition ; 
(2) their Jow temperature coefticient ; (3) their low pressure 
coeficient ; (4) the absence of the supra-conductive state ; 
(5) the great similarity of the conductivity-composition curves 
of various mixtures, and (6) the absence of any specific effects 
due to the physical and chemical properties of the second 
metal added, 

August 28, 1924. 

* Tischbeck, Zeit. f. anorg. Chem, exxv. p. 1 (1923). 
[The Fditors do not hold themselves responsible for the 
views expressed by their correspondents. | 
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LXXXII. Radiation given out by Gases through which Elec- 
tric Discharges are passing. By Sir J. J. THomsoy, O.M.” 


T“ a paper on the electric discharge through gases at low 

pressures (Phil. Mag. July 1924) I gave reasons for 
thinking that the ionization in the “negative glow” is due 
to radiation excited by the cathode rays in the gas through 
which they pass. 

The following paper contains an account of a series of 
experiments made with the object of obtaining direct evi- 
dence of the existence of this radiation and of throwing 
some light on its properties and origin. This radiation is 
not penetrating enough to pass through the glass of the 
discharge-tube, so that to study it we must use some method 
by which it can be detected inside the tube or, at any rate, 
before it has had to pass through an appreciable thickness of 
solid matter. 

The most sensitive methods for detecting such radiations 
depend on the electrical effects, such as those of ionization 
or of photo-electricity, which they produce. As the elec- 
trical discharge fills the tube with ions which would disturb 
any electrical detector of the radiation if they came into 
contact with it, it is necessary to screen off the ions from the 
detector. 

. I have used three kinds of screens: the first of these is a 
material screen of very thin celluloid; in the second there is 
no solid matter between the detector and the gas in the tube, 


* Communicated by the Author. 
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but the ions are screened off by a strong electrostatic field ; 
in the third type of screen the electrostatic field is replaced 
by a magnetic one. 

I shall commence with the experiments made with the first 
type of screen. My assistant, Mr. Everett, has found a very 
convenient way of making screens of this kind : a drop of 
a very weak solution of celluloid in ether is put on the top 
of a pool of mercury and allowed to evaporate, leaving a thin 
circular disk of celluloid floating on the mercury, from which 
it oan easily be detached. From very weak solutions it is 
easy to get celluloid disks thin enough to show brilliant 
colours of thin plates and whose mass per unit area is less 
than that of a layer 1/10 of a millimetre thick of air at 
atmospheric pressure. ‘These films are very tough although 


Fig. 1. 


they are so thin, and one about a centimetre in diameter can 
sustain without rupture a difference of pressure on its two 
‘sides of several millimetres of mercury. 

The arrangement used to detect the radiation with a screen 
of this kind is shown in fig. 1. K is the cathode and L the 
anode of a discharge-tube. When the discharge passes, the 
cathode rays pass through the gas in front of K and produce 
the dark space and the negative glow. 
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A horizontal side tube B is fused on to the tube A ata 
place in front of the cathode so that the radiation from the 
negative glow passes down this tube; the portion of the 
tube A opposite B is blown out so as to prevent the impact 
of cathode rays on the glass opposite B. The detector of the 
radiation is placed ina tube which tits into B. This detector 
consists of a metal disk c carried by a metal rod, which is 
carefully insulated and connected with one pair of quadrants 
of a Dolezalek electrometer. The sensitiveness of the electro- 
meter was such that it gave a deflexion of 300 scale divisions 
per volt. As very wide ranges of current had to be measured 
a battery of condensers, giving a capacity which could be 
varied from ‘001 to 1 microfarad, was arranged so that any 
capacity within these limits could be added to the electro- 
meter. The capacity of the electrometer system and its 
connexions with the disk was ‘00014 mf. The rod and disk 
are surrounded by a metal tube connected with the earth. 
The end of this tube nearest to the discharge-tube is closed 
by one of the thin celluloid films e just described; wire 
gauze connected with the earth is placed in front of and 
behind the film so as to shield the disk ¢ from electrostatic 
induction arising from charges of electricity in the discharge- 
tube. The other end of the tube carrying the celluloid disk e 
is closed and a wire from ¢ to the Dolezalek passes through 
an ebonite plug in this end of the tube. The disk ¢ in most 
of my experiments was about 2 mm. from the celluloid film 
and was very nearly of the same diameter (1 cm.) as the film 
itself. 

This arrangement in which a screen of celluloid is 
used has many advantages; thus, as there is no communi- 
cation between the tube enclosing the disk and the tube 
through which the electrical discharge passes, the pressure 
of the gas round the disk e can be altered without 
affecting the pressure of the yas in the diseharge-tube; 
this is an important point, for valuable evidence as to 
the effects produced by the radiation can be obtained by 
altering the pressure of the gas round e. The disadvantage 
of this method is that before the radiation can be investi- 
gated it has to pass through a film of celluloid. We shall 
see later on that of the radiation coming from the negative 
glow only a fraction of one per cent. gets through a film of 
celluloid so thin that it shows brilliant colours of thin plates 
and thus could not have been much more than 3 x 107? em. 
thick. This arrangement is thus not suitable for studying 
the most absorbable type of radiation, though it is the most 
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convenient for studying radiation “hard” enough to pene- 
trate the film in appreciable amounts. F shall, before pro- 
ceeding to discuss the more absorbable radiations, describe 
some of the resu'ts which have been obtained with this type 
of detector. 

To measure the absorption of the radiation by different 
substances so as get some idea of its wave-length, the fol- 
lowing arrangement was used. A plate of lead pierced with 
six circular holes, the size of the celluloid window, could be 
moved vertically up and down by a cord passing over a winch, 
as shown in fig. 2. This plate passed quite close 
to the celluloid window, between it and the nega- 
tive glow. Of the six holes in the plate one was 
left open, another was closed by a celluloid film 
of the same thickness as that used for the 
screen, another was covered by aluminium-foil 
5x 107% em. thick, another by two layers of this 
foil, the fifth by gold-leaf 7x 10-6 em. thick, 
and the last by two layers of this leaf; thus, 
by comparing the effect produced on the disk ¢ 
when the winch was turned so as to bring the 
free opening in the plate in front of the window 
with that when it was turned so as to bring 
either the aluminium, gold-leaf, or celluloid into 
this position, the absorption by these substances 
could be determined. 

The electric discharge through the tube was 
»roduced by a high potential dynamo made by 
versie and Vignolles, which gave steady po- 
tential differences up to 5500 volts ; tor higher 
voltages an induction coil was used 5 experiments 
were also made using a hot tungsten filament for 
cathode. 

When the electric discharge is passing through 
the tube and the cathode rays are traversing the gas in front 
of the window, the electrometer connected with the disk ¢ is 
deflected, showing that the disk is receiving a charge of 
electricity. Before the discharge starts the quadrants of the 
electrometer connected with c are put to earth, the other 
pair of quadrants are permanently earthed, then if e is dis- 
connected from earth and the discharge started, there is a 
deflexion of the electrometer, continuously increasing at 
first, but ultimately attaining a constant value ; the amount 
and even the sign of the deflexion depends upon circum- 
stances, such as the pressure of the gas in the discharge-tube, 
the potential difference between the electrodes of the tube, 
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to some extent upon the position of the anode, and also upon 
the pressure of the yas round the disk connected with the’ 
electrometer. 

The electrical effects which the radiation might be 
expected to produce are (l) photoelectric effects, (2) effects 
due to the ionization of the gas between the disk c and the 
earthed wire gauze. 

Let us consider the effect on the electrometer produced by 
the photo-electric effects. In consequence of this effect, the 
radiation falling on c would cause it to to emit negative 
electricity : this would leave c and the electrometer with a 
positive charge ; whereas, except when the pressure in the 
tube containing c is very low and the potential difference 
large, the charge in the electrometer is generally negative. 
TE this negative charge is due to photo-electric effects it must 
be because the photo-electric ettect of the celluloid film is 
greater than that of the disk, so that the stream of negative 
electricity coming from the film towards the disk is greater 
than that going from the disk towards the film. If this were 
the explanation of the negative electrification of the disk, 
then if instead of the celluloid screen we used one con- 
sisting of a strong electric field, the disk ought always to 
acquire a positive charge, as there is no other photo-electric 
source of negative electrons to counterbalance the stream 
coming from the disk itself ; we shall see, however, that 
with these electrostatic screens the charge in the electro- 
meter is frequently negative. This proves that in some 
cases the most important factor is not the photo-electr:c 
effect, but must arise from the ionization of the gas between 
the disk c and the gauze. This negative charge would 
result from the negative electrons diffusing more rapidly to 
the disk than the positive ions; the disk would charge up 
negatively and accelerate the flow of the positive ions and 
retard that of the negative until the flow of the one was 
equal to that of the other. 

In addition to the effect due to the difference of the rates 
of diffusion, the experiments give some evidence that, when 
the gas is ionized by the radiation, more electrons are emitted 
in the direction in which the radiation is travelling than 
in the opposite direction, so that a stream of ionizing 
radiation is accompanied by a stream of electrons in the same 
direction. 

Very direct evidence as to the importance of the ioniza- 
tion effect on the charges received by c is obtained when 
we investigate the eftect of altering the pressure of the gus 
round c, while leaving that in the discharge-tube unaltered ; 
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the form of apparatus shown in fig. 1 enables us to do this 
without difficulty, as there is no communication between the 
tube through which the electric discharge passes and the one 
round e. 

Starting with a very low pressure round c and gradually 
Increasing it, we find that the rate at which ¢ receives nega- 
tive electricity increases with the pressure of the gas, and at 
some stages the rate of inerease of the deflexion of the 
electrometer is more rapid than the rate of increase in 


the pressure, The rate of increase with the pressure finally 


falls off as the pressure round e gets greater, and there is 
often a pressure at which the rate of charging up has a 
maximum value. 


Fiz. 3. 


Current to Electrometer. 


Pressure 


The range of pressures round ¢ used in these experiments 
was from that of the best vacuum which could be obtained 
by the use of chareoal cooled by liquid air to about 4 mm. of 
mercury, which was about the greatest pressure the celluloid 
film would stand without breaking. When the pressure 
round ¢ was exceedingly low, ¢ generally received a pusitive 
and not a negative charge. The relation between the rate 
of charging up of the disk ¢ (the ordinate) and the pressure of 
the gas round ¢ (the abscissa) is of the character represented 
in fig. 3, when the discharge is produced by the continuous 
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high-tension dynamo and the potential difference is from 
1000 to 5000 volts. 

These results show, I think, that in this case the negative 
charge is due to the ionization effects ; these would vanish in 
a perfect vacuum, and would increase with the pressure of 
the gas round c. 

The photo-electric effects tend to give the electrometer a 
positive charge, while the effects due to ionization tend to 
give it a negative one; thus the charge acquired by thie 
electrometer may be positive or negative according as one or 
other of these effects predominates. Increase of pressure 
round ¢ will increase the ionization effects relatively to the 
photo-electric ones and thus tend to make the charge given 
to the electrometer negative. Increase in the “ hardness ” 
of the rays in the discharge-tube will favour the photo- 
electric effect, because the harder rays are not so readily 
absorbed by the gas between c and the gauze and so do not 
produce so much ionization as the softer ones. This effect 
can readily be observed by using an induction coil to pro- 
duce the discharge and gradually diminishing the pressure 
in the discharge-tube by means of a tube filled with charcoal 
coolod with liquid air. When the pressure is fairly high 
(say ‘L mm. of Hy) and the discharge goes easily, as shown 
by the shortness of the equivalent spark-gap, the electro- 
meter will receive a negative charge, but as the pressure 
falls and the spark-gap increases the negative charge will 
diminish, will vanish, and then be replaced by a posi- 
tive one. 

In the preceding experiments the cathode is placed so that 
the cathode rays do not strike against those parts of the walls 
of the discharge-tnbe which have a view of the window through 
which the radiation passes on its way to the testing appa- 
ratus; if the cathode rays are bent by a magnet so as to 
strike against the parts of the glass walls of the discharge- 
tube opposite to the window the charges received by the 
electrometer are very much increased. 


Character of the Radiation inthe Tube. 


The character of that part of the radiation in the tube 
which is able to penetrate the celluloid window of the 
testing apparatus can be determined by measuring the ratio 
of the rate of charging up of the electrometer when screens 
of various substances are put before the celluloid window to 
the rate when no such screens were interposed. ‘The results 
of such measurements are given in the following table. The 
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thickness of the celluloid film was estimated from its optical 
properties as about 3 10-75 em. The thickness of the gold 
screen was such that 100 sq. cm. of tho leaf weighed ‘014 gr., 
that of the aluminium such that 100 sq. cm. weighed 
0142 gr. The discharge was produced by the high potential 
dynamo. In the table, r represents the ratio of the rate 
of charging up of the electrometer when the underwritten 
screen was inserted to the rate before insertion. 


Gas in the discharge-tube— hydrogen. 


Potential difference between the electrodes 1300 volts. 


r. r. r. 
Celluloid. Aluminium. Gold. 
4 3 125 


Potential difference between the electrodes 5000 volts. 
6 6 "16 


Gas—helium. 


Potential difference between electrodes 1500 volts. 


5 38 12 
Potential difference 5000 volts. 
6 OT 18 


Gas—oxygen. 


Potential difference 1500 volts. 


“47 38 “125 
Potontial difference 5000 volts. 
52 *45 15 


If w is the coethcient of absorption of the rays by 
aluminium, p its density, and ¢ its thickness, since 100 cm.? 
weighed 0142 gr., 

10?xpxt=0142; ... . . (1) 


while at 1500 volts, taking the mean of the absorptions for 
aluminium, 
e # = ‘30, 


80 pt = °90, 


so that from (1) H 67% 103 
p l 


For the K radiation of chromium, whose wave-length is 
2:2 x 107°, p/p is equal to 136. If we assume the usual law 
connecting the absorption of the radiation with its wave- 
length A, i.e. that u varies as A’, the’ wave-length corre- 
sponding to u/p=6'7 x10? is &'1x1078cm.; the voltage 
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corresponding to this radiation is 1500 volts, which is 
exactly the voltage applied to the discharge-tube. It must 
be remembered that all the radiation, even when there is no 
screen before the celluloid window, has to pass through this 
window betore reaching the detector, and that any radiation 
soft enough to be absorbed by the window would not be 
detected, by this method ; we shall see directly that by far 
the greater part of the radiation in the tube is so absorbed, 
so that by this method we are dealing only with the most 
penetrating radiation. 

It will be seen by the comparison of the results given in 
the table on p. 768 for potential differences of 1500 and 
5000 respectively that the rays which pass through the 
celluloid film get on the average more penetrating as the 
potential difference applied to the discharge-tube increases. 
The character of this radiation thus depends on the potential 
difference. I made a large number of experiments to see if 
it depended on the nature of the gas in the discharge-tube. 
I measured the coefficients of absorption in aluminium, gold, 
and celluloid with air, oxygen, hydrogen, and helium in the 
discharge-tube, and with the same potential difference between 
the electrodes could not be snre that there was any difference 
in the radiation produced by the change of gas; the diffe- 
rence, if any, is certainly small: these observations only 
refer to the harder radiations which can pass through the 
celluloid film. The amount of radiation is less in the light 
gases than in the heavy ones. 

The type of radiation in a tube with a given gas at con- 
stant pressure may depend upon the means used to send the 
discharge through the tube; thus the type of radiation 
depends to some extent npon whether the discharge is pro- 
duced by a continuous-current dynamo or by an induction 
coil, and if by an induction coil, upon the size of the coil and 
the nature of the interrupter. This might be expected, as 
the potential difference between the electrodes often depends 
upon the character of the discharge and is not determined 
solely by the pressures. 


Very “ Soft” Radiation in the Tube. 


In the previous method all the radiation has to pass through 
a celluloid film before reaching the detector, so that only the 
“rays” hard enough to pass through the film come under 
observation. To study the more absorbable types of radiation 
I have used screens by which the ions in the discharyge-tube 
are screened off from the detecting apparatus connected with 
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the electrometer, not by material screens, but by screens of 
intense electric id magnetic forces. One arrangement I 
used is shown in fig. 4. 


Fiz. 4. 


A 
The halves A and B of a cylindrical brass rod fit tightly 


into a glass tube fitted into the tube which holds the disk 
attached to the electrometer. A and B are insulated care- 
fully from each other and are connected respectively with 
the poles of a battery of small storage-cells so that potential 
differences up to 1000 volts can be maintained between 
them. The distance between the plain faces of A and B is 
l mm., and their length 3 em. A simple calculation will 
show that when the difference of potential between A and B 
is 600 volts (the difference most frequently used in these 
experiments), any ions, whether positive or negative, at- 
tempting to pass between A and B would be driven against 
one side or the other unless their energy were greater than 
that corresponding to well above 100,000 volts. This was 
also established directly by experiment, as long before the 
difference of potential between A and B reached 600 volts 
an increase in the potential difference produced no effect on 
the deflexion of the electrometer. The fact that over very 
wide ranges of potential difference the deflexion is inde- 
pendent of the potential shows that no appreciable radiation 
is produced by driving the ions against the sides of the slit. 
When this arrangement was put in place of the celluloid 
screen ions would be stopped, but the radiations would reach 
the detector without passing through any matter other than 
the gas in the tube; this is a great advantage. The dis- 
advantages are, firstly, since A and B have to be close together 
to geta ‘strong electric field, the area of the window through 
which the radiation from the dise harge passes is much less 
than when the celluloid film is used ; and secondly, since 
there is direct communication between the discharge-tube 
and the one surrounding the detecting apparatus the pres- 
sures in these two tubes are always the same, whereas when 
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the film is used either of these pressures can be varied inde- 
pendently of the other. 

I have also used a strong magnetic field instead of an 
electric one to screen off the ions, but found the electric one 
the more convenient. 


Absorption of Rays by the Celluloid Film used in the 
previous experiments. 


We can measure by the electrostatic screen how much 
of the radiation was stopped by the celluloid. As one 
of the openings in the sliding plate (fig. 2) can be 
stopped by a film of the same thickness as that used for 
tue window in the first experiments, all we have to do 
is to measure the rate of charging up of the electro- 
meter, (1) when a free opening in the moving plate is 
opposite tle slit of the electric screen, and (2) when an 
opening filled by the celluloid film is in the same position. 
The results are very remarkable: with oxygen in the 
discharge-tube and a potential difference of 3000 volts 
between the electrodes, the rate of charging of the electro- 
meter when the radiation did not pass through the celluloid 
was more than 100 times greater than when the rays passed 
through it. So that in the previous experiments we have 
only been dealing with a small percentage of the radiation 
in the tube; the great bulk of this radiation when the 
potential is comparable with 3000 volts is completely stopped 
by a laver of celluloid about 3 . 1075 em. thick. By moving the 
lead plate carrying the various diaphragms up and down we 
can insert screens of celluloid, aluminium, and gold in the 
path of the radiation and find the absorption produced by 
them. The relative amounts of the soft radiation stopped 
by these screens differ from those for the harder radiation 
which in the earlier experiments had been filtered through a 
celluloid screen. Thus with the harder radiation the gold 
always transmitted far less than either the aluminium or the 
celluloid (see p. 768), while with the softer radiation passing 
through the electrostatic sereen the gold transmits twice as 
much as the aluminium or celluloid. I noticed, many years 
ago, in some experiments I made on very soft Röntgen rays 
generated by low-speed electrons from a hot cathode, that 
relatively to aluminium gold absorbed much fewer of the 
softer than of the harder rays. This, I think, is due to much 
of the radiation having wave-lengths comparable with the 
characteristic radiations of aluminium and carbon, so that 
the absorption of these substances is abnormal. 
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The conflict between the photo-electric effect and the 
ionization one is shown quite as distinctly with the electric 
screen as with the celluloid one. For when the pressure is 
fairly high we find that with the electric filter the electro- 
meter receives a negative charge, but as the pressure is 
diminished the negative charge changes to a positive one. 
At the higher pressures the ionization has the upper band, 
and this produces a flow of electrons to the electrometer, the 
photo-electric effect produces a flow of electrons from the nek: 
and this tendsto make the charge in the electrometer positive ; 
this effect does not diminish as the pressure diminishes, 
while that due to the ionization does, so that at very low 
pressures the electrometer must acquire a positive char ge, 

To make sure that the charge acquired by the electro- 
meter arose from the effect of radiation and was not due to 
the passage of gas in some abnormal state between the jaws 
of the electric screen, I tried the following experiment. 
I placed in front of the jaws of the electric screen the sereen 
represented in fig. 5 made of two sheets, T and T’, of thick 
tinfoil with holes bored through them as in the 


Fig. 3. 
figure. This screen was opaque “to radiation travel- S 
ling in the direction necessary to get through the _, = 
electric screen, but was pervious to a flow of gas T 


from one side to the other. This screen stopped 
completely any charging up, positively or negatively, 

of the electrometer. Hence we conclude that this 
charging is due to radiation coming from the dis- | | 
chargve-tube. 

The preceding experiments show that a tube 
through which an electric discharge is passing is filled with 
radiation, some of which is of an exceedingly absorbable 
type, so absorbable that it is practically stopped by the 
equivalent in mass of a layer of air at atmospheric pressure 
a few millimetres thick. 

The proportion which these very absorbable radiations 
bear to the other radiations in the discharge-tube depends 
upon a great variety of circumstances, on whether for 
example the discharge is produced bv an induction coil or 
bya steadily-maintained potential difference. The amount 
of radiation in the discharge-tube has covered a very wide 
range in these experiments. Takingas the unit the deflexion 
per “second of the electrometer when connected up with a 
condenser whose capacity is ‘l microfarad, the output of 

radiation has varied from ‘O01 to 45. The results of these 
experiments show that when the output is large there is a 
much larger proportion of the more absorbable rays than 
when it is small. 
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The fraction of the radiation passing through one layer of 
gold leaf when oxygen was in the tube has varied from 
1/36 to 1/1000 The larger value occurred with a steady 
difference of potential equal to 4000 volts, the pressure was 
"015 mm. of Hg and the output of radiation 015. The 
smallest value was when the discharge was produced by an 
induction coil: the output of radiation was 3°4, the equivalent 
spark-gap 5 mm., and the pressure ‘003 mm. 

In hydrogen the range of absorption produced by the gold- 
leaf was from 1/80 to 1/400, the largest value was obtained 
with a hot lime cathode under a constant potential difference 
of 3000 volts at the pressure ‘045 mm., and an output of -08, 
the smallest value with an induction coil, spark-gap 4 mm., 
output 2'2, and pressure ‘042 mm. 

In helium the fraction getting through the gold-leaf varied 
from 1/40 to 1/300, the largest occurred with the discharge 
from a coil with an output °36, pressure ‘084 mm., the 
smallest when the coil had an output of 3, pressure +062. 
Films of silver and aluminium showed similar effects, though 
their absorption was greater than that of the gold-leaf. 


Absorption of radiation by gas. 


The negative glow may be well developed when the 
pressure in the discharge-tube is as low as -01 mm. of 
mercury. If, as we have supposed, the ionization in the 
negative glow is produced by the soft radiation, then this 
radiation must suffer appreciable absorption when passing 
through a layer of gas at this pressure comparable in thick- 
ness with the linear dimensions of the neyative glow, say 
10 cm. The mass of a layer of gas 10 cm. thick at the 
pressure ‘01 mm. of mercury is equivalent to that of a layer 
of air 1/760 mm. thick at atmospheric pressure, this oe 
about the same mass as a celluloid film 1077 em. thick. 
Films as thin as this are not manageable, so we cannot by 
means of them detect whether there is any radiation in the 
discharge-tube as soft as that indicated. 


Absorption of radiation by air. 


We can, however, by the following method test the 
absorption produced by the passage of the radiation through 
different lengths of the gas actually in the discharge-tube. 

The arrangement is that represented in fig. 6. 

The disk c and the wire gauze in front of it are rigidly 
connected with a metal tube which can slide along the metal 
rod connecting the disk ¢ with the electrometer. A piece of 
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iron J is attached to the tube and this can be made to move 
backwards and forwards along the tube by a magnet. The 
wire gauze in front of the disk is insulated from it and is 
kept connected with earth by a thin wire spring. By altering 
the distance of the disk from the end of the electric screen 
we can alter the length of path traversed by the rays before 
they reach the disk, and by making measurements when the 
disk is in different positions we can determine the absorption 


Fig. 6. 


of the rays when they pass through a known length of ga 
at the pressure in the lischarge-tube. For these scenes 
the opening in the electric screen was stopped down until 
the aperture was so small that all the rays passing through 
it fell upon the disk even when it was moved to the most 
distant position at which measurements were made. 
Experiments with this apparatus gave very interesting 
results, these varied with the nature of the gas and the 
pressure in the tube, but observations made with oxygen at 
the pressure ‘01 mm. bring out many of the points of interest. 
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When the disk is close up to the electric screen the electro- 
meter receives a negative charge, indicating the predomi- 
nance of the ionization effect ; as the disk is moved further 
away from the screen the rate at which the electrometer 
receives a negative charge diminishes, until when the distance 
between the disk and the screen is about 15 mm. the electro- 
meter does not charge up either positively or negatively. 
After passing this point the electrometer acquires a positive 
charge, indicating that now the photo-electric effect is pre- 
dominant; the positive effect increases up to a maximum 
when the distance of the disk from the end of the electric 
screen is about 30 mm., after this it begins to diminish and 
goes on diminishing continuously as the distance between 
the disk and the screen is increased to its limiting value, 
50mm. ‘Thus,as the length of path of the radiation through 
the gas ine eases the character of the radiation changes, just 
as the colour of non-homogeneous light changes when it 
passes through a medium which absorbs one colour more 
than another. 

With the radiation we are considering, which includes a 
continuous spectrum, the radiation of longer wave-length, 
which is the more efficacious in providing ionization, is the 
more easily absorbed, and thus absorpt.on would make 
the negative effects due to ionization diminish more rapidly 
as the length of path of the radiation through the gas 
increases than the positive effects due to photo-electricity, so 
that at acertain distance the latter may begin to predominate. 
As radiation of all kinds is absorbed to some extent, there 
will be a distance at which the positive effect is a maximum. 
This explanation is confirmed by the results which are 
obtained when the pressure is altered ; thus when the pressure 
iz considerably lower than that in the last experiment the 
positive effect is the only one observed, even when the disk 
is put quite close up to the electric screen; it reaches a 
maximum at a distance from the screen depending upon the 
pressure and then diminishes. At these low pressures the 
-ionization ettect is relatively less important than the photo- 
electric one and so is not able to overpower it. On the other 
hand, at pressures considerably higher than -01 mm. the 
negative effect is the only one observed, and this diminishes 
continuously as the distance between the disk and the screen 
is increased. ‘These experiments show I think conclusively 
that even at the low pressures occurring in the discharge- 
tube there is an appreciable amount of absorption of the 
radiation and therefore the production of an appreciable 
amount of ionization in the space of afew centimetres of gas. 
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Similar experiments were made with hydrogen and helium, 
and it was found that the pressures at which the change from 
the negative to the positive effect occured was far higher i in 
hydrogen than in oxvgen, and again far higher in helium 
than in hydrogen. This is what we should expect as the 
negative eects are due to the absorption of the rays, and 
this absor ption at equal pressures is much greater in oxygen 
than in either hydrogen or helium. 


Amount of absorption by the gas in the discharge-tube. 


The radiation in this tube is very complex, it is probable 
that it isin the main a continuous “X-ray spectrum up toa 
frequency y where Av= Ve; here V isthe potential difference 
between the electrodes in ‘the tube and h Planck's constant. 
Superposed on this there will be those characteristic radiations 
of the gases in the tube which have a frequency less than r. 
The absorption of the different parts of the spectrum will 
vary rapidly with the wave-length of the radiation, and as 
we do not know the distribution of energy among the various 
wave-lengths, we cannot do more than form an estimate of an 
average value of the absor ption. 

In the case we have just been considering an increase of 
1:5 cm. in the distance through which the radiation travels 
changes the sien of the effect, and after a further increase 
of 1:5 cm. the positive effect is a maximum, while another 
2 cm. reduces the positive effect to about two-thirds of its 
maximum. This shows, I think, that the intensity of a con- 
siderable part of the radiation must be reduced to lfe of its 

ralue in a length comparable with about 3 em. This corre- 
sponds toa coefficient of absorption In oxygen equal to 1/3 
at ‘Ol mm. pressure, This is equivalent to an absorption co- 
efficient of 2°53 x 1LOtatatmospheric pressure, The absorption 
coefficient at this pressure in air for the K radiation of 
iron, whose wave-length is 1°93 A, is 2 x 107 hence, assuming 
that the absorption is proportional to the cube of the w ave- 
length, the wave-len gth of the very absorbable radiation we 
are “considering would be about 200 A, the energy corre- 
sponding to (hissrliation as aibour GO-volts, 

The intense absorption of the radiation by gases has an 
important application to the theory of the structure of light. 
It shows I think that the region in which the energy of this 
very absorbable radiation is concentrated, the quantum, must 
he considerably greater than the region occupied bv an atom. 
For the radiation to be absorbed tle quantum must pass over 
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an electron, and when the absorption occurs in a few milli- 
metres of the gas ut the pressure of ‘01 mm. of mercury, the 
quantum must have a cross-section considerably greater in 
area than that of a circle whose radius is 10-8 em., if it is to 
meet with one electron while passing over the distance within 
which it is absorbed. Thus the quantum would have to be 
of atomic dimensions, even if every collision with an electron 

resulted in absorption, an-exceedingly improbable assumption. 
From what we know of the absorption of radiation, particularly 
its variation with the wave-length, it is much more probable 
that the quantum has to make on the average a considerable 
number of collisions with electrons before absorption takes 
place, this would require the cross-sections of the quantum 
of these very absorbable radiations to be considerably greater 
than the cross-section of atoms. I gavein the ‘Philosophical 
Magazine,’ Sept. 1924, a theory of the structure of light in 
which the quantum is regarded as a ring made up of lines of 
electric force, the circumference of which is equal to the 
wave-length of the light. For the characteristic radiation 
from the heavier elements the wave- length is considerably 
smaller than atomic dimensions, but for “the soft radiations 
we are considering the wave-length is several times greater 
than the atomic radius. 


Radiations from diferent parts of the discharge. 


The luminosity of the discharge in the neighbourhood of 
the cathode varies enormously at different distances from 
the cathode, thus we have at the surface of the cathode a 
thin layer of velvety glow, this is succeeded by the dark 
space which emits very little visible light, following this we 
havethe bright luminosity of the negative g glow ; thetransition 
from the dark space to the negative glow is often, as in 
oxygen, exceedingly abrupt, and the position of the boundary 
can be determined to the fraction of a millimetre. It is 
important from the point of view of the theory of the 
discharge to ascertain if this large variation in luminosity is 
accompanied by a corresponding variation in the emission of 
the ionizing radiation. To test this I arranged that the 
eathode K, fig. 6, could by means of a magnet be moved 
backwards and forwards along the tube; when the cathode 
was as far back as possible, the negative glow was opposite 
tho slit through which the radiation passed to the testing 
apparatus; as it was moved forward various parts of the 
negative glow came at first in front of the slit, then the 
negative glow passed beyond the slit and was succeeded by 
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the dark space, various parts of the dark space then passed 
in front of the slit until finally the cathode itself went past 
the slit. 

The following example shows the kind of variation that is 
found in the radiation coming froin different regions near 
the cathode, the length of the dark space in this experiment 
was 380 mm. :— 


Distance of slit in Fraction passing 


front of cathode. Radiation, through gold-leaf. 
( 0 19 1/150 
| 10 mm. OF 1/120 
payeapace { 20 mu. 23 1/125 
| 30 mm. 18 1/108 
Glow ...... 40 mm. 15 1/216 


Thus, there is a falling off in the intensity of the radiation 
close to the cathode, but otherwise there is a steady increase 
in the radiation as we proceed from the negative glow into 
the dark space, the gas in the discharge-tube was oxygen 
at the pressure of ‘014 mm. There was ‘bright luminosity i in 
the negative glow and a sharply-defined boundary between the 
negative glow and the dark space, so that there was dis- 
continuity. in the brightness ofthe luminosity. It will be seen 
from the figures that there was no indication of any abrupt 

rariation in the emission of the absorbable ionizing radiation. 
In addition to the amount of the radiation coming from the 
different parts of the discharge I measured also the : ‘absorption 
of this radiation by gold- leaf at different places, the results 
are given in the third column, it will be seen that the ravs 
from the part of the negative glow furthest from the cathode 
are the most easily absorbed, and that inside the dark space 
there is not much variation uutil we get quite close to the 
cathode when the rays become of a softer ty pe. 

Similar results were found when the gas in the discharge- 
tube was hydrogen or helium, though in those gases the 
changes in the luminosity are not so abrupt as in Oxygen. 

When the direction of the dischar ge was reversed, so that 
the electrode K, fig. 6, was anode, and L or L’ cathode, 
ionizing radiation could be detected coming from the region 
near the anode ; it was, however, small compared with that 
coming from near the cathode, although when an induction 
coil was used the current passing through the tube was much 
larger when L’ was cathode than when it was anode. 
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Reflexion of the Rays. 


Experiments were made to see if any reflexion could be 
obtained from polished metallic surfaces. For this purpose 
the following arrangement was used. Z isa brightly polished 
disk of zinc, supported by a rod placed in a horizontal tube 
which joins the main tube B just behind the two pieces of 
brass A,B which form the electrical filter ; a vertical tube 
provided with an insulated disk connected with the electro- 
meter and provided with arrangements for mene the 
electrical eftect, is fused to the tube so as to be above Z and 
in such a position that rays reflected from Z would strike the 
disk in this tube. The rod supporting the disk Z could by 
the action of a magnet on a picce of iron attached to it be 


Fig. 7. 


pushed forward, so as to he in the path of the radiation 
coming from the discharge, or drawn back in the tube so as 
to allow the radiation to strike against the disk c. The rod 
could also be turned round by a magnet and the disk rotated 
through a considerable angle. Measurements were made 
first with Z drawn back in the tuhe and the disk ¢ connected 
with the electrometer, we shall call the deflexion of the 
electrometer the direct effect. The disk Z was now pushed 
forward and the electrometer connected with the disk in the 
vertical tube. Z was now rotated and it was found that when 
it was in u certain position there was an appreciable deflexion 
of the electrometer ; that thisis due to a true reflexion of the 
rays is shown by the fact that the deflexion of the electro- 
meter ceases when Z is rotated through a small angle in 
either direction from the position in which the deflexion is a 
maximum. The reflector Z was connected to a positive 
potential of 600 to prevent ne aces of electrons. 
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The ratio of the reflected to the direct effect varied with 
the potential difference between the electrodes of the dis- 
charge-tube ; it was greater when the potential difference was 
large than when it was small, the maximum I observed when 
oxygen was in the discharge-tube w was 7 per cent. With 
hydrogen in the tubs the value of this ratio was smaller, 
never in my experiments exceeding 5 per cent. ; while in 
helium it was much smaller, the maximum value being 
one-half of one per cent. 

The otber side of the zine disk was covered with a smooth 
layer of paraffin wax. There was a slight deflexion of the 
electrometer when the disk was rotated through 180° so as 
to replace the polished zine reflector by a paraftin one, the 
effect was, however, small—generally about 1/7—of that 
produced by the polished surface. 

These experiments show that when cathode rays pass 
through a vas Rontgen rays are generated. .These rays are 
not all of one kind, some of them have wave-lengths very 
much shorter than those corresponding to the characteristic 
radiation of the gas, the indications are that they form a 
continuous spectrum, the limiting frequency » being given 
by Planck’s relation, hy = E where E is the energy of the 
cathode ray. Very little seems to have been “done on 
the generation of the continuous Röntgen ray spectrum by 
the passave of electrons through gases, We may asa guide 
to what may be expected try to connect the absorption of 
Röntgen rays by a gas on which a great many se (peat 
have been made with the emission of the rays by the impact 
of electrons. Let us suppose that we have an enclosure at a 
temperature high enough to include Röntgen rays among 
the radiation ; the energy of rays having a frequency between 
vand y+dv is by Planck’s law, when e~*/R@ ig small, pro- 
portional to 

hy 


eK pèd, 


and the number of quanta per unit volume having energy 
between these limits is therefore proportional to 


hy 


-e` Ro yy, 
p 


Now suppose that there are molecules of a gas in this 
enclosure, these will absorb the radiation and to keep things 
in a ste: dy state must give out on the average as much 
radiation as they absorb. The number of quanta striking a 
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molecule of the gas in unit time will be proportional to 
hy 
e RO ye. dy, 


where cis the velocity of light. Assuming that the absorption 
is proportional to the cube of the wave-length, i.e. to 1/¥, 
the chance of one quantum being absorbed on collision varies 
as 1/y?; hence the number of quanta of Röntgen radiation 
absorbed by the molecule per second is proportional to 


_ av dv 


Now let us consider the emission, which we shall suppose is 
due to the impact of electrons. Theo number of electrons 
having velocities between v and v+ dv is proportional to 


7 mo? 
e 28 yde. 
The number of these which collide with the molecule in 
unit time is proportional to 
mr? 


e oyde. 


Let us suppose that the chance of their producing a Röntgen 
ray of frequency between v and v+ dr is 


Then the emission of the rays will be proportional to 
we mre 2 
eee -f eu 
e rti 

Where the lower limit of v is given by the equation 

dmv? = hy, 
this integral since the emission is equal to the absorption 
must be equal to 


hy 
E~ Re c —- 
4 


A solution of this integral equation is 


es ©: 
--—, y |= — -, 
23 mi? 

a a w 
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So that the chance of an electron producing a quantum of 
radiation whose frequency is between v and v+dv is pro- 


portional to =a where T is the kinetic energy of the 


electron. Since the energy in the quantum is hv, the energy 
emitted will be proportional to 


dv 
T 
The value of v will depend on the circumstances of the 
collision, such as the smallest distance between the electron 
and the centre of the atom, or of some of the electrons in the 
atom. The maximum value of y will be equal to T/k; we shall 
give reasons for thinking that there may be a minimum 
whose frequency is equal to that which just produces 
ionization in the gas. When we havea great many electrons 
all having approximately the same energy, the energy in the 
radiation having frequencies between n, and ng emitted per 
second by a given number of molecules is proportional to 
Ny — Ng 
v 
The total quantity of energy radiated is obtained by 

putting ny = T/h, and ng = Toh where Ty is the energy 
required to ionize the gas; using these values in the pre- 
ceding expression we find that the average energy generated 
by a single collision of electrons, all having the same amount, 
T, of kinetic energy is proportional to 
Ty 


l= 1, 


and thus as soon as T gets large compared with Ty, is nearly 
independent of the kineticenergy. ‘The electrons with large 
amounts of energy give radiations over a larger range of 
frequencies than those with smaller amounts, but the density 
of the energy is not so great. Though at each collision the 
fast electron may not produce much more radiant energy 
than the slow one, yet it can make many collisions before its 
energy gets so much reduced that it is unable to generate 
Röntgen radiation, so that the total amount of radiant energy 
produced by the fast one will be much greater than that 
produced by the slow. 

On the average, the energy contributed to the con- 
tinuous spectrum for one collision will be independent of 
the energy of the electron. The number of collisions an 
electron makes before losing its energy is proportional to 
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the square of the energy (J. J. Thomson, ‘ Discharge of 
Electricity threugh Gases,’ 2nd Edition, p. 378), hence the 
energy inthe Röntgen radiation produced by a given number 
of electrons will be proportional to the square of the energy 
of the electrons, a result which has been confirmed by a 
large number of investigators. 

Hitherto we have not considered what determines the 
wave-length of the radiation produced when an electron 
with a given amount of energy strikes against an atom. In 
the case of the emission of the characteristic radiation from 
an atom, the radiation seems to occur when an electron loses 
potential energy by falling from a place where this is great 
to one where it is smaller, the potential energy lost instead of 
being converted into an increase in the kinetic energy of the 
electron is converted into radiant energy, and the frequency 
of the radiation, v, is given by 


hy = loss of potential energy. 


Now when an electron passes through an atom and comes 
into collision with its electrons it is at some part of its path 
losing potential energy. In a collision with an electron 
the maximum loss of potential energy will be e?/c, where 
c is the minimum distance between the electron in the 
atom and the moving electron. If the frequency of the 
radiation emitted is related to this loss of energy by Planck’s 
law, then 


o? 
lv = 3 
i.e. v is inversely proportional to c,so that A the wave-length 
of the radiation is proportional toc. If the energy T of the 
electron is large compared with e?/c, ¢ and therefore the wave- 
length will differ very little from 6, the perpendicular from 
the fixed electron on the initial direction of motion of the 
moving one. Let us see if this will lead to the result that 
the probability of the emission of radiation of frequency 
between y and v+dy is proportional to 

1 dv 

poy: 

The probability of an electron making a collision such 
that b is between b and b+ db is proportional to 2mb . db. 

If F(T.) is the probability that this collision results in 
the emission of a quantum of radiation F(T .))2ab db 
must be proportional to 

l dv. 
T v 
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Since v varies as 1/6, F(T.6) must be proportional to 
“1 
Tt?" 


Now the energy transferred at the collision between two 


electrons is 
LTS £ 
rf (1+): 


or when T is large compared with e? b, to e/Tl?. Thus the 
chance of a quantuin being emitted is proportional to the 
energy lost by the electron in the collision. 

It follows from this way of looking at the question that 
there will be a maximum value of A, for when b is large 
compared with the distance between the electrons in the 
atoms, the electric field through which the electron passes 
will not be the field due to a single electron, but one due to 
the action of several electrons and the positive charge. The 
electric field of the electron passing outside the atom will be 
the “stray” field of the atom, and the variations in the 
potential energy in this field may be very much less than 
e7/b, where b is the distence from the atom. Thus when b 
exceeds a value comparable with the radius of the atom 
very little energy will be transformed into radiation. 

There will in the discharge-tube be a continuous degrada- 
tion of the primary Röntgen radiation into secondary, 
tertiary, and so on, radiation of longer wave-length. For 
the primary radiation produced by the cathode rays will be 
a continuous spectrum witha fixed limit; this radiation when 
absorbed by the gus will cause it to emit electrons covering 
a wide range of speeds, but none having a speed exceeding 
that of the original cathode ravs. These secondary electrons 
will give rise to trains of secondary Röntgen radiation, these 
trains will be continuous spectra, but the limiting frequency 
will in each case be less than that for the primary radiation. 
Supposing there was no loss of energy in this process, the 
energy in the secondary radiation would be concentrated 
into a shorter range of frequencies than the primary radia- 
tion. It the secondary radiation were by a similar process 
converted into tertiary radiation, the range of frequencies in 
the tertiary radiation would be less than that in the secondary, 
and soon. Thus these transformations would all result in 
the continuous Roéntgen-ray spectrum getting shorter and 
shorter and more and more energy being concentrated in 
the region of the longer wave-length. 

We have left out of account the effect of collisions with 
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other electrons on the energy of the electrons ejected by tl:e 
radiation ; if the energy of these electrons was greater than 
the mean energy of electrons at the temperature of the 
enclosure, the ejected electrons would on the whole lose 
some of their energy before giving rise to the secondary 
radiation. This would tend still further to increase the wave- 
length of the secondary radiation in comparison with that of 
the primary and so increase the rate at which radiation of a 
shorter wave-length than that of the mean wave-length cor- 
responding to the temperature of the enclosure was degraded 
into radiation of a longer wave-length. On the other hand, 
if the wave-length of the primary radiation were longer than 
the mean, the electrons it ejected would have less energy 
than the average of that of the electrons in the enclosure ; 
collisions with these electrons would increase their energy 
and this would diminish the wave-length of the secondary 
radiation. By this process the wave-length of the secondary 
radiation might be diminished below that of the primary. 
We see from this that there are agencies at work to increase 
the wave-length of the short radiations and diminish those 
of the long ones, and those bring about a distribution of 
wave-lengths in statistical equilibrium, 

A stream of homogeneous radiation of frequency v 
ejects electrons with energies equal to hy, and these 
electrons will give rise to a continuous spectrum of Röntgen 
rays where the upper limit of the frequency is equal to that 
of the primary beam. This secondary system will give rise to 
other svstems whose average wave-length is greater than its 
own. Thus the homogeneous primary beam will be accom- 
ae by a continuous spectrum of radiation, the wave- 

ength of the radiation increasing with the distance from 
the primary beam. The time taken for the transformation 
of the corpuscular radiation excited by the primary Röntgen 
rays into the continuous Röntgen spectrum will be inversely 
proportional to the velocity of the ejected electrons, which 
will, except for very hard primary rays, be small compared 
with the velocity of light. Thus the primary beam will travel 
through a considerable distance before the transformation 
is completed, so that the tail will be a very long one. This 
continuous spectrum would constitute scattered radiation, 
distinct from the normal type of scattered radiation which 
is not accompanied by a preliminary transformation of the 
primary Röntgen radiation into corpuscular radiation. The 
latter will be of the same frequency as the primary radia- 
tion, whereas the new radiation will form a continuous 
spectrum with the frequency of the incident radiation as the 
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upper limit of its frequency. Again, the variation of the in- 
tensity of the scattered radiation with the angle between the 
incident and scattered rays will not be the same in the two 
Cases. 


Summary. 


An account is given of experiments on the radiations inside 
a closed vessel containing gas at a low pressure through which 
an electric discharge is passing. It is shown that, when elec- 
trons pass through gases, Röntgen rays are produced which 
my be of far higher ‘frequency than any of the characteristic 
radiation of the gas. ‘Thus, when electrons produced by a 
potential difference of 1500 volts passed through hydrogen, 
Röntgen radiations having a freyuency corresponding to 
1500 volts were found, ‘The spectrum appears to be a con- 
tinuous one with its maximum frequency proportional to the 
energy of the electrons. Some of this radiation is absorbed 
by gases with remarkable rapidity ; thus, for example, radia- 
tions were detected in the tube which were absorbed in 2 or 
3em. of air at the pressure ‘01 mm. of Hg. Absorption as 
great as this shows that the volume in which the energy of 
this type of radiation is concentrated must be considerably 
larger than the volume of a molecule of the gas. It is 
shown that there is soma regular reflexion of the radiations 
from a polished metal surface, the maximum amount of 
reflexion obtained being about five per cent. 

An expression is arrived at for the distribution of energy 
in the continuous spectrum produced when electrons pass 
through a gas. 


T have much pleasure i in thanking my assistant, Mr. Everett, 
for the help he has given me in making these experiments. 


LXXXIII. the Theory of the Drijt of Projectiles, 
By E.T. Hanson, B.A.* 


Introduction, 


VENUE investigation of the motion of a spinning shell 

through tho air is not only of great practical im- 
portance, but also of considerable theoretical interest. The 
complete treatment is very difficult, and there are still many 
parts of it that require further investigation, he whole 


* Communicated by the Author, who is indebted to the Admiralty 
for permission to publish this paper. 
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problem is very fully and ably treated in “ The Aerodynamics 
of a Spinning Shell,” Phil. Trans. ser. A, vol. cexxi., by 
Messrs. Fowler, Gallop, Lock, and Richmond. 

In the present short communication an extension of the 
Particular Integral of the approximate equations of motion 
is discussed. The shell is considered to be a rigid spinning 
body acted upon by three forces at right angles to one 
another passing through the centre of gravity, and by three 
couples about axes at right angles to one another which 
intersect at the centre of gravity. The problem cannot 
be solved generally ; approximate solutions only can be 
obtained by certain simplifying assumptions. 

Now there is one assumption about the legitimacy of 
which there can be little doubt. A projectile is symmetrical 
about its axis of spin. When itis travelling “ nose on,” that 
is when the axis is tangential to the path of the centre of 
gravity or, in other words, when the “ Yaw” is zero, the 
motion of the projectile is that of a particle under the com- 
bined forces of gravity and “drag.” Excepting the couple 
tending to reduce the spin, which couple is usually very 
small, all the remaining components of the force system 
vanish with the yaw. 

Instead of putting any restrictions upon the force system 
called into play by the reaction of the air, the following 
conditions are assumed to be satisfied :— 


(a) The spin is large or, as will be explained, sufficiently 
large to justify the approximations involved. 

(b) The yaw, which is the angle made by the axis of the 
shell with the tangent tothe path of the centre of 
gravity, is always sinall. 

(c) The deviation of the path of the centre of gravity from 
the plane normal trajectory is always small. 


While keeping the force system as general as possible, 
the initial velocity of the shell is considered to be largely 
arbitrary. The theory is interesting as indicating the 
nature of the changes produced in the drift as the spin of 
the shell is gradually increased without limit. 

The plane trajectory is defined as the path described by 
the shell in space when it is treated as a particle. 

Theoretically, the foregoing conditions are merely assump- 
tions, but practically it is not too much to say that, unless 
they are justified, the trajectory would be in most cases useless 
in actual gunnery. With regard to the spin, its magnitude 
is dependent upon the rifling of the gun, and therefore largely 
controllable. 
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In the case of the yaw, the condition (6) is certainly 
complied with in practice, when the shell is initially stable, 
at all points of every trajectory which does not exceed an 
initial elevation of about 45°. The formula for the drift of 
a shell has been shown to depend very approximately upon 
the ratio of two of the components of the force system. But 
this result depends upon experimental evidence as to the 
magnitude of the forces, which indicates that the ratio 1s 
small. It is not a consequence of the conditions laid down 
above. Assuming these conditions only, it is shown under 
what circumstances this ratio must be small. Those cases 
are then considered in which it is possible to treat the 
components of the force system very generally. An apology 
must be made for treating the notation somewhat carefully 
in the next section. Much difficulty is often caused by lack 
of appreciation of this important detail. 


The Force System and Coordinate System. 


Let O be the centre of gravity of the shell, and OXYZ a 
svstem of rectangular coordinates. Let OY be the direction 
of motion of the centre of gravity at any instant, and let 
XOY be the plane which contains the axis of spin initially, 
so that the angular precession is measured from XOY. Let 
OB be the direction of the axis of spin at any instant. Then 
the angle BOY is the yaw of the shell. The angle which 
the plane BOY makes with XOY is ihe angle of precession. 


Let BOY=¢ 
and let the angle of precession =y. 


Let OA be perpendicular to OB and in the plane BOY, 
which is the plane of yaw. Let OC be perpendicular to 
OA and OB. Let OA’ and OC’ be the positions which OX 
and OZ would respectively take up if they were rotated about 
OY through an angle y. 

The force system due to air resistance is then defined as 
follows :— 


The drag R acting along YO. 

A force R, sin ġ acting along OA’, 

A force Rasin ¢ acting along OU’. 

A couple M acting about OB and tending to reduce the 
spin, 

A couple M, sin ġ acting about OA, tending to turn OB 
into the position OC. 

A couple Mzsin $ acting about OC, tending to turn OB 
into the position OA. 
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R,R; M,M, being quite arbitrary, the factor sin œ is justi- 
fied by the assumption that these forces vanish with œ. 
Through O construct a plane perpendicular to the plane 
trajectory and cutting the latter in G. Let OY’ be parallel 
to the tangent at G in the direction of travel, and let OX’ 
be parallel to the normal at G drawn outwards. Let OZ’ 
be drawn to the right of the plane trajectory. Let the 
plane XOY cut the plane Y'OZ’ in OW. In order to make 
the foregoing systems of reference quite precise, it is only 
necessary to adopt the following convention :— 

As the centre of gravity moves, the plane XOY always 
contains OX’, | 

Let the angle Y’YOW =e and YOW =y. 

Let OX’ make with the vertical an angle 0. Since 
a and yare assumed to be small, æ is the deviation of the 
direction of motion of the centre of gravity from the tangent 
to the plane trajectory to the right, and y is the deviation 
upwards. Let the velocity of G along the plane trajectory 
be noted by v. To the approximation required this is the 
velocity of O. Let © be the spin of the shell, m its mass 
and C its moment of inertia about its axis of spin. 


The Equations of Motion. 


When a shell leaves the muzzle of a gun, the motion of 
its axis is frequently of a highly oscillatory character. The 
initial values of @ and y may be such as to set up rapid 
vibrations of period comparable with that of the spin. These 
vibrations take place about a mean steady motion of the 
axis, which is comparatively slow. This mean steady motion 
gives rise to the trajectory, which is known as the “ mean 
twisted trajectory.” 

The approximate theory of these vibrations has been dealt 
with in various places, and there is evidence to show that 
they gradually subside. It is not intended here to consider 
the theory of these oscillations under a completely general 
force system, but it is assumed that the initial values of ġ 
and ẹ are such that the shell describes its mean twisted 
trajectory, without oscillations of ils axis, from the moment 
when it is clear of the muzzle blast. These are, in fact, the 
conditions usually selected for the “ particular integral ” of 
the approximate equations of motion. Under these circum- 
stances b, yr, and, of course, 8 may all be considered small 
compared with Q. 

The general equations of motion have been fully dealt 
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with elsewhere. In the present notation, except for the 
force system, they are given in a paper entitled ‘ The Initial 
Motion of a Projectile” (Phil. Mag. xlvi. p. 1027). Under 
the conditions here laid down the last two of equations (8) 

of that paper reduce to 
CAQ, =M, 
l 1 S (1) 

and CAQ =M, 

With regard to the validity of these equations, they 
theoretically imply little restriction upon the force sy stem, 
assuming that we may make the spin as great as we 
please. The value of ġ may be initially large, but the 
greater it is initially the more rapidly is it damped out (see 
equation 8 below). The force components upon which y 
depends must be kept within limits, and in fact they are in 
practice small enough to justify the application of (1) in the 
derivation of the ap “proximate formula for drift. 

These two equations (1) combine into the single complex 
equation 


2 (ge) +047 + i= npe? 
M,—iM, mE ee Oe) 
CR 


The equations (4) and (5) of the same paper, when reduced, 
combine into 


where K= 


j+ia— sinb (y+ iaj= fpe 
Rr oo 6) 


where J= 
MUV 


The slightly altered notation and generalization of the 
force system require no further explanation. 
The Solution of the Equations. 
It is convenient to write 
ġe*=p and ytiz=q. 
The equations (2) and (3) then become 
ptept+O4+j=0, 2... (4) 
qttan@.0y—fp=0, . . . . . (3) 
making use of the well-known equation of the plane tra- 
jectory 
= —" cos 8, 
v 
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Under the conditions laid down, the formule (4) and (5) 
are quite general. 


Since = tanôĝ. ĝ=— “sin 0, 


equation (4) may be written 
p+ (e +f)p— $ cos 0+ “sin 6.9=0. =. . (6) 


Now let us consider trajectories whose initial elevations 
do not exceed 45°. ‘These are sufficient for our purpose, and 
it will be shown that they can be treated with considerable 
accuracy and simplicity. There is no justification for 
omitting q in (4), for over a large part of most trajectories 
q may be quite comparable with @ without contravening 
condition («). This latter condition requires that q should 
bo small, and therefore, initially, the last term of (6) will be 
small compared with the penultimate term. But since sin 0 
decreases and cos @ increases until the vertex is reached, we 
have an additional justification for assuming that the last 
term is entirely negligible in its effect upon the yaw. 

The equation (6) may therefore be written 


pt (etf)p+6=0. es sar: e os (7) 


The complementary function is obtained by omitting 6. 
It is 


p= pe” = pe tnt o> he a (8) 


if the initial values of ¢ and ẹ be dy and zero respectively. 
The complementary function is, therefore, damped out, and 
is also oscillatory in character. When substituted in (5) it 
results in the ‘mean twisted trajectory ” and produces no 
permanent drift. 

The particular integral can be written 


PN eth (et) EHS) 

Now 6 is always very small, and the rate of change of the 
force system is taken to be never large. Hence, if one of 
the components of « or f be moderately large, the third and 


remaining terms of this expression are quite negligible. 
Hence for the particular integral we have 


Haesen. =0. 


p=- zp 0 D 
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Substituting (9) in (5), we obtain 


È {ysee0}=— f 5008.6, . . » (10) 
for it is unjustifiable to assume here that @y is negligible. 
If f be large comp ired with x, the factor f/(«+/) may be 
treated as sensibly constant. In any case, if this factor be 
constant the equation can be completely solved. 
The solution required can be expressed in the form 


ddn (= 4%) 
q= gg [sn 0 log tan it 5) 1]. s ae ET) 
Hence at the vertex 


g=—SO/(etf), 
and therefore, unless f be small compared with «, the con- 
dition (c) will not be satisfied. 
If, on the other hand, f is small, we may write (10) in the 
form 


ò f = 
ayy (7 see 0) + „sec 9. 0 =0. soy a e (12) 

In practice the only components which need be retained 
are M, and R}, so that 


In this case (12) is equivalent to Mayevski’s equation for 
drift in its generalized form. 


Considering now those cases in which 6 is small, of the 
same order as g, (5) may be written 


g—fp= 0, 
so that, from (9), 


This equation may easily be discussed generally, but for con- 
venience and brevity consider, as before, only the components 
M, and Ry, and let the ratio R,/M, be constant. 

Let f=p and «= — ip, and note that p/p is proportional to 
the spin. 

Then 2 

y=- e ae 

p+ p 
oe 6. 
W +P 


and a= 
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If the ratio p/u be treated as a variable parameter, then, 
for a given point on the trajectory, y will increase con- 
tinuously from 0 to 0—0 as p/p increases from 0 to infinity. 
Under the same circumstances æ will increase from 0 to a 
maximum 34(0)>—@), and will then decrease to zero. This 
maximum occurs when the ratio p/p is unity. 

Thus under no circumstances can the vertical drift do 
more than counteract the effect of gravity, nor can the lateral 
deviation exceed half the maximum value of the vertical 
deviation. Only when the ratio p/w is less than unity can 
the lateral deviation exceed the vertical. 


LXXXIV. The Flow of Water in an Inclined Channel of 
Rectangular Section. By Haroip JEFFREYS, M.A., D.Sc., 
Fellow and Lecturer of St. John’s College, Cambridge *. 


1.0. JT is well known that water flowing in pipes obeys the 
laws of viscous flow so long as the velocity does not 
exceed a certain limit depending on the viscosity and on the 
dimensions of the pipe, but that if the velocity exceeds this limit 
the motion ordinarily becomes turbulent and the frictional 
stress becomes proportional to the square instead of the first 
power of the velocity. The corresponding problems relating 
to the flow of a fluid over a plane seem to have received much 
less attention from the experimental side, though it is gene- 
rally believed that the laws followed are very similar. Tle 
frequent occurrence in nature of turbulent flow over a plane 
or nearly piane surface, with a free surface for the upper 
boundary, snggested that a direct experimental determination 
of the coefficient of skin friction and of the Reynolds criterion 
for turbulence in such a case was desirable. Such an investi- 
gation is described in the following pages. A determination 
of the Reynolds criterion in similar conditions has been pre- 
viously made by L. Hopf t, but he did not find the coefficient 
of skin friction when the critical speed was much exceeded, 
and the methods adopted differ materially in the two cases. 


2. THEORY. 

2.1. Purely viscous flow.—lWLet a be the inclination of the 
surface to the horizontal, and let axes of æ and z be taken, 
£ along the direction of greatest slope and z perpendicular 
to the plane. Let u be the velocity, ¢ the depth, and y the 


* Communicated by the Author. 
t Ann. d. Phys. (4) xxxii. pp. 777-808 (1910). 


Phil. Mag. S. 6. Vol. 49. No. 293. May 1925. 3 F 
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kinematic viscosity. Then if the channel be of uniform 
width, we have the dynamical conditions 


du , 1 OP 4 Ou 1 
a ae a dt 2 e A (1) 


0 =—g cosa—} S5, E E E E 


where P denotes the pressure and g the intensity of gravity. 
The vertical acceleration has been neglected, since it is 
essentially an insignificant fraction of g. We have, further, 
the equation of continuity 


fo) % 
oF =—( Ò (ub) de. Ye, b Se wee (a) 


In steady flow (3) is an identity, and (2) shows that so 
long as 9/02 is not comparable with tan a, the pressure term 
can be omitted from (1). This being the typical case, the 
solution of (1) must be 

_gsina 


u =T CL n 


since this satisfies the boundary conditions, namely that u is 
zero in contact with the bottom, where < vanishes, and that 
Du/dz is zero at the surface. The surface velocity is 


u, =gsina./2y, e... . (5) 
and the mean velocity, taken with regard to the depth below 
the surface, is ; ; ; 

ug = g sin a . ¢°/3v, e e e e ® (6) 


so that the mean velocity 1s necessarily 2/3 of the surface 
velocity. 

The rate of flow of fluid across a unit length perpendicular 
to the direction of flow is 


Q = u = g sin a . &/3v. . . . . (3) 


If then Q and v are specified, the depth and the velocity 
at any depth are determinate. Conversely, if we can 
measure Q and wz, or ¢, we can find v. 

292. Turbulent jlow.— With the same notation, save that 
u will be taken to denote the mean velocity at the depth 
under consideration (i. e., eddy velocities are supposed 
averaged out), let the frictional force per unit area over 
the bottom be xpu?, where p is the density and « the 
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numerical constant of skin friction. The condition for 
the water to be unaccelerated is that 


ku? = gCsina. e... . o (1) 


The ratio of the mean velocity to the surface velocity is 
subject to some uncertainty. lf it be m, we have 


Q = muf6=m(gsina. Eje) . . . . (2) 
= mru /g sina., . . . . . (3) 


If m be known, a determination of Q and of uù or ¢ will 
enable us to find «. 

In turbulent flow there is always a region of laminar flow 
with rapid shearing close to the solid boundary. If the 
velocity at the boundary between the turbulent and non- 
turbulent regions is nu, and if the thickness of the non- 
turbulent region is l,which is by hypothesis swall compared 
with ¢, the conditions at the solid surface are : 


U0, 6 oe th a we se a A) 


dug 
ie (5) 
If then l be so small that we can neglect [?d?u/dz’, 


we have j ° 
o ynu fl = xu, 


that is L=yn[ku. o e.. . (6) 
Again, let us suppose that the conditions in the turbulent 


layer can be represented by a uniform coefficient of eddy 
viscosity k. Then within this layer we must have 
_gsina 


E O O) 


so that (1—n)u = g sin a. &)2k, ° . ° ° e ° (8) 


with our approximations. The mean velocity in the turbulent 
layer is (§+4n)u1, and that in the non-turbulent layer is 4nu,. 
T'hus the mean velocity over the whole depth is given by 


mu = (C-l)(4+4n)utl.inm, . . (9) 
so that practically 
—- z+ an. e ° e ° e e e ° e (10) 


A determination of the velocities at the surface and at the 
boundary of the non-turbulent layer will therefore give the 
3 F 2 
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mean velocity. Further, we have from (8) and (1) 
of 9 sina. Oem 
~ (l—n)u, ~ (l—n)g sine 


= orn) J... OY 


by (3). 

Thus the eddy viscosity is determinate. Again, we 
readily see from (6) that the smallness of 1/0 requires 
that Q/v shall be large compared with ren/e. I this 
condition is not satisfied, the non-turbulent layer will 
take up a considerable part of the depth of the liquid, and 
an important correction will be needed to allow for it. 

2.3. The Reynolds number.—It can as usual be shown 
from dynamical similarity that the resistance to the motion 
of a fluid over a plane must be of the form 


F = epu? AQ) . . . . .. (D) 


The no-dimensional parameter Q/v will here be used as the 
Reynolds criterion. lt has the advantage that both Q and v 
are directly under control, the former by regulating the 
supply of water, the latter by varying the temperature 
or the amount of dissolved material. 

When Q/v is very great, f is practically unity ; when it is 
small, we easily find from 2.1 that 


The form of this suggests that the transition from purely 
viscous to turbulent motion will take place when Q/v is in 
the neighbourhood of 4/3«. The transition need not, how- 
ever, be sudden. 


3. EXPERIMENT. 


3.1. Iam much indebted to the courtesy of Prof. Inglis 
for being allowed to carry out the following experiments in 
the Hydraulics Department of the Cambridge Engineering 
Laboratory, and to Mr. R. R. M. Mallock for the loan of 
an instrument for producing a steady flow of liquid. 

3.2. The flow investigated was produced in a wooden 
trough 364 cm. long, 10°2 em. wide. and 5 em. deep, 
all measurements being internal. The upper end was 
closed and the lower open, and the whole was painted. 
The heights of the ends of the trough above the bed could 
be adjusted by means of blocks. The water-supply was 
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taken from a tank designed to maintain a constant head, 
and before it entered the trough it was made to pass through 
Mr. Mallock’s device for reducing irregularities of flow. In 
this it first percolated through a number of holes in a brass 
plate and then ran over two weirs and finally down a smooth 
metal ledge into the head of the trough. Except at the 
very lowest speeds, when it was difficult to keep the whole 
of the ledge wet, the water entered the trough in a uniform 
thin sheet whose width was nearly that of the channel. 

To determine v or æ it was necessary to measure two of 
the three quantities Q, u and € The first offered no 
difficulty ; it was sufficient to measure the total rate of 
supply of water by observing the -time needed to fill a 
2000 c.c. measuring jar, and then to obtain Q by dividing 
the flow per second by the breadth of the trough. The 
depth of the water was much more difficult to find. Had 
the surface been actually a plane, it might have been done 
by placing a bar of square section across the top of the 
trough and then measuring down to the bottom and to 
the free surface by means of a steel scale. The surface, 
however, was always covered with waves. The most con- 
spicuous were standing waves, spreading like ship-waves 
from places at the edges where the film raised by surface 
tension had dried. These could be considerably reduced for 
a short time by running the hand along and re-wetting the 
sides. In addition there ‘were usually progressive waves, 
apparently of greater amplitude, but more difficult to see 
on account of their speed. On account of the two types of 
waves, it was impossible to be confident that measures of the 
depth could be trusted within a millimetre; since the total 
depth was usually only about 5 mm., and since it would have 
to be cubed in the calculation, this method was abandoned. 
Hopf comments on the difficulty of measuring the depth, 
but seems to have succeeded better than I did. 

I therefore resorted to measuring u, by observing the 
time it took a recognizable object to pass through a known 
distance. At first, pieces of paper about 1 cm.? in arca were 
dropped in at 50 cm. from the head of the trough and timed 
over the remaining 314 cm. This method usually worked 
well, except when the depth was small, when the paper was 
liable to drag on the bottom ; it was easy to see when this 
was happening, but it led to the rejection of a considerable 
number of observations. It proved to be more convenient to 
observe a drop of ink; the front of a patch of ink gave a 
measure of the velocity at the surface which agreed satis- 
factorily with the results found with paper. 
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The critical Reynolds number, corresponding to the lowest 
value of Q that makes the fow turbulent, was found by 
dropping ink into the water. In viscous flow the ink was 
drawn out into a thin line, save for a faint uniformly tinted 
patch left on the surface, probably by some surface tension 
effect. In turbulent flow the front of the inky patch was 
speckled, not uniform, but shaded behind into a long region 
where the tint seemed to vary continuously. The ink used 
was for the most part a blue-black fountain-pen ink. Its 
density was considerably greater than that of water. A red 
ink, made up to the density of water by the addition of 
a little methylated spirit, was also used, but showed no 
systematic difference; probably in both cases the mixing 
When the ink was added was sufficiently thorough for the 
difference of density to be unimportant. 

It was important that the length of the trough should be 
along the lines of steepest slope of the bottom ; in other 
words, that lines of the bottom perpendicular to the sides 
should be level. Otherwise the water flowed down one 
side, and too low results were obtained for the viscosity 
or the skin friction coeticient. 

If Q and u are observed, we can calculate v or mæ from 


the formula 
mk = Qg sin afu’, ©. o © è >» o œ (1) 


ee me, ns hs (2) 


oa 8 u’ 

The results in the table are arranged in order of ascending 
values of Q; m« and y have been calculated separately tor 
each set of observations. 

It is seen that the first three values of v found from the 
experiment are approximately equal to the true viscosity 
of water. The correct values found from the tables for 

‘ater at the actual temperatures are 0:0131, 0:0119, and 
0:0115. For these rates of supply the flow was therefore pre- 
sumably entirely or almost entirely laminar. For all other 
values of Q, however, the value of y found from formula (2) 
was much greater than the true viscosity; the motion was 
therefore turbulent. Omitting then the first three entries, 
we can use the remaining 21 to find mæ. The frequency 
distribution of the various values of 1000 mæ is as follows :— 
1-7 to 1'9, 2; 1:9 to 2:1, 2; 2:1 to 2°3, 6; 2°3 to 2°5, 3; 
2:5 to 2°7, 3; 2°7 to 2°9, 4; 2°9 or more, 1. The arithmetic 
mean is 2°38, and the standard deviation 0°31. Hence the 
probable error of the arithmetic mean is 0°05. Thus 
the product mæ is 0:00238 + 0:00005. 
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: tt,. cosec a. me. n. 
cm.?/sec, em. */sec. 10-? cm Tsee. x. 107?x. 

2:97 32:9 223 1:20 3°68 

3°46 87:5 24:3 1:03 2:65 

4°29 45 22:2 101 2-08 

6°35 50 22:3 1°60 2:24 

7°35 68 12:3 1-54 1:87 

7°46 53 24°3 1:66 1:99 

7°60 58 22:3 1-75 2°05 
126 48 43 3°68 2:60 
12°6 73 1273. ror 2°58 
13°7 60 243 (wens 2°57 0°87 
16:4 68 229: JDR 2°28 0°77 
17:8 65 223 ahn 2:87 075 
18-6 67 222 n 2°73 0-84 
18:9 87 123 o aun 2°28 
18:9 95 TO aue 2°75 0°81 
18-9 70 230 a. 2°33 
22:2 71 222 was 2°75 0:88 
26°7 79 222: . R 2°38 0:82 
313 85 22°2 PRP 2:26 0:87 
37:6 83 22'S ates i 2°90 
40 131 T35 an 2°38 
40 106 156 aaa 2°12 
40 61 69 eee 1-74 
40 103 156 ou 2:30 


The chief factor in producing the deviations from the 
mean value is the inaccuracy of the velocity. The observed 
time of transit of the water along the trough was on an 
average about five seconds. It was measured with a stop- 
watch graduated to fifths of a second. Each reading was 
repeated several times, and as a rule the observations differed 
among themselves by one or two fifths of a second. Thus 
the probable error of the velocity is comparable with + per 
cent. It is cubed in the calculation, giving an error of 
12 per cent. in mx. This is nearly equal to the standard 
deviation of the determinations. Q and æ can hardly be in 
error by more than 1 or 2 per cent. A more accurate way 
of determining the velocity may therefore lead to a con- 
siderable reduction in the outstanding probable error. 

3.3. Determination of m.-—When ‘the velocity was found 
by means of ink drops, the front and the back of the inky 
patch in the water were, as a rule, both timed along the 
trough. It seems reasonable to suppose that eddies dis- 
tributed the ink vertically throughout the turbulent layer. 
If any ink entered the non-turbulent layer, however, it 
would be extended so rapidly lengthwise as to become very 
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much fainter than the ink in the turbulent laver. Hence 
in turbulent motion the back of the inky pateh would be 
expected to correspond to the velocity at the transition 
between the turbulent and non-turbulent layers. On this 
assumption, the value of n is given in the table. ‘The mean 
value is 0853+002. Hence, by 2.2(10), m is 0°9440°01. 
Thus æ is 0°00253 -+ 000006. 

3.4. The critical Reynolds number.— With the trough at 
inclinations of 1/15 and 1/23, drops of ink were added to 
find out whether the motion was in fact turbulent or not; 
in each case it was found that turbulence set in when Q was 
about 3°8 cm.?/sec. The temperature was 12°4, making 
the viscosity 0°0123 em.?/sec. Thus the critical Reynolds 
number was about 310. 

Hopf gets 300 to 330 by a different method. He finds y 
by a formula equivalent to 3.2 (2). It remains constant for 
values of Q up to a certain limit, and then begins to increase 
nearly linearly with Q. This limit is taken to give the 
eritical Reynolds number. 

Up to this value the motion is purely viscous, and the 
mean velocity is 2/3 of the surtace velocity. Above it, 
the vertical extent of the turbulent region generally in- 
ereases and the ratio at the same time rises, 

It was seen in 2.3 that the two laws of fluid friction 
became equivalent when the Reynolds number was 4/3«, 
which we now find to be 530. There must therefore be 
a gradual transition from one law to the other, not a 
sudden change from a livear law to a square law when Q/v 
reaches 310. 

3.5. The eddy viseosity.—If we use 2.3 (11), with the 
values found for n and æ, we have in general 


=0:00800Q, ...... (J) 


This result depends only on the hypotheses that the supply 
of fluid is much above the critical Reynolds value and that 
k is the same at all distances below the surface. It might 
vary on account of variation in n, but such variation seems 
unlikely to be great. If it occurred it would probably act 
in the direction of making the top more independent of the 
bottom at the higher speeds ; thus n might diminish. Even, 
however, if n became zero, & would only change to 3«Q or 
0-00192 Q. The order of magnitude of k therefore seems 
to be fixed in any case. With the largest value of Q used 
in these experiments, namely 40 cm.?/sec., k is found to be 
0°32 em.? see. 
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3.6. The non-turbulent layer.—When the rate of flow was 
only two or three times the critical rate, a drop of ink placed 
in the stream penetrated into the turbulent layer and was 
drawn out into a long straight filament by the shearing in 
that layer. The ink that stayed in the turbulent layer 
naturally became diffuse and rushed ahead. With greater 
rates of flow the non-turbulent layer became thinner, and it 
became more dithcult to make it visible. Merely injecting 
ink into the stream in the neighbourhood of the bottom did 
not produce the desired effect. Probably the action of 
forcing ink into the water in itself introduced a certain 
amount of turbulence locally, and the turbulent fluid imme- 
diately mixed with the turbulent layer and was carried away. 
Wien a larger amount of ink, say 0°5 c.c., was projected 
nearly normally at the bottom, more success was obtained. 
A little of it in this case became entangled in the non- 
turbulent layer. With the shighest values of Q and æ used, 
corresponding to a velocity of over a metre a second, some 
ink injected in this way could be seen several seconds after- 
wards, advancing in a stream-line motion with a velocity 
about 1 per cent. of that at the surface. 


4. COMPARISON WITH RELATED RESULTS. 

The value found for the coefficient of skin friction, namely 
0°00256, may be compared with those found by G. I. Taylor * 
from observations of wind at various heights, namely 0°0023 
for light, 0°0032 for moderate, and 0°0022 for strong winds. 
The two problems refer to somewhat different conditions, 
however. In the air there is an almost permanent tendency 
to stability, owing to the difference between the actual and 
the adiabatic lapse-rates of temperature with height; this 
is absent from the present problem. Further, my formula 
expresses the skin friction in terms of the velocity of the 
water at the free surface; Taylor’s expresses it in terms of 
the velocity at the lowest level recorded by a pilot balloon, 
whereas the meteorological analogue of the velocity at the 
free surface is probably the geostrophic wind. Thus the 
numerical agreement between my coefficient and Taylor’s, 
beyond the order of magnitude, is accidental. 

Ín work on tidal friction in shallow seas, Taylor and I took 
the coefficient of skin friction in tidal currents to be 0°002, 
the surface velocity being used as the datum ; the results of 
this paper indicate a coefficient about 25 per cent. greater. 

In hydraulics, computations for conduits are usually based 


* Proc. Roy. Soc. A, xcii. pp. 196-199 (1916). 
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on the Chézy formula, which in the notation used here is 
ivalent t 

i an a mu, = C(€sin a), 


C being the Chézy coefficient. Comparing with 2.2 (1), 
we have 
K= m 3g/C. 

The Chézy coefficient in metre-second units, with an un- 

planed plank bottom, when the water is shallow in comparison 
with its width, is about 55°. With this value, and our 
value of m, we find that « is 0°00286. For a neat cement 
bottom © is 64, making « equal to 0°00221. It may be 
remarked, however, that the smallest depth given in the 
table quoted corresponds to a value of Q of 880 cm.?/sec., 
whereas those in my experiments ranged from about 3 to 
40) em.?/sec. On the other hand, much experimental evidence 
is harmonized if we suppose that « is really proportional t 
to (v/Q), so that a value of x of 0:0022, for Q equal to 
880 cm.?/sec., would correspond to one of 0:0045, for Q 
equal to 40 cm. ?/sec. In that case my lower values will 
have to be attributed either to the greater smoothness of the 
bottom or to a departure of fiiction for moderate values 
of Q from the law appropriate to large values. 

Merriman, who follows Bazin, quotes higher values of C 
for greater depths, but. this is probably due in part to edge 
effects. On the other hand, lower valnes of (C, ranging 
down to 17, are given for other types of bottom, the lowest 
referring to weeds. The theory of the effect on the skin 
friction of variations in the nature of the bottom is likely to 
be rather difficult. So long as the projections on the bottom 
are small compared with the thickness of the non-turbulent 
layer, and so long as the fluid wets the bottom, it seems 
unlikely that they can affect the friction appreciably. A 
slight confirmation of this may be afforded by the fact that 
Hopf’s determinations of the critical value of Q/v for water 
flowing over brass and glass agree with mine fora planed plank 
bottom. IE the projections are great enough to penetrate 
the non-turbulent layer, however, they may affect the cha- 
racter of the turbulence: the projections, by obstructing 
the current, may considerably increase the friction. Inci- 
dentally, as v. Karman points out, they improve the accuracy 
of the proportionality of the friction to the square of the 
velocity. Weeds differ from other projections in being 


* Merriman, ‘ Treatise on Hydraulics,’ p. 314. 
t Cf.T. von Karman, Zs. f. ange. Math. u. Mech. i. pp. 233-252 
(1921). 
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movable. Among the weeds the flow may be largely 
viscous, especially if they are growing thickly; thus they 
may much reduce the effective depth cf the stream. It 
seems likely that the ratios of the height of the projections 
to the depth of the fluid and the thickness of the non- 
turbulent layer are important data relative to the law of 
friction in a stream, 

In the flow of Huids in pipes turbulence usually develops 
when wa/v reaches 1015: here uo is the mean velocity and 
a the radius. In the rectangular case, Q was practically 
the ratio of the rate of flow through a section to the wetted 
perimeter of the section; in a circular pipe this is 42a. 
Thus the critical value of the analogue of bi is 525, instead 
of 310 as found for the trough. The difference may be 
attributed to the additional possibilities of instability intro- 
duced by the free surface. Streams in turbulent flow, 
however slight the wind may be, never seem to have per- 
fectly even surfaces ; the surface is always quivering, and 
reflects irregularly. The skin friction in pipes is about 
0:0025 pu? per unit area; if it is expressed in terms of the 
maximum velocity, the numerical coefficient wiil have to be 
less than in the case of a stream with a free surface. 


5. Proaressive Waves.— Reference has already been 
made to the presence of progressive waves on the water 
during the experiments, lt was actually to test a theory of 
the formation of such waves that the experiments were 
originally undertaken. It has been noticed by Vaughan 
Cornish * that the water in certain Alpine conduits, with 
plane bottoms and rectangular sections, does not flow in a 
steady stream but in a series of waves. The height of the 
waves is comparable with the mean depth of the water 
(about 3 inches), and the velocity 1s appreciably greater 
than that of the surface of the water. It appeared possible 
that the development of waves of such size might be due to 
an essential instability of the uniform flow of a stream in 
certain conditions, and on investigation it is found that such 
instability is present in all cases when the slope of the 
bottom exceeds a certain definite numerical value. It is 
to be noticed that this instability is different in character 
from the instability that leads to the transition from laminar 
flow to turbulent flow. It presupposes that the flow is 
already turbulent, and indicates a transition, from the 
ordinary flow of a stream with a plane or nearly plane 


* ‘Waves of the Sea and other Water-Waves,’ pp. 294-330 (1910). 
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free surface, to a different turbulent flow with the surface 
marked by moving transverse ridges. 

In the following theory the motion will be supposed 
thoroughly turbulent, the friction proportional to the square 
of the velocity, and the wave-length of the disturbance of the 
steady motion long compared with the depth of the fluid. 
As an approximation, the velocity u will be supposed the 
same at all depths. The equation of continuity is 


oF = —2 (uf). a @ ve. et a ~ CD 


The dynamical equation is obtained by integrating the 
equation of motion down the slope with respect to the depth, 
the range of integration being from the bottom to the free 
surface. It is 


Ou on) _ $ `) 2 ») 
e (Sp tu" = (y sin ae =ru’. . (2) 
In steady motion, let 
4 = h, u = U, ° ° e . . ° (3) 
and in the disturbed motion let 
g= h+, u= Utu. .... CA) 
We have the steady motion condition : 
ghsina = 4U? 2. o o a aa (8) 
Tt for shortness we write o for 9/dt, and p for d/od.r, 
equations (1) and (2) reduce to 
(a+ Up) =— hp’, se ew ee (B) 
(o+Up)u’= K sin a— qp cosa 2U y (7) 
~P h A he ™ 


where all terms depending on squares and products of the 
departure from steady motion have been neglected. On 
eliminating and using (5), we find that u! and ¢ are both 
annulled by the operator 


2«U 
(o + Up)? + 7 + 3yp sin a-—ghp? cosa. . . (8) 


Any small disturbance of the steady state that may exist 
at first can be expressed as a combination of sines and 
cosines of multiples of x, or alternatively as a combination 
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of terms of the form et, where 8 is purely real. Then 
each term of this latter type will give solutions of (8) of 
the form Ae?‘+'8*, where A and y are constants. A depends 
wholly on the initial conditions ; y is to be found by writing 
t8 for p and y for ø in (8), equating the resulting expression 
to zero, and solving for y. If the resulting value of y has a 
zero or negative real part, the steady motion is stable ; but 
if it has a positive real part, any initial small disturbance of 
the type considered will increase exponentially until its 
amplitude becomes so great that its square can no longer be 
nevlected. We actually find on solving that 


$ 
y = ETA (x sin æ — ih sin a— Ph? cos a)?. (9) 


h 
pug Bh=r%y,....... (10) 


so that A isa pure number. Then 


gsine\} «xU Ky sin a)? 
BU =A ys “a(S “ys. Gy 


and asin a\$ 
y= (EI) Lame (ued eat cota)]. (12) 


It is clear from this result that, for any value of £, 
at least one of the arsociated values of y has a negative 
real part ; further, that if æ is small enough they both have 
negative real parts. This corresponds to the ordinary fact 
of observation that waves on a stream of small slope tend to 
die out. The transition to instability can occur only if 
y passes through a value with a zero real part. But the 
condition for y to be purely imaginary is that the square 
root in (12) shall be of the form «4.6, where ô is real. 
Expressing this equality, we derive the equation : 


x? —tKr — KN’ cota = Kn? + 21nd —-S% 2 . . (13) 
Equating real and imaginary parts we have 
S=—-40A; S=xKr?cota;. . . . (IA) 
and on eliminating 6 we have simply 
tan æ = 4e. . . . a. . (15) 


Thus the steady flow will first become unstable when the 
slope is just greater than 4x, or practically 1 in 100. For 
the first wave that is able to grow, y has imaginary part 


i $ : i 
(= (— cr). The velocity of the wave is therefore 
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down stream and equal to—-y,8, or 3U. The wave therefore 
travels one and a half times as fast as the water. The in- 
stability develops at the same stage for all wave-lengthis, 
subject to the condition of the problem that the wave-length 
is great compared with the depth of the water. 

It may be remarked that if the slope has the critical 
value 4x, the velocity of the water is just equal to 2(ah), 
and the velocity of the wave will exceed that of the water 
by (gh)t, which is just the velocity of a long wave in standing 
water. Cornish comments on the fact that the waves in his 
conduits seemed to gain on the water with a velocity equal 
to that of a wave in standing water of the same depth ; it 
appears that the present argument is able to account for this 
fact, at any rate at the beginning of the formation of waves. 

When waves have once begun to form, it is clear that the 
water of the crests will tend to rush duwn, gaining over 
the troughs, till the surface has been converted into a series 
of bores following one another down stream. A considerable 
extension of the theory would be required to give a quan- 
titative account of the final stage. The tieory as here 
developed deals only with the earliest stage of the develop- 
ment of roll-waves, and shows that they are to be expected 
in all rectangular conduits whose slopes exceed 1 in 100. 
Those described by Cornish have slopes of Lin 14 and lin 22 
respectively, There seems no reason why similar instability 
should not give rise to roll-waves when the bottom of the 
conduit is not plane, but has a curved section, so long as 
the section is uniform. If, however, the bottom is irre- 
gular, waves produced in this way will be deflected trans- 
versely and have their velocities changed at irregular intervals 
by the projections on the bed; hence they will only add to 
the general appearance of turbulence at the surface, without 
producing any characteristic roll-wave. It is presumably 
for this reason that regular roll-waves are not in general 
observable in mountain torrents. 

I attempted to investigate the properties of travelling 
waves in the trough, but no definite results were obtained. 
It was clear that their velocity was distinctly greater than 
that of the water. They were timed over a measured 
distance to determine the velocity, but the results were not 
sufficiently accurate to give a definite test of any theory. 
They were consistent with the velocity of the waves relative 
to the water being either half the velocity of the water 
or the velocity of waves in standing water of the same 
depth ; it proved impossible to discriminate between these 
two values. In the trough, of course, the waves did not 
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grow to their full magnitude; their amplitude probably 
never exceeded a millimetre (and if it had done so, the 
determinations of the coefficient of skin friction made in 
this paper would have been vitiated). This fact is to be 
attributed to the shortness of the trough. Cornish remarks 
that in the Griinnbach the roll-waves were not completely 
formed when the water had been travelling along the conduit 
for 465 feet, the mean depth being about 3 inches. Thus 
for a mean depth of 5 mm. the water would have to travel 
30 feet, about three times the length of my trough, before 
even tnis stage of development was reached. 


SUMMARY. 


Observations have been made of the flow of water in an 
inclined trough of rectangular section, with a planed wood 
bottom. Defining the Reynolds criterion for such a system 
as Q/v, where Q is the total volume flux of water per unit 
breadth per unit time, and v is the kinematic viscosity, 
it is found that turbulence first develops when the Reynolds 
number is about 310, distinctly less than the corresponding 
number for a pipe. When the Reynolds number is between 
2 and 13 times the critical value, the observations are consistent 
with the skin friction coefficient « being 0°00253+0°00006, 
where the frictional force per unit area of the bottom is sup- 
posed to be xpw,?, u; being the surface velocity. The mean 
velocity is about 0°94 of the surface velocity. The existence 
of a layer of water in laminar motion at the bottom of the 
trough was verified even at the highest velocities tested. 
The above interpretations have been put on the experimental 
results on the supposition that a uniform eddy viscosity exists 
at all depths between the free surface and the non-turbulent 
layer ; on the same hypothesis it appears that the eddy vis- 
cosity must be equal to 0-0080 Q. 

A theory has been constructed to account for certain 
travelling waves observed by Vaughan Cornish in steeply- 
inclined conduits. It appears that the uniform turbulent 
flow of a stream, with a plane free surface, becomes unstable 
when the mean slope exceeds 1 in 100, and that it is then 
replaced by a series of bores travelling faster than the water. 
Observational evidence is qualitatively consistent with the 
theory, but quantitatively several points remain to be tested. 
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LXXXV. Wind-Channels in Aerodynamics. By N. K. Bose, 
Ph.D). Göttingen), Reader in Mathematics, Aligarh 


Moslem University, India*. 


F°! experiments on aeroplanes and its parts, to determine 

the air resistances of tails and struts, the head and the 
fuselage, to calculate the lift and the drag, the angle of 
atack. of wings, wind-channels have come to occupy a 
unique position. In fact, they offer the safest and, under 
certain circumstances, the most accurate method for deter- 
mining the aerodynamical characteristics of an aeroplane. 
The only other accurate and reliable method is that in 
which aeronauts test their planes as to their reliability, 
controllability, and stability while they are in actual flight. 
This method, in so far as it affords a first-hand informatior, 
is of the utmost Importance, but the amount of risk involved 
of danger to life and pe:son prohibits its indiscriminate use. 
To minimize these dittculties and danger, to declare a plane 
safe for all practical purposes, experiments in wind-chiuunels 
are now the only means at our disposal. Ot course, the 
usefulness of wind-channels is limited by considerations of 
scale-effect in models and turbulences in air. OË recent 
years, Prandtl and Eiffel have shown that, if we could 
arrange the dimensions and velocities of the "model experi- 
ments and of actual flights so that in both the cases 
Reynolds’ number remains constant, scale-effect can be 
eliminated. This important discovery has extended the 
utility of wind-channel experiment to all those cases that 
are of any importance in aeronautics. 

In wind-channel experiments, as is well known, the body 
to be experimented upon is placed in the channel through 
which a steady current of air is blown or drawn. By various 
means this current of air is rendered free from eddies, and 
the six components of forces on the body are measured. 
The quantities that concern wing-measurement most are its 
lift and drag for different angles of attack and the corre- 
sponding positions of the centre of wind-pressure, but these 
quantities measured in the channel are quite different from 
the corresponding quantities when measured in free space. 
We know that the stream-line generated by a body which is 
moving in a medium or over which the medium is passing 
whose boundaries extend to infinity, would be quite distinet 
from those in a limited medium. This fact of hydrodynamics 
will have to be taken into account in assigning any particular 
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angle of attack to lift and drag coefficients, Ca, Cw. In any 
wind-channel experiment with wings, what is usually done 
is that the wing is set at a particular angle of attack 
(that is, the angle hetween the chord of the wing and the 
direction of the wind, which is ugually horizontal, measured) 
and its corresponding lift and drag are then experimentally 
determined. But this geometrically measured angle of 
attack, it will be seen, is not the same as the real or effec- 
tive angle of attack. By effective angle of attack is meant 
that angle which the real stream-lines make wlth the chord of 
the wing. 

At first, let us consider the case of a plane ora wing of 
limited dimensions placed in a medium of unlimited extent 
flowing steadily in a direction, say, horizontal. This will 
call forth a vertically downward disturbance in the medium 
(disturbances in other directions we are not at present con- 
cerned with) which is mechanically known as downwash. 
This downwash of a wing, as is apparent, will modify its own 
lift capacity—t.e., its angle of attack will be diminished by 


w, ° . 
the amount tan™' iy, where wy is the downwash velocity 


on the wing and V the velocity of the free stream at 
infinity. We know that the lilt and the angle of attack 
of a wing are connected by the following simple relation 
when the angle of attack is small : 


A=CakFq and Ca=2r(a_ +£), 


where A is the lift and Ca the lift-coefficient, F the area of 
the wing, g=4pV’, a, is the angle of attack of a wing 
of infinite lateral extents, and 8 is the angle which the 
sectional are of the wing subtends at its centre (when 
the radius of curvature of the wing is very great). It has 
been found by experiment that Ca and æ are linearly con- 
nected, and theory gives for wings of circular section 


Cu = 2m(a + B) 
per unit breadth, and 
sin 8/2 = t/Ri, 


where 2¢ is the sectional chord and R, the radius of the 
earth. Now this angle of attack æ, which is called the 
angle of attack for a wing of unlimited length, cannot be 
found directly from experiment, as when the plane is of 
unlimited length the downwash is absent, so that the angle 
between the chord of the aeroplane section and the direction 
of flow of air current gives the angle of attack; but when we 
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have to deal with a finite length of the plane, this downwash 
comes in, so that what is the real direction of the current 
at infinity is no longer the real direction in which the air 
current strikes the chord of the plane, and the geometrical 
angle of attack is consequently not the real or effective angle 
of attack of the aeroplane. So in the case of a monoplane, 
when we have got to calculate the lift from the geometrical 
angle of attack we have to transform the geometrical angle 
which is measured from experiment to the etfective angle of 
attack at which the wind really strikes the chord. This 
formula for transformation for a monoplane is 
a =a— tan”! 

as we can easily sce that the downwash gives the free stream 
velocity V a downward component, wy, aud the resultant goes 
at an angle tan`? v to the direction of V, so that the 
geometrical angle of attack is diminished by this amount. 

So far we have not considered the influence of the channel. 
This influence of the channel, it will be broadly seen, will be 
to introduce a further modification in the angle of attack. 
The disturbances due to the channel will consist in super- 
imposing another downwash, called induced downwash Uy’ 
and in giving a curvature to the stream-lines given by 


l LÒ panty aL Oto’ 1 de" 
R oy V V oy V Oy o 
if wy’ is small in comparison with V, where y is measured 
along the stream and the curvature is taken in a vertical 
plane of a stream-line as it crosses the vertical plane of the 
wind. 
The effect of this induced downwash is apparent, and the 
; l 
change in the angle of attack will be tan“. Hence, when 
only the two downwashes are considered 


w 
a, =a—tan } > —tan-!- 


V Vv° 
The effect of the induced curvature will be somewhat 
complicated and must be considered in detail. 
Suppose we have three planes, 0, 1, 2, of which 0 has pot 
no curvature, 1 has a curvature 1/R,, and 2, 1/Ry. It has 
been found from experiment that the relation between Ca, 
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the lift-coefficient, and «, the angle of attack, is given by 
the accompanying figure for 0,1, 2. Then it is apparent 
that 2 has a smaller angle of attack than 1, and 1 smaller 
than 0 for the same lift-coefficient Ca. This fact can be 


Fig. 1. 


Ca 


theoretically expressed by the relation 

A =2rptV? sin (2+ 8/4), 
where p is the density of the medium. If fbe the height of 
the middle point of the are above the chord, 


a _p+e 
n = tan B/+ and R,= “ofr ’ 


or YR =2HC +f"), 
t/Ry=2//t= 8/2. 


Ca =?r sin (a-+ B/4)cos 8/4 
=2mr(a+ 8,4) =2r(a +t/2R,). 


From this it is apparent that, if we want to have the same 
lift-coefficient, Ca, for the three planes, the angle of attack 
must be diminished by amounts ¢/2R, for 1 and ¢/2R, for 2, 
where ¢ is half the breadth of the plane and 1/R is the 
curvature of the surface of the plane. 

Thus, when the stream-lines are straight the effect of the 
curvature of the plane is to diminish the angle of attack for 
the same lift-coeflicient by t/2R. 

If now we want to find the effect of a curvature in the 
stream-lines on a plane which has got also curvature of its 
own, then if 1/R be the curvature of the stream-lines and 
1/R, that of the plane, the effective curvature of the plane 
in this case is only 1/R,—1/K. By effective curvature we 
mean the curvature of the plane which is effective in 
bringing about a diminution of the angle of attack. So in 
this case when a curve plane finds itself in a stream whose 


3G2 
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stream-lines have got a curvature of their own, to have the 
same lift-coefticient Ca as it had when the stream was 
straight, the angle of attack must be diminished by 


a-n} So the geometrical angle of attack must 


be diminished by 
; (7 n) a. 
IR 2\R, RJ 2R’ 

Hence the effective angle of attack of a wing in a wind- 
channel whose geometrical angle of attack is measured is 
given by 

OE E E E a 
a =a—tan y tan V7 oR: 
Generally wo and wo! are comparatively small in comparison 
with V. Hence 


Uy wy t 
t= yy ORR: 

Thus the problem of a wind-channel resolves itself into 
finding wo, wW, and 1/R, i.e., the two downwashes and 
curvature of the stream-lines. For our present purpose we 

rant all these quantities on the wing itself. 

To find the influence of a wing on the surrounding medium 
reference must be made to a former paper of mine in this 
Magazine (mde Phil. Mag. xlviii. p 113, July 1924). There 
the aeroplane surface or wing surface has been divided into 
so many differential surfaces, so that each small elemental! 
surface may be looked upon as an aeroplane on which fluid 
pressure is calculated independently of all other elements, 
and then it is integrated throughout the whole volume 
occupied by these elemental aeroplanes. The conception is 
somet! ing like this: at each elemental aeroplane there is a 
circulation which is denoted by y, and from the edges of this 
element vortices flow off with the fluid ; the strength of the 
elemental vortices is e. So we can picture a thing like this : 
under each differential aeroplane there is a vortex of strength 
y which is fixed with the element, and from each element a 
vortex line is flowing off with the liquid whose strength per 
unit volume is e, so that the aeroplane becomes the seat of 
innumerable fixed vortices of strength y per unit volume, and 
from the aeroplane free vortices are flowing off with the 
liquid like ribbons with strength e per unit volume. 

Again it has been observed experimentally that the density 
of the lift of a wing (lift per anit length) is not constant 
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over the whole length of the wing, but in general falls off 
gradually from a maximum at the middle to 0 at the ends. 
In accordance with what has been proved there corresponds 
to this a circulation decreasing from within outwards. 
Therefore, accofding to the theorem that by the displacement 
of a closed curve round the wing the circulation I can only 
change if a corresponding quantity of vortex tilament proceed 
off from the trailing edge, wherever I changes a vortex 
filament will flow off with the liquid, and as changes from 
point to point of the wing these filaments flow off from every - 
point of the wing, Here a special arrangement of the 
vortex filament will help us in our mathematical treatment. 
We suppose that a vortex filament of strength P (x), with a 
right-handed screw rotation, coming from infinity behind 
the plane meets the lifting line (the single line vortex which 
replaces all the bound vortices and passes through the C. G. 
of the vortices) at a distance x from the middle of the wing 
measured to the right of the pilot. This filament then turns 
towards the right forming a part of the lifting line, goes 
a short distance dw along it, and then again turning to the 
right goes to infinity parallel to the incoming filament. 
Then another filament of strength [T+df travelling from 
infinity in the same plane as the former filament pair meets 
the lifting line at v+dx and behaves as the former one did. 
Thus we see that at every point of the lifting line a filament 
of strength I’ goes out and one of strength T +d4dPI comes in, 
so that at every point of the lifting line a vortex filament of 
strength dF will be coming in and the lifting line will be a 
vortex line of strength |4 =f. With this arrangement of 
the vortices we are now in a position to remove the wing and 
consider its effect on the surrounding medium by replacing 
it by this vortex arrangement. 

The law according to which the lift or the circulation T 
varies with «x, i.e. with the distance from the middle of the 
plane, is fairly well known. It is evident that it depends on 
the aspect-ratio and the perspective of the plane. A remark- 
able distribution of circulation was found in the form 


/ B — 7 

T =Ty/1— J2’ 
where T% is the circulation at the middle and Z the half-span 
of the wing. This distribution is called Elliptic Distribution 
of Lift, and has a peculiar property of giving to a monoplane 
the smallest drag that is possible for it with the total lift, the 


span, and the velocity given. Another characteristic in its 
favour is that all distributions that have as yet been observed 
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deviate but slightly from this, so that any conclusion drawn 
from the assumption of elliptic distribution will not go very 
wide of the mark. Another outstanding feature of this 
distribution is that it gives a constant downwash velocity 
over the whole span of the wing ; it is given by 

za Io 

=j’ 


Wo 


and for this distribution 
A = 4rpVl. To, 
eee 
° QarpVI2" 

When this vortex system is placed in a medium which is 
bounded by the walls of a wind-channel, we know that the 
boundary (which is assumed circular here) may be removed 
and its effect calculated by replacing it by the images of the 
vortices at the inverse points. The accompanying figure 
will make it clear. 


The above figure is in the plane of the vortices which is 
horizontal, LOL is the wing, O its middle point, D and D 
are the points of section with the canal, L’ is the inverse 
point to L with respect to the circle, the inverse vortices 
extend to infinity along L'X and L'X’, OY is horizontal and 
taken along the direction of the stream. One vortex I enters 
LOL at A (x, 0) and goes out at (z+ de, 0), the inverse point 
B’ also possesses a vortex I’ coming in and at A’ going out. 
We have 

=I; vV (1—47n?/)) 
M=Myv 1 —47?/b?) =T vV (lL —b"/4y”), 
where 


6=21, b'=L'OL’. 


w= vertical component of the velocity induced by the 
vortex at B’ at P (x, y) 


anan (1+2). 
ERI ==] T 
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The pair of vortices at B’ and A’ having the same strength 
I” but different rotation, produces then a vertical velocity 
at P which can be written as the difference of the effects of 
the two vortices at A’ and B’ which are closed together : 


Ow, 1 1 or 
diy = 5 1 dy = r= lees, (i+) + ea a So ea 


es 1 ( z) A ' 
~ dr L(a) ae a di. 


Due to the cross-vortex B’A’, 


Hence the whole downward induced velocity at P due to 
the bound and the free vortices at B' and A’ 


ae r E 
dw = —— + La => ma + dn’. 


=i)... Wee ap + (1-3 A) a)n’ , 


j T% -b"/2 /1— — b'in” i 


ema as ere 


AT d!a (n — z)? 


Wwy = 2 


since y = 0 on the wing where w,’ is taken. 


Putting 
TERTS and SX =a) oy eo Ly 
Hence 
= 
wi V1- x ax 
0 dor (3 x-a) 2 
T 
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Again 
dig’ 3E; i J/X?—1L r 
SANE NSN 
hakan zepe 
_ i 
a dë 
3A (3. 57 105 
ipv (38 go + ug Bt) 
We have put 
2) 4] l z 


Sjt = jet = R R 
where R is the radius of the channel. In ordinary experi- 


l : 
ment K does not extend beyond 1/2 and ep as the point 


must be on the wing itself, cannot be greater than half. 
Hence, generally <4 and in w,’ we need not take more 


than three terms, and in (a) more than two. Thus 
dy Jo 


ultimately, we have 
_ A 


W 
0 2mpl V 


A E 
Wy “ap Cash: -+ yS + eh 


1 l/ðw\ 3A 3 D os 
RV 3r) = mpey(att 3t i =} 


With these, the effective angle of attack a, of a wing in 
a wind-channel experiment with a measured angle of attack, 


_ A _ A 3 g) 
Ta TA Trp N? wove(1+ ge tat 


3At 3 5 
r= srevealt zZ g), 
x 


l 

where &=-.— and A, aare found experimentally. 
3 r R i P ‘y 

The importance of this formula will be at once apparent, 

if we remember that in all wind-channel experiments it 1s 

the angle of attack which distinguishes one set of experiments 

from others. In the above I have not considered the 


influence of the breadth of the wing, as I have replaced 


and 
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the wing by a line vortex only. The peculiar distribution 
of vortices over the breadth of the wing that will satisfactorily 
replace it has been discussed by Dr. Birnbaum in his paper 
in the Zettsehrift für angewandte Mathematik und Mechanik, 
1924. In my dissertation (“ Das Doppledeckerproblem,” 
Gottingen, 1923) I have discussed this effect in the case 
of a biplane, and a corresponding treatment might be done 
in this case. I must wait till some experimenters see how 
the above formula works. 

In practice the average value of æ- over the whole span 
of the wing must be taken. 

In the above, I have considered the case of a wind-channel 
in which the whole experiment is conducted in a closed 
place. Hitfel’s method consists in experimenting in a blast 
of air drawn through a room, whose dimensions are large 
in comparison with the radius of the column of air-blast. 
Prandtl’s improved method consistsin placing a gap between 
two wind-channels. A current of air is drawn through the 
walls of a wind-channel, and then through a gap it is drawn 
into another wind-channel. This method combining the 
former two eliminates their defects. In both Prandtl’s and 


Eiffes methods ’ = —T. 
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LXXXVI. Longitudinal Asymmetry in the Direction of jec- 
tion of Photo-electrons. By Oxa K. ve For, Teaching 
Fellow in Physics, Washington University, Saint Louis, 
Missouri *. 


Introduction. 


J7 HEN radiation falls normally upon a thin plate and 
ejects photo-electrons, it is observed that tbe number 
of photo-electrons proceeding from that side of the plate 
from which the radiation emerges (emergent side), exceeds 
the number of photo-electrons from that side upon whicu 
the radiation is incident (incident side). This ettect appears 
to have been discovered by Eve! while attempting to show 
the similar natures of gamma and X-rays. Eve observed 
that the ionization current from the emergence side of a 
thin plate bombarded normally by gamma rays was not so 
much less than the ionization current from the incident side 
as the absorption of gamma rays indicated it should be for 
the thickness of metal used. 


* Communicated by Prof. F. W. Bubb. 
1 bve, Phil. Mag. vili. p. 669 (1904). 
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In the region of gamma ravs this effect has been examined 
hy Wigger”, Dawes 4, Mackenzie 4, and Bragg and Madsen ®. 
In ther region of ultra-violet light this phenomenon has been 
studied experimentally by Stuhlmann’, Kleeman‘, Robinson’, 
and Piersol®, Experiments in the X-ray region have been 
carried out by Beatty 1, Cooksey ", Wilson ?}?, and Bubb ®, 

There are two possible explanations of this effect. We 
may suppose, in the first place, that the velocity of the photo- 
electrons from the emergence side exceeds the velocity of 
those from the incidence side and that the number of photo- 
electrons from the two sides are equal. We may, on the 
other hand, suppose that the velocities from the two sides 
are equal and that the numbers are unequal. 

The experimental work of Beatty *® with X-rays and the 
work of Piersol® with ultra-violet light on this question, 
seem to decide in favour of the second alternative. For 
these observers find that the retarding potentials (and conse- 
quently the velocities) for the two sides of the plate are 
equal, Further light is furnished by the photographs of 
Wilson ?, Babb}, “and those of the present experiment, 
of the tracks of photo-electrons. These photographs show 
definitely that the number of emergence (or forward) exceeds 
the number of backward photo-electrons. Furthermore, 
these photographs show the average range to be independent 
of direction. 

On the theoretical side the evidence is also in favour of 
the supposition that the effect is due solely to the excess 
number of forward photo-electrons. Millikan ?* points out 
that, if the velocity of ejection depends on direction of 
ejection, Kinstein’s photo-electron equation 


h(v—v) = m?(1/ ¥1—p?—1) 


does not hold. For, in order to make it apply, we should 
have to assume that A also depends on the direction of 


2 Wigger, Phys. Zeitschr. p. 683, Oct. 26, 1905. 

3 Dawes, Phys. Rev. xx. p. 182 (1905). 

4 Mackenzie, Phil. May. xiv. p. 176 (1907), 

5 Bragg and Madsen, Phil. Mag. xv. p. 613 (1908). 

6 Stuhlmann, Phil. Mag. xxii. p. 854 (1911). 

7 Kleeman, ‘Nature, May 19, 1910. 

8 Robinson, Phil. Mag. xxv. p. 115 (1918). 

® Piersol, Phys. Rev. xxiii. p. 144 (1924). 

10 Beatty, Proe. Camb. Phil. Soe. xv. p. 25, 

11 Cooksey, Phil. Mag. xxiv. p. 87 (1912). 

12 Wilson, Proc. Roy. Svc. eer p. 277 (1912); civ. p. 1 and 
cv. p. 22 (1923). 

13 Bubb, Phys. Nev. xxiii. p. 137 (1924). 

14 Millikan, Phys. Rev. vii. p. 18 (1916). 
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ejection. However, h is found experimentally to be inde- 
pendent of the direction of ejection of the photo-electron. 

There is a somewhat surprising lack, however, of definite 
experimental information as to the effect, on the ratio of 
forward to backward photo-electric current, of such obviously 
essential matters as the frequency of the radiation and the 
source of the photo-electrons. With the sole exception 
perhaps of Cooksey’s work, all previous work possesses little 
more than qualitative value. 

The present experiment was performed for the purpose of 
obtaining a definite value of the ratio of the forward to the 
backward photo-electric current excited in a given substance 
by radiation of a definite frequency. 


Experimental Procedure. 


In this experiment the photo-electrons were ejected from 
air by the K, radiation from molybdenum. The directions 
of ejection of the photo-electrons were determined by taking 
stereoscopic pictures, by the Wilson cloud method, of the 
ionization tracks of the photo-electrons. The number of 
forward and backward tracks were counted and their ratio 
determined 


Experimental arrangement for photographing photo-electron tracks. 


The apparatus was arranged as illustrated in the figure. 
A beam of X-rays TC from the molybdenum’ target of a 
Coolidge tube driven at 30 k.v. and about 20 m.a. was 


Digitized by Google 
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directed through the lead slits SS and a zirconium phosphate 
filter F into the expansion chamber C of a Wilson cloud 
expansion apparatus. The purpose of the slits was to linnt 
the beam and hence afford a control of the number of tracks. 
Too many tracks destroy the value of a photograph, since 
one is unable visually to untangle the tracks and clearly 
distinguish which end is the origin of the track, Zirconium 

rag used as a filter since it is particularly transparent to the 
K, line of molybdenum, while highly absorbent of the Kg 
and K, lines and of the white radiation. 

On the under side of the plate-glass top of the expansion 
chamber was a thin film of gelatin made conducting by a 
small amount of boric acid. On the top of the piston forming 
the bottom of the chamber was a similar conducting layer of 
gelatin made black by india ink. A difference of potential 
of about 60 volts per em. was maintained across the expansion 
chamber until just before the expansion. 

In taking the photographs a very intense instantaneous 
illumination is necessary. Some preliminary experiments 
sowed that tungsten filaments exploded by the discharge of 
a high-tension condenser furnish a satisfactory illumination: 
A single three mil tungsten tilament 10 cem. long placed at 
the focus of a semicylindrical mirror was found sutñicient. 
The condenser which furnished the current to explode the 
filament was charged by a small 30 k.v. transformer with 
thermionic valve in circuit. The light was directed into the 
expansion chamber through a slit in a black paper covering 
the top of the chamber, The chamber and camera were, of 
course, protected by suitable screens. 

Tho photographs were taken with a stereoscopic camera. 
The matched lenses were marked 5:5 focus £f. 4°5. The 
distance between lenses was 7'3 cm.,and they were operated 
at full aperture. The photographic plate was placed vertical 
and parallel to the beam. This was considered to be the 
best position of the plate for examining the forward and 
backward tracks.  Graflex Seed 60 plates were found 

satisfactory. . 

The timing of the varions events was managed by a heavy 
pendulum having suitable devices placed in its path. After 
the room had been darkened and the camera opened the 
pendulum was released. This caused the following events 
to occur:—A weight was released which pulled the cork 
separating the under side of the piston from a vacuum 
chamber, thus causing the expansion. The electric field 
across the chamber was removed and the top and bottom 
gelatin plates were short circuited. (It was found necessary 
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to do this, as otherwise they acted as a condenser and 
maintained the electric field across the chamber fora sufficient 
time to attect the shape of the tracks.) The X-rays were 
sturted by closing a switch in the primary of the transformer 
driving the X-ray tube. The tungsten filament was exploded 
thus illuminating the tracks forthe photograph. The timing 
of these events was adjusted by trial to give a satisfactory 
picture. | 
Experimental Results, 


About 50 stereoscopic pictures of the tracks of photo- 
electrons ejected from air by the homogeneous K, radiation 
from molybdenum were obtained. The following general 
observations may be made :—The number of tracks whose 
initial directions had a forward component greatly exceeds 
the number of tracks which started with a backward com- 
ponent. About 30 per cent. of the tracks counted started 
nearly at right angles to the beam of X-rays. Not more 
than 1 per cent. ot the tracks sturted either exactly forward 
or exactly backward. Most of the tracks started within 
45° of the plane normal to the bean of X-rays. 

Three distinct types of tracks could be clearly distin- 
guished: (1) a set of tracks having no appreciable length, 
(2) a set averaging about ‘5 cm. in length, and (3) a set 
averaging about ‘9 cm. in length. ‘The first set is the type 
C. T. R. Wilson calls sphere tracks. He attributes them to 
the K radiation of argon ejecting from oxygen or nitrogen, 
the argon having been put into a state to radiate by having 
lost one of its K electrons through ejection by the primary 
radiation. The second set is probably due to the photo- 
electrons ejected from the argon K ring bv the primary 
X-rays. The third and longest set mav be attributed to the 
photo-electrons ejected from oxygen and nitrogen K rings 
by the primary X-rays. 

A count was made of tracks which started with a forward 
component along the beam and also a count of those which 
started with a backward component. In each case only 
those tracks were counted both of whose ends could be clearly 
distinguished and where no doubt existed as to which end 
was the origin of the track. The result of this was thata 
larger proportion of the short argon tracks were counted, 
since they are shorter and consequently more easily dis- 
tinguished among a tangled set of tracks. By count. it 
appears that about 59 per cent. of the tracks counted were 
due to photo-electrons ejected from the argon K ring, while 
about 41 per cent. were from oxygen and nitrogen K rings. 
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These latter could not be distinguished from each other as 
their ditference in length of track was too small. The results 
obtained by one observer were 188 forward tracks and 
69 backward tracks, giving a ratio of 2°74. A second 
observer found 206 forward and 68 backward tracks, giving 
a raiio of 3°03. The average ratio of forward to back ward 
tracks is then 2°89. 


Discussion. 


Rutherford states that the results obtained by previous 
observers using plates as source of photo-electrons are not 
inconsistent with the view that all the photo-electrons proceed 
initially exactly forward with the radiation. The photographs 
obtained by Wilson !? , by Bubb ?%, and those obtained in this 
experiment show, howev er, that a ‘large number of the tracks 
plainly start with a component backward. This seems to 
decide detinitely against Rutherford’s view. 

Richardson has proposed? the view that the radiation 
pressure in the forward direction is the cause of the excess 
number of forward photo-clectrons. He points out that the 
momentum of the quantum in the forward direction as given 
by the electromagnetic theory is mv = vie We might 
suppose that this ‘momentum, as well as the energy of the 
quantum, is given to the photo-electron. 

A quantum theory of this effect based on the following 
hypothesis has been proposed by Bubb H, A quantum of 
radiant energy which ejects a photo-electron from an atom 
imparts its energy Av to the atom by means of an impulse 
which has the constant forward component hy/c and a sideways 
component in the direction of the electric vector of the 

radiation.” The orbital electron just previous to its con- 
version into a photo-electron is assumed to have its momentum 
in a random direction given in magnitude by the Bohr theory. 
On this basis the ratio of the forward to the backward photo- 
electrons is calculated to be 


R = {ry/d2-d4ry—14-Ap— 02423 /{A VSZ- 1 
— Ào + 0242} 2 


where à is the wave-length in A. of the homogeneous radiation 
causing ejection and Ag is the critical ionization wave-length 


15 Rutherford, ‘QNadioactive Substances and their Radiations,’ 
275. 

16 Richardson, Phil. Mag. xxv. p. 144 (1012), 

17 See present number of Phil. Mag. p. 824. 
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in A. of the element from which the photo-electron is 
ejected. 

To apply this formula we have the following data :— 
The average wave-length of the K.doublet of molybdenum 
is X=‘71 A. The critical ionization wave-lengths of the 
principal constituents of the air are: argon A», = 3'87, 
oxygen Ag = 28°9, and nitrogen Ay =31°0. The formula 
gives the corresponding values of R as follows: argon 
R = 1°88, oxygen R = 7°32, and nitrogen R=13°2. It 
may be seen that the experimental value 2°89 is larger than 
the value for argon and less than the values for oxygen and 
nitrogen and is of the proper order of magnitude. 

On the basis of the absorption formnla A3Z'N (where X is 
the wave-length of the radiation producing ejection, Z is the 
atomic number of the source of the photo-electron, and N is 
the number of atoms present) C.T. R. Wilson has calculated 
that 15 per cent. of the tracks in air should be from argon, 
25 per cent. from oxygen, and 60 per cent. from nitrogen. 
It is certain, however, by actual observation of length of 
track, that in the present experiment about 59 per cent. of 
the tracks counted were from argon, and the remaining 
41 per cent. from oxygenand nitrogen. As explained above, 
this is due to the fact that the short argon track can be more 
easily untangled visually from a large number or group of 
interlacing tracks than can the longer tracks from oxygen 
and nitroyen. On the basis of Wilson’s figures the 
41 per cant. may ba divided into two classes, 13 per cent. 
from oxygen and 28 percent. from nitrogen. The composite 
ratio ’® should then be theoretically, 


R=(1°88 x °59/2°88 + 7°32 x °13/8°32 + 13-2 
x 128/142) /(-59/2°88 +°13/8°32 +°28/14-2) =3-38. 


The experimental ratio 2°89 agrees within 15 per cent. of 
the theoretical value. In view of the comparatively small 
number of tracks and the fact that the uir is a mixture of so 


18 It was at first considered possible from an experin.ent on air to 
find separate ratios for all three gases, argon, oxygen, and nitrogen, 
Although it is generally possible to distinguish between an argon track 
gud a track from oxygen or nitrogen, even this cannot always be done, 
while it is altogether impossible to distinguish between a track from 
oxygen and one from nitrogen. In view of this a composite or average 
ratio is given for the mixture rather than the very uncertain separate 
ratios for the individual gases. 
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many gases, this agreement is good confirmation of the 
theory upon which the formula was based. 

It is proposed to continue these researches by repeating 
the experiment with only pure gases in the expansion 
chamber. 


I wish to thank Professor F. W. Bubb for advice and 
assistance in performing this experiment and for criticism of 
the manuscript. 


LXXXVII. A Quantum Theory on the Asymmetries in the 
Direction of Ejection of Photo-electrons, By Frank W. 
Buns, National Research Fellow, University of Chicago *. 


INTRODUCTION, 


FEYWO types of asymmetry in the direction of ejection of 
photo-electrons produced by high-frequency radiation 

have been noted. These two asymmetries may be distin- 
guished by the term “ longitudinal ” and “ lateral.” 

Longitudinal Asymmetry.— Mackensie? first showed that 
unequal photo-electric currents are obtained from the two 
sides of a thin plate bombarded normally by gamma rays 
A larger current is obtained from that side of the plate 
from which the gamma rays emerge than from that side 
upon which the gamma rays are incident. Experiments in 
which the ratio of the emergent to the incident photo-electric 
current was measured have been performed by Bragg? with 
gamma rays, by Stuhlmann® and Kleeman‘ with ultra- 
violet light, and by Cooksey ê and Beatty ® with homogeneous 
X-rays. The results of these experiments indicate that the 
asvmmetry increases with the hardness of the radiation, the 
ratio of emergent to incident current increasing from 1°17 
for ultra-violet light upon platinum films to as high as 20 for 
gamma rays traversing carbon plates, 

C. T. R. Wilson? and the writer® have presented visual 
evidence of this etfect in cloud-expansion photographs of the 


* Communicated by the Author, 

1 Mackensie, Phil. May. xiv. p. 176 (1907). 

2 W. H. Bragg, Phil. Mag. xv. p. 663 (1908). 

3 Stuhlmann, Phil. Mag. xxii. p. 854 (1911). 

4 Kleeman, ‘Nature,’ May 19 (1910). 

5 Cooksey, Phil. Mag. xxix. p. 37 (1912). 

6 Beatty, Proc. Camb. Phil. Soc. xv. 6, p. 492 (1910). 
TET. R. Wilson, Proc. Rov. Soc. civ. (1923). 

e F. W. Bubb, Phys, Rev. ii. p. 1837 (1924). 
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tracks of photo-electrons. In discussing his photographs, 
Wilson notes that a majority of the tracks have a forward 
component comparable withe the lateral component. The 
writer, from an examination of his own photographs, obtains 
the result that 17 per cent. of the tracks have an initial 
backwards component, 82 per cent. are ejected almost exactly 
at right angles to the beam of X-rays, and 51 per cent. have 

an initial forward component. 

The work of Beatty ê and Piersol ® shows that this effect is 
due to the excess number of forward over backward photo- 
electrons, for both these observers find the same velocity 
for forward and backward photo-electrons. This result is 
further supported by the photographs of Wilson? and bv 
those of the writer® which show that the forward and 
backward tracks have the same average range. 

Lateral Asymmetry.—The writer “has photographed by 
Wilson’s cloud method the tracks of photo-electrons ejected 
from air by plane polarized X-rays. These photographs 
show ® a strong concentration of photo-electrons ejected 
nearly parallel to the electric vector of the polarized radiation, 
and consequently in a single direction perpendicular to the 
beam. This effect has also been observed by Wilson’. As 
a consequence of this lateral asymmetry, one should expect 
most of the photo-electrons ejected by unpolarized radiation 
to be at random in directions nearly normal tothe beam. In 
this case, however, there should be no asymmetry with 
respect to any particular line normal to the beam as in the 
case with polarized beams. The effect with unpolarized 
beams has been previously noted by A. H. Compton ™, 


Quantum Impulse Hypothesis. 


These two types of asymmetry suggest the following 
hypothesis, which, it may be shown, is ‘sufficient to account 
for a number of the photo-electric phenomena, A quantum 
of radiant energy which ejects a photo-electron from an atom 
imparts its energy 4v to the atom by means of an impulse 
which has the constant forward component hy/e and a side- 
ways component in the direction of the electric vector of the 
radiation, 

This hypothesis really consists of three parts. In the first 
place, it assumes that the whole energy quantum Av is given 


® Piersol, Phys. Rev. ii. p. 144 (1924). 
10 A. H. Compton, Bull. Nat. Res. Coun. no. 20, p. 25 (1922), 


Phil. Mag. S. 6. Vol. 49. No. 2938. May 1925, 3 H 
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to the atom". This view will, of course, meet with general 
acceptance 3 for the work of Millikan ? on Einstein’s photo- 
electric equation definitely identitied the constant with 
Planck’s constant A. The beautiful work of de Broglie ¥ 
with X-rays and of Ellis * with gamma-rays, on the magnetic 
spectrum of photo-electrons, shows that Kinstein’s equation 
can be put in the form 


h(vy —vy) =me?(1/ V 1— 8—1), 


where vo is the critical ionization frequency (the other 
quantities have their usual meaning) corresponding to the 
particular energy level from which the photo-electron is 
(assumed to be) ejected. In view of this, it is generally 
accepted that the photo-clectron receives initially the whole 
energy quantum, and that its smaller kinetic energy on 
emerging is accounted for by the energy loss in escaping 
from the atom. 

In the second place, the hypothesis assumes that the atom 
receives a forward impulse Av[c. In support of this view, it 
may be pointed out that both the classical electromagnetic 
theory and the relativity theory attribute momentum to 
energy in motion,and both agree in assigning the momentum 
hv|e to the quantum Av in motion with the velocity of light. 
A. H. Compton’s work? on the change of wave-length due 
to the scattering process lends additional support to this 
view; for Compton treats, in effect at any rate, the quantum 
as though it were a corpuscle of forward momentum Arje, 
which is scattered simply by bouncing off an electron. 
Surely on this view then, if the quantum delivers all its 
energy (itself, so to speak) to the atom, we may reasonably 
suppose all its forward momentum to be also delivered to 
the atom. This assumption has been used previously by 
O. W. Richardson ?!° in an attempt to explain the Mackensie 
asymmetry. 

Finally, we assume that a sideways impulse parallel to the 
electric vector of the radiation also acts on the photo-electron 
to eject it. The writers work on the lateral asymmetry in 
the direction of ejection of photo-electrons produced by 

N The term atom will be used to denote the system before ejection 
of the pboto-electron, The portion of the atom which remains atter 


ejection of the photo-clectron will be called the photo-atum. In this 


rense, then, the atom consists of two parts-—the photo-electron and the 
photo-atom, 


12 Millikan, Phys. Rev. vii. p. 355 (1916). 

13 M. de Broglie, Jour. de Thys, et Rad. ii. p. 265 (1921). 
14 Ellis, Proc. Roy. Soc. xcix. p. 261 (1921). 

1) A. H. Compton, Phys. Rev. xxi. p. 264 (1923). 

16 Richardson, ‘The Electron Theory of Matter,’ p. 478, 
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polarized X-rays is good experimental support for this view. 
Furthermore, it is to be expected on the classical electro- 
magnetic theory that the electric force of the radiation is 
effective in ejecting the photo-electron. 

This hypothesis has the virtue of supplying us with a 
mumentuin relation in addition to the Einstein photo-electric 
relation. We cannot expect the Einstein equation, concerned 
only with energy, to supply a complete dynamical basis for 
the explanation of the photocclostric effect. 


Momentum and Energy Relations. 


The principle of the conservation of momentum requires 
that the vector sum of the momentum of the system, which 
we shall suppose to consist only of the quantum, the photo- 
electron, and the photo-atom", shall be the same before and 
atter separation. 

Fig. 1. 


2 


F 


The momentum relations involved in the ejection of a single 
photo-electron by a single quantum of radiation. 


In fig. 1 let O be the position of an atom about to be 
disrupted by a quantum Åv proceeding in the direction OX 
and having its electric vector parallel to OZ (the radiation is 
then in the usual sense polarized in the XY plane). Before 
ejection of the photo-electron the momentum consists of 
three parts: the momentum 

hyje =0A 
of the quantum ; the momentum 
mByc/ V 1—8} =AB 
of the photo-electron in its atomic orbit, where m is its rest 
mass and 8, the ratio of its velocity to c, the velocity of 
light ; and the momentum OD of the photo-atom. If we 
assume that the momentum of the whole atom is negligible, 
the momentum OD of the photo-atom before separation is 
equal and opposite to that of the orbit-electron. After 
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separation the momentum consists of two parts: the 
momentum 
mBe] V1- B?=OC 
of the photo-electron, where 8 is the ratio of its velocity to 
that of light; gnd OF, the final momentum of the photo-atom. 
According to our hypothesis, an impulse (represented by 
BC in fig. 1) acts upon the photo-electron to eject it. Hence 
the final momentum QC of the photo-electron may be 
thought of as consisting of three parts: OA, AB, and BC”. 
Accordingly we write the vector equation 
OA+AB+BC=OC.....+%. (1) 
If we assume that the photo-atom acts as the seat of the 
reaction to the impulse BC, the final and initial momenta of 
the photo-atom differ vectorially by DF=—BC. This 
assumption is by no means necessary; for we might 
assume that the reaction to the impulse BC has its seat upon 
the source of the radiation, or upon the ether, or upon 
another electron '®, or we might even assume (as Lorentz has 


17 It is true that on the Bohr theory of the atom there is a binding 
force of electrostatic attraction between the nucleus and electron. The 
principal effect of this force is to abstract a certain amount of kinetic 
energy from the photo-electron by virtue of the distance through which 
the electron moves in escaping. But the time of escape is also a factor, 
for the more slowly the photo-electron escapes, the creater is the effect 
of the binding force in changing its direction of ejection. This is 
analogous to the eflect of the speed of -particles on their scattering by 
matter, The -particles are supposed to travel in hyperbole, and to leave 
the centre of attraction with thesame kinetie energy as that which they 
had before close approach. The entire effect of the attraction of the 
scattering nucleus (unless capture occurs) is to deflect the 3-particle— 
the slower the 8-particle the greater its deflexion. So far, comparison 
of our results with experiment does not oblige us to take account of 
the time of escape of the photo-eleetron in permitting the binding force 
to modify the direction of ejection of the photo-electron. 

l3 Some photographs published recently (Proe. Roy. Soe. fig. 22. 
plate 12, civ. 1923) by C. T. R. Wilson may be interpreted as evidence 
tor this view. These photographs show strange pairs of associated 
photo-electrou tracks, both starting near the same point in the beam of 
X-rays and having about the same range. Now, if the phote-electron is 
ejected by a sideways impulse, it seems natural to look tor evidence of an 
equal and opposite reaction impulse. We might suppose the quantum 
to exert a sideways Impulse upon one electron, and its equal and opposite 
reaction impulse upon another electron, and consequently divide its enerey 
abont equally between the two. In this way we should get such pairs 
as Wilson finds. Wilson states that there is a great tendency for the line 
joining the points of origins of the two members of a pair to be nearly 
perpendicular to the primary X-ray beam. This observation is in accord 
oi the present view, If the nucleus serves as the seat for the reaction 
impulse, it should receive, due to its great comparative mass, but a smal] 
part of the energy quantum, In this case we should get only one photo- 
electron—the ordinary case. 
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done under quite similar circumstances) that no reaction 
exists. Kquatior 1 is true, no matter which one of these 
views we may favour. 

The principle of the conservation of energy requires that 
the energy of the system be the same before and after 
separation. Before separation the energy of the system 
consists of the quantum and the energy in the atom. After 
separation the energy consists of the kinetic energies of the 
photo-electron and photo-atom and the energy of the 
separated system. Accordingly, if w be the energy required 
to separate the photo-electron and photo-atom, and Æ the 
kinetic energy of the photo-atom !?, we have 


hv=H+me?(1/ V1 —8?—-1)4+u. . . . (2) 


We might write next the vector momentum equation 
OD—BC=OF for the photo-atom, and then eliminate BC 
from this equation and Eq. 1. The resulting equation 
could then be solved with Eq. 2 for the momenta of the 
photo-electron and photo-atom. However, this leads to 
rather complicated expressions, which may be avoided by 
dropping the negligible term E from Eq. 2. This term is 
negligible because the mass of the photo-atom is of the order 
2000 times that of the photo-electron, and consequently its 
initial kinetic energy and change in kinetic energy are 
ordinarily of the order 1/2000 of the kinetic energy of the 
photo-electron. Dropping the term E from Eq. 2 gives 


hv=me?(1/ ¥1—B?—1)4+0,. . a. à (3) 


which is the familiar Einstein photo-electric equation. It 
should be noted that although the kinetic energy of the 
photo-atom may be negligible in comparison with the kinetic 
energy of the photo-electron, the momentum change in the 
photo-atom is by no means negligible. 


Statistical Considerations. 


Since most experiments on the photo-electric effect are 
statistical in nature, we shall next consider the relations (1) 
and (3) as applied to such problems. In order to simplify 
the treatment, we shall make the following assumptions :— 
(a) The radiation ejecting the photo-electron is homogeneous. 
This requires v» to be constant. (b) The momentum vector 
of the electron in its atomic orbit is at random—that is, AB 
is random. (c) The momentum vector AB is constant in 
magnitude, This requires that all the photo-electrons be 


19 Assuming that the reaction actually acts upon the photo-atom as 
the most likely hypothesis, 
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ejected from the circular K rings of the atoms. (d) The 
term w in Eq. 3 is constant in magnitude. This will be true 
if the condition (c) be satisfied, for then all photo-electrons 
will come from the same energy level. 

In the light of these restrictions let us reconsider fig. 1 and 
develop from it fig. 2. Since the initial momentum vector 
AB of the photo-electron is constant in magnitude and 


Fig. 2 


Graphical representation of the momentum relations involved in the 
ejection of a large number of photo-electrons, This contains within 
its geometry many consequences of the present theory. 


random in direction, the vector AB (see fig. 2) ends on a 
sphere (which we shall call a) of fixed centre A and radius 


AB = mB V1 — B,?. 


From the restrictions (a) and (d) and Eq. 3 it is easy 
to see that the finnl momentum vector 


OC = mBec/ V1- A? 


is constant in magnitude, and hence ends on a sphere (which 
we shall call 8) of fixed centre O and radius 


OC = V (me? +hy—w) — mct] e. 
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Although the point B is at random on sphere a, the 
point C is not at random on sphere 8; for by hypothesis 
the impulse BC is parallel toOZ. Hence point C is to be 
located by finding the point of intersection of sphere 8 with 
a line drawn through B parallel to OZ. 

These various relations are exhibited in fig. 2, which con- 
tains within its geometry many of the immediately useful 
results of the present theory. 


Applications of the Theory to Experiments. 


Longitudinal Asymmetry.—In fig. 2 let the YZ plane 
represent a thin plate or film of matter traversed by 
unpolarized radiation proceeding in the direction OX. 
The photo-electrons which are ejected from the plate may 
be divided into two classes: those leaving the plate on the 
forward or emergent side (positive side of YZ plane), and 
those leaving the plate on the backward or incident side. 
It is the ratio of the forward to the backward photo-electric 
current which Bragg, Cooksey, and Beatty measured in their 
experiments mentioned above. We proceed to calculate this 
ratio in view of the present theory. 

From fig. 2 it is clear that all the photo-electrons of the 
forward class have their final momentum vectors OC ending 
on that portion of sphere £ to the right of the YZ plane, and 
their initial momehtum vectors AB ending on that portion 
of sphere æ to the right of the YZ plane. Similarly, all 
photo-electrons of the backward class have their final and 
initial momentum vectors ending respectively on those zones 
of spheres @ and a to the left of the YZ plane. If we 
suppose that we are dealing with a sufficiently great number 
of photo-electrons to justify a statistical treatment, we can 
say that the ratio R of forward to backward photo-electric 
current is equal to the ratio of the area of the zone of 
of sphere a on the right of the YZ plane to the area of the 
zone of sphere a on the left of the YZ plane. But these 
areas are in the ratio of their altitudes, from which we get 


the equation 

The initial momentum AB of the electron in its atomic 
orbit may be expressed in terms of its energy of binding hvo 
by the formula” 

AB = mpo | VIB = ™ V2 —a,2/(1—a), (5) 

20 Calculated on the basis of the Bohr theory of the atom for 
circular orbits only, such aa the K rings. For circular orbits the 
momentum of the electron in its atomic orbit is constant as demanded by 
our restriction (c). For ed aa orbits our momentum vector AB would 
not be constant in magnitude 
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where ay=hyy/me?. Remembering that OA =hv/e and letting 
=hv/me? and substituting by. 5 in Eq. 4, we get 


R = { V 2ay— a + a(1—~ay)} / { V¥ 2ay—ay?—a(L—ay)}. (6) 


Putting in the numerical values of 4, m, and cand expressing 
A and Xe in Angstrom units, we have, finally, 


= {A V7 82-44A,—1 +A, — 0:0242} / (A 82-440, —1 
—ħ + 0:0242}, (7) 


where A is the wave-length in Å. of the radiation ejecting 
the photo-electrons, and Ai is the critical ionization wave- 
length in Å. of the atom from which the photo-electrons are 
ejected. A fairly complete list of the critical ionization 
wave-lengths for various atoms has been tabulated by 
Durne”!, 

The Eq. 7 is subject to the condition that the quantum Ay 
possess sufficient energy to eject the photo-electron—that is, 
we must have 

NS Ag Je oe ae We. ae C8) 


Tn Brage’s experiments? on this longitudinal asymmetry, 
the source of the radiation (vamma rays) was held constant 
(A constant) while the source of the photo-electrons was 
raried (Ay varies). The ratios as determined experimentally 
by Bragg for various substances are considerably smaller 
than the corre sponding theoretical ratios as calculated from 
Ky. 7. However, this is to be expected since Bragg used 
very thick plates. In the first place, photo- electrons ejected 
from layers inside a thick plate must suffer many deflexions 
in passing out. It is not ditheult to see that this tends to 
cut down the forward and increase the backward photo- 
electrons. Again, thick plates absorb the radiation as well 
as the photo-eleetrons, so that if the plate were suthciently 
thick we shonld get nothing out of it except incident photo- 
electrons. Indeed, Rutherford 7, in considering the effect 
of scattering of the photo-electrons by thick plates, regards 
Bragy’s s.resulls as conflicting in no way with the assumption 
that all the photo-electrons are ejected initially in the direc- 
tion of the radiation. A comparison of theoretical with 
these experimental ratios brings out the essential agreement 
that both increase as the atomic number of the source of the 
photo-electrons decreases. 

In Beatty’s experiments ® the source of the photo-electrons 


21 Duane, Bull. Nat. Res, Coun. no. 6 (1920). 
22 Rutherford, ‘ Radioactive Substances and their Radiation,’ p. 275. 
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was held constant and the wave-lencths of his homogeneous 
X-rays were varied. A comparison ‘brings out the additional 
essential agreement that R increases as ‘the hardness of the 
radiation increases. In these results the theoretical ratio 
again exceeds the experimental, The reason is again pro- 
bably because the plates were too thick. Beatty’ s source 
of photo-electrons was a film of silver estimated to be 
1100 atoms thick. 

Cooksey’s results®, shown in Table I., may be expected to 
furnish a more rigorous test of the present theory. Cooksey 
determined the ratios for various thicknesses of plate, and 


TABLE I. 


Source of Photo-electrons, 


i 
Source of Radiation. Gold. | Silver, 


R exp | R cal | R exp | R cal 
| | 
| Chromium vices. | r20 | 1-93 O rA | 1:20 
| LOH. eie Ora r8 © ra 1:24 
| Zine... ren a 121 | 121 | 120 134 
| 
HL iG AEA noes: 1-16 LƏL p T23 1:37 
| 
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extrapolated to find the ratio corresponding to zero thickness. 
These extrapolated ratios are given together with the corre- 

sponding theoretical ratios in Table I. “These results are seen 
to be in good agreement numerically. 

In sume recent experiments by O. K. de Foe? this ratio 
was measured by counting the forward and backward tracks 
produced inside a Wilson cloud expansion apparatus by the 
homogeneous K, radiation from molybdenum, The experi- 
mental ratio thus found was 2 ‘89, while the theoretical ratio 
according to Eq. 7 is 3°38. These values agree within 
15 per cent., which seems to be good evidence for the 
present theory. 

Lateral Asymmetry —Suppose a photographic plate to he 
erected parallel to the YZ plane of fig. 1—that is, normal 
to the direction OX of the radiation ejecting the photo- 

electrons. We wish to calculate the distribution, as regards 
initial direction of ejection of the photo-electrons ejected by 


23 See present issue of the Phil. Mag. p. 817. 
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polarized radiation, appearing on a Wilson cloud photograph 
on such a plate. The writer has performed an experiment’ 
with the apparatus thus briefly outlined in which the radia- 
tion along the OX axis was plane polarized with the electric 
vector parallel to the OZ axis. A strong concentration of 
photo-electrons ejected nearly parallel to the electric vector 
was discovered. 


Fig. 3. 


The momentum relations involved in the ejection of a large number 
of photo-electrons by polarized radiation. 


Pass two planes through the line OX making the angle 
dw with each other and the angle w with the XZ plane. 
These two planes cut the sphere £ in two great circles which 
bound a lune on the surface of sphere 8. Let us represent 
the projections of spheres a and £ upon the XY and YZ 
planes, somewhat as the engineer shows a plan and elevation 
(see fig. 3). The projection of the lune detined above is 
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shown on the XY plane as bounded by two ellipses, and its 
projection upon the YZ plane as two radii. 

All photo-electrons whose final momentum vectors OC end 
on the lune have their initial momentum vectors AB ending 
on a small area of sphere æ, which is bounded by two skew . 
curves, These two skew curves are the projections on æ of 
the two great circles on 8, and are defined by projectors all 
of which lie on the surface of an elliptical cylinder whose 
elements are parallel to the OZ axis. These curves are 
hidden by the ellipses in the plan, but appear separately in 
the elevation. 

Since a sufficiently large number of tracks will give a 
uniform distribution of initial momentum vectors AB over 
the surface of a, it is clear that the relative number of tracks 
on the photographs whose initial portions lie within the 
angle dw to the total number of tracks is equal to the ratio 
of one of these elementary areas on @ to the whole area of a. 
The two projecting cylinders cut two elementary areas out 
of a, one on the upper and one on the lower hemisphere. 
Since each of these may be supposed to contribute only one- 
half its photo-electrons to the lune (the other halves going 
to a symmetrical lune on the lower hemisphere of 8), the 
element to be used in the above ratio may be taken as that 
on one hemisphere of a. 

It therefore becomes necessary to calculate one of these 
elementary areas of a. Pass two planes perpendicular to 
the OX axis, one at x and the other at z+dx. Each plane 
cuts a circle from æ. These two circles cross both skew 
curves on a, and thereby bound a small area which we shall 
call dA. The projection of dA upon the XY plane is 
bounded by two infinitesimal straight lines and two in- 
finitesimal elliptical arcs. We shall call this projected area 
dA’. We have at once 


dA'= dedy, 
where y is given by the ellipse 
y= / R?— 2? sin w. 
Accordingly we have 
dA' = V R? — è cos œ dw dz. 


Supposing dA to be so small that second-order terms may he 
neglected, the angle between the “plane” dA and its pro- 
jection dA' has for its cosine the value </r. Hence we have 


dA = ry R?— £ cos œ dw du / 2, 
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in which, besides the variable x, there appears nothing but z. 
The variable z may be expressed in terms of a by elimi- 
nating y between the equation of the ellipse given above 
and the sphere 


Z2 +y +(e =a} = r. 
Hence we have finally 
dA = r/R? —2? dw dx | VA- (2— B)’, 


where 
A? = sec? (7? +a? tan? w — R? sin? w) 


and 
B = asec? ow. 


The limits hetween which dA is to be summed are 2, and 
z, the two roots of æ found by solving simultaneously the 
ellipse and circle given by the respective equations 


y =v R?— tsino and ¥?+(e—a)? = r. 
This gives 


z,=B-—A and 2,=B+A. 


Since the number of tracks per unit area is N/4arr?, we have 
finally 


B+A eee 
dN/do = N/4ar J R=? da | / A? —(«— BY. (9) 
B-A 


After some reduction this expression becomes 
dNjdw 
= N/4ar{ F (7/2, R- A-B) /(R+A—B)/(R+A4B) 
+E(r/2, k) V(R+A-BR+A +B) 
+ II (2/2, n, k)2BIR—-A—B)/vV(R+4)}—B?}, (10) 


where (7/2, k), E(r/2, k), and TI(2/2, n, k) are the complete 
elliptical integrals of the first, second, and third kinds respec- 
tively. The modulus 


k = 2 VAR (R+AP—B*], 


and the parameter 
n 


=—?2A/(R i A—B). 
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Fig. 4 furnishes a comparison between an experimental 
curve * and several curves calculated from theory. Carve A 
shows the relative number of photo-electrons ejected at all 
angles by heterogeneous polarized X-rays. ‘The source of 
the X-rays was a Coolidge tube with a tungsten target 
operated at about 50,000 volts by a transformer. ‘The 
X-rays were polarized by scattering from a paraffin block 
at 90°. Curves B were calculated from Eq. 9 by graphical 
integration. Each of the curves B represents the theoretical 
distribution for a homogeneous radiation ejecting electrons 
from the nitrogen K ring. The width of a particular curve 


Fig. 4. 
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Comparison of experimental and theoretical curves, showing the distribu- 
tion of photo-electrons ejected by plane polarized radiation. 


depends on the hardness of the radiation—the harder the 
radiation, the narrower the hump, The height of a par- 
ticular hump depends on the intensity of the corresponding 
radiation. Several of these curves are shown for the purpose 
of bringing out the possibiliry that the curve A is the sum of 
a number of such curves B corresponding to the various 
lengths of X-rays making the heterogeneous beam used 
in obtaining the curve A. The Eq. 9 requires that the radia- 
tion producing the ejection be homogeneous, and also that all 
photo-electrons come from the same energy level. In order, 
then, to calculate a curve to compare with curve A, it is 
necessary to know the wave-length and intensity of all the 
radiation as well as the relative number of photo-clectrons 
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ejected fromthe various gases—nitrogen, oxygen, argon,ete.— 
which were present in the expansion chamber. The com- 
parison presented in fig. 4 is then only for the purpose of 
showing qualitative agreement, Experiments are in progress 
in which it is hoped “to settle the question of quantitative 
agreement, 


Discussion. 


The present theory admits of a number of tests, only three 
of which have been considered here. The experiments of 
Bragg and Beatty on the Mackensie asymmetry give quali- 
tative support to the theory in that the theoretical ratio of 
forward to backward photo-electric current varies both with 
hardness of the radiation and with source of the photo- 
electrons in the same way as the experimental ratio varies 
The experiments of Cooksey and of de Foe on the same 
asymmetry are in close numerical agreement with the pre- 
dictions of the theory. The writer’s experiments with 
polarized X-rays, in which the tendency for the photo- 
electrons to proceed in the direction of the electric vector 

was discovered, also support the theory qualitatively. The 
theory further agrees with the results of Beatty and Piersol, 
in that it predicts the velocity of ejection to be independent 
of the direction of ejection. 

A number of additional predictions of the theory have 
been omitted from the present paper, since experimental 
work in progress for the purpose of testing them has not 
been carried far enough. In particular, we mention that 
the theory offers certain information on the time of action 
between the quantum and electron when the binding force 
between the electron and nucleus is taken account of. 

Apart from the well-known difficulties which the wave 
theory has in explaining the Einstein photo-electric relation, 
the present theory introduces nothing contradictory to the 
wave theory. If we favour the corpuscular Viewpoint, 
however, it appears that the orthodox view of the quantum 
as a scalar bundle of energy must be modified to account for 
the lateral asymmetry in ‘the direction of ejection of photo- 
electrons. We may view the quantum as a “vector 
quantum,” since it appears to exert a sideways impulse to 
eject the photo-electron. 
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I. Sntroductory. 


Í lie title has been chosen to emphasize a well-known 

experimental result of crystal analysis, which is seldom 
stressed, but which is of the utmost importance and is the 
key to the proper understanding of the structure and be- 
haviour of atoms. The distance between centres of the 
nearest adjacent atoms in crystals is in round numbers found 
experimentally to be of the order of 10-8 em, rather than 
10-7, 10-%, or 10-cem. It may be as small as ‘5 x 10-8 em. 
or as large as 4 x 10-8 cm. in special cases perhaps, but the 
minimum distance always falls within these rather narrow 
limits. Considering the very small size of the electron itself, 
which is now experimentally established, the experimental 
and theoretical dimensions agreeing very satisfactorily, and 


* Communicated by the Author, 
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taking into account that this negative electron is the largest 
fundamental body of charge that enters into the structure of 
an atom, for the negative electron occupies a far greater 
volume than any positive charge: taking these things into 
consideration, itis not at all evident why 10-8 cm. instead of 
10-7 or 10-% em. should have been this universal distance. 
There appears to be plenty of room for distances much 
smaller or greater than 107% em., and it has not been evident 
why there should exist such a universal distance of any value 
whatever. . 

Bot it is evident from the same facts that there must exist 
a very definite causal connexion between the constitution or 
structure of the atoms themselves and this universal distance, 
for with so many different kinds of atoms one might expect 
a much wider departure from 10—* em. than is found experi- 
mentally, if there exists uo controlling principle within each 
atom. If, however, it can be shown that this universal 
distance is closely related to the properties of the atom and 
negative electron itself and controlled by them, as is shown 
in this paper, it is not surprising but very natural to expect 
a universal distance between atomic centres, because the 
electron forms an integral part of each and every one of 
these atoms. The main distance itself between the atoms 
will then be determined by the negative electron, and the 
very small variations from this main distance will depend 
upon the particular grouping of these electrons within each 
atom in the different kinds of atoms. 

This subject has been treated in a preliminary way in 
former papers * from the standpoint of a new atomic model 
based upon electrodynamics, in which there are no electronic 
orbits in the steady state of atoms. It is not intended to 
open this question again here as to whether or not there 
exist any such steady “orbits, but rather to give an account of 
progress in the mathematieal inv estivation of the new atomic 
model, with particular reference to this universal distance, 
above mentored, of the order of 1078 cem. 

Without departing at the outset from the doctrine of 
electromagnetic theory, no such orbits of negative electrons 
are admissible in atoms in their steady states, but it is not 
intended to abandon electrodynamics at anv point. More- 
over, such a course is not at all necessary, These orbits are 
not needed. On the other hand, those who have become 
accustomed to think in terms of orbits may easily attribute 


* A.C. Crehore, Phil. Mag. p. 569, Oct. 1921; p. 886, May 1922 ; 
p. 1025, June 1922; p. 383, Jan. 1928, 
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the universal distance of 10-° cm. to the dimensions of the 
orbits themselves, which have been computed by means of 
this same electrodynamics that was abandoned in the matter 
of radiation of energy from electrons describing orbits. 
When one pictures a crystal model based upon the stationary- 
orbit-form of atom, where the revolving electrons come very 
close together at certain points and depart far asunder again 
at other points, and realizes that it is necessary to postulate 
no mutual reaction between these orbital electrons such as 
electromagnetic theory demands, it seems that the time has 
arrived to search for a more satistactory form of atomic 
model, one that does not abandon electrodynamics at the 
outset. 

Quite apart from all thoughts as to the actuality of things, 
the mathematical aspects of the problem suggested by the 
new atomic model, with which we are concerned, have many 
features of great beauty and sufficient merit to maintain the 
interest, to say nothing of the new field that has been opened 
for atomic physics. How to give readers an understanding 
of the subject with the minimum of effort on their part has 
received some study. The historical order of development 
would be the easiest, but an objection is that the results 
become clouded with a mass of detail. It has been necessary, 
however, to pass through many successive steps to attain the 
final result to be described, and if these steps were omitted 
there is a question whether the presentation would have much 
meaning or be understood. 

Let us begin by restating some of the properties of the 
fundamental bodies, the negative electron and the positive 
charge of the hydrogen atom, with which the atom and then 
the molecule of hydrogen are built, as before given in the 
first paper*. The negative electron in its free state when 
not forming a part of an atom is supposed to be an oblate 
spheroid of negative charge (—e) in rotation about its minor 
axis. The charge is supposed distributed uniformly through- 
out the volume, which is the equivalent of a sphere of radius 


r=? 244x107 cem. «ww. CD) 
The semi-axes of the meridian section are 
a=3'257 x 10-8 cem., 
b= 1:065 x 10-7" cm., j 
and the eccentricity | 
ESOT ee ok. ee eS, Ee ee 2 DD 
* Loc. cit. Phil. Mag. October 1921, p. 589. 
Phil. Mag. S. 6. Vol. 49. No. 293. May 1925. 3 I 
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The total energy content of the negative electron is 
equivalent to its mass times the square of the velocity of 
light. Denoting its mass at zero translational velocity by 
m, and the velocity of light by ¢, it becomes 


Ey=0°898 x 10-7 c?=8°08x10-Terg. . . (4) 


The positive charge of the hydrogen atom is supposed to 
be an oblate spheroid with uniformly distributed charge 
having the same eccentricity as the negative electron, (3) 
ubove. But its charge is +2e instead of —e and its 
dimensions are equivalent in volume to a sphere of radius 

r=486 x107 ecm. . e. . e (5) 
The semi-axes are 
a= T054 x 10- em., 


2 e a (6 
b= 2:307 x 10-6 cm. (6) 


The total energy content of this positive charge is also 
given by the product of its mass by the square of the velocity 
of light, namely 


E=1°66x10-% e= 1:49 x 10-?° erg. . . (7) 


For comparison it is important to bear in mind that the 
energy required to separate the two atoms of hydrogen 
forming one molecule to a great distance from each other is 


E=58x 10- erg. . e... . (8) 


This value has been determined experimentally due to 
Langmuir, and the order of magnitude of most of the 
energies of the heats of formation and heats of dissociation 
in many chemical reactions 1s well represented by this 
figure. 

The energy content of the negative electron is more than 
100,000 times this value, and of the positive charge more 
than 250,000,000 times it. These facts have a very im- 
portant bearing upon the whole behaviour of atoms. It 
seams best to give at the outset the reasoning that shows 
the important part played by the very large energy content 
of the electron in the formation of atoms and of molecules. 
The oblate spheroid given by (2) is supposed to be that of a 
free electron which is in stable dynamic equilibrium. Two 
such electrons will be attracted by the positive charge (2e) of 
a hydrogen atom at all distances, and will approach it until 
they come into contact with it, the three bodies aligning 
themselves on a common axis as in fig. 1, which represents a 
meridian section of a hydrogen atom *, 


* Loc. cit. p. 588. 
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The pressure of each electron upon the positive charge due 
to the resultant attraction of the other two bodies must 
cause a slight flattening of the original figure of the free 
electron. But to either flatten or to expand the figure of 
the free electron, which is in dynamic equilibrium, requires 
that work be done, and, if the amount of this change of 
shape were known, the energy may be computed, or vice 
versa, if the work done were known, the change in shape 
may be computed. Now the energy so involved represents 
the difference between the energies of the free bodies and 
these same bodies as they exist in the atom, that is to say, it 
is the energy of ionization of the free hydrogen atom. 


Tig. 1. 


Meridian section of the hydrogen atom described in the first paper. 


But there are two energies of ionization for an atom which 
carries two electrons—the first when only one electron is 
detached, and the second when both are detached. The first 
of these is the only one that has ever been measured for 
hydrogen, and this will be of little service to us. The second 
energy must be far greater than the one which has been 
measured. In fact, it figures so great that the last electron 
never leaves the positive charge, at least in laboratory 
experiments so far conducted, and so it cannot of course be 
measured. And so we have never heard of a hydrogen ion 
with two positive charges. The maximum it has been 

ossible to give it in the laboratory is one positive charge. 

It seems profitable to picture the change that takes place 
in the atom during the removal of one electron. Were it 
not for the fact that much of the energy of the electron on 
the opposite side is transferred over to the one electron 
during the process of removal of the one, it would not Le 
possivle to remove even one, for in the symmetrical position 
in the free atom of course each electron shares alike and 
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represents one-half of the very large energy of the double 
ionization. But, when one begins to move away from the 
centre of the atom, its minor axis expands because of the 
release of the pressure, and thereby it gives up some of the 
energy that was expended upon it during the formation of 
the atom. At the same time the minor axis of the opposite 
electron must contract slightly because of the increased 
pressure on that side due to the removal of the first electron, 
and thus it is apparent that there is a transfer of some of the 
energy across from the one to the other electron. 

The comparatively small difference between the gain of 
energy of the one that remains and the loss of energy 
of the one that departs represents the rather small enerey 
of the first ionization of the hydrogen atom. This is 
known experimentally, but is not of much importance for 
this problem. The more important energy, which is not 
known experimentally and probably will not be measured 
for some time to come, is the second or total ionization 
energy. 

It seems important, however, to attack the problem from 
the standpoint of energy ; and we shall now consider the 
problem of finding a relation between the energy absorbed 
or emitted by a negative electron because of a detinite 
change in its semi-minor axis, When the hydrogen atom 
is formed as in fig. 1 because each electron is attracted 
at all distances until they both come into actual contact 
with the positive charge, then the attraction, which still 
continues, results in a deformation of the shape of the 
electron. It may be assumed, since this change is ex- 
tremely small for a comparatively large energy change, 
that each remains an oblate spheroid as before. The result 
of the pressure between the electron and the positive 
charge is to flatten the spheroid slightly, thus increasing 
its eccentricity and decreasing its semi-minor axis. 


II. The Change in the Eneray Content of the Electron for 
a Given Change in the Semi-minor Axis. 

Tt will be assumed as before that the volume of the 
spheroid, which has a uniform distribution of charge 
throughout, remains constant and fixed, equal to that of 
a sphere of radius r, given by (1) above. This volume is 

V = QI s es Ge ee Hs ces He ae 1D) 
The volume of an oblate spheroid of polar semi-axis 6 and 
equatorial radius ap is 

V = ł mab. 


ee aaa O 
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Equating these volumes gives an immediate relation 
between ag and b: 


b? D3 
ay? = r3 or ay? = e ° e ° e (11) 
But in an ellipse the relation between the axes and the 
eccentricity is 


-g = Leer y a w OS (12) 


Whence, equating (11) and (12), we have 
E = l— e. e s . . e e (13) 


The area of an oblate spheroid S in terms of its semi- 
axes and eccentricity is 


al? l+e 
S= 27 ay? + pa log lze 7 8 © œ (14) 


By means of the above relations this area is expressible in 
terms of the eccentricity alone, as 


S= 2mr*[ (1c) aeg E]. a8) 
a 


From this we wish to find the change in the area of the 
spheroid that corresponds to a given “change in the minor 
axis; and since this change is extremely small, the dif- 
ferential of S may be used. Differentiating (15) with 
respect to e gives 

dS 2 nn ere | 
= we 5 (Ie) = Let)" 


- |50- easg a= -epr |i Jog teh, (16) 


in terms of r, b, and e is equivalent to 


Em { 30) O-BO esa) meses 


By means of (13) the rate of change of e with respect to b 
may be obtained by differentiation as follows : 


de pale 67)?/3 = 3h? 
abn a ace e“) 2 = IPE e e b (18) 


The rate of change of the area of the spheroid S with 
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respect to the semi-minor axis b is then the product of (17) 
by (18), Denoting the brace in equation (17) by b) for 
brevity, we obtain 
dS dS de 3rl? 
= D chery = == l > o . e ° 9 
db ~ de ` db eo i 


When the change in area is small, we may say that dS 
becomes AS=5,—N, and db becomes AL=b,—b ; whence 


Jarl? 


82-8 = — (lg b) JO). ge cote HCZ0) 


In accord with the properties of the electron as given in 
the first paper (see equation (73)), there is a surface tension 
over the entire surface of the electron given by 
| Pee. se ae ~ & OD 

10 ark 


To increase its surface by the amount 8,—S and to 
flatten the electron, thus reducing its minor axis, requires 
an amount of energy 


AK=T.AS=T(8,—-S). . . . . (22) 
Hence by (20) and (21) 
‘ 9 Le? ; ; 
Al = — ig sexta DLO) © » « (23) 
Taking b in round numbers as 107% cm., and r as given 
by (1), the eccentricity obtained from (13) is 
eS 0U se a. ws we we: ZA) 
So by (23) we find numerically that 
AE = — |, (307 x 10%)(bs—b). . . . (25) 
Using as the value of the charge, e= 4:763 x 10- E.S.U., 
the energy in (25) becomes 
Als = — 60964x 10%(5,—b), . 2. . . (26) 


whieh is the expression that was to be found. 


II. The Energy of Double Ionization of the Hydrogen Atom. 


In the free state of the electron the value of b given 
by (2) above is 1065 10-8 em. If this is contracted 
down to exactly 10- when the hydrogen atom is formed, 
it would mean that 


ba—b = (L—1-065) x 10-3 =—0:065x10-% em. (27) 


re a a ar mii pae 
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The corresponding energy change by (26) becomes 
AE = 0°4527x 10-7 erg, . . . . . (28) 


and according to (4) above, this is the 1/17°85 part of the 
total energy content of the negative electron. This would 
make the total energy of double ionization of the free 
hydrogen atom double this figure, since in the free atom 
the two electrons are supposedly symmetrical. The numerical 
value thus obtained is probably much too great, and the 
reason for giving it is to show that the contraction of the 
semi-minor axis is probably much less than from 1'065 down 
to 1x 10-® em. as arbitrarily assumed. However, since the 
experimental value of this is unknown, it may be assumed 
without affecting any of the results that follow appreciably 
that b=10-!3 cm. in round numbers, and that the eccentricity 
is 0°9547 in the free hydrogen atom as computed. 


IV. The Hydrogen Molecule. 


Let us first consider in a general preliminary way the 
formation of the hydrogen molecule by the uniting of two 
hydrogen atoms. The first striking result of an application 
of the equations expressing the forces which are given below 
is that the second atom exerts a very large force in one 
direction upon the two negative electrons of the atom, and a 
correspondingly large force upon the positive charge of the 
atom in the opposite direction. The effect of these larger 
forces is necessarily to change the pressure between the 
electrons and the positive charge as well as to displace 
very slightly the location of the positive charge to one side 
of the centre-line of the two electrons. These larger forces, 
in other words, have the effect of slightly deforming the atom 
itself, so that it is no longer a symmetrical atom as it exists 
in the free state. We really have to deal with a slightly 
different atom when it forms part of a molecule as well as 
os the process of formation of the molecule than when 

ree, 

It required some time and experience to realize that these 
deformations are of any practical importance, since they are 
evidently very small effects. The reason why they become 
important, when examined in terms of the equations ex- 
pressing the electrostatic forces between the fundamental 
bodies, is because the asymmetry of the deformed atom 
introduces new terms in the lower orders of the distance 
between centres of the two atoms of the molecule, denoted 
byr. Recalling that the forces are necessarily expressed by 
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an infinite series in terms of r~?, r73, r74, etc., and re- 
membering that the series is so rapidly convergent that 
each term is nearly 10° times smaller than the preceding 
term, unless some special condition is imposed upon the 
coefhcients of the terms, it appears that ordinarily the first 
term of the series represents tle sum of all its terms to 
a close approximation. When the two atoms are each 
symmetrical with respect to an axis and centre, it results 
that all the odd powers of r have vanishing coefficients 
in the series expressing the total electrostatic force of a 
second atom upon the first. And besides this, all coefficients 
vanish up to but not including the r76 term. Hence the 
first term of the series is the r76 term, which would re- 
present practically the whole force unless its coefficient 
is modified by sume condition connected with the form 
of the electron. The next term of this series for a sym- 
metrical atom is the r78 term, which is ordinarily 10! times 
smaller than the 73 term and is of no value. 

With a deformed atom, however, not only do earlier terms 
appear of lower orders in 7, but the odd powers are present 
as well, the small coefficients of the earlier terms giving 
values that compare on equal terms with the important r~ê 
term above mentioned, and they are therefore not to be 
neglected. 

Chis matter may be understood so much more readily 
when the equations referred to are before us that it seems best 
to give them at once, and they will be given in progressive 
steps of approximation to the model of the atom of fig. 1. It 
is regretted that there is not space to give all the details of 
their derivation; but to do this would not only extend the 
paper to great lengths, but might at the same time obscure 
the purpose and aims of the whole. So results only are 
given in this paper, but the processes are clearly indicated. 


V. The Spherical Electron in a Symmetrical Atom. 


As a beginning let it be supposed that each fundamental 
charge in the atom has a spherical shape, and that each atom 
is symmetrical with respect to its central point, in order that 
comparisons may be made later and the effect of non-spheres 
and asymmetry noted. A diagram of the atoms of the 
hydrogen molecule would then be represented as in fig. 2. 
Each charge may be treated mathematically as though 
it were all concentrated at the centre of its respective sphere. 
The centre of the first atom, H,, composed of two negative 


—Ė, ar a 


e o O ë ~TAne™~ m o ee see EEEE a 
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electrons, A and B, and one positive charge, C, is located 
with its centre at the origin of coordinates, the z- or 
k-axis taking the polar and the <z- or i-axis the equatorial 
direction. The centre of the second atom, Hg, is located in 
any general position at the point (x, z), but its axis, which 
in the final model is an axis of rotation for each fundamental 
body, is shown as parallel to that of the first atom, H,, that 
is parallel to the z-axis. 


Hydrogen molecule assuming spherical electrons. 


The distance between the centres of A and C, B and C, 
a and c, and b and c may be denoted by b, which is very 
closely equal to the radius of the negative electron ; and the 
distance between the centre of the second atom, namely c, 
and the centre of the first, namely C, may be denoted by r. 

The direction cosines defining the position of the centre of 
the second atom with respect to the first may be denoted by 


X =z/r and G=2/r. . . . (29) 


Then it may be shown that according to the inverse-square- 
law of electrostatic force, the force upon the positive charge 
C=?e of the first atom due to the sum of the forces of both 
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a and b of the second atom is given by the two components 
resolved along the <z- and z-axes as follows: 


2 
F, = i X [4r — 6r fa a (Z) HEr Efa (Z) «J, (30) 


a+donC 
2 
F, = T Z[4r = 6)? (Z) + 3r- fa, 6(Z) -J G31) 
where Faste 2 6 @ Bx 6 xe CD 


pe Saba a ee ex a CD 
fee = 11424+2125 2... (34) 


f.e = 15—7022+63Z.. . . . (35) 


When positive, these represent attractive forces. 

The force upon the two negative electrons, A and B 
together, of the first atom due to the two, a and b together, 
of the second atom is given by 


2 
F, = p X [4r +120 (Z) —00lb'r -Ef 6(Z) ...], 
a+b . . . (36) 


on A+B 


2 
F, = £ Zl —4r-2+12U°r-4f, (Z) — 20r -8 f, 6(Z) ...]. 


k (37) 


The force upon C of the first atom due to c of the second 

is simply R 
F, =% 

eonC k 


X(—4r-4), 2. 2. ee (88) 


F, = PZA). o a a a (89) 


The force of the whole atom H, upon the positive 
charge C of the first atom is evidently the sum of (30) 
and (38) for the z-component, and of (31) and (39) for the 
z-component. Itis not necessary to write this down, because 
the result is the same as (30) and (31) when the r~? terms 
are omitted. 

The force of the whole atom H; upon the two electrons 
A and B of the first atom is evidently the sum of (30) and 
(36) for the «-component, and of (31) and (37) for the 
z-component, since the force of a plus b upon C is evidently 
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the same as that of con A plus B. This sum is 


F, = © X[6b%-*f, (Z) 1050r- f, (Z) ...J, (40) 


nr k 
F, = Ê Z [68r (Z) 350r- fa (2) J, . (41) 


where the Z-functions are given by (32) to (35) inclusive. 

The force upon the whole first atom to the second 
is then the sum of (30) and (40) for the z-component, and of 
(31) and (41) for the z-component, remembering to omit 
the r? terms of (30) and (31) as pointed out above. Hence 
we have 


F, Č X[—456'r -6f (Z)...],. . 42 


Hy on H, 


2 
F, =) Z[—15br-*f,,6(Z)...]. > . . (43) 


The above equations illustrate some of the statements 
made above. First, because the atoms are symmetrical only 
the r~’, r-*, and r-® terms of these series are present, the 
odd powers being absent because their coefficients vanish. 
Secondly, if numerical values are assigned to b and to r, 
making b=107 cm. and r=107* cm., we have 

br? brf — b?r-2 = 10-26+16 — 10, 

ha a b?r 10- 10-10. . . (44) 
And since the coefficients involving Z, which is always unit 
or less, are negligible by comparison, it is evident that dach 
succeeding term of these series is of the order 10° times 
smaller than the preceding term. That is to say, the first 
term of each represents approximately the whole torce. 

While the force of any single electron in the second atom 
upon any one in the first obeys the inverse-square law, yet 
the effect of the whole second atom upon any one electron in 
the first obeys the inverse-fourth-power law, see (40) and 
(41), and the whole second atom on the first obeys the 
inverse-sixth-power law, see (42) and (43). Hence there 
are no inverse square forces acting within any atom of this 
type because of any distant neutral atom. By far the largest 
forces acting because of the second or distant atom are the 
inverse-fourth-power of the distant forces, and these have no 
effect upon the atom to produce any translational motion, but 
they set up an internal strain within the atom itself. The 
translational force upon the whole atom follows the inverse- 
sixth-power of the distance law, but these forces are minute 


852 Dr. A. C. Crehore on the Universal Distance of the 


as compared with those producing the internal strain as 
shown, since an r © term is nearly 10” times smaller than an 
r~‘ term. 

Asa result of this investigation it becomes evident that the 
larger energy transformations, taking place when molecules 
are formed trom free atoms that were previously at a great 
distance ay art, follow in the wake of the larger forces con- 
cerned, and are therefore manifested in the internal strain 
set up ‘within the atom. Evidently this energy is traceable 
to a change in the energy content of the electrons themselves. 
But it is not profitable to pursue this simplified type of atom 
any further, because equations (42) and (43) show that there 
can be no equilibrium position where the two atoms will stand 
in stable equilibrium at any distance. Subsequent terms in 
the higher powers of r are of no value, and no vaiues of the 
two variables Z and r will reduce both the z- and the 2- 
components, that is the total force, to zero. 

At first thought, without giving the matter full con- 
sideration, one might have imagined that no equilibrium for 
a system of point charges of this kind should be expected 
because of the general theorem of Ernshaw. This theorem, 
however, can have no bearing on this problem, for the reason 
that another condition has been imposed in that the two axes 
of the atoms have been assumed to be parallel to each other 
in all positions, This result is brought about by the rotation 
of each fundamental charge upon its own axis, which gives 
rise to an electromagnetic force that is not contemplated by 
Ernshaw’s theorem. It is this rotation that keeps the two 
axes parallel, but after that we are merely concerned with 
the electrostatic forces, and these are all that we have to 
investigate for reasons that have been clearly stated in the 
previously published papers cited. 


VI. The Circle-and-Point-Electrons in a Symmetrical Atom. 


In the historical order the next form of atom subjected to 
computation approaches the form of fig. 1 much closer than 
the assumption of simple spheres as above. But this new 
computation still assumes a perfectly symmetrical atom, and 
makes no allowance for any internal strain, and on this 
account in the light of subsequent experience it could 
not be expected to be entirely successful and satisfactory. 
Because the solution of the problem of finding the electro- 
stutic force exerted upon one oblate spheroid of the kind 
above described due to a second one on the assumption of 
the inverse-squzre law as between the infinitesimal elements 
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of charge supposed to be uniformly distributed throughout 
the volume of the spheroid has never been obtained, it has 
been necessary to approach the condition of the model of 
fig. 1 by the use of solutions which are available. 

In the closer approximation to the spheroid of the electron 
the inscribed sphere is imagined to be cut out. This leaves 
a ring of charge thickest at the equator and tapering in 
thickness towards the poles. The total charge of the electron 
is thus divided mentally into the sum of two—a sphere and 
a ring. The sphere may be represented mathematically by 
a point at its centre, and the ring may be approximated 
by considering it as the equivalent of a circle of the proper 
radius, whose centre coincides with the centre of the spheroid 
and whose plane is the equatorial plane. The oblate-spheroid- 
electron is thus replaced for mathematical requirements 
by a circle-and-point-electron. The approximation is close, | 
however, and the eccentricity of the spheroid is represented 
in the circle-and-point-electron. A change in the eccentricity 
of the spheroid changes the size of the inscribed sphere, and 
because the charges are proportional to their volumes, some 
of the charge switches over from the point to the circle and 
vice versa in the circle-and-point-electron. 

Denoting by p the ratio of the charge on the circle to the 
whole charge of the electron e, it is easy to show * that 
p a to the square of the eccentricity of the spheroid, 
so that 


pre ..... . (45) 


The charge on the point is then 


E, = (1—p)e, e e ry ° ° ° (46) 
and the charge on the circle is 


E, = pe, e e ©. o œ e PER (47) 


their sum being E+E (48) 
1 g =e. Se Sar ee ee a © 


The ratio p, like e, is always less than unity, and as the 
form of the spheroid changes from a sphere toa very flat 
spheroid more and more charge shifts over from the point to 
the circle. For the sphere both p and e are zero, and Ej =e, 
while E,=0. Asp approaches unity, E, approaches zero 
and E, approaches e. 

The electrostatic force of one spheroid upon another is 
thus simplified to depend upon the force of one circle upon 
another. Fortunately this latter is obtainable. It may be 


* Loc, cit. second paper, p. 907. 
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found from the equation giving the average force * exerted 
by one point charge revolving in a circle upon another point 
charge revolving in a ditferent circle. The equation assumes, 
however, that the planes of the two circles are parallel. 


VII. The Electrostatic Force of a Second Stationary Circle of 
Charge upon a First Stationary Circle of Charge with 
Parallel Planes. 


Since this equation is fundamental to any solution in- 
volving circles, it will be given in full for reference. The 
force is that of a secondary stationary circle of radius a, 
uniformly charged around its circumference by a total charge 
of E, acting upon a first circle of radius a, with its circum- 
ference uniformly charged to the amount E,, their planes 
being parallel to each other. For brevity the sum of the 
squares of the radii of the two circles is denoted by 


o=a} +a, . . . 2. . | (49) 
and their product by 
6 = dd}. m e e e ° e e z (30) 


The three components of the force along the 2-, y-, and 
z-axes are then as follows :— 


a eX [=r 430r if a (Z) — (a7 + 26") r-8f, 6 (Z) 
ae +% a(o? + 68?)r-8f,,5 (2) 
— FF (at 412820? + 634) r-! frao (Z). » GD 
Fs aay [same bracket as in (51)], . . . . (52) 
Be = Ë Zar tb x Bor faa (Z) 


= x f(a? + 28°)r Ff, 6(Z) 
Sp 1 x a (a7 + 68*)r-8 fs (2) 
— 5x Ty (ot + 128%? + 6ò')r = fa 10 (2)... J, 
a, ae ee ee 
* Crehore, Phil. Mag. July 1913, equations (42) and (44), pp. 69 and 


70. The sign of (44) should be changed to minus, due to a mis- 
print. In giving the numerical values of the constants B on P- 70, 


the first column should see By 25=0B2,2; Be a= By os Bg, =; B oe 
Bio g= a Boo; By 2= 3 Bio, 23 Big o= u g Bi2,2 This correction was 
noted on p. 325, Phil. Mag. Feb. 1915, footigie. 
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where 

fz,4 (Z) = a4 +0,2, 

fzo (Z) = ag +b P + cei, 

faa (Z) = ag +b Z?+ ceZ* + dZ’, 

Tx,10(Z) = awot bol? + cwZt+ dolt ewl; . . . (54) 


and 


J:a (Z) = 6(a4 + 45, 7), 

F:.6 (Z) = 15(as + 46 Z? + 306 Z°), 

fa (Z) = 28(ag + dbs Z? + 4egZ* + }d5Z°), 

Fi10(Z) = 45 (aio + bbl? + LerpZt + $dyyZ8 + henz); . (55) 


and where the numerics a, b, c, d, and e have the following 
values: 


1 e 
393 F=— ga) o= 128 9 
— 5, 7 _ 135, 7. 
b= G3 b=; b= Fs bS 3 
21 495 , 1001 
C= g3 =m gao’ oS es 
d= 429 . d an 1001 | 
6i ? 10" ~~ “32 3 
2431 
Ci0= T° ° (56) 


The functions of Z given by (54) and (55) are not exactly 
the same as those given in (32) to (35), but they are multiples 
of them. The expression for the force has been developed to 
include the inverse tenth power of the distance r, but we 
shall not have occasiou to make use of it for the purposes of 
this paper beyond the inverse sixth term. By means of this 
equation the total force of a second circle-and-point-electron 
acting upon a first such electron may be written down. 
The force of a circle upon a point charge may be obtained 
from this by making either radius a, or a, as the case may 
be equal to zero, and at the same time taking care that the 
proper charges are used for each body. The whole force of 
a second electron upon a first is thus the sum of four 
component parts—the force of the circle of the second on 
that of the first, the force of the point of the second on the 
circle of the first, the force of the circle of the second on 
the point of the first, and, lastly, the force of the point of the 
second upon the point of the first. 
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VIII. The Electrostatic Force of a Second Circle-and- 


Point-Electron upon a First. 


Without giving each of these component parts above 
mentioned separately, the whole force of a second ercle-and- 
point-electron of charge —e, radius ag and ratio of charge on 
the circle to the total charge, pa, acting upon a first electron 
of the same charge but having different values of a and p 
denoted by a; and p, is as follows :— 


2 : 
F, = XL r+ Arfa (Z) + Br-8f,.6(Z) 


Eecond elec. 


Rates + Cr-"fi,(Z) + Dr-"f, w(Z) seals : (57) 
2 
F = Y [same bracket as in (57)], . . «© © (98) 


2 
F, = : Z [— r4 Art a (Z) + 4Br-°f,,¢ (Z) 
+4Cr7sf.,3(Z) + Dro’ fw(Z) J, 69 


where 


A= pa tpar) 6) a xe ae Se we Se tw OU) 
B= — Ẹ (Apopiae’ay? +p +p), . . 2 « (61) 
C= © [9p spyag?ay2(ag? + ay?) + poten’ tpa], . . (02) 
D=— T (16p:p1437 af + 36p.p,a,4a,4 

+ lôpapiaãa i? + pode" +p), . (63) 


and where the functions of Z are the same as given in (54) 


and (55). 
IX. The Symmetrical Atom Form of Molecule. 


Those fundamental equations may be used to obtain the 
force upon a first atom sıtuated at the origin of coordinates 
due to a second atom in any general position (x,y) in a 
manner similar to the process employed above with spherical 
electrons. Only the results of these operations can be given 
here, but they have been carefully checked until we are 
assured of their accuracy upon the premises, namely their 
dependence upon their fundamental equations (57) to (59). 
These equations hold good for different kinds of electrons, 
those differing in a and p, but we shall now consider first the 
case where all electrons are alike and where the atom is a 
symmetrical structure, the centres of the three bodies A, B, 
and C being in one line, and the distances AC, BC, ac, and 
be each equal to b, the semi-minor axis of the negative 
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electron. Fig. 3 represents two such circle-and-point- 
electron atoms forming the molecule. The circles viewed on 


edge appear as lines. 
The force of the atom H, upon the positive charge alone, 


namely C, is as Follows :— 
2 
„Ee = p XL 8 (08 ppa) faal) 
+ E (204 — 6b? pa? + łpa®)r tfre (Z). ]> (64) 
2 
F, = C Z[—6(%— 4pat)r-4f,,4(Z) 
+ §(2b'—6l%pa? -+ $pa*)r-*f,,6(Z) ...], ~ (65) 


where the functions of Z are as in (32) to (35). 


Fig 3. 


Hydrogen molecule with symmetrical atoms using circle-and-point 
electrons, 


If p is put equal to zero in these expressions, it is equivalent 
to assuming that the electrons are spherical as before stated 
When this is done (64) becomes identical with (30) and (65) 
with (31) after omitting the r-? terms as before explained 
So the result in these last equations is more general, including 
the former as a special case. The lowest order term as 
before, is the r—‘ term, and only even powers of rare present 
because the atom is still assumed symmetrical and un- 
deformed. The value of the force now, however IS come 
pletely altered, since it depends upon the relative values of 
b? and pa’. If these quantities were equal to each other 
the r~t term would vanish entirely. Unless they are so 


Phil. Mag. 8. 6. Vol. 49. No. 293. May 1925, 3K 
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closely equal that their difference is approximately 10" times 
smaller than either term alone, then the r4 term is far 
greater than the rê term, and it represents therefore the 
whole force. The numerical value of this quantity, which 
may be denoted by P, namely 


P=}? —}pa?, o . . . «se (66) 
js P= —1:25x 107% em. . . . (67) 


In order not to interrupt the continuity of the presentation, 
the derivation of this numerical value for P is given in 
Appendix A to this paper. The second term of (68) is 
greater than the first, and the total greater than 6? alone, but 
with the opposite sign. The value of J? alone is 10~* cm.’ 
Hence the r~t terms of (64) and (65) are by far the greatest. 

The force upon the two electrons A and B together due to 
the second atom is given by 


2 
F, = i X[6Pr-t f4 (Z)— É (14b' — 180? pa? + 3p?at 
H, on 
A+B + Boa')r-®f,,6(Z)...], -~ (68) 
2 
F, = [6 Prf a (2) — det — 18)"pa! + 3p'a' 


+ fpa')r-%fi,6(Z) Je» = (69) 


and here also the r-4 terms are by far the largest of the 
series, but it is to be observed that the r—* terms of the force 
on the two electrons in (68) or (69) are exactly equal and 
opposite to the r-4 terms respectively of the force upon the 
positive charge of (64) and (65). ‘These large forces drop 
out when the sum is taken to obtain the force of the second 
atom upon the first which follows. 


2 
F, = {X(—45P%"fe0(Z)..-], » «+ (70) 


2 
F, = [ Z[—15P*r*f,,6(Z) ..-], oe (D) 


where P is given in (67), and the functions of Z in (34) 
and (35). ‘This same equation developed to include the r~* 
and #78 terms is given as equation (17), p. 1029, Phil. Mag. 
for June 1922. An attempt was made in that paper to 
obtain an equilibrium by means of this symmetrical atem, 
using the 776, r78, and 771° terms and taking P as an un- 
known quantity to which different numerical values might 
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be assigned. In the r-® term the square of P occurs as a 
factor, while in the r-® term the first power of P is a factor, 
and in the r-!° term it is not a factor. But to obtain any 
equilibrium a value of P must be chosen such as to render 
the magnitudes of the three terms of the same order. Such 
a value was found in the neighbourhood of 7x 10-* for P, 
which requires that the two terms of (66) shall be equal to 
each other to a very exact degree. This in itself seems 
improbable. Moreover, the forces with such a small value 
tor P are much too small, each term being of the order 
2 
T 10-2 dyne near the position of equilibrium. And again, 
the law of force between the atoms of a solid body would 
‘then appear to be higher than the inverse-sixth power of the 
distance, which is not supported by experimental evidence. 
Such evidence indicates that the variation of the force with 
the distance obeys the inverse-fifth power of the distance 
law nearer than any other. 

On the other hand the symmetrical and undeformed atom 
of tig. 2 with spheres offers no possibility of forming a 
molecule with two such atoms at a distance of the order 
of 1078 cm., while the atom of fig. 3 with circle-and-point- 
electrons shows that such a thing is quite possible, and this 
in itself seemed an important result. But a further study of 
the problem has shown that the former attempt to obtain an 
equilibrium in the paper referred to is open to the objection 
above mentioned, and these objections have all been removed 
by the subsequent development. The part played by the 
comparatively large forces expressed by the r~* terms in 
(68) and (69) cannot be neglected, because the energy 
changes that take place as the molecule is being formed 
are necessarily connected with these larger forces; but 
these are manifested only within the atom itself, and produce 
an internal strain. When these strains are taken into the 
account the problem becomes much enlarged in scope and 
more complex, but if this is the truth of the matter the 
situation must be faced. 


X. Zhe Unsymmetrical and Deformed Alam, 


‘The effect of the x-component of the force of the second 
atom upon the positive charge and upon the two electrons of 
the first atom is to pull the one to the right and the other 
to the left, thus very slightly displacing the positive charge 
off from the line joining the centres of the two electrons, as 
illustrated in fig. 4. The sum of these displacements in the 


3K 2 
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two atoms of a molecule may be denoted by l, while /'2 
denotes that in the single atom of fig. 4. The magnitude of 
the displacement will be shown to be less than the radius 
of the positive charge itself, and in order to show it in the 


Fig. 4. 


Hydrogen atom with circle-and-point electrons illustrating the. 
a-displacement. 


figure it has been greatly magnified. Circle-and-point- 
electrons are illustrated in the figure, but it should be kept 
in mind that the electrons are oblate spheroids in contact 
‘with the positive charge. 

The effect of the <-component of the force is to increase 
the pres-ure between an electron, say B, and the positive 
charge, and to lessen the pressure between the other 
electron, A, and the positive charge. This increases the 
area of the one electron, B, and reduces slightly its minor 
axis, and decreases the area of A, increasing its minor axis, 
but not necessarily by the same amount as that of B was 
increased, since the force of the second atom upon A differs 
slightly from that upon B on account of their different 
distances. 

Fig. 5 represents the effect of the z-component of the 


Fig. 5. 


os ee B 
E 
Hydrogen atom illustrating both the 2- and z-displacements. 
force upon H, together with that of the «-component. The 
vertical distance from A to C has increased from 6 in fig. 3 
to ba in fig. 5, while that from B to C has diminished from b 
tob. It is conceivable that the minor axis of A increases 
by just the same amount as that of B decreases, in which 
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case the vertical distance from A to B would remain un- 
changed. But when the axis of A increases, this electron 
performs work giving up some of its energy content, and 
similarly, when the axis of B decreases, work must be done 
upon it to increase its surface, and it consequently absorbs 
energy. Ifthe amounts of the increase of the axis of A and 
th: decrease of that of B were the same, then all of the energy 
given up by A would be reabsorbed by B, and there would 
occur no total change inthe energy content of the atom. As 
long, therefore, as the vertical distance from the centre of A 
to that of B remains the same as it was in the free atom, so 
long does the energy of the whole atom remain unchanged. 
But if the distance AB increases over and above its value 
in the free atom, then work has been done by the atoms 
in forming the molecule at the expense of some of the 
energy content of the electrons as they existed in the free 
atoms. Since it is true that work must be done by outside 
influences to separate the molecule of hydrogen into tree 
atoms and thus restore the two electrons of an atom to the 
condition they have in free atoms, it may be concluded that 
the distance AB must be slightly greater when the atom 
forms part of a molecule than when the atom is free. This 
means also that the over-all axial distance from the top 
surface of A to the bottom surface of B in fig. 1 must be 
slightly greater in the molecule than in the free atom. 


XI. The Energy of Dissociation of the Hydrogen Molecule. 


Let it be supposed, therefore, that the semi-minor axis of A 
increases from b to b, and that of B decreases from b to 6, so 
that the change in that of A is 6,—dand in that of B,b,—6 ; 
then, according to (26) above, the change in their respective 
energy contents Is: 


For A, AE, = —6°964x108(b,—b), . . . (72) 
and for B, AEy = —6°964x10%b,—b). . . . (73) 


The sum of these two energies represents the work done 
by the atom in forming the moiecule, and 1s 


AE, + AEg = — 6:964 x 108[ (b +b) — 24], . (74) 


which must be negative as representing a loss of energy 
content on the whole. Now 2(b,+b,) is the polar dia- 
meter of the atom when in the molecule, and 4b its diameter 
when free ; so that it is evident that the new diameter must 
be greater than the free diameter. This neglects the very 
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smal) diameter of the positive charge of the order of 1077% cm., 
which cancels any way in subtracting. 
The new semi-minor axis of A may then be expressed as 


b = b+at+h, eok ce & Ge mbGS) 
and of B, oe 

bi = ba, ©... ‘a (tb) 
where a now represents the major part of the change in the 
semi-minor axis as the molecule is formed, and A represents 
the very small excess of change of electron A over that of B. 
From this we find that 


b,—b, =Qath . . . . a.. (tt) 
and dg+h, = 2b+h, 
or h = (b,4+6;))—2b3; . «© . (78) 


and so by (74) h is not only proportional to the whole work 
done in forming the molecule, but it also represents half the 
difference between the new and old polar diameters of the 
atom. 

Using the experimental value of the energy of dissociation 
of the hydrogen molecule (Langmuir) as 5°8 x 10-! erg, and 
one-half of this as the energy change per atom, we have 
from (74) 

AE = -25 10-1? = AEa + AEs = —6:964x 10%, (79) 


whence the value of 4 becomes known numerically as 
i À ~18 = ee 10-19 = 4:164 x 107-8 cm. 

(80) 

This is its value at the point of equilibrium of the two 
atoms when in the molecule, and is about 1/240,000th part 
of the semi-minor axis of the electron itself. The principal 
change in the minor axis is, however, greater than h ; that 
is to say, the a of (75) and (76) is considerably larger than A. 


XII. The Forces acting upon the Individual Bodies of 
the First Atom of the Deformed Molecule. 


The complication that arises when allowance is made for 
the internal stresses within the atom itself as the molecule is 
formed is due to the circumstance that there is no longer a 
fixed atom that may be moved about from place to place, as 
there was in the cases above considered and illustrated by 
figs. 2 and 3, but the atom itself now changes with each new 
position. Instead of having but two variables to manage as 
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in (70) and (71) above, the Z and the r, there are now five 
variables, namely Z, r, l, b}, and b, all of which change with 
the relative positions of the atoms. 

The resulting equations obtained with two such variable 
atoms, such as represented in fig. 5, and also shown as a 
molecule in tig. 6, will now be given in full without the 
rather laborious detail of their derivation. The principles 
of the operations as depending only upon electrostatic forces 
in the circle-and-point-electron approximation to the oblate 


Fig. 6. 


The hydrogen molecule with deformed or strained atoms. 


spheroid have been fully explained above, and the work has 
been carefully checked, so that itis believed that the resulting 
equations are trustworthy as depending upon these premises. 

The force upon the positive charge, C, of the atom H, due 
to the two electrons only, a and 6 of the second atom, is given 
in (81) and (92) for the z- and the z-components of the force 
respectively up to and including the r~* term. The force of 
the whole atom, H,, upon C is found from this by adding the 
force of the positive charge, c upon Č, which comes to the 
same thing as omitting the r~? terms from (81) and (92), and 
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hence this need not be written down again. The same thing 
occurred before in discussing equations (30) and (31) in the 
simpler case of the spherical "electrons. 


The equations that follow are complete, including the r-§ 
term, no terms having been omitted in the development, and 
are given for reference, although it will appear subsequently 
that they may be greatly simplified by omitting certain terms 
as unimportant when numerical values are introduced. 
(Bs © {4X3 —2[(2—3Z)1- 3XZD] r 

+[} (2-5Z?)X#—3(4—5Z2)Z/D 

~3(1—52) X[ (b7 -+ bi?) — 4 pra + pray’) ] |rt 
v {= (PAZ) + PED ACZ) 

T ; LL (b,? i bi’) = 4(poas” t pity”) | J3(Z) 

~ Slb —b,°) — 3 (hopes? — bip t) | f3(Z) Jr 
+[—Xl4f,(Z) - ZED f; (2) 

— = XP (b? + 6,2) — 4 (p20? + piai?)] fo(Z) 
+ a Alb — b’) — 5 (peas? — bipia:?)] ACZ) 
++ = X[ (be! + bit) — 3 (bs? pode ? +b pia’) 

+ > yah taD] fy . . (81) 
where | 

fo(Z) = 8-40Z?+35Z', . . . . (82) 
AZ) = (4—7Z27)XZ, . . . . . (83) 
fo(Z) = 4—352 + 35724, . . . . (84) 
f3(Z) = (83—7Z7)XZ, . . . . . (85) 
A(Z) = 1-72?+83Z4, a a a (86) 
fZ) = 8—282774+21Z5, . . . . (85) 
fe(Z) = 4—49Z74+63Z4, . . . . (88) 
f:(Z) = 18—777 +6324, . . . . (89) 
RZ) = 1=1424+212, . . . . (90 
and D 


bs—by. ° ° . . e ° ° (91) 
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2 J4Zr~? —2[3XZ + (1—32?) D]r? 
+ [3 (4—52 Ze + 3(1—5Z?) XID 
= 3(3—523)Z[(b +b") — $ (pats? + pia?) ] |r 
+[- 28A PDA) 
+ FUL (by? + O12) — 4 (pata? + piai?) ] A(Z) 
+ [C(b — b") — $ (lapaa? — bi piai?) | / 9(Z) |r-® 
+L ZAZ) + 82DX A(Z) 
— FPZ + b?) — (ma + pa?)] A2) 
— 151X { (b — 6,3) — 3 (bapa — bpa) | AZ) 
+2 Z[(b +b) —3 (he? pyas? + bpa) 
+2 (pais! + piai) | fio(Z) |r78......$, 9 (92) 
fy (Z) = 3—30Z7+4+35Z4 . . . . (93) 
fio(Z) = 15—702 +6325, . . . . (94) 


the other functions of Z being as given in (82) to (90). 

The force upon the two electrons A and B together of the 
first atom due to the two electrons a and b together of the 
second atom is given by (95) and (96), which follow. 


F= d | —4Xr-2 4 4[(2—3Z?)1—3XZD]r-? 
A+B 4 [ — 6(2—5Z?)X/? + 12(4—5Z*)ZID 
+ 3(1—5Z?)X [2 (b + b?) — (p:a + p10?) + D?] Jr- 
+ [233 /,(Z) —302D/,(Z) —3/[ 2(d,? + b?) 
— (p2a5? + py?) + D?] f3(Z) + 5[ D® + 4(b,? —0,°) 
—3 (bapa; — b ipia?) — 5 (pats? + pa”) D] f(Z) |r-® 
+ | —20X/4/,(Z) + 30ZP DA (Z) 
+ 3 XP[D? +2? + by?) — (parte? + p12") ] fo(Z) 
—dZl[ D3 + 4(6.3 — bi) —3 (bgpeae?— bp 10,7) 
— 3 (pray? + pia”) D] F(Z) 
= A X[ Dt + 8h + bt) + 3(pray? + piai)? 
+ 2( pate’ + pyay*) —3(p.a,° + paai?) D? 
— 12 (bs? poe? + bPa) ] A) ee.. o (9) 


F, = 


u+bonC 


where 


and 
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© gl 
F: = $ {—4Zr-? +4 [3X21 + (1-322) D]e- 
a+b on 
A+B 4.1 —6(4—5Z2)ZP—12(1—5Z?)X/D 

+3(3—52)Z[2(b.? + 0,2) — (Pat + pray?) + D°] jr * 

+ [ 100f,(Z) + 6/2D/,(Z) — 151 [2(b: +b) 
— (Py (ty? + pia?) + D?] f3(Z) — [D° + 4 (b — b,*) 
— 3 (bepa? — bpa?) — 3 (paa + pay?) D] ACZ) Jr- 
+[— 3 Zf(Z)—10XDf6(Z) 

+ F ZPD? + 2(b4? +b?) — (poets? + 14,7) ] F(Z) 

+- 15X1[ D°? + 4(b,3—b,) —3 (bepa — b p181?) 

— $ (p:a + pity”) D] fo(Z) 

— $ Z| D4 +8 (b: + bit) + 3( pods? + pray’)? 

+ 3 (poay' + Pia ') —3(p%a,? + pa?) D? 

— 12 (b? pza + b,?9,4,7) | fio (Z) |r-8... bee. (96) 
where the functions of Z are given by (82) to (94) above. 

The force of the whole atom, H,, upon the two electrons 

A and B together of the first atom is merely the sum of (81) 
and (95) for the z-component, and of (92) and (96) for the 
c-coumponent, because the force of the positive charge, c, upon 
A and B together is exactly the same as that of a and 6 
together upon the positive charge C. These sums are given 


by (97) and (98), which follow. 


F, =p (2{(2-32)l-3XZD] r+ 
A+B 4. —9(2—5Z4)XP +. 9(4—5Z?)ZID 

+3(1— 52?) X [(b + 0,7) — 4 (pza? + pyai*) + D°] jr 
+ [JP fo(Z) — PP Dpi(Z) — 81[(b,? + b?) 

—4((poae? + pia?) + §D?] fo(%) + 51D? + 3(03°— b°) 

>. 3 (bapa? = bipm?) — $ (paa? + piti’) D] fs(Z) jr- 
+[— PX (Z) + F ZEBDA) + S XPE (bh?) 

—4 (pacts? + pray?) + 4D] fo( Z) — SZID + 3 (bh 

—} (bapa — biaip?) — (p24? + pia?) DJ ACZ) 

— P X[ Dt +T (bt +b) +3 (pede? + piay?)? 

+ 8 (peda! + pia’) — 3( pots? + pia?) D? 

— 9 (bpa + bpa] fo(Z) Jr-® 0}. wee (OD 
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F, =“ {2[3X ZI + (1—3Z?)D]r-? 
AB 4 [ —3(4—5Z2)Z2 ~ 9(1—52Z?) XID 
+ 3(3—5Z2) Z[ (b +b) — Lpa? + pu?) + D?) Jr 
+[PPA(Z)+ F CDA) — FUL (b+ bY) 
— (p4? + yay?) + 4 D°] 732) — [D + 304.3 b") 
— $ (bopyag? — by pyay?) — 3 (P243? + p14”) DJ t(4) ie 
+L- R ZA — 2 XPBD/.(Z) 
iE = ZI? | (b +6?) — $( pod,” + piai’) + #D*]f(4) 
+ 15XI1[ D? + 4(b,3 — b’) — 3 (bepea,? — p14") 
—3( pots? + pia) D] ACZ) — FZL D*+ (ho! + bt) 
+ 3 (pay? tpa) + 2 (pai + pias’) 
— 3 (pats? + pia’) D? 
— 9 (bpa? + bipi?) ] fyo(Z) |r-8...}. 6. (98) 
And finally the force upon the whole atom, H,, due to the 
second atom, H,, is found by adding (81) without the r~? 
term to (97) for the 2-component, and adding (92) without 


its r7? term to (98) for the z-component, giving (99) and 
(100), which follow. 


oe “ {[—3(2—522)XP + 6(4—5 28) ZID 

+3(1—5Z?)X D? |r-* 

+ [ $13 fo(Z) — sS LDfi(Z)—31[ (b2 + 6,”) 
—4( pea,” + piai?) + D?] AAZ) + 5D? +20 — h) 
— 3 (pa? + pya,?)D] A) r 

+[— Ë XHA) + F ZBD AZ) 
+7 XP[D?+ 40? +b) — 4C + 9101") ] AC) 
— 5Z1[ D3 + 3(b,3 —b,3) — 3 (bapatts’— bip ia:?) 
— ĝ&(p2a} + pia?) D] A(Z) — $ X[D* 6(b + by") 
+2 (pots? + pics”)? —3 (pats + pin”) D? 
— (bg? prè +b ,2p,0,7)] A) eE. oa 9) 
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ae ' {[—3(4—52Z7)ZP 
— 6(1—5Z") XID +3 (3 — 52)ZD?] r-t 
+RNA + 22D fo(Z) — 15l + b?) 
— 4 (pote +p?) + D?] f'3(Z)— [D* + 2 (4.8 — h’) 
— 3 (pata? + piai?) D] fZ) r5 
+ [=E ZUZE XPD F(Z) 
HISZED? +2(br + b?) — (pa? + pias?) ] A) 
+15XI[D? + 3(0,3— b?) + $ (b202 — bi p14") 
— 3 (pa? + pia?) D] fa(Z) — ZZ[ D4 + 6( 5,4 + b$) 
+ 3 (p147 + p14")? — 3( pada? + pay”) D? 
— 6 (b? py? + b,?p,a,7) | tw(Z) |r-® t, . (100) 


where the functions of Z are given by (82) to (94). 

These equations reduce immediately to those for the 
symmetrical fixed atoms of fig. 3, (70) and (71), if the four 
electrons are made alike by putting 6,=,, pp=p;,and ag=a,, 
and if the atoms are made symmetrical by making /=0. In 
doing this both the r-* and the r-5 terms disappear, so that 
the series, which begins with the r-4 term for the strained 
atom, begins with the r78 for the symmetrical atom. 

In the expressions for the force of H, on C, (81) and (92) 
without their r-? terms, the odd power terms in r~? and r7$ 
are present, whereas they are absent from the corresponding 
expressions for the symmetrical atoms in (64) and (65). 

Another striking point of difference between these and 
the simpler equations is that the direction cosines, X and Z, 
are no longer factors of the whole force as they formerly 
were. We may now proceed to simplify some of the 
expressions by giving attention to the numerical values of 
the quantities concerned. 


ALL. Lhe Introduction of Numerical Values in the 
above Fquations. 


In the first place it is clear that both quantities, l and 
D =b, —b,, must be far smalier than b, for bg must have very 
nearly the same value as b. It has already been shown in 


(78) and (80) that 
h = (b4 6,)—2b =°4104x107" cem., . (101) 
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so that when the sum of the radii is concerned it differs 
by only about -4x107!% cm. from 2b, which difference is 
negligible by comparison with 6. The same statement also 
applies to the quantity (p:a + pia), which is closely equal 
to Zpa?. Hence the quantity, 


(by? + b?) — (p207 + pia’), 
which occurs in the equations may without sensible error be 
laced b 
replaced by | 2 (b? —}pa?) = 2P, 


where P is given by (67) above. 

The largest forces concerned are those internal forces 
producing a strain within the atom, of which (81) and (92) 
without their r-? terms represent the force upon the positive 
charge alone due to the second atom. In the position of 
stable equilibrium this force on the positive charge is exactly 
counterbalanced by the opposite forces upon the two negative 
electrons. The largest terms of this force are the 773 and 
r—* terms, the higher powers becoming rapidly small. For 
example, the largest part of the r-> term of (81) is of the 
order JPr-> as compared with the largest part of the r74 
term Pr-‘, or numerically, taking r in round numbers as 
1078 cm., the r~> and r-* terms compare as lx 104 to 
106. But l is of necessity far less than b in order that 
the atom remains intact, and in fact comes out of the order 
of 10718 cm. Hence the r~® and all following terms of (81) 
and (92) are negligible, and may be omitted without sensible 
error. Making these simplifications reduces (81) to the 
following simpler form : 


2 
F, = 7 {-2((2—32?)l—-3XZD]r-* 
HEOR —6(1—5Z*)XPr-...}, . (102) 
and (92) to the following : 


F, = r {—2[3XZ1+ (1—32Z?)D]r73 
—6(3—52Z’)ZPr-*...}, . (103) 
The whole of the r~? terms have been retained, but the 


r-4 terms have been simplified by omitting the 2 and 
the ID parts because they are very small as compared with P. 


XIV. The Value of the Displacement “L.” 


The z-component of the force of the second atom upon 
the positive charge, C, produces the strain in the atom 
represented by the small displacement, //2, of figs. 4, 5, 
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and 6. It is legitimate to take this displacement as propor- 
tional to the force producing it for very small displacements 
such as those contemplated. The force (102) may therefore 
be set equal to the displacement multiplied by some constant, 


2 

e e e e . ° . 
Sy Pa which is strictly characteristic of this form of atom. 
Since the displacement in one atom is 12, we obtain 


Pe pe 104 
Re ce ooo (104) 
The numerical value of this constant is unknown at 
present. A computation of its value might be made inde- 
pendently if we possessed the complete expression for the force 
of one oblate spheroid of charge acting upon another which is 
not yet known. It is evident that the approximate form 
for the electron used above, called the circle-and-point- 
electron, will not answer for such a purpose where the 
charges are so close as to be in contact with each other. 
3 
Upon equating (102) and (104) the E cancels, giving 


— 2(2—322)[r-3 + 6X ZDr-3—6(1 —5Z?)X Pr-4= p, 2 (105) 


which may easily be solved for /, giving 


3X71) ,-3—3(] — 572 ~4 
‘= oe =) ees e EP. - . (106) 
(2-32?) r-* + p,/4 

Similarly the z-component of the force upon C produces the 
strain within the atom which is represented by the small 
change in the semi-minor axes of the two electrons, the 
quantity D=b,—0, occurring in the equations. There is 
produced by it a change in the pressure between each 
electron and the positive charge. In the free state of 
the atoms b, and b, are equal to each other, their difference 
being zero; but as the molecule is formed, this difference 
changes gradually from zero to D, the forces upon the two 
electrons A and B being responsible for this change. For 
very smal] changes such as here contemplated it is legitimate 
to take D as proportional to the z-component of the force 
upon the positive charge, C, which is equal and opposite to 
the forces upon the two electrons in the position of equi- 

librium, Hence we may put 


2 
F, = —* pD, .. .  . (107) 
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where p, is some constant. That the negative sign is 
necessary here is apparent as follows :—If the z-component 
of the force upon C is positive, it acts in the upward direction 
in fig. 6, and must contract the upper electron A and expand 
the lower electron B. Hence b, which denotes the semi- 
minor axis for A, must be less than b,, which denotes that 
of B. This would make $,—), negative when F, is positive. 
The negative sign in (107) always makes F, take the opposite 
sign to D, assuming that pz is essentially positive, so that in 
the case just cited the force is positive. On the other hand, 
when F, is negative and downward in fig. 6, then bis greater 
than b, and D is positive, so that the negative sign is correct 
in either case. 

Upon equating this new expression in (107) to (103), the 
© cancels, giving 


k 
— 6X Zlr~* — 2(1 —3Z?) Dr-§—6(3— 52?) ZPr-t= —p:D. 

(108) 

Solving for l gives a second independent value for this 

variable, which may be equated to that already obtained from 

the «-component in (106), and thus Lis eliminated. We have 


J2—(1—32e-9 3—57 
(=e jen e Pr~: © (109) 


XVI. The Value of “ D.” 
Upon equating (106) and (109) to eliminate l, we obtain 


the rather long expression, 


OX ir 8 — [(2—BZ2)r-8 + pa] [4p2— (1-32? )r~9] p 


3XZr-3[(2—3Z?)r-3 4 łe] 
— 311-52) X Prt — [(2— 32?) “8 + dp, ](8— 52) Pr 


X[(2—3Z?)r-3 + 4p, ] 


(110) 


and by multiplying out the quantities in parentheses and 
reducing, the value of D obtained from this is 


oe 3—Z2 9-342 (3—57) 
Dessi cans Se as 
O 2r-€—[4(2—3Z?)p.—4(1—32?)p,] r T dp sp 


(111) 

The expression for l in (106) involves the constant Pry 
while that in (109) involves p,; but the resulting ex pression 
for D involves both constants. To determine an equilibrium 
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position for the two atoms does not depend so much upon the 
ubsolute values of the two constants as upon their relative 
values, and so far as can now be determined, their ratio may 
have any value. Let p denote this ratio, such that 


Pe = PPr «+ «© » «~~ © (112) 


If an equilibrium is obtained when using certain assumed 
values of this ratio p, and if it is not obtainable when using 
quite different values of the ratio, it is legitimate to assume 
that the ratio that gives the equilibrium shall bave the 
preference, and it is proper to search for such a value 
of the ratio as will give a definite position of equilibrium. 
It has been found that a ratio of p=1/2 gives a definite 
solution, but that with a ratio of 1/4 there has been no 
success in finding an equilibrium position. This is quite 
different from stating that there is none, however ; for the 
labour involved in a search for the equilibrium position 
after adopting some definite value for the ratio p is very 
great, so that the number of these ratios that has been tried 
is necessarily quite limited. We may content ourselves 
that a ratio has been found that produces any equilibrium 
at all. The reasons for this will appear when the process 
followed is given in more detail. | 

Therefore, adopting for the present the ratio p=1/2, the 
value of D in (111) reduces to 


,(83—Z*)r-F4+3(3—52?)p, 
Prt Fp tgp? 


From this it is evident that D must pass through all values 
from —o to +% according to the relative positions of the 
two atoms. Dis evidently zero when the numerator of (111) 
is zero. This is independent of the ratio p, whence for any 
value of this ratio we have D=0 when 


3— 5273 
r= — {Pr 5L ©.. te we (114) 


D= —37,Pr- (113) 


This equation is plotted in polar coordinates in terms of 
Zand r in fig. 7,the curve marked “D=0.” When Z=1 


and the two atoms are in the coaxial position, then 
rato... 2. es (115) 


And again, when the denominator of (113) is zero, then 
D=% , and we have 


27S — Jor =p? >- e. a (116) 
which is independent of the direction cosine, Z; and hence 
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D his the same infinite value at one fixed radius, r, for all 
angles or positions of the two atoms, r being the root of this 
equation. Solving, we find the two roots to be 


r—S=4p, or —dp, . . . . (117) 


Fig. 7. 


Illustrating the position of stable equilibrium for the two atoms of 
one hydrogen molecule. 


Thei negative root has no physical significance, and the 
positive root is the same value as that above obtained in 
(115). The circle which this represents is shown in fig. 7 
and marked ** D=o.” ‘The curves for D=0 and for D=æ 
meet on the axis where Z=1. This is a critical point where 
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both the numerator and the denominator of D in (113) have 
become zero. ‘lhe value of D when Z=1 may be evaluated 
by putting Z=1 in that equation, giving 


Yp-3 l 
D=-3Pr a . . (ils) 


Now when r7?= T both the numerator and the denominator 


are zero, but the numerator is an exact factor of the de- 
nominator; and when this vanishing factor is cancelled, we 
have 


„a... (119) 


whence 
2 , 
D= gpa (Po) = r20(—Pp) . . (120) 


lt may be well to emphasize at this point that the meaning 
of the values of l and of D which are contemplated here is 
that, if the two atoms are placed in any given positions, the 
values of land D must be those given by (109) and (113) 
for these positions, provided there exists any equilibrium for 
the two atoms at this point. An infinite value for l or D is 
manifestly impossible, so the interpretation is that there can 
be no equilibrium anywhere on the circle of radius 
r= (4) p7 *3= 1587401 p7", . . . (121) 
because l and D never can be great enough to satisfy the 
conditions. The equilibrium position must lie elsewhere. 
The value of D along any radius vector from the origin is 
negative between the circle where D=æ and the curve 
where D=0. It changes sign at these curves and becomes 
positive at distances greater than where D=0, and less than 
where D=æ. The equilibrium position of the two atoms is 
evidently directly dependent upon the absolute values of the 
atomic constants, pr and p,, and the universal distance of 
107 em. between the two nearest atoms of a molecule is thus 
shown to depend in a very direct manner upon these atomic 
constants, and this in itself is sufficient reason for the exist- 
ence of a universal distance. In finding the equilibrium 
position it is more convenient to reject or omit the constant 
multiplier throughout the work and then restore it again at 
the conclusion in the manner now to be described. 
It has been shown that at one critical point r~? depends 
directly upon p, witha small multiplier, and that r depends 


upon p7”. So we may say in general that 


PEP U ae lb we. Ge. Gg. (122) 
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where « may now be considered to represent the distance 
between the two atoms on a different scale if we choose. 

And, similarly, we have shown that l and D each depend 
upon the quantity (—Pp!'*) with a small multiplier, this 
being a positive quantity since P is negative. Hence we 
may write 

l=l'(—Pp!*) and D=D'(—Ppl),. . (123) 

and consider l' and D’ as the small displacements in terms of 
a different unit. With these substitutions for r, l, and D in 
(106) we obtain 
Px pee 2 oe ee. oe (124) 
(2—3Z?)u-F +4 
where the constant p, does not appear. And, similarly (109) 
becomes 


—(1—3Z2)n-3 _ 572 
and (113) becomes 
2 73),,-3 9572 
D'=3Z7u O72 +33 aay . . (126) 


2u’ — łu’ +e 
XVI. The Simplified Equations of the Force of the 
Second Atom upon the First. 


The final test of the equilibrium positions of the two atoms 
of the molecule must be that the complete equations for 
F, and F,, (99) and (100), are fully satisfied in addition to 
the two equations (125) and (126), these thus forming a set 
of four simultaneous equations containing but four variables, 


l’, D', Z, and u. 

When numerical values are introduced, many of the terms 
of (99) and (100) are seen to be quite negligible, and, in fact, 
they reduce to the following after substituting for l, D, and 
r their equivalents in (122) and (123) :— 

2 
F, =) {[-3(@—52?)XU?+4 6(4—52Z?) ZID 
H, on H 
 4.3(1-522)X DJ 
+ (6(4—352Z? + 352Z4)l' —30(3 —7Z?) XZD' Ju 
—45(1—142? +217) Xu 8... }P?pF; . (127) 
2 
F. =% {{ —3(4—52Z2)Zl'2—6(1—5Z2)XU'D' 
+3(3—5Z*)ZD"? ]u-* 
+ [30.3 —7Z?) XZL + 6(3— 3072 + 3524) D' Ju-> 
—15(15—702? + 63Z!)Zu-®,.. P?p. . (128) 
31,2 


4 a 
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The whole of the r~‘ terms has been retained, but the 
r-5 and r76 terms have been much simplified without 
sacrificing any accuracy by omitting the # and the 7 D parts 
in the r-* terms, since these are negligible as compared with 
Pl or PD, and in the r~® terms all parts are omitted as 
negligible except the P” terms. The latter are the same elec- 
trostatic terms as given above in (70) and (71) for symmetrical 
atoms where l and D were supposed to be zero. If l' and D’ 
are each put equal to zero in (99) and (100), the whole force 
reduces to these important r-® terms as formerly. 


XVII. Lhe Process of Computation of the 
Equilibrium Position. 


The process of computation of the equilibrium position of 
the two atoms in the molecule may be outlined as follows. 
The immediate object is to find the locus of all points where 
the «-component of the force in (127) vanishes, plotting 
this asa curve. The locus of all points where the z-compo- 
nent vanishes is then plotted as a second curve. The total 
electrostatic force upon the first atom due to the second, 
or on the second due to the first, is then zero at all the 
points of intersection of these two curves, which give the 
equilibrium positions. Some of these intersections may 
correspond to unstable, and others to stable, positions ; and 
since we are only interested in the stable positions each 
point must be examined to prove whether there is stability 
or not. 

Since it requires a considerable amount of computation to 
obtain even a single point on either the F,=0 or the F.=0 
curves, it is evident that the work is magnified many fold to 
trace these curves throughout the whole quadrant. This is 
our apology for not giving the curves complete throughout 
the quadrant, even for one single value of p, the ratio of the 
two constants p; and pz. Let us first assume a definite radius 
vector corresponding to some fixed value of Z, say such that 
Z?=0°8. Then (124) and (125) reduce to 


= 1+2u~8D' —4:02489u-4 Š 
=s Lpg 7 o e o (129) 
_ 025+ lr4u—? i u—! 


S= “Leet Oggi + + (180) 
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The expressions for the forces in (127) and (128) become 
KF = ez {[2°68331'°—4:02489D? ]u-4 7 
Hon Hy k  +[—9°6l'+31-:2D']u->— 65-2032u-8} P2p,?, 
< , , (131) 
F, = | {[8:049781'D’—2-6833D]u- 
+ [—31-21'4+ 84D Ju-5 + 9°1232u-®! P2p,?, 
© . (132) 


Some arbitrary value of u may now be selected, say u= 1'3, 
and l’ and D' computed hy (129) and (130). The resulting 
numerical values are 


l’=3°09 and D'=2°961. . . . (133) 


Using these numerical values, (131) and (132) become term 
by term 


p 2 r-t term 77* term 77-6 term ; e? ar 
— << — ` oS C - Te h — R.A e == a hg s y 
R c { —3392+ 1681—1352 } Pp,’ = T- (0-102) Pepe, 
ee J. . (134) 


F =5{ 17°55 —1927 +1982 | P%o2= & (0-262) P? 2 
zZ k e a } pz k an ad Pu 
(135) 


According to this result each component of the force is 
very small as compared with the individual terms that are 
added, showing that the position selected is very near to the 
place where the forces vanish. Because the -component of 
the force is positive, it indicates that the distance, u, should 
be reduced to make this component vanish, since this means 
an upward force on the first atom at the origin and a down- 
ward force on the second atom tending to reduce the distance. 
Trying another value of u less than 13, say u= 1'29, gives 


for l' and D’ by (129) and (130), 
l = 3023 and D’ = 2°946,. . . (186 
whence by (131) and (132) 


e? r-4term r-5term 977° terin 
F: =5f 


2 
~ 3758 +17:625—1415 } P*p? = £ (—0:283) Ppa, 
A E i 
w212 ©.. 1137) 
e o e ere 
F, = z| 1147—1952 +1982 } P%p2 = $ (—0-068) Pp. 
(138) 
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According to this result, both components of the furce have 
changed sign somewhere between the values of u= 1:3 and 
u= 1°29, so that by interpolation we find approximately that 


(139) 


F,=0 when u = 1:2972 
and \ 


F,=0 when u=1°2920 


Thus far, but a single point on each F,=0 and F;=0 
curve has been found, and the value of Z in the general 
equations (124) to (128) may next be changed. 

Taking Z?=0°'82 instead of 0°8 gives 


1:15256u-8 D!—3-9457u74 
—O'46u7*? + 0°25 aa 


Hi 0°25 + 1:46u73 
~ 4+15256u75 


= (140) 


D'—2:5938u-,. . . (141) 


es © {[2672813— 0-543321 D—3:9456D""]u~* 
pee + | —6°9961' + 31:58D' Jut —69°501 4-5} P23, 
(142) 
F, =  {[0-271661 + 7°89121' D' —2°9883D"] u-* 
+ [ —31°58l’ +11°604D'Ju-° + 0°527u-*} P? p. 
(143) 
When w=1°3, we find from (140) and (141), 
l’ = 3°023 and D’ = 2°878, . . . (144) 
and from (142) and (143), 
E E A e a ee 


Z2=0932 k 


wal . . (145) 


i e | : ¢_ & 
` = g1 +16-23—16-74 +0:1093} Pto, = Y (— 0-40) P'o. 
(146) 


i 


In order to show how the various terms vary it has seemed 
best to give these computations in some detail, and so, when 
u is increased from 1'3 to 1:31, we find instead of (144) 


l= 3:077 and D'=2°883,. . . (147) 
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and instead of (145) and (146), we fnd 
2 
F, = © {418 + 18-03—13°77}P%p2= © (+080) Pepe’ 


Z2=0'R2 k 


u=131 ©. . (148) 
2 2 

F, =F {+1621—16:51— 01045} P? P= (020) P?p. 

(149) 


The x-component changes sign from — to + between 
these two values of u, and by interpolation we find that 


When Z? = 0°82, F, =0 at u = 1:3065.. . (150) 


The z-component is still negative, but smaller than when 
«u= 1'3, and upon trying w=1°32, we find 


l’= 3174 and D’ =2°910,. . . (151) 


3 
and that F, => (0085) Pp, having changed sign between 
1:31 and 1:32. By interpolation we have 
When Z? = 0:82, F: =0 at u = 1317. . . (152) 


These results show that when Z?=0°82, the F,=0 curve 
lies outside of the F,=0 curve, whereas, when Z? =0°8, as first 
assumed above, the F,=0 curve lies outside of the F;=0 
curve. Consequently the two curves intersect at some point 
between Z?=0°8 and Z?=0°82. By interpolation the 
probable intersection occurs at approximately 


Z? = 0:8005 and u = 1:30, 
l = 3066 and D'= 2-935. 


These F, ,=0 and F.=0 curves are shown in fig. 7 com- 
puted between the values Z? =0:7 and Z?=0°86, showing the 
intersection at the point given by (153) approximately. 
This point represents one of stable equilibrium rather than 
unstable, and it may be regarded as one solution of the 
problem. The stability may be shown by examining the 
directions of the forces on either side of the curves of zero 
force. Whew the radius vector is greater than the value 
corresponding to the F,=0 curve, the «-component of the 
force of H; on H, is positive and of H, on H, negative, 
as indicated by the horizontal arrows directed towards the 
curve in the figure. Also for radii smaller than those corre- 
sponding to the curve the force changes sign and the arrows 
are again directed towards the curve. Any displacement 


(153) 
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to the right or left of this curve sets up forces that tend to 
bring the atom back to the curve, showing stability for the 
x-coni ponent. 

And similarly for the z-component of the force. All 
forces surrounding the point of equilibrium are thus directed 
towards this point thus showing stability. The atoms tend to 
return to this position for displacements in any direction. 


XVIII. Absolute Values. 


While no way has been found to obtain a numerical value 
for the constant pz in an a priori manner, this is not true 
of the other constant p,. The definition of this constant 
is contained in the assumption made in (107), which is 
repeated here, that the force upon C is proportional to D ; 


namely, A 


F, = ps), .. & . . (107) 


& _ Pz 
H, on C k 


so the constant may be said to denote this force when D is 
unity. i 

But in (25) it was shown that the work done by the 
electron A in forming the molecule is 


=i (30°7 x 1074) (ba — b) = — 6'964 x 10%b,—L), . (154) 
while the work done upon B during the same interval is 
-i (30:7 x 109b =b)... . . (155) 


The sum of these energies, the first being negative and 
the second positive, was given in (74) as representing the 
work done by A over and above that done upon B, which 
represents one-half of the total energy of dissociation of 
the molecule. On the other hand, the difference between 
these energies is 

2 

-f (807x109D. . . . . . (156) 
Since each of the above energies is large as compared with 
their difference, the last expression is very approximately 
double the energy change for each electron, disregarding 
the sign. One-half of this, then, represents the energy 
given up by A and received by B. So the energy change 
to decrease the semi-minor axis of B by the amount a, or to 
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inerease that of A by the same amount (see (75) and (76), is 


1e 


5 £ (307x10)D. . . . . . (157 


But for a unit distance, or for D equal to unity, the energy 
and the force required to make this change in the energy are 
numerically equal to each other. The force is given by 
one-half of (107) above, since the force on the positive 
charge is the sum of that on the two electrons; whence it 
follows that the constant p, is the numeric that occurs in 


DORON MONRO. a BNRUGONS «a xc we C98) 
At the position of equilibrium found above we have 

r = up)? = 1:3p.-¥3, or r7? = 0455p, . (159) 

D = D'(— Pp} °) == 2°935(—Pp,)3). . . (160) 


and 


If p-=p:/2, as was previously assumed in the special case 
in which the equilibrium was obtained, then 


r3 = 0-91p. = 0'91 x 30:7 x 10% = 27°94 x 1074 
and r = 0:3295 x 1078 ecem. . . . . (161) 


and D = 2935 x 1°25 x 10-26 x 3°945 x 10° 


= l4:47x 1078 em. 2. ww we (162) 
3:066 x 1:25 x 10- x 3:945 x 10° 
=1511x10-"%em. . a . oa e a a (103) 


and l 


According to this result, the order of magnitude of the 
distance between the atoms is 10-8 cm. in round numbers, 
which is in accord with the known facts emphasized at the 
beginning of this paper. The precise value cannot, of 
course, be obtained until the other constant, pz, is computed 
in a direct manner from the electrostatic forces ; but it is 
subject to computation, as before stated, on the basis of the 
atom model. 

For example, if an equilibrium were obtained when the 
ratio p is made equal to unity and p:=p,, then the value of r 
would have been, instead of ‘3295 x 10-8 cm., according 
to (159), 

r=u(0°322)10-§; . . . . . (164) 


and if the equilibrium distance u came out 1°5525 instead of 


85? Dr. A. C, Crehore on'the Universal Distance of the 


1-3 as above, which is quite possible, then the distance r 
comes out 
r=0'5 x 10-78 em., . . . . (165 


which is the value that agrees with the experimental evidence 
as well as any other. The reason for not working out many 
cases of the equilibrium is just because we lack any a prion 
knowledge of the unknown constant p,. But it is probable 
that it does not differ greatly from p,, and by means of this 
the order of magnitude of the distance is established theoreti- 
cally as depending directly upon the property of the electron. 

Using the same value of the ratio, p= 1/2, as before, which 
is as good as another so far as we know, it is interesting to 
study the order of magnitude of the small displacements 
land D. According to (77) and (162), we find 


D=),—),=2a+h=1447x10-"em., . (166) 


and the value of h was found in (80) to be 0°4164 x 10-'8 em. 
Hence 
a=7027x107-¥% em, . . . e . (167) 


which represents the total change in the semi-minor axis of 
electron B as the molecule is formed from free atoms. The 
expansion of the semi-axis of electron A is greater by the 
amount A, so that the new semi-axes, which were assumed as 
exactly 107 cm. in the free atom, become 

for A b,= 1:000,074,43 x 107 cm.,) (163) 
and for Bb, = 0-999,929,73 x 10-5 em. J ` j 


In making these changes the electron A gave up an 
amount of energy 


AE = — 6:964 x 10°(b,—b) = —51:83 x 107! erg, . (169) 
while the electron B absorbed an amount of energy 
AEg= — 6:904 x 10°(b—b)= +4893 x 10-" erg. . (170) 


The sum of this negative and positive energy m the 
part of the original energy content of the two electrons that 
is used in forming the molecule, which is 


AE, + AEy= — 6'964 x 10°[ (ba +b,)— 2b] 
= — 6'964 x 10%4=—29 x 10- erg. . (171) 


This is just half of the energy of dissociation of the molecule, 
namely 58x 107? erg as determined experimentally, and 
the same value is obtained by adding (169) and (170). 
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According to this, nearly seventeen times as much energ 
is passed across from the electron A to B as is used in forming 
the molecule—that is, in binding the second atom to the 
system. The actual change in the minor axis of either 
electron is minutely small as compared with the minor axis 
itself, the minor axis being about 14,200 times greater. It 
has been shown conclusively, however, that on the basis of 
the electrostatic forces alone this very small asymmetry of 
the two electrons is responsible for the formation of the 
molecule. 

The displacement of the positive charge © off from the 
centre line of the two electrons represented by //2 is given 
by (163) above. Bearing in mind that the semi-major axis 
of the positive charge (6) is 7:054 x 107'%cm., it appears 
that this displacement is only a small fraction of its own 
radius, about the ninety-third part of it. This fact is 
sufficient to show that it would be futile to attempt to derive 
the constant pz by assuming that the positive charge may be 
regarded as a point charge, for only the minutest portion of 
the charge crosses the centre line joining the two electrons. 
The major portion of it still remains on either side after the 
displacement, and yet this very small displacement, together 
with the displacement D discussed above, is sufficient to 
account for the formation of the molecule. 


XIX. The Stress within the Atom. l 

The force upon the positive charge C in the direction of 

the «x-axis or equatorial direction is given by (104), which 
now becomes numerically 


pê l_e i : 
3 ls = 5 Org = gt tx 108. ar h (172) 


This is a comparatively large force, being the equivalent of 
the repulsion between two electrons at a distance of onl 
about 4:6 x 107° em. from each other. On the other hank 
for comparison the order of magnitude of the forces upon the 
whole atom near to their position of equilibrium by (127) 
and (128) is 

Ppt =~ (590 x 1073 , 

k Pr =; x 10 J a ee (173) 


which is nearly 10° times smaller than the forces producing 
the internal strain. e 
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AX. The Coaxial Position. 


It may be shown that there can be no equilibrium for the 
two atoms of the molecule when in the coaxial position, no 
matter what the relative values of the constants p, and 
pzmay be. These constants are essentially positive, and their 
ratio, p, is also necessarily positive. Putting Z=1 and 
X= in (102) and equating to (104) gives 


Spt (174) 


ea 


from which Z cancels, giving the same result as in (115) 
above, and which must hold true for any and every value of l. 
That is to say, l cannot be determined from (102). And 
again making Z=1 and X=0 in (127) and equating to zero 
gives 
—6l’D'u-4$4+24l’u->=0, 2. 2. «©. (175) 
whence 
Dstt a Be Se e (L6) 


But when (103) is equated to (107) and Z=1, X=0, we 


have 
4Dr-+12Pr-t= —pD=—pp:D. . . (177 


Since r~? must be }p, at the equilibrium position according 
to (174), it follows that 


i. a ee 
(H +p (Pe) 


When p=1/2, as was assumed in the case previously 
discussed, then 


(178) 


2 l m 
Danga e e.. . è à (179) 


which is the same value as in (120) for this particular case. 
But the two values found for D'in (176) and (178) must 
agree, so that 


, á nt 4 3o dl 80) 
D = 4u BEDS a T (4343 ° lip’ (180) 
whence p=—1/4, which is impossible, as before stated, 


because of the negative sign. Hence there exist no values 
of the constants p; and p; that will produce an equilibrium 
when the atoms havs the coaxial position. 
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XXI. Available and Unavailable Energy. 


There has been a renewed discussion recently of the old 
topic of releasing interatomic energy to be used for practical 
commercial purposes, some inclining to the view that the 
energy is so securely locked within the atoms that it will 
never be possible to release it, and others claiming that they 
have already attained the proof experimentally that the long- 
sought goal is within the realm of possibility. It seems 
worth while to examine this question once more in the light 
of the points that have been made in this paper. Both 
opinions seem likely to be substantiated, paradoxical as this 
may be. The total energy content of any mass of matter is 
expressed by mc?, where m is its mass and c the velocity of 
light. By far the greater part of this is the energy content 
otf the elementary bodies, the positive and negative charges, 
in their free siates. This is not simply interatomic energy, 
but it is interelectronic energy as well. 

In this paper it has been pointed out that in forming atoms 
and molecules out of these free elementary bodies some of 
their original energy content has been used, but that it is 
an extremely minute portion of the whole. Until we are 
prepared to admit, therefore, that a much larger part or 
even the whole energy content of the electrons may be 
abstracted, then it must remain true that this energy is so 
securely locked within the atoms that we may never expect 
to make it available energy for practical purposes. In this 
sense the first opinion above given is likely to be true. 

On the other hand, even that minute portion of the energy 
content of the electrons, the portion actually given up in 
forming atoms, may be so much greater than the still 
smaller energies now available—let us say the energies of 
combustion, coal energy or chemical energy which is obtain- 
able from an exchange of atoms in molecular structures— 
even that minute portion may be so much greater than the 
chemical energy now available that there is much assurance 
of the possibility of increasing the energy available at 
present many times. In this sense the second opinion 
above mentioned is likely to be substantiated, and both 
opinions may be correct, it depending entirely upon the 
value of interatomic energy that each had in mind in 
making the statements. 

For example, we may think of 10-?? erg as the order of 
magnitude of the energies available at present derived from 
altering molecular structures in combustion, etc.—that is, 
the energy per molecule. This may be compared with 
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the energy of single ionization of the hydrogen atom, about 
35 x 10-)" erg, or with the energy ot double ionization, 
which is not known exactly, but is many times greater than 
the single ionization energy. It seems quite probable that 
the energy required to separate the elementary fundamental 
bodies or charges within an atom itself, or to change them 
about just as is now done with the atoms in molecules, may 
sometime be used for practical purposes. At any rate, 
it may be looked upon as available energy in contra- 
distinction to that locked within the electrons which is not 
available. This available energy may easily be more than 
100 x 10-” erg per atom, or more than 100 times the energy 
at present made use of, but it probably will never approach 
100,000 times as much, at least until an electron may be 


made to give up all of its energy. 


XXII. Conclusion. 


The question foremost in the minds of all in examining 
a presentation of any new subject is: What has been 
accomplished of any practical value? This often reveals 
an impatience that there are not more practical results 
immediately in sight or to follow without much delay. If 
this investigation reveals anything, it is that it requires a 
considerable amount of patience and perseverance against 
odds to accomplish anything of value in this most intricate 
and involved subject. The form of atomic model con- 
sidered in this paper has been so fruitful in enabling us to 
arrive at an understanding of so many phenomena that it 
must commend itself very forcefully to investigators. To 
have shown that electrostatic forces are quite sufficient to 
produce the formation of molecules, after the directions of 
the axes of rotation are taken care of by the electro- 
magnetic forces due to the rotation of the elementary 
bodies, and that the order of magnitude of the distance 
between centres of nearest atoms must be of the order of 
10-8 em., as it is known to be in fact, is considered to be 
an important result that may hereafter have practical 
consequences. 

It must be true, however, that we do not know much 
about even the simplest atoms until it is possible to answer 
such questions as the following for example :— Why is it 
that 44,000 small calories of energy are given up as heat 
per gram-molecule when hydrogen gas and chlorine unite 
to form HCl? But when nitrogen and oxygen are 
united together to form nitric oxide (NO) there occurs an 
absorption of 43,150 small calories of energy per gram- 
molecule instead of an evolution of energy as heat? Until 
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we have a clear understanding of these phenomena in 
terms of some atomic model, it cannot be said that we - 
know much about the atoms of nitrogen, oxygen, and 
chlorine. And so on through a whole list of elements these 
energy relations are of the greatest importance; but we 
are not aware of any other form of atomic model that 
throws any definite light on these questions. By means of | 
the models discussed in this and previous papers, however, 
there is encouragement to think that some of these questions 
may receive a very detinite answer. 

This paper has dealt almost exclusively with the atom of 
hydrogen, because it is so very much simpler than all 
others ; but it may readily be seen that the same principles 
apply to other atoms with equal force, although the com- 
putations become more complex. Nor has the investigation 
of hydrogen been completed ; we still require the atomic 
constant pr, which may be computed sometime. Then, too, 
more of the equilibrium curves similar to those of fig. 7 
should be computed, for it is suspected that for some values 
of the constants there may be more than a single point that 
shows stability for the two atoms of the molecule. One may 
even suspect that there are two different equilibrium positions 
for the atoms in the hydrogen molecule from the behaviour 
of hydrogen itself. Hydrogen sometimes forms a molecule 
with three instead of two atoms according to Sir J. J. Thom- 
son’s discovery, and this is comparatively unstable. The 
difference between what is called “ nascent hydrogen ” and 
hydrogen may also be connected with these two possible 
stabilities suspected. The nascent form of hydrogen may 
be the more unstable form of molecule. This is now, of 
course, a matter of pure speculation, but it is just such un- 
known phenomena that supply the incentive to investigation. 

Since the equilibrium as between the two atoms of a 
molecule is dependent upon a balance between the r~4, 775, 
and r76 terms of the force series, it should result from 
experiments in the compression and expansion of solids that 
the apparent law of force between atoms obeys some power 
intermediate between — 4 and — ù, probably the inverse fifth 
power approximately. This result is in close agreement with 
the experimental evidence as far as it is known. 

And finally it is considered an important result to have 
shown that there exist constants characteristic of each atom, 
which are responsible for the universal distance of the order 
of 1078 cm. between nearest atoms, as well as to have arrived 
at some understanding of their physical meaning, which 
reveals the necessity for their existence. 
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APPENDIX A.— The Value of P=l?—tpa’. 


For the purpose of approximation to the oblate spheroid 
by the substitution of the circle-and-point-electron in its 
stead, it is assumed that the ring is best represented by 
a Girls whose radius is equal to the radius of evration 
of the ring. By the ring is meant the part of the spheroid 
that remains after cutting out an inscribed sphere. The 
first requirement is then to find the radius of gyration of 
the ring. 

The moment of inertia of the oblate spheroid about. its 
minor axis is, assuming a uniform density throughout its 


volume, 
Ios, = (ima bd) (4a), © > è è >œ (1) 


the first factor being the mass, and the second the square of 
the radius of gyration of the spheroid. 
The moment of inertia of the inseribed sphere is 
Is = (mbd) CH). ww we we ww (2) 
The moment of inertia of the ring excluding the in-cribed 
sphere is the difference between (1) and (2), namely 
Ir = Io.s—Is = 4rbd(a?—b*)a? = 4rbd(agt —b')C4), (3) 
where a is the radius of gyration of the ring. Hence 
a? = Afla +l"), . . 2. we (A) 
where a is also the radius to be found, and which is used in 
the circle-and-point-electron. 


According to (24) the eccentricity of the electron in the 
atom is e=Q°0547, or 


l—é@ = 1—0-91145 = 008855: . . . (5) 
whence by E. 
22 P ee 1r3x10-5 6 
u = Toe = ossi ~ ae ey 


and = a? = *4A(11°341)10-75 = 4°92 x 10-7, . . (7) 
or a = 2218x 10- and ap = 3°36 x10-8 cm.. (8) 
Since by (45) above p=e?, we find that 
pa? = 0°91145 x 4°92 x 107 = 4'484 x 10728, . (9) 
And hence 
P = W’—hpa? = (1—2°242)10-% = — 1:242 x 10-*, (10) 


which was to be found. The value used in the paper is the 
even figure — 1'25 x 10-28, 
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LXXXIX. Anattempted El ctrolytie Separation ofthe Isotopes 
of Chlorine and Magynesium. By Joun E. G. PiLLey *. 


l. T the Royal Society discussion on Isotopes (Proc. 

Roy. Soc. 1921) it was suggested by Professor 
Lindemann that it might be possible to separate isotopic ions 
by an electrolytic method depending on an expected differ- 
ence between their migration velocities in solution. J£ such 
a difference existed, and if the fastest- -moving ions could be 
isolated, it would be possible to obtain complete separation 
by this means. 

The method depends upon the assumption that the ions are 
not large compared with the solvent molecules. For unless 
this were so, their velocity would be umform and independent 
of the mass of the ion. 

If the ions are of the same order of magnitude as the 
solvent molecules, the medium in which they move can 
scarcely he regarded as homogeneous. Although the 
resultant force of the surrounding molecules will vary 
between considerable limits, one might reasonably expect 
that one would obtain a first approximation of their behaviour 
by treating them as having a free path between collisions 
with solvent molecules. Hence the migration velocity of 
the ion, when measured over distances large compared with 
the molecular distances, could be treated as though it were 
made up of a large number of free paths over which there 
was a component of acceleration due to the electric force. 
Presumably the actual lengths of the free paths of isotopes 
are identical ; and as their masses and velocities and there- 
fore the times spent on such free paths are different, the 
migration velocities measured over large distances should 
also be different, 

On this basis it is possible to obtain an estimate of the 
difference of mobility that could be expected. 

Let m be the mass of the solvent molecules. 

Let M be the mass of the ions. 

Let Vm be the observed migration velocity. 

Let Vo be the average velocity due to the field after 

collision. 

Let V, be the average velocity due to the field before 

collision. 

Let F be potential gradient. 

Let E be the charge on the ion. 

Let ¢ be the time spent on a free path. 


If, as assumed above, the greater part of the ion’s change of 


* Communicated by the Author. 
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momentum takes place in the neighbourhood of the solvent 
molecule, the problem reduces itself to that of an ion moving 
ulong a number of free paths terminated by collisions. If 
we adopt the view that the probability of an ion assuming 
any direction of motion after collision is equally great, but 
tuat the momentum along the axis of motion remains 
unaltered through collision, we obtain an expression 
relating the velocities before and after collision. If, as 
a first approximation, we treat the colliding particles as 
smooth spheres, then 


; M+ (=e) m 
=a (i) 
Vy Metem á Se i 


where e is the coefficient of restitution. 

It ¢ is the time interval between successive collisions, the 
electric field applied to the ion will produce a change of 
velocity such that 

: op et N 
V,;=\ ot M ry . e ° . e ìi.) 


Combining these two equations, we find that 


Mtm *5*) 


2 
aes eo | 
Mm (35) 
As the acceleration due to the field is uniform, the mean 
velocity of motion of the ion would be 


Fit i 
V= Vot oye ss o e Giv) 


V=FEt . (iii) 


Hence, substituting the value of V, from (iii.), 


I l—e Ao 
M +m (= ) 1 2M + E7‘) m 
V= FE l a nea 0 3M =FEt 2 J i 
AY) Mm : (L+e)Mm 


e ca ee OC) 

If r is the mean relative velocity of ion and solvent 

molecule, then the time occupied on a free path / will be 
such that l 


t= -. 


r 
The mean relative velocity is related to the mean velo- 
cities of the two colliding particles according to the well 
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known formula of the kinetic theory : 


3r + vy? 
SS, SS 


. 3 
Sty 


where r, is the velocity of the faster-moving particle. 

Considering the case where the mass of the ion is greater 
than that of the solvent molecule (M >m), and where conse- 
quently the ion has a smaller average velocity than the 
solvent molecule, then 


r JKT 
\ A, Ai 


? 


m 
Vi Ba 
M 
. 3 . 3N ae 
Since j= la lvi I Mym 


ro Breet SKE SM my” 


the migration velocity in terms of M and m becomes 


aang, Ome 
Vv ie 2M + 9 -AN y — BMV 
i (L+e)Mim Vv 3 KT(3M + ne) 
3— 
BFF? 2M + S m 


(1—6) V Kim) 3M 4m 
The percentage dilference in mobility for unit difference 
of atomic weight M is therefore 
l dV, 3 2 


L+m ; Tegi 
2M + (5 ) mM 


The result is slightly different in the case (M <m); that is 
to say, when the solvent molecule has the smaller velocity. 
In this case 


3—e 

e E a 
(Lte)Mm © y3KT(Mt+ 3m) 

2M+ ( 7E) m 


——- — 


V,dM ~33 


aen aan Ge 
(l+e) ¥3KT YM(M+3m)” 
3 M 2 


od 
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and consequently 


ay M+— 
kate e a. 


VadM ` vMi M +3) 9M + (F) 


By substituting actual values of M and m in these 
equations, an estimate of the separation to be expected can 
be obtained. 

Thus, for instance, in the case of chlorine ions, assuming 
that there is neither hydration of the ions nor association of 
the water molecules, namely that M= 35, M= 37, and 
m= 18, one finds 


when e=1 a difference of '3 per cent., 
when e= 0 a difference of *7 per cent, 


between the calculated mobilities of the two isotopic ions. 
If, however, the water is polvmerized and consists chietly of 
2( H0) anol eeules, a diflerence of about °5 per cent. would 
be expected when e=1, and 1:0 per cent. when e=0. 

It, lastly, the ions are hydrated and the solvent: molecules 
associated, e.g. the ions have masses (35436) and 
(37436) respectively and the solvent molecules are of 
effective mass 36, one would still expect a difference of 
"2 per cent. for e= 1 and -4 per cent. for e=0. 

Even if the least favourable of these results were valid, 
a separation should be realizable. 


2. Experimental. 


In order to test whether isotopic mixtures conld be 
resolved on this principle, two series of experiments were 
carried out : one with chlorine and the other with magnesium, 

The method adopted was to allow the ions to move into an 
electrolyte, initially free from such ions, suspended ina jelly 
of agar-agar in order to reduce convecuional mixing. Atter 
a suitable time the jelly was removed and the front ‘bound: aury 
reached by the ions was cut off. The atomic weight of the 
element concerned as represented by these ions was then 
compared with that of the same element as represented by 
ions from the middle of the column. 

The difference of mobility should be of the order of 
«4 per cent. for a ditference of two units in atomic weight. 
JË a smaller fraction than this of the total number of ions 
transported is cut off from the head of the column, one 
would therefore expect to find a marked difference between 
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their atomic weight and that of the rest of the ions. The 
scale of the experiments depends on the amount of the 
material desired; but the “cut”? must be such that it is 
electro-chemically equivalent to less than -2 per cent. or to 
'3 per cent. of the whole time-current product. 

A number of tubes 100 em. long and 1:5 cm. diameter 
were filled, in the first series of experiments, with a half- 
normal potassium nitrate solution containing 30 grams of 
agar-agar per litre. The ends of the tubes ‘fitted into the 
sides of specially constructed rectangular boxes which formed 
the anode and cathode compartments, and between which a 
potential difference of up to 300 volts could be maintained. 
The solution in the anode cell was prevented from becoming 
acid with half-normal potash, and = similarly that in the 
cathode department was prevented from becoming alkaline 
with half-normal hydrochlorie acid. The levels of the 
liyuids in the two compartments were kept the same by 
means of a long, narrow gauge siphon. The tubes which 
lay horizontally between fie er boxes were kept cool with 
a current o£ cold water, and thus the temperature of the 
electrolyte was prevented from rising unduly. As, however, 
both mobility and thermal diffusion are proportional to the 
square root of the absolute temperature, the etteect of change 
in temp: rature is not serious, 

In the earlier experiments, when the boundary had almost 
reached the anode end of the tube, electrolysis was stopped 
and the jelly pushed back so that the Cl/NO,; boundary 
was at the eathode end again, and that the chlorine boundary 
micht traverse a further leneth of nitrate solution. 

The electrolysis was carried ont for about fourteen hours 
with a voltage gradient of 3 volt/em. 

At the end of the experiment the position of the chlorine 
boundary was located by placing the jelly in an ac ad silver 
solution and observing the cloud of silver chloride formed. 

As the absolute velocity of NO, ions is less than that of 
Cl ions, the front of the advanci ‘ing Cl band was diffuse; and 
in onder to estimate the amount being cut off, several 
successive “cuts” were made from each tube and the 
corresponding cuta from each identified by mate ‘hing the 
intensities of the silver chloride clouds formed. The amount 
each cut contained was estimated subsequently. 

A subsidiary series of experiments was carried out with 
potassium hydroxide instea | of potassium nitrate in the 
tubes, and in these, since the OH ion his a much greater 
velocity than the Cl ion, a sharp boundary between the OH 
and Cl ions was produced. 
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The “front section” chlorine “ cuts” from these two 
experiments were added and the atomic weight determined. 

As each cut of the leading section was made, an equivalent 
amount was taken from half-way down the tube, and this 
provided material for a check atomic weight. 

Chlorine was precipitated from both “front” and 

“middle” specimens as silver chloride, and this when 
thoroughly washed and dried was reduced in a stream of 
pure dry hydrogen prepared by the electrolysis of baryta 
water. The hydrochloric acid evolved was collected in pure 
conductivity water ; and it was from these solutions that the 
pure silver chloride for atomie weight determinations was 
precipitated by the addition of just less than the amount of 
silver nitrate necessary for complete precipitation of the 
chlorine. The ratio AgCl : Ag was then determined by 
reducing this silver chloride after it had been carefully 
washed and dried. 

lor this reduction a double furnace was used which 
contained two tubes of pyrex glass side by side, into which 
small light silica boats containing the two samples of silver 
chloride to be compared could be placed. The tubes were 
enclosed in a nickel case in which they were heated by the 
same electric heater. The temperature was read with a 
thermo-junction in a thin glass tube just over the aunties 
of each of the boats containing silver chloride. The precipi- 
tation and washing processes were conducted ina sate orange 
light, and nearly equal weights of the two kinds were placed 
in silica boats, also of almost the same weight. The 
chloride was finally dried in the dark in a stream of dry air. 
When the two specimens became constant in weight, the 
chloride was reduced in a stream of pure hydrogen and the 
silver formed carefully weighed. 

Weigaings were carried out on a sensitive assay balance, 
with the usual precautions for great accuracy. Not only 
were the weights of the two boats containing the samples 
compared, but the absolute weight of each was measured. 
The amounts used were small enough to render the correc- 
tion for buoyancy almost neglivible. 

la four preliminary ex periments with silver chloride 
prepared from pure silver nitrate it was found possible to 
obtain values of the atomie weight dillering by less than 
"l per cent. of the accepted value of 35°46. Chlorine was 
re-preeipitated as silver chloride from the hydrochloric acid 
collected from the reduction, and used for a further deter- 
mination of atomic weight. 
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The values obtained for successive atomic weight 
deterininations were :— 


Front section. Middle. 
35°49 35°45 
do°44 35°48 
35°48 30°41 


These results seemed definitely to indicate that no 
separation of the isotopic chlorine ions, of the order 
expected, had been effected. Since it seemed possible that 
there might be a specific action between the chlorine and the 
jelly, it was decided to make a second series of experiments | 
with magnesium ions. 

The difference of mobility to be expected is of the same 
order as with chlorine. 


If Mg=2? 
H,O=18, the difference of mobility should be °6 per cent. 


(e=1). 
If MgH,0=42, 
2H,O0=36, the difference of mobility should be 
‘4 per cent. (e=1). 


The experiment was made under almost the same con- 
ditions as in the case of chlorine. Tubes of the same 
dimensions were used, and filled with a jelly containing 
half-normal solution of ammonium su'phate. The anode 
compartment was filled with magnesium sulphate in which 
Was suspended a large excess of magnesium oxide. 

The position of the magnesium “boundary i in the tube at 
the end of the experiment. was found by treating the jelly 
with an alkaline solution of ammoninm oxalate. The fraction 
cut off was, as with chlorine, about 2 per cent. of the total 
amount transported by the current. At the same time, 
sections containing approximately the same weight of 
magnesium were cut off from the middle of the column of 
jelly impregnated with magnesium, to provide material for a 
check atomic weight. 

The specimens of magnesium obtained from these two 
sources were purified alongside each other by identical 
chemical processes, and their atomic weights determined 
simultaneously. The first step in the purifie ation was to 
calcine the jelly and to dissolve the residue in dilute sulphuric 
acid. The solution was next filtered and evaporated to 
drive off any excess of sulphuric acid. 

The solution was then treated with ammonia and ammonium 
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sulphide, and allowed to stand several hours in contact with 
the precipitant. 

Calcium was next removed as oxalate from the filtrate by 
the method described by Blisdale, and the magnesiuin 
precipitated as prosphete with ammonia and sodium 
phosphate. 

After thorough washing of the phosphate, the magnesium 
was obtained, in soluble form, by fusing with purest sodium 
carbonate. ‘The washed carbonate was next dissolved in 
sulphuric acid. Traces of sodium remaining were removed 
by repeated precipitation of the magnesium as carbonate 
with an alcoholic solution of ammonia and ammonium 
carbonate and by thorough washing. 

The magnesium carbonate was converted to sulphate, and 
finally purified by fractionation froma mixture of re-distilled 
aleohol and water 

The ammonia wi ammonium sulphide were made by 
saturation of conductivity water with a aud sulphu- 
retted hydrogen gases. 

Pyrex vessels were used in the earlier part of the purifi- 
cation and į l tinum in the final processes. 

The atomie weight of the magnesium in the two samples 
of magnesium su phate purified in the above manner was 
then determined by converting to oxide according to a 
method used by Mr. A. C. Egerton in this laboratory. 
The accuracy of the determinations by many investigators of 
the ratio MenQ, : : MeO had been viti: ited hy occlusion of was 
by the oxide obtained by ignition of the anhydrous suly hate. 
Tnorier:to-soverconie: this d theulty, both the sulphate and 
the oxide were weighed in a high vaccum. For this purpose 
special light weighing hotties of Pyrex glass were con- 
structed. The lids of the bottles carried small taps through 
which the bottles could be exhausted while the sma all 
latinum erucibles containing the sulphate or oxide were still 
hat, Both the lids and the “taps were greased with specal 
tap grease, and the bottles held a hard vacuum without leak. 
The total weight of the bottles with their crucibles was al out 
twelve grams 

Approximately equal weights of the two samples of 
Magnesium sulphate were weighed into two platinum 
crucibles, which were heated side hy side in an elcetric 
resistence furnace to 600° until, after transferring to the 
weighing bottle, the weight became constant. The dry 
sulphate. was next converted into oxide by heating the 
crucibles again side by side to 1150-1200° in an alundum 
mutie for several hours, the temperature being measured 
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with an optical pyrometer and the oxide being weighed as 
described. 

In a preliminary series of six determinations on some 
specially purified magnesium sulphate, Mr. Egerton has 
obtained agreement by this method in each case within 
"03 units of the accepted value 24°32. The method was 
therefore deemed — suthciently accurate for the present 
purpose (where differences of about 4 per cent. were being 
looked for), although the quantities available for the 
determinations were somewhat less than those used by 
Mr. Egerton. 

In the first determinations the quantities of materia] (200 
milligrams) were found to be insutheient to give reliable 
results, and further electrolyses were made; and after adding 
the first samples, the whole was re- -purified and the atomic 
weights re-determined. The values obtained were :— 


Front section. Back section. 
24:50 24°25 
24°12 24°10 
234 24-30 


The values obtained for the atomie weight are affected 
by the conditions under which the magnesium sulphate is 
heated. The values in the second determination are, for 
example, both too low. As, however, the two specimens of 
magnesium compound were always subjected to the same 
treatment, the correspondence of ‘the two values bears a 
rreaer significance than the actual values themselves. 

The values for the back section are in every case slightly 
lower than those of the front section. The difference is, 
however, very small, and can searcely be attributed to a 
separation, 

The conclusion from these experiments seems to be that 
no separation, at least of the order expected, has occurred. 
It seems difficult to explain the failure of this method. 
There is very little doubt that the method would work if 
it could be applied to a gaseous system, and one must 
presumably therefore look for an explanation of its failure 
in the conditions characteristic of the liquid state. 

In the first place the expression 

targ FE 
S= ot M 


8 


probably docs not, at all accurately, express the motion of 
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the ion between the events that we call collisions, as it pre- 
supposes a gradient of the field of force in the proximity of 
solvent molecules and ions very much greater than can 
reasonably be assumed. How great a difference a change 
in this assumption would introduce in the final result it is 
dificult to say, but it is possible that it might reduce the 
difference between the calculated mobilities considerably. 
Furthermore, the expression 


M+m (5) 
‘VAA =e 
M+m 


may be considerably in error in representing the fraction of 
the initial velocity that remains after impact, as it involves 
the possibly false assumption that the velocities of molecules 
and ions, due to thermal agitation, can be assumed to cancel 
out, and that the velocities due to the electric field can be 
considered alone. 

Neither of the above considerations could, however, lead 
to the conclusion that separation was impossible; for 
however small a fraction of the velocity before coliision 
persists after it, accelerations (differing with the masses of 
the ions) must occur, and however short the path and time 
over which these accelerations take place, the average 
velocities of the two ions should never be quite the same. 

If, on the other hand, there are factors which lead to varia- 
tions of the velocities of individual ions independently of 
their masses, then separation might become indetinitely small. 

There are several ways in which it may be suggested this 
variation could take place. 

Firstly, the velocity might be reduced to zero through the 
ion becoming neutralized by combination with an ion of the 
opposite sign. In the case of MgSO, at half-normal 
concentration only 63°9 per cent. of the magnesium exists as 
ions, and in the case of half-normal KCI only 89°7 per cent. 
Thus, especially with magnesium, there would be a tendency 
for the faster ion to come to rest and to be overtakeu by the 
slower one. 

The same action would also take place if the jelly used in 
the experiments were capable of absorbing the ions. — It this 
happened, the faster-moving ions would again be brought to 
rest and the slower catch them up. 

If, lastly, the state of hydration (and consequently the 
mobilities) of the ions were to vary independently, a similar 
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result would ensue. If there were a dynamic equilibrium 
of the kind, 


Cl’ +nH,O a Cl'H,O + (n— 1)H,O—Cl’2H,O + (n—2)H,0, 


the mobility of the ion could have several distinct values. 

The effect following from any of these three causes would 
be such as to make it useless to increase the distance, over 
which separation was attempted, above the average length 
individual ions could move without being affected by any 
of them. As this average distance would be small, it would 
be impossible to achieve any separation. It is probably due 
to a combination of all these causes that separation does not 
occur, 


In conclusion, [ should like to express my thanks to 
Prof. Lindemann, to Mr. A. C. Egerton, and to Mr. I. O. 
Griffith for constant help and advice during this work, and 
to the Scientific and Industrial Research Board for a grant 
whereby it has been possible to carry it out. 


Summary. 


(1) Formule are derived for the migration velocities of 
ions which differ in mass but which are otherwise identical. 


(2) As a result of these formule, the possibility of 
separating isotopes by differences of migration velocities is 
discussed. 


(3) Two series of experiments are described in which 
chlorine ions in the one case and magnesium ions in the 
other are made to migrate in a jelly “of agar-agar under 
conditions judged to be suitable for separation. 


(4) Atomic weight determinations, carried out by methods 
devised for the comparison of the products so obtained, 
indicate that no appreciable separation has been effected. 


(5) The failure of the method to yield separation is 
discussed. 


Clarendon Laboratory, 
Oxford. 
Sept. lst, 1924. 
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AC. Chemical Affinity and Electronic Structure.—Part IT. 
The Polar Link, By Bersarp HowELL WiLsboN * 


T“ a recent paper (Phil. Mag. Feb. 1925, p. 354) the author 

has developed a tentative theory of the energetics of 
the non-polar link on the basis of a quantum mechanism 
similar to that which has successfully explained the anoma- 
lous magnetic resolution of doublet and triplet speetral lines. 
It was there stated that an ex planation of the polar type of 
combination followed in an analogous manner by the substi- 
tution of the Stark effect due to an electrostatic field for the 
magnetic field of the non-polar molecule. The fundamental 
argument Is essentially the same in the two cases. It. is 
assumed that a necessary condition for a stable molecular 
combination is that the frequencies of the valeney orbits 
concerned shall be synchronized. If v; and ve represent the 
frequencies of the valency e ectrons of the eombining atoms 
in their ground orbits, A(v;—1.) represents a quantum. of 
energy lial is termed the available energy of aceom- 
modation, Ea. This energy is supposed to he responsible 
for the changes involved in the transfer of a valency electron 
or electrons from the positive to the negative atom, and for 
the potential energy of valency electrons and “trank”? in the 
fiel i of the strippe cd positive ion, The change in frequeney 
of the valeney orbits produced un 'er these conditions, muli- 
plied by the unit of action, A, must then represent the change 
in kinetic energy. If we know the ratio of the kinetie to 
total energy in the field of the molecule, we can then 
calculate the total energy change which must be equal te 
the heat of formation. This ratio is known as a result of 
a theorem of Bohr (Phil. Mag. xxvi. p. 24, 1913). In a 
Coulomb tield 

Piris = } Eob 
so that 
=AW = AN in tAE, ot — — A yin: 


In order to determine the distribution of the available 
energy of accommo ‘ation in the molecule, it is necessary 
to make assumptions as to the changes in quantum numbers 
whieh will define the electrostatic moment of the charged 
elements of structure. Just as the magnetic moment of an 
electronic orbit is quantized in terms of the Bohr, the electro- 
static moment must be a multiple or sub-multiple of the 


* Communicated by Dr. J. W. Nicholson, F.R.S. 
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f 3h? ; ; f 
quantity arn Ae Here Z, is the effective atomic number, 
TÉME Lie 


and the other symbols have their usual significance. If w 
represents the time mean displacement of an electron in the 
direction of a field F, its moment will be ze, and its 
potential energy eF. As shown by Sommerfeid (‘Atomic 
Structure, Egl. trans. p. 311), if this is equated to the 
change in energy produced by the imposition of a field F 
as culeulated by Schwarzschild and Epstein in explaining 
quantitatively the Stark ettect, we have 


Bh? F ; CF 
ore z0 +n + ng )(Ng— ny) = er = Lo (au, + ny +nz)(Ng—,), 


where C is constant. 


The quantum numbers here employed are the parabolic; 
(ni +ng+n3) is equal to the principal quantum number, and 
n; is the equatorial which defines the moment of momentum 
of the electron in the meridian plane of the molecule or atom, 
If 2, =n), the orbit is circular and the electron does not react 
to the imposed field, In the isolated atom the quantum 
numbers change only by whole numbers; in the molecule 
it appears necessary to admit of changes involving halt 
numbers, as jn the magnetic field. Arguments have been 
advanced by Mosharrafa (Proc. Roy. Soc. A, ev. p. 641, 1924) 
which indicate that such changes are also possible in the 
atom. 

The change in potential energy resulting from the mole- 
cular combination of two atoms will be made up of three 
parts :— 


(a) The work resulting from bringing the valency electron 
of the negative atom into the field of the positive. 
If q' represents the quantum factor assumed by this 
electron after adjustment, and F’ the field of the 
positive ion, the work will be 


Cg FZ, : , , . i ; (2 a) 


where Z' represents the effective atomic number of 
the negative atom. 


(I) The work of bringing the valency electron of the 
positive ion into the field of the negative. This 
will be similarly 


Cy EZ". ae Ce ee ee ee (2 6) 
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(e) The work of approximating the two atomic trunks. 
Weassume that by quantum changes in the moments 
of the two valency electrons a moment is conferred 
on the trunk of the negative ion such that it is 
equal to the sum of the decrements so caused. 
Thus, if the negative ion is characterized by a 
principal quantum index +, and each of the equa- 
torial quantum numbers n; and nz” change by half 
units to ky and 43", the moment taken up by the 
trunk is assumed to be 


k(n} — k; +n” —h,")CHAC. 
The energy in the field F'" of the positive ion will thus 


be 

EGE Tea a a a GSR e 
The sum of these energies will be equal to Ea, the available 
energy of accommodation. 

The hypothesis we have made as to the frequency tuning 
of the two valency orbits of the negative ion gives a relation 
between the three fields appearing in the above equations. 
Let p, with the appropriate afhx, represent a quantum factor 
characteristic of the uncombined atoms ; then, on imposition 
of a field, the change in frequency of the orbit will Le 
given by 

Av . Z; Av . Z, Arv. Zy 
Es a Besa a Re 8 (3) 

Wy Cp 


Substituting the above values for the fields in the sum of 
equations (2), we have 


Pasili DaRi, „e. ($) 


Pı Pa Pı 
Whence, since Q = — lAr, we have 
E E 
= —hAv= ——_—_ — rz = yS., oe (a 
Q= hår TTE, 6) 
Pı Pe Pi 


In this formula it will be noted that all the effective 
utomic numbers, except that which refers to the negative 
ion, have cancelled out. The value of the remaining 
constant is taken as £1195; this corresponds with the 
effective charge of a nucleus with 7 positive charges cor- 
rected for a screen of 8 electrons. For 8 elecirons the 
Sommerfeld sereening number is equal to 2:805 ; the effec- 


tive atomic number of a halogen ion is thus 7— 2'05 or 


+195. 
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In order to apply the above relations to the calculation 
o£ heats of formation of polar compounds, we must first 
Investigate the form of the quantum factors p and gq. 
According to the theory of the Stark effect, the change 
in energy of an orbit under the influence of a field F is 
given by equation (1) above. For a change in free energy 
corresponding with emission or absorption of a spectral line, 
the change in frequency must depend upon the difference 
of two terms—t.e., the change in kinetic energy must be 


given by 


ACE 
hAav= a { (11g — 2) (ny + tg #3) — (ka— k) (Ay + kat Ay) } 


ie we we UO) 


where the n’s refer to the final state and the k’s to the 
Initial. 

There are two possible types of quantum jump corre- 
sponding with this emission or absorption. In the first 
the equatorial quantum number ng remains unaltered. This, 
according to the theory of the Stark effect, corresponds 
with a parallel polarized light wave ; it is one of the great 
triumphs of the theory that this prediction is constantly 
verified by spectral evidence. In molecular combination it 
will then be justifiable to assume that a quantum change 
which will produce in the free atom a parallel polarized ray 
will result in an orientation of the orbit which is parallel 
with the field of the second atom. 

In the second type the equatorial quantum number jumps 
by one unit, so that nx=A+1. The light is then polarized 
in a direction perpendicular to the field, and we shall 
consequently assume that the orbit is arranged in a plane 
at right angles to the field of the second atom. IE these 
suppositions are true, we may expect two distinct types of 
polar compounds. Experimental results appear to support 
the prediction ; it will be seen that the distinction arranges 
elements into classes which correspond with the A and B 
subgroups of the periodic table. 

If the quantum factor p of the valency orbit of the atom 
is not equal to zero, i.e. If (ng—=n,)(ni +n, +73)40, the 
change in frequency resulting by increasing the field from 
zero to F will be given by 


_CF CF 


d 
Av= g p—0= 7 (n= ni) n+ n). . (7) 
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This corresponds with parallel orientation, since x, the 
equatorial quantum number has not changed. This eon- 
dition appears to be characteristic of the A group of the 
periodic table—i. e., those elements which in the ionic form 
are surrounded with a complete valency shell of eight 
electrons, If the electronic orbit has zero moment, i.e. if 
»=0, no change in frequency can result on application 
of the field. The emission must now take place in two 
steps: (1) activation involving increase by one unit in the 
quantum sum, followed by (2) resumption of an orbit 
characterized by the original quantum sum, The process 
(1) must, according to “the theory of the Stark effect, 
invelve also change in the parabolie quantum numbers, as 
otherwise no change in energy would result. The resulting 
change in frequency will correspond with the difference in 
the energies of these states, TE the original condition is 
defined by the quantum factor (r; + na + n) (na3— m) and 
ns =n, While the second state is (ky + k+ k3i(42—&,) where 
kit kot ka=n + ng +n +1, the activated atom changes to 
etd, +kg— 1) (f— ki), whence the total change becomes 
(ky— ki) Av sill en be given by 


CF 
Av= “y (k= ki). 


Among the elements whieh fall into this class we must 
place hydrogen, since it must have the constitution 1(00), 
where the symbol indicates the quantum numbers Mal IyN9). 
In the halogen elements the equatorial quantum number is 
always 2, so the constitution of fluorine, whose quantum 
sum is also 2, must be 2(00). Fluorine will therefore fall 
into the same class. Copper, silver, gold, zine, cadmium, 
and mercury are similarly assumed to have constitutions 
with zero moment. 

The application of these relations is first made to mono- 
valent elements of class A—viz., the alkali baldes with 
the exception of the fluorides. In Table I. are given, in 
columns 2 and 4, the p constitutions assumed (t the atomie 
quantum factors); columns 3 and 5 give the q states (the 
molecular quantum factors). These i are obtained by chance 
of the equatorial quantum number by — + and a change in 
the parabolic quantum numbers compatil le with the con- 
stancy of the quantum sum. D in column 6 then represents 
the denominator occurring in equation (5). It is to be noted 
that in this type of combination the principal quantum 
number cancels out from the denominator and numerator. 
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KI .. 


3. 


Je 
3(0,3/2) 


s} 


, 


99 


3/2(3,2) 
3/2(0,5/2) 


99 


3(0,7/2) 
4(0,7/2) 
3(4,3) 


TABLE I, 


Heats of Formation of Alkali Halides. 


5, 

q. 
3/2(0,3/2) 
3/2(0,5 /2) 
3/2(0,7/2) 


3/2(0,5/2) 
3/2X0,3/2) 
3/2(0,5/2) 
3/2(0,5/2) 


3/2(0,3/2) 
3/2(0,5/2) 


3/2(},3) 


T1905 


4:348 


T445 
6:915 
4:598 
3'482 


6:861 
4:515 
3:065 


9. 

Q found. 
93:8 
79°96 
61:21 


85:71, 86:1 
69:08 


105-61, 105:7 


95°31, 95-6 
80:13 


3 N 


Phil. Mag. 8. 6. Vol. 49. No. 293. May 1925. 
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In column 7, E, gives the available energy of accommodation 
calculated in kilogram calories per molecule according to the 
equation 


* 


Here A= — h is the constant of action, R the Ryd- 


berg constant, L Avogadro’s number, and J the mechanical 
equivalent of heat, whence substituting the appropriate values 
A=310°2 Cal. Column 9 gives the experimental values of 
the heats of formation; these are taken from Landolt and 
Bornstein’s Tables (Sth edition); where divergent values are 
recorded, both are given. Column 8 gives the calculated 
heats of formation—~. e., the quotient of E, by D. 

An example will make the method of calculation clear. 
The chlorine atom, distinguished by the asterisk! in the 
above table, has, in the p state, the constitution 2(01) ; 
Po= (ni + ng +73)(M_g—N,) is thus equal to 3(1). By change 
of 4 unit in the equatorial quantum number the molecular 
quantum factor g becomes 3(3/2). Of the available accom- 
modation energy, the impulse taken up by the valency electron 
of the chlorine atom is thus May .hAv. Similarly in 
lithium chloride, the lithium atom has for the p state the 
factor 2(1) and in the g state 2(3/2), so the impulse taken 

2(3/2) 


up by this orbit is 2(1) .hAv. The impulse taken up by 
Lad 
the trunk is then SA 41955 a since the field 


F; is defined by the quantum factor of the halogen ion for 
which pa=3(1). The sum of the impulses is 77195 Ar; 
Ii, is given according to equation (8) by 


a i) = 682°6 Cal., 


) -_ 
310 2/ =- 
in which 22°04 is the square of the effective atomic number 
of an element of the 7th column of the periodic table, 1 the 
effective atomic number of the alkali, and 9 and 2 the squares 
of the principal quantum numbers of the chlorine and lithium 
atoms respectively. The quotient E,/D 94°88 gives the 
theoretical heat of formation ; the experimental value found 


is 93°8 Cal. 
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With sodium bromide p, = 3(2) changes to 3(5/2), 
Pa=4(2) changes to q= 4(5/2), so that D becomes 

3(5/2) | 4(5/2) | 4. 4:195 


32) t a ae) FO 
whence Q= ei = 85°48: found 85°71 and 86'1. 


With lithium bromide, sodium iodide, and potassium 
lodide the closest agreements with experimental values 
are obtained by assuming that the k, parabolic quantum 
number takes up the amount of 4, available by decrease of 
the equatorial quantum number. This makes the quantum 
factor decrease, instead of increasing as appears usual. 
With sodium iodide, if we assume that the k, quantum 
number remains zero, instead of the values given in the 
table we shall have D=5/2.1/2+ 7/2 .1/3+4°195/3=3°765, 
so that Q becomes 63°52 instead of 68°7. It will be found 
similarly that in the other c:ses the theoretical value is not 
altered by more than about 10 per cent. by disallowing 
change of the & quantum number. It is to be noted that 
there is no apparent reason why th's change should be 
disallowed beyond the natural tendency to require that the 
distribution of impulse in apparently similar molecules 
should be the same. In the case of sodium chloride, good 
agreement is obtained by supposing that the kọ quantum 
number of the halogen orbit increases by 3/2, while that of 
the alkali decreases by 4. The total change is thus still 
unity, as our hypothesis demands. The latitude which 
results from the selection of a quantum factor from among 
several permissible values is admittedly the most unsatis- 
factory feature of the theory, and the accuracy of the 
experimental data by which it is tested is at present not 
sufficiently great to enable reliance to be placed on agree- 
ment between theoretical and experimental values in deciding 
on what quantum jumps are permissible. Moreover, it must 
be remembered that the introduction of the effective atomic 
number into our calculations can give it no more than the 
significance of an approximation. On the other hand, 
the fact that the heats of formation calculated according 
to different permissible quantum jumps do not greatly alter 
in magnitude leads to greater confidence, especially if it 
is recognized that it is scarcely probable that the molecule 
when formed is characterized by an unique electronic 
configuration. In fact, it seems very probable that observed 
heats of formation will be affected by a probability factor, 
and represent only a statistical average of possible changes. 


3.N 2 
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It may eventually be possible to estimate these probabilities 
in the manner which has proved so successful in determining 
the intensities of electrically resolved spectral lines by the 
Bohr principle of correspondence. 

We may now consider the data for di-atomic molecules 
which, on account of the electronic constitution it is neces- 
sary to assume for one of the atoms in its unexcited state, 
we class as type B compounds. This class will include 
hydrogen compounds, since in the unexcited state its quantum 
factor cannot be other than 1(00), and fluorine which must 
certainly be written 2(00). For the quantum states of the 
elements of the B subgroups of the first and second columns 
of the periodic table, it is not possible to decide with 
certainty. There can be no doubt, however, that these 
elements are assigned to their right class, since the occur- 
rence of the principal quantum number of the negative atom 
in the numerator only, largely diminishes the magnitude of 
the heat of formation calculated according to the hypotheses 
we have adopted. Table II. gives the p and g values which 
it is necessary to assume to obtain the best agreement. with 
the experimental values. The p—>q quantum jumps, in the 
case of the elements of higher principal quantum number, 
are not always simple changes by 4 units; it appears that 
the equatorial numbers may change by whole numbers in 
addition to the 4 unit which seems to be a constant feature 
of the molecular quantum number. The regularities observed 
in the quantum factors assumed are sufticiently striking to 
remove suspicions that agreement between experimental and 
calculated values 1s merely accidental. 

In each series the quantum factor for a particular element 
is a constant term, with the exception of silver bromide, 
where another permissible change gives better agreement. 
The term contributed by the halogen element appears to 
he constant throughout, except in the halogen hydracids. 
Hydrogen fluoride and silver fluoride are decidedly abnormal, 
as might have been expected, since both atoms in the undis- 
turbed state have zero moment in the field. The chemical 
properties of hydrogen fluoride in particular are undonbtedlv 
against its formulation asa polar compound. If equilibrium 
exists between the two forms, it mnst be preponderatingly 
in favour of the non-polar constitution. It is interesting to 
note that in both these abnormal cases the calculated heat of 
formation is very approximately one-third ef that observed. 
This factor might be justified. as proposed in Part I. of this 
paper (loc. cit.), by supposing that the ratio of kinetic to 
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1 8 0) epee 
FEB iieacitsuweieves 
HI ...... 


o 0 E Rn 
NaP areas iude 


CuCl 
CuBr 
Cul 


eeooeoweteoeva eee 
eee. e@07s* 00o 


seer Ghee stevaee 


AGH E 
AGC! eevee 
ABBY aciera 
BO EEE 


HgCl seese 
He Br seoran 
Hel oreriserciessa 


99 


1(01) 
%01) 
X02) 


1(12) 


9 


Qie 
1/2(1/2,1) 


” 


kAd 


1/2(0,3/2) 
3/2(0,3/2 
5/2(0,3/2) 


1/2(1,5/2 


” 


” 


3/2(0,7/2) 
5/2(0,5/2 
3/2(0,7/2 


3/2(3/2,4) 


99 


Pro 
2(01) 
2(02) 
2(05 


9(00) 


2(01) 
X02) 
2(U3) 


2(00) 
201) 
2(02) 
203) 


2(01) 
2X02 
2(03) 


TabLe IT. 


Heats of Formation of Type B Compounds. 


Dy 


eon 


VER 
1/2(0,5/2) 
3/2(0,5/2) 
5/2(0,5/2) 


1/2(0,3/2) 


”” 
9 


9? 


3/2(0,8/2 
5/2(0,3/2) 
7/2(0,3/2 


1/2(0,3/2) 
3/2(0,3/2) 
5/2(0,3/2 

7/2(0,3/2) 


3/2(0,3/2) 
5/2(0,3/2) 
7/2\0,3/2) 


D. 
20:59 
13°89 
11-66 


11°89 


14°39 
15°89 
14°39 


22°09 
17:39 
15°49 


17°64 
25°84 
17:64 
18°24 


22°92 
17°22 
15°33 


E,. 
4197 
11412 


~73°2 
1399-2 


1632-0 
16748 
1691-8 


740°6 
408°2 
2543 


1698-0 
7476 
415:0 
261:3 


7414 
407°9 
254'3 


E /D =Q. 
21:85 
8:22 
— 628 


1177 


113:4 
105:4 
117:6 


33°53 
23°47 
16°42 


84:30 
28:94 
23:52 
14:32 
32:35 
23°69 
16:59 


Q found. 
22:0 (26°0 at 2000°° 
8:44, 8:6 
— 6:44, —6'4 


388:5 


114:3, 115:8 
102-6, 109:3 
118:1 


32:87, 35:4 
24:98 
16:26, 16:9 


23°2 

29°38, 29-0, 29:94 
22°7, 23°4 

13°80, 14:2, 14°99 


31:3, 31:32, 32-605 
24:5, 25475 
142, 15:55 
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total energy change is characteristic of a magnetic field in 
which Q=1/3 Exin. 

As an example of the calculation, we may take the case of 
silver bromide ; the silver atom by excitation is supposed 
to undergo the jumps 1(22)->2(13)—1(13), so that F, is 

CF, 


given by Av= z- (3—1). The molecular quantum factor, 
I 


by the 4 unit change, then becomes 5(7/2—1) or, what 
amounts to the same thing, 5(5/2— 0), so that g,/p, becomes 
n(5/2) 

2 


The bromine atom on combination is assumed to undergo 

. 
the jump 2(02)->3/2(},2) or 5/2 (0,3/2), so that 93/p:= a 
The trunk takes up the impulse 4/2. Z,AAv, so that the 


total energy change becomes 


5(5/2) , 4(3/2 
K, =4150= feu PEARSA 4:195 $. Av 
=17-64 hav, 


whence Q= 23°52: found 22°7 and 23-4 Cal., between which 
the theoretical value falls. 

In polyatomic molecules, negative terms must enter into 
the denominator D on account of the energy of stra‘n 
between similarly charged ions Thus, for instance, in the 
case of calcium chloride the available energy of accom- 
modation must also comprise the negative work necessary 
for bringing the two chlorine ions into proximity. It is not 
at present advisable to attempt to calculate these heats until 
more experience has been gained of the simple diatomic 
compounds. It is interesting to note, however, that the 
sume general relations between elements of the A and B 
subgroups are evident as were observed before. The 
denominator D for the B subgroup is always much 
greater than that of the A subgroup. With increasing 
values of the principal quantum number the denominator 
for the halides of group B elements decreases much less 
with increase in atomic weight of the halide than in the 
A group, where the ratios are approximately of the same 
order. This must undoubtedly be due to the constant term 
contributed by the positive ion which is proportional to its 
principal quantum number; the denominator as a whole 
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~ Heats of Formation of the Halides of Divalent Elements. 


Principal 
quantum no. 


eoeeeroseece 


@eesereescen 


Simla, 


October 1924. 


TABLE III. 
Group A. 
Q found. 
BeCl, 155-0 
MgCl, 151-01 
Mgbr, 121°7 
MgL, S18 
CaCl, 183-89 
190:3 
CaBr, 154°92 
Cal, 149-01 
&rCl, { 184°56 
184°7 
SrBr, [15770 
| 158-1 
SrI, 122°9 
BaCl, 196-88 
1971 
BaBr, 1721 
172:4 
Bal, 136:1 


thus becomes more nearly constant. 
an inspection of Table III., where the quotients of E by 
thə mean value of the experimental heats of formation are 
compared. 


ZnCl, 
ZnBr, 
ZnT, 
CdCl, 
CdBr, 
Cdl, 


HgCl, 
HgBr, 


Hel, 


Grovr B. 


A. 


Q found. 


97:21 
[ora 
75°93 
76:0 
49:231 


93:24 
{ 75°20 


76:3 
48:82 


533 
54°49 
40:5 
| 406 
41:88 
252 


ex 
D. 


7°20 
4:85 
4:36 
TTA 
514 
4°82 


13°60 
9:73 


9°81 


This can be seen from 


XCI. The Motion of an Electric Charge. By ARTHUR 
Bramey, Ph.D., Fellow in Physics, Princeton University *. 


NY discussion of the motion of electric charges must be 
based on the fundamental laws of electrodynamics as 
developed into their final state by Maxwell. The considera- 
tion of the relation of the charge to the electric and magnetic 
field is based on experimental laws : 


file de + Hy dy +H: dz=({ po+ 5) a8, e (i) 


where the line integral is taken over any particular closed 
curve, and the surface integral over any surface bounded hy 
this curve, where H = magnetic field, E=electric field, pr = 
electric flux through the surface at any point, and n denotes 
the normal component 


(ice de+ By dy+Eede=— ({(ZP dS... Gi) 


If we know pv as a continuous function of position at any 
particular instant £, we can write the above equations in the 


well-known form 
4 


ob, _ 
pu + T =curl,H, 


etc, . . . . (iii) 


1 


where u= the component along the z-axis. 

Now, as Einstein has pointed out (Berlin Academy, 
January 1924), these equations define a relation between 
the field and the charge at any given instant, but do not 
correlate the different images of the electromagnetic phe- 
nomena at any instant t with that at any other instant t'. 

Let us consider a four-dimensional manifold (a, y, z, t) 
where z, y,z are the space coordinates and t the time co- 
ordinate, and where 


ds*= dx? + dy? + dz? —dt?, 
C= 4, 
as in special relativity. 
Then the fundamental integrals and hence Maxwell’s 
equation refer to any space-like variety 


ds? = div? + dy? + dz, 
obtained by taking a section perpendicular to the time-axis. 


* Communicated by the Author. 


=curl,E, 
cul J 
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The electric flux pv will be a function of position in any 
one variety 
t=fo, 
(pr) =f(2, Y, 2), 
and hence can be expressed as a function of position in the 
four-dimensional space 


(pv) =f(2, y, z, t). 

Now, if there are no point charges in the field, i. e. 
singularities, we can expand the flux as a function of the 
time, e. g., 

(pu) =(pu)o+ (pujt + (pu)gt? +. o o o5 
where (pr), (pu), and (pu)z etc., 
are functions of (x, y, 2). 
Further, we can expand E and H as a power series in ¢, 

E>=E,+ E,t+ E,t?+ E,t+...., 

H=H,+ Ht + H,t?+ Ht? +. > o ey 
where Eo Ho, E, Hy, etc., are functions of 2, y, and z only, 
and where E and H represent any one of the three com- 
ponents E,, H, etc., the distribution of charge and velocity 
being of such a nature that the series are convergent. 

Taking the case of motion along the «x-axis, we get, by 
substituting in Maxwell’s equation, 

(pujo + (pu)jt+ (pu) + .... 
+E, +2E4+3E +... 
= curl Ho + curl H,.¢+ curl H,.?+.... 
Since these equations must be valid for all values of t, we 


have 
(pu) +E, = curl Ho, 


(pu), + 2E,= curl H, 
(pu)at (n+ 1)E,4:= curl H,, 
where 
(pu) =(pu)ot+(pu)it+.... 
Similarly, for the second set of Maxwell’s equations, 
H,= curl Eo, 
2H,= curl E, 
(n+1)H,4,= curl En. 
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For points where p=0 for all values of t, 
E, = curl Ho 


+ 
BaS Zn Viz e o o o V?Eo, 


F 
Esn- = 2n—l Vi eooo V’r- En 


and a similar set of equations for H. These equations allow 
us to determine all the subsequent coetħcients from the 
knowledge of E, and H,, Eo and Ho being the values of the 
two field intensities at a particular instant when 

t= 0. 


These equations (iii.) are subject, however, to certain 
kinematic conditions determined by the nature and motion 
of the electric charges. In the classical method of solution 
of Maxwell’s equations developed by Kirchhoff, the magnetic 
and electric forces are given by the equations 


where 


1 P ai k 

o= Alle dx dy dz, 
on 1 (C : 
Y= dic dy dz, 


where the dash denotes that in carrying out the integrations 
the values of p and pv, respectively, at the time t=—r 
ae to that for which the integrals are being evaluated, 
ave to be substituted. 

Suppose that the electric flux (pr) is moving along the 
x-axis, being defined by the equation of propagation 


pu=f{xe—at"}, 


(pu)! =fte—a(e—r)"} 5 
whence 


Ee 1 =0, m<n, 


ou" t-r=0 


then 


where 


o” (pu) n of 
l Oc” 1! = feaa =T 
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In the case where the density p is different from zero only 
at and in the neighbourhood of a point, the equation 


(pu) =/{2—at"} 
defines the motion of the point charge according to the 
equation 

z—at"= const. =A; 


for if we consider the motion of the maximum value of the 
flux, z.e. the flux at the position of the charge, we see that 


it is defined by 
(pu) max, = KA), 


A =rt—al", 


where 


being the value for which f(y) is a maximum. 
If n=2, the motion of the charge is uniformly accelerated. 
If we consider the motion of a charge whose density is 
different from zero only at and in the neighbourhood of 
a certain point, fixed or moving, then from the definition 
of H we see that since in this case we can regard (pu) as a 
function of the form, 


i.e., pu=(pujot (Pu) t” + .0 
(pu)=0, i=1l.... £—l, 


so that the first n—1 time-derivatives of the magnetic 
intensity are zero along the light-cone 


(e=)? + (y—y) + Gea) 


for any position (2’, y’, z', t') of the electric charge. As the 
charge moves along, the conic surface will describe a con- 
tinuous parametric family of surfaces over which the above 
derivatives are zero. Since the derivatives which are con- 
tinuous functions of position are zero throughout the column 
generated by the cone, they must be zero for all points in 
space. Hence 

o”H 

J =0, M <A 

or 


H:=0, i=1l....n—1. 


(See note p. 922.) 
For the case where the charge is stationary or moving 
with uniform rectilinear motion, the expansions are not 
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subject to any kinematic conditions. Let us therefore 
consider the case of uniform accelerated motion, 


fide pu=f(a—at?) ; 
, H,=0; 
ae curl Ey=0. 


Let us assume that initially the solution has the form 


Cv ez 


e) 
Eu= 3 + Xz Eoy = 3 +Xe Eu = 3 +X» 


where y is an arbitrary function which has to be determined. 
Since 
curl E,=0 
and 
div. Ey =0 where p=0, 


Ox. Ox. Ox’ 
X= ort w= x= SE, 


we have that 


where 
Ax =0. 
If we consider the radiation from this system defined by 
Poynting’s vector, 
II_= EoyHoz = Eo Hoy, 
I, = Eo Hor — Eor Hoz, 
I, = Koz Hoy -Ey Ho, 
since the terms in higher powers of t contain higher powers 
of I , being derivatives of Hy and Ey respectively, we see 
r 


that the radiation must be zero, since Ey is derived frum a 
potential function, 2. e., 


dV p _ av. 
Ou? Oy’ a ye” 

so that the system in uniform accelerating motion can never 
radiate energy when obeying the classical electrodynamical 
laws. 

From the above discussion we see that the classical radia- 
tion field developed from Kirchhoff’s solution of Maxwell’s 
equations can only be regarded as a fictitious solution which 
contains no energy; in the gravitational field several 
examples of fictitious fields have been pointed out by 


Kou= 


Motion of an Electric Charge. 917 


Eddington, while Bohr has developed the consequences of 
the idea applied to electromagnetic theory *. 

Let us next consider the motion of an electric charge 
obeying the familiar laws of electrodynamics, and hence 
radiating no energy. 

The equation of motion of the charge e in the Riemannian 
space - 
ds’ =g, da' da! 


is 
ds? k: ds ds 


where [2s is the Christoffel symbol and F} the component 
of force acting on the charge. 


ds dt\ Tda? o da® daP _ pe dae 
AGAI ie g= dt? e (A) 


Since 
ds = ds 
dt dx’ 
we have l 
ft padetdit _ F? de ds 
ds? a ds ds mm ds’`dat 
Let 
dx" dě , 
-T =i i, r=, E 


gi=1; 
then we get 


'i 


Sn i l ; F 
p.t + oe 2 (.i*)? + Tippi N= =e, 
or. 


igs ra f OP i } FY 
4 bs pay? ù a o ee Y 
ipit E) E OE d+ Peabo? f — —*g2=0, 
t= ere 
These four equations allow us to solve for the four unknowns 


i’, of, $, and gè. 


Knowing this solution, we can write our equation in the 
form 


d?a ; F’ g" diet deh 
ae t {Pa te} Gy de =O 
or 
ad? cp det dirB 
Gg aia ee de TB) 


* Bohr, Kramer, and Slater, Phil. Mag. xlvii. p. 785 (1924). 
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where 
Fk’ 
i HP gug 
for 
1 dae daf 
Jag ds ds 


The equation (A) gives 


dx’ : 
ds =y'(s), 


where s is the parameter along the path. 
But s=x(r), a function of position on the curve, allows 
us to write 
dct, 
z- =f (x); 


ds 


so that ¢' is a function of ('.... a*) only. 

Thus, in equation (B) the Gj, is a function, not only of 
position but also of the particular path. This leads to a 
more generalized geometry than the geometry of paths, 
considered by Eisenhart and Veblen, in which TÈ is a 
function of position only. Whence we are led to a result 
analogous to the fundamental assumption (L. P. Eisenhart, 
Nat. Academy, June 1923) that the motion of electrons 
manifests itself in paths in a space-time continuum of four 
dimensions. 

We shall not consider an application of the ideas involved 
above to the case of a charge moving geodesically (in a 
particular path) in the space with linear element 


-1 
-d#= (1— 2e) dè +r dP + sin? dg?— (1— 7") ae, 

where e = a constant depending on the charge at the origin 
of coordinates which produces the field. 

lf we wish to make the electron stationary in the field at 
any point, we must apply an external force to it which will 
become eyual and opposite to the fictitious field due to the 
metric when the electron becomes at rest. 

The equation representing the stationary electron at any 
point in space is therefore 


dai ` da® daf 
oi +G} yeh 


oe se 
a ds ds 
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where | 
p= — Find */s, 
dt 
8 a ds 9 


where F,, represents the forces due to the field of the metric. 
Since 
de’ _ dr? _ dx dat 
ode ae a 
when the electron is stationary, we get 


Jy Fu = Wi = FS, 
The only equation not zero is 


Jua = fj = _ 


Thus 


where 
e = charge on nucleus = charge on electron. 


Thus the law of force is the well-known inverse square 
law ; t.e., the fictitious forces due to the metric make the 
path of the charge (electron here considered) equivalent 
to that of a charge in flat space under the influence of 
Coulomb’s law. 

The same problem has been considered by the author 
(Proc. Nat. Acad., Aug. 1923, “ Motion of an Electric 
Particle in a Riemann Space ”’) for an infinitesimal particle 
where the same conclusions were reached regarding the 
motion. 

In this section we have considered the motion of any 
electric charge without radiation of energy, and find that 
we can express the equations of motion in the form 


d? x? + 9 da xB 
ds? aB ds ads ~ 


where GJ, depends not only on a point function, but also on 


the character of the path of the charge. If we can write the 
energy tensor in the form of squares, then 


0, 


d? = gude? + gode? + gadeg +gudr?, 
= E eer 
Jii = Yalt, U7, 0%, ef, ti), 


where a, depends on the trajectory, the æ’s being different 


where 
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for different paths. These parameters, the a’s, are closely 

connected with the quantum numbers which serve to define 

the equations of motion when written in integral form. 
Lastly, the above analysis is applied to the simple linear 


element 
2e 


-1 

—d3= (1-=) dr? + 72d6? + 7? sin ag- (1-7 dt, 
whera the æ’s have been left arbitrary, since they can only 
modify the form of the function representing the force by a 
constant multiplier. 

We are next going to consider the most general motion 
of a charge radiating no energy but under the influence of 
Maxwellian forces, and also a resisting force proportional to 
the velocity *. 

The equation of motion is, therefore, 


424 D2 pa 52 — 
+2, ie —Gi? = 0, 


where G is a scalar proportionality factor. 
The scalar G can, however, be written in the form 


G = G piis, 


where G,, is a function of position only. 

Let us then consider a set of paths defined by the n 
equations . . . 

Arii G it =0, 2. . . (1) 

where T2 and Gy, are tensor functions of position only. 

The condition that the equation (I.) has a solution of the 
form fe f 

a Ta 
e gage iP = const. . . . . CII.) 
is that 

[yrs/t+ 2gar Gstit + prgst]è čr = 0. 


A particular solution of this is 


Grs/t ir et! = 0, 
Gst = yst, 
$r = 29 pË" 


Thus a particular solution of equation (I.) is 


- -Q B 
ği Gaj é7¢ = const.= A, . .. (II’.) 


the integral being taken along a path. 


* Richardson, ‘ Electron Theory,’ p. 266. 
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(I.) may also be written in the form 


A i =f ra 
Hrita = Ae Jaag? aa 


-i 
L e 


Let us next consider a change from the parameter s to ¢ ; 
our equation (I.) becomes 


dt 3da? |. dea db 
A a ] 
(as) ds° i ap ds 


ds 
= (2) 4 dae dic? de? dt de' 
~ \ds} aB ds ds ds dè ds’ 
„I£ 
dt m dx" deb 
T (a) Gag dt di 
s: KALIS soa de 


A 
then our equation can be written in the geodesic form 
dct i dæ? da? 
Aë + ap aa “de = Os. p x e œ (IIT.) 
Equation (II’.) can then be written in the form 


dt ae 
ls Gage iB = A, 
or the solution of (III.) is 
TY dc? dx”? 


ds) Fob Gi di TA 
Now 
dx® (dt dx def? dt 
3 Gag -g a ata d? B) Gag dt dt (a) s ° 
Bf 008 ae a (a) a Gg oA 
a8 ui dt = 
is the form of the solution of (III.). 
If Gag = M Gag; 
m = invariant mass, 
then | 


at : 
M =m J” relative mass. 
s 


Phil. May. S. 6. Vol. 49. No. 293. May 1925. 30 
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Thus we can write our solution in the form 


dr" 
= 2“ drÊ 2 
Kå Mg i dx 6 drt dich A 


“aB dt dt w 
But since 
dx 


a 
2 8 
e fM e dt de ap? Action 


we see that for any periodic path the = Action must be 
periodic ; t. e., 


(30.5% dx! = Qrnt, i= J/—l, n= integer. 


Thus if we consider the most general motion of an electric 
charge without radiation of energy, we find that the motion 
is periodic only in case the following condition is satisfied : 


> Action = nh, 


where n = integer, 


h = constant, 


the action integrals being taken over a complete cycle. 
The Quantum Conditions for periodic orbits are a parti- 
cular case of this more general condition. 


In conclusion, the writer wishes to express his gratitude 
to Professors $. P. Adams and L. Eisenhart for their 
interest and assistance during the writing of this paper. 


Nore (see page 915).—If we expand the potential y in 


Kirchhoft’s solution in powers of (¢—7), we find that > is of 
the form, 


v= i [iG dhl nao 


+terms in higher powers of (¢—r) |e dy, dz, 
where «, y, and z are independent of ¢, 
for (pu)'=(pu)yt(puja(t—r)*+ o. 
(pu);=function of «, y, z only, 
and r= (Ea)? +R +Y, 


where £=A—a(t—r)"from the equation of motion of the 


On the Orbits of Electrons. 923 


charge, and a, 8, y are the coordinates of the point where 
is evaluated, where r=distance between position of electron 
at time ¢ and point (a, B, y). 

Since H=rot y, 


mH m 
we find om =r =0, m<n, 
for r—t=0. 


a eee a a a a a a, 
a — = SS SS oe 


XCII. A Possible Reconciliation of Bohr’s Interpenetration 
Ideas with Sommerfeld’s Relativistic Treatment of Eleetron 
Orbits, By R. A. MILLIKAN and I. 8. Bowen *. 


I. Introduction. 


i a preceding article t we have presented a dilemma, 

each horn of which involves an inadmissible conclusion, 
and we have thus far suggested no way out of the difficulty. 

The first purpose of this paper is to indicate the nature of 
the new assumption which it seems to us necessary to make 
in order to obtain some sort of a consistent scheme of 
interpretation, and the second purpose is to discuss the 
experimental data which lend some support to this assump- 
tion. 


II. Statement of the Dilemma. 


Our former work has shown that both the regular and the 
irregular doublet laws which had their origins in the study of 
X-rays are also valid throughout the whole field of optics. 
This fact leaves no alternative save to consider the s terms in 
optics as corresponding completely with the Lr My ete. 
terms in X-rays, the p terms in optics with the Li Mir 
terms in X-rays, and the p; terms in optics with the Lyy 
Min terms in X-rays. No escape from this conclusion, 
drawn in our former paper, seems to us to be possible. 

In order to bring out sharply the nature ot the difficulty 
which this last conclusion involves, we shall at first confine 
attention to orbits of total quantum number 2. The fore- 
going identification of optical and X-ray levels means 
definitely, as applied to these orbits, either (1) that we must 


æ Communicated by the Authors. 
t Phys. Rev. xxiv. p. 223 (1924). 
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adopt the choice made in optics and regard the Fay Li 
orbits as both circles (2; orbits), such as the p, p orbits are 
usually supposed to be in optics, or else (2) that we must 
adopt the choice heretofore made in X-rays and regard pi ps 
as two orbits of the shape 2, and 2,, respectively, thus 
making the s and the p; orbits of the same shape, t.e. 
of shape 2,. 

The objection to the first choice is that it makes L, an 
ellipse of shape (2,), and Ly a circle of shape 23, and then, 
in the case of the higher atomic numbers, the separation of 
these two energy-levels which is required by the application 
of the relativity principle (change of mass with speed) 
is about four times as great as the observed separation. 
Further, the screening constant of the circle should be 
greater than that of the ellipse, because of the greater pene- 
tration of the latter inside the screening electrons, so that 
the actual separation between the Ly and Ty levels should 
be larger than the relativity difference by the difference in 
the screening constants of the differently shaped orbits. 

These considerations seemed so compelling that we said in 
the preceding article that there seemed to be no escape 
except to deny the applicability of the relativity principle in 
toto to electronic orbits. In view, however, of the complete 
quantitative success of this principle, especially in the 
interpretation of the behaviour of the spectra of atomic 
hydrogen and ionized helium, this denial seems well-nigh 
iinpossible, 

The second choice, on the other hand, appears altogether 
impossible for a number of reasons, the most cogent among 
which is the fact, reported in our preceding paper, that we 
find that the separation of the triplets as well as doublets fora 
series of atoms of like electronic structure but varying nuclear 
charae follows the relativity law. Since the writing of the 
preceding paper many new triplets have been studied, and 
they completely bear out our former assertion as to the 
applicability of the relativity formula. 

Since now in the second quantum state there are but two 
possible shapes of orbits (azimuthal quantum numbers) 2, 
and 2, to manipulate, it is absolutely necessary to call upon 
some inner quantum number—i.e., some new orientation 
without change in shape—to account for at least one of the 
three energy levels here involved. Jf, then, inner quantum 
numbers must be invoked anyway, it is in the interest of sim- 
plicity and consistency to invoke them throughout in explaining 
the behaviour of both triplets and doublets. This argument 
seems to us an altogether conclusive one against the adoption 
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of the change in azimuthal quantum number to account for 
the difference in the pı pa energy levels. 


II. A Third Possibility. 


Since both of our suggested alternatives appear then 
impossible, our only escape is to find some break in the 
continuity of the proof of the exact applicability of the 
relativity formula to the atoms from uranium down to 
hydrogen. 

To state our present conclusion in a word, we are herewith 
pointing out that it is just possible to make such a break 
between ionized helium and lithium, and thus save the rela- 
tivity explanation for simple nucleus-electron systems like 
hydrogen and ionized helium, where, as a matter of fact, the 
evidence for the validity of the relativity formula is wonder- 
fully exact. 

In order to do this, however, we are forced to make a very 
difficult and strange assumption, viz.: that the remarkable 
fitting of all our data into the relativity formula for all the 
atoms from lithium up to chlorine, and then throughout the 
whole X-ray field, is accidental, and that there must be 
some other cause of a non-relativistic sort which is responsible 
for the behaviour of the spectra of all these elements, a 
cause which, though it has to do with changes in inner 
quantum numbers rather than azimuthal, yet leads not only 
to a fourth-power law, as does the relativity causo, but also 
toa formula having very closely the same numerical con- 
stants as has the relativity law. 

To state the situation slightly differently, despite the fitting 
of the relativity law with the experimental data from lithium 
to uranium, we now throw overboard in all this field the 
relativity explanation of the observed doublet and triplet 
separations. We retain in both the field of optics and that 
of X-rays the optical selection principle, and make both 
pı po and Ly Lra differ in inner quantum number, while the 
s and the p, levels, as well as the Ly Ly levels, differ in 
azimuthal quantum number. At the same time we save the 
relativity explanation of the separation of the doublet of 
hydrogen and of ionized helium. 

Landé * and others have before made this same choice to 
the extent of insisting that the selection principle used in 
optics be used also in the field of X-rays, but in so doing 
they have not been confronted with the new evidence con- 


® Zeit. f. Phys. xvi. p. 391 (1923); xxiv. p. 88, and xxv. p. 46 (1924), 
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tained in our observations of the great utility of the simple 
Sommerfeld relativity formula in leading to correct doublet 
and triplet separations, so that their choice was relatively 
easy. Nor have they attempted to show the difficulties of 
the position into which we are forced by such a choice. 
This we endeavour to do in the present paper. 


IV. The New Success of the Relativity Formula. 


The two striking and altogether new successes of the 
relativity formula as shown in our work are :— 


(1) The fairly close prediction which it makes of the 
screening due to the two K electrons in the spectra due to 
stripped atoms from lithium through nitrogen. This is 
presented in Table I. of the article in Phys. Rev. xxiv. p. 211. 
Al-o, since this paper was read before the American Physical 
Society in April 124, Landé * has made and published a 
similar computation, using our preliminary and much less 
precise data published in January 1924 f. 

(2) The extraordinarily accurate prediction of the varia- 
tion of doublet separation with change in total quantum 
number. This is beautifully shown in Table I., l. e., where 
we change the numerical constant of the relativity formula 
from °365 to °108 in carrying the computation of Av from 
the second to the third quantum state. A somewhat less 
perfect example of this success is seen in Tables I., V., VOT, 
in ail of which we found the computed and observed doublet 
separations varving with total quantum namber about as the 
relativity formula demands. Landé also in Table 1V. (Zeits. 
f. Phys. xxiv. p. 91) displays this sort of success. 

By making the choice which we have made above, and 
treating the 2p, 2p. orbits as two circles differing only in 
orientation (inner quantum number), we are of necessity 
taking the position that these two successes of the relativity 
formula are purely accidental ; and we are tacitly assuming 
that there is some entirely different cause of the separation 
of 2m, 27, ete., which leads not only to the same type 
of variation of Av with both atomic number and with total 
quantum number as does tho relativity cause, but which also 
leads to very nearly the same numerical constants as does 
the relativity cause. This is a difficult assumption to make, 
but there is absolutely no alternative to it if we wish to avoid 


æ Zeit. f. Phys. xxiv. p. 32 (1924). 
t Phys. Rey. xxiii. p. 33. 
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both horns of the dilemma presented above. We are our- 
selves forced to make it, since neither of these horns appears 
to us admissible. 

In making this assumption we are a little better off than 
we should have been in discarding the applicability of the 
principle of change in mass with speed altogether to elec- 
tronic orbits, because we can now retain the relativity 
explanation of the behaviour of the hydrogen and helium 
spectra, where the evidence is most beautifully quantitative 
and where it is most ditficult to conceive of any other cause. 


V. Our Assumptions and the Requirements which the New 
non-Ltelativistic Cause of Fine Structure must Meet. 


Having by this assumption separated hydrogen and helium 
from other atoms, it becomes our task to re-examine all of 
our data upon other substances in order to see how precisely 
our relativity formula does fit these data, and therefore how 
violent quantitative limitations we must impose upon our 
assumed new cause which is to lead to a formula closely 
resembling at least the relativity formula. Before making 
this analysis, we shall attempt to state briefly our present 
assumptions and our final conclusions as to the requirements 
which must be imposed upon this new cause. 

When the system is a simple nucleus electron system, we. 
assume that the fine structure of lines is wholly due to the 
relativity cause, so that we adopt as the fully adequate 
explanation of the character of hydrogen and ionized helium 
lines Sommerfeid’s relativity equation : 


v (Z—a)* l1 n—k) a?(Z—s)' 
ts 2 eee | ae ee 


(1? 


R 
We adopt further, as applicable to all radiation, the selection 
principle used in optics, and therefore make Ix, like 2s, a 
2, orbit. We also make Ln and Lin, quite like pg and pi, 
two circular orbits which differ only in orientation. 

We assume that the orbits Lr and Li, like the orbits 2s 
and 2p, are an ellipse (2,;) and a circle (23), respectively, 
the energies of which differ, first, because of the difference 
in the greater screening from the nucleus of the circular 
orbit than of the elliptical orbit, and, second, because of the 
relativity difference between these two orbits. This is 
equivalent to assuming that the Ly and Tm orbits differ in 
energy by the sum of the irregular doublet energy difference 
and the regular or relativity doublet energy difference. In 
‘optics the first difference is very large compared with the 
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second, while in X-rays the second difference is much the 
larger. 

With the aid of these assumptions we are able to retain 
the application of the relativity principle to all orbits. We 
now assume—and this is the point at which we try to escape 
from either of the two untenable horns of our dilemma—that 
there is some cause acting by virtue of the difference in orienta- 
tion of the tico circular orbits Ly and Lin which increases the 
energy of the circular Ly orbit to about the amount chich it 
would have had by virtue of relativity had it been a 2, orlat. 
This cause may be magnetic in its origin, or electrostatic, or 
a combination of the two. The requirements imposed upon 
it are— 


(1) that it must make the difference between Ln and Lin 
follow very nearly a fourth-power variation with atomic 
number, just as does the relativity cause ; 

(2) that it must lead to nearly the same namerical con- 
stants as does the relativity equation ; and 

(3) that it must make the doublet separation vary with 
total and azimuthal quantum numbers very closely as does 
the relativity equation (1). 


The only advantage of this seemingly strange way out of 
our difficulty over that of discarding the applicability of the 
relativity principle altogether to electron orbits, is that we 
do not now demand that our new cause yield results which 
are so exactly in coincidence with those given by equation (1) 
as we should have to do if the new cause were required to 
fit the extraordivarily accurate data on hydrogen and ionized 
helium. 


VI. Imperfections in the Agreement between the Relativity 
Formula and Observed Doublet Separations. 


When we return now to the analysis of the doublet- 
separation data upon the atoms from lithium to uranium, we 
fiud, indeed, that they may be distinguished in a number of 
ways from the data available with a simple nucleus-electron 
system. Thus: 


(1) They differ qualitatively in that all the elements from 
lithium to uranium have at least three two-quantum-number 
levels, viz. the 2s, 2p}, 27, levels, or in X-rays the corre- 
sponding Ly, Ly, Lin levels, while in hydrogen and in 
helium, on the other hand, there are only the number of 
L levels required by the relativity theory—namely two. 
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This furnishes one justification for making a break in our 
interpretation between ionized helium and lithium. 

(2) They differ quantitatively in that while equation (1) 
fits very exactly, according to the work of Paschen * and 
Shrum f, the observational data on simple nucleus-electron 
systems for which o and s are both zero, it is impossible to 
make this assertion for any other systems. Indeed, in 
testing the relativity equation derived from (1) by subtracting 
two such equations corresponding to the two azimuthal 
quantum numbers 1 and 2, a process which yields 

2(7 — e\4 
ye oe o ° e o . (2) 


in which in this case k = azimuthal quantum number 2, and 
k — l =azimuthal quantum number 1, our procedure has 
always been simply to solve this equation for s, which then 
becomes an arbitrary parameter. For the whole series of 
stripped atoms, beginning with lithium, the value of s should, 
of course, have come out 2, since there are two screening 
electrons near the nucleus with all these atums. It actually 
came out for stripped nitrogen 1:838, for carbon 1'858, for 
boron 1:884, for beryllium 1'937, and for lithium 2:019. 
None of these numbers is within the limit of experimental 
error of 2, and it will be seen that the fourth power makes a 
large error in Av appear as a small error in s. 


We did, indeed, suggest in our preceding paper a logical 
explanation for the first four of these departures. Thus we 
assumed that the screening of the nucleus became less and 
less perfect as the orbit of the radiating electron came 
relatively closer and closer to the orbits of the screening 
electrons. Some such change in the perfectness of the 
screening with closer and closer approach to the screening 
electrons must take place in any case, so that the foregoing 
explanation must be regarded as qualitatively satisfactory. 
But the screening constunt should then never exceed 2, no 
matter how far the radiating electron is removed. In the 
case of lithium, however, it does exceed 2 by 1 per cent., 
and a numerical computation shows that to cover this de- 
parture there should be an uncertainty of 7°4 per cent. in 
the separation of the lithium lines. Otherwise stated, their 
observed separation instead of being °338 frequency units 
should have been *365. The observations made by Kent } 

# Ann. d. Phys. l. p. 901 (1916). 
t Proc. Roy. Soe. ev. p. 269 (1924). 
t Astrophys. Journ. xl. p. 337 (1914). 
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on three different lines in which this doublet appears vary 
from °336 to ‘340, i.e. but one-sixth of the necessary difer- 
ence. The relativity formula then, contrary to the less care- 
fully considered opinion which we expressed in the preceding 
article, does not predict for this group of atoms the observed 
separation within what are probably the limits of observational 
error. Instead, the quantity s as we have used it is, within 
rather narrow limits, an arbitrary parameter with the aid of 
which we have forced the relativity formula into exact 
agreement with the observed facts. 

The fourth-power variation with atomic number demanded 
by the relativity formula does, however, fit the observed 
doublet separations from lithium through nitrogen verv 
closely. How closely may be seen from the fact that, if s is 
fixed at 2, the Av from lithium to nitrogen is proportional 
to (Z—2)*%, thus showing that whatever the cause of the 
separation may be, it cannot follow anything resembling a 
third-power law of variation with effective nuclear charge 
as the Heisenberg theory * demands. 

Also that the doublet separation varies with total quantum 
number almost exactly as the relativity formula demands is 
shown by the fact that the screening constant for the 3p 
doublet of Cry was found in Table I. of the preceding article 
to come out with almost exactly the same value as the 
screening constant for the 2p doublet when we inserted the 
relativity constants °365 and ‘108, respectively, to compute 
these values of s. 

When the same sort of careful analysis is made for the 
doublet separations found in the series of stripped atoms 
from Na to Cl, all seven of which we have now obtained, 
the screening constant s is again not predicted within the 
limits of experimental error, even in the limiting case of the 
most remote orbit upon which we can make observations. 
Here, again, the departure is in the same direction as in the 
case of lithium. Thus a glance at our former Table V. 
shows that the most remote orbit with which we have here 
worked is the circular 4/ orbit in the case of Alm and Siw. 
For the orbits much closer than this to the nucleus the table 
shows, quite as we should expect, that the screening constant 
comes out considerably less than the (2+8)=10 electrons 
in the two inner shells. This we explain qnalitatively by 
the same considerations advanced for the behaviour of the 
lithium-to-nitrogen series—namely, imperfect screening for a 
too close approach to the screening electrons. In the case 


* Zeits. f. Phys. viii. p. 273 (1922). 
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of the elliptical p orbits this too close approach may even 
be an interpenetration, and thus reduce s very considerably. 
In Sv it is reduced from 10 down to as low a value as 5°57. 
But in the limiting case of the very remote circular orbit 4f 
the screening constint, as computed from the observed 
separations with the aid of the relativity formula, came out 
for Ali 10'341 and for Siw 10-412. A careful numerical 
computation of the error in Av necessary to cover this 
difference from 10 makes it about 50 per cent., while the 
observed separations, namely °38 for Ali and 1°26 for Si, 
ought to be correct to within 10 per cent. at most. 

While, then, in the case of hydrogen and ionized helium 
the relativity formula predicts the fine structure quantita- 
tively to as high a degree of precision as is attainable in the 
experimental work, in the case of both the lithium-to- 
nitrogen series and the sodium-to-chlorine series, even for 
remote orbits which ought to obey the laws of a simple 
nucleus-electron system, the relativity formula predicts 
results which depart from the observed data by somewhat 
more than the observational errors contained in those data. 
These facts justify to some degree, at least, making a break 
between helium and lithium and assigning different causes 
to the doublet separations in hydrogen and helium from 
those assigned in the case of the other atoms. 

It is true that in the case of these atoms also, as in the 
case of the lithium-to-nitrogen series, the fourtl-power — 
variation with effective nuclear charge and the third-power 
variation with total quantum number (equation 2), both of 
which are consequences of the relativity theory, fit the 
observed facts, as shown in Table V. (l.c.), extraordinarily 
well. So that in throwing overboard relativity as a cause 
we are still obliged to find an equation of the same form as 
the relativity equation, a certain amount of latitude being 
allowed merely in the fixing of its numerical constants. 

There is another bit of evidence that we have just brought 
to light which has some bearing upon this point. We have 
experimentally followed the doublet separations corresponding 
to 8d,—3d, and 4d,—4d, throughout the whole series of 
stripped atoms Men, Ali, Siv, Py, and Svr, and have found 
that these Av’s do not progress at all in the way the relativity 
law demands, Nevertheless, at the end of the series, t.e. in 
Svr, the separation appears to be rapidly approaching the 
relativity value *. 

The real test of the relativity formula ought to be found 


* “The series Spectra of the Stripped Atoms of Phosphorus (Py), 
Sulphur (Sy1), and Chlorine (Clyu),” Phys. Rey. March 1924. 
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in its ability to yield the correct screening constant in the 
limiting cases of very remote orbits where the system 
becomes essentially a nucleus-electron system, for any failure 
in the case of close-in orbits can be thrown back upon im- 
perfect screening. Now the 3d and 4d orbits are, in fact, 
remote enough to make such large departures as have 
appeared in the diffuse series from Mgr to Svi somewhat 
surprising and difficult to account for merely on the basis 
of imperfect screening. These departures, therefore, lend 
some support to the effort to differentiate sharply between 
the precise way in which hydrogen and helium follow the 
relativity formula and the rough way in which all other 
atoms behave with respect to it. 


VII. Consideration of Total Quantum Numbers [Higher 
than Two—M, N, etc. Levels. 


For the sake of simplicity we have thus far confined our 
attention mainly to orbits of total quantum number two, 
i. e.to L orbits. From the point of view which we are here 
adopting, the five M levels shown in the figure, taken from 
Bohr and Coster *, would fit into our scheme as follows :— 
Levels Mı (31) and Min (32) differ in energy by a ditterence 
in screening constant due to difference in shape plus a 
relativity difference. Mu is then an orbit which is like 
Min in shape, but upon which our new hypothetical cause 
has operated so as to raise its energy to about the amount 
which it would have had by virtue of relativity had it been 
a3, orbit. This brings the Mi; line to essential parallelism 
with the M; lne. Similarly, Mir and My, which correspond 
to the differently shaped 3, and 33 orbits, respectively, also 
differ by a screening constant plus a relativity difference, 
while Miy has been raised by the assumed new cause to 
such a point as to produce essential parallelism between the 
Miy and Mir lines. 

The fact that our postulated new cause must produce very 
nearly the same effect as a relativity cause, both as regards 
the difference between the energies of 3, 3, orbits and 3, 35 
orbits imposes another limitation upon this cause which is 
almost as severe as those imposed by the necessity of varying 
both with etfective nuclear charge and with total quantum 
number precisely as the relativity theory demands. In 
other words, the postulated cause is required to demand the 
same variation (1) with effective nuclear charge, (2) with 
total quantum number, and (3) with azimuthal quantum 


* Zeit. f. Phys. xii. p. 869 (1923), 
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number as is demanded by the relativity principle. But in 
view of the undetermined parameter s which is used in 
making the relativity formula fit the facts in the case of all 
optical and X-ray spectra except those of hydregen and 


7 FA Ms 3u 
is Ma 3(2/) 

Ma 363 
J7 

My 3y 
l6 r 20.9 

/ Pi 
Is eA / 
Z 

14 a 
23 
12 
Mu J 5 


BF 4 N, 4uf 
10 ve A yf JM 4 (2) 


4 


s ff 


Æ 


4 Ny 432) 
ne ae, Yn, Me ths) 


€ 

a P A 
its 

oe JO, ShA 
J Oz S1) 
3 | Oz 562 
0, 26.9) 

2 

Oa EAA , O A 6y bb 63 70,72 7 76,80 St 8 & 8890 R 
2 6, 3% 62 1 6, 


ionized helium, it cannot be said that we impose anything 
like so exacting a quantitative condition upon our new cause 
as we should if we denied the relativity cause in toto, and 
hence made the new cause also take care of the spectral 
behaviour of hydrogen and ionized helium. 
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VII. The Bearing of the Paschen-Back Efect. 


A crucial test of the foregoing hypothesis that there is a 
difference in kind between the fine structure of the lines 
produced by a simple nucleus-electron system like atomic 
hydrogen and ionized helium—a structure which we have 
assumed to have a real relativity cause—and the fine structure 
found in the spectrum of lithium and atoms of higher atomic 
number—a structure which we have assumed to be due to 
changes in inner rather than azimuthal quantum number— 
should be found in a comparison of the behaviour of these 
different types of fine structure in magnetic fields. 

» Thus each of the components of the hydrogen and helium 
doublets ought in such a field to show the normal Zeeman 
effect, while the effect of a magnetic field upon the doublets 
in lithium and the like ought to be of an entirely different 
nature. As a matter of fact, in weak magnetic fields this 
difference is known to exist in a very striking way, the lithium 
doublet and the like showing the so-called anomalous 
Zeeman effect, while the normal Zeeman effect is shown by 
each of the lines of the doublet of hydrogen and ionized 
helium. So far as it goes, this fact lends strong support to 
our hypothesis. 

When the magnetic fields are strong, however, it is well 
known that Paschen and Back * discovered that the fine 
structure in lithium disappears entirely, and that there is 
found but a single line having a normal Zeeman effect, as is 
to he expected if the difference between the components of the 
lithium line is due to a magnetic cause; for a sutiiciently 
strong external field might then be expected to overcome 
entirely the weak magnetic influence which produces the 
doublet. 

Upon our present theory we should not expect the 
Paschen-Back effect to be observable in hydrogen and 
ionized helium at all. In strong magnetic fields, however, 
so far as experimenting has now gone, the evidence seems to 
favour the conclusion that the Paschen-Back effect is found 
in hydrogen t. This weakens somewhat the force of our 
argument for the difference in kind between the hydrogen 
and lithium doublets, though the respective normal and 
anomalous Zeeman effects which these substances show tn 
weak magnetic fields still makes them in one particular, at 
least, distinctly different. Further work is needed to show 


* Ann. der Physik, xxxix. p. 897 (1912) and xl. p. 9¢0 (1913). 
t Oldenburg, dnn. der Physik, Ixvii. p. 253 (1922). Forsterling & 
Huusen, Zeit. f. Phys. xviii. p. 26 (1928), 
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with certainty whether in strong fields the Paschen-Buack 


effect is actually exhibited by hydrogen and ionized helium 
or not. 


IX. Reeapitulation. 


The evidence for a difference in kind between the fine 
structure of the lines of the two lightest elements, atomic 
hydrogen and ionized helium, and that of lithium and all the 
elements beyond it is so good, despite their apparent similarity in 
behaviour in strong magnetic fields, that we propose to attribute 
the doublets of atomic hydrogen and ionized helium to a true 
relativity cause, and to introduce a new non-relativistic cause, 
which, however, obeys an equation almost exactly like the 
relativity equation, to account for the behaviour of lithium and 
the elements of higher atomic number. This is the only possible 
way to retain both Bohr’s interpenetration ideas and Sommer- 
Jeld’s relativistic treatment of electron orbits; and both of them 
seem at present to demand retention. To find a new cause for 
the relativity-doublet-formula with only a little leeway in the 
value of the numerical constants is a problem worthy of the 
efforts of the theoretical physicist. 


Norman Bridge Laboratory of Physics, 
California Institute of Technology, 
Pasadena, California, 


November 24, 1924. 
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XCIII. An Erperimental Investigation of the Dynamical 
Equation of the Process of Gias-Sorption. By D. H. 
Baxcnam, M.A., and W. Sever, M.Sc. of Manchester 


University *. 


T problems presented by the phenomena of absorption 
(or, more generally, * sorption ”) and occlusion remain 
largely unsolved at the present time, in spite of the numerous 
theories which have been put forward to account for them. 
The theory of Langmuir f that the “ sorbate ” forms at the 
interface between two phases a film one (and in exceptional 
cases two and three) molecules in thickness has been 
eminently successful in cases where the molecules con- 
cerned consist of long chains of atoms; and it has been 
satisfactorily applied to certain types of gas-solid equilibria at 
very high temperatures. It does not, however, account for 
æ Communicated by Mr. D. L. Chapman, M.A., F.R.S. 


t Langmuir, Journ. Amer. Chem. Soc. xxxviii. p. 2221 (1916); 
xl. p. 1361 (1918). 
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the well-marked phenomena of occlusion, and its application 
to account for all the changes taking place when a finely- 
divided solid is exposed to a gas is therefore conditional on 
the inability of the solid to occlude (t.e. dissolve) the gas. 
The essential differences between the two types of phenomena 
have been emphasized by McBain *. 

It has recently been shown experimentally f that a surface 
of glass, when freshly exposed to such gases as ammonia, 
carbon dioxide, sulphur dioxide, and nitrous oxide (at ap- 
proximately constant pressure) takes up gas in accordance 
with the equation 


1 
log s= 08 t + constant, 


where s is the quantity of gas sorbed or fixed at time ¢ 
reckoned from the moment of first exposure. 

This equation has been found by the authors and their 
collaborators to be valid in a large number of instances. It 
agrees well, tor example, with the data given by McBain } 
for the sorption of iodine by charcoal from solutions in 
benzene and toluene, and with certain of thedata of Bergter§ 
tor the sorption of air by the same solid. It has been con- 
firmed in these laboratories by Mr. J. B. M. Herbert for the 
system carborundum-ammonia gas, and by Mr. J. Stafford 
tor the system graphite-oxygen (under low pressures). A 
similar type of equation has been found te govern the reverse 
process of desorption (in its early stages), and fair agreement 
with many of Richardson’s || data for the decay of the positive 
ionization from hot wires obtained by se E it in the 
differential form. 


* McBain. Trans. Faraday Soc. xiv. p. 202 (1919). 
t Bangham and Burt, Proc. Roy. Soc. A. cv. p. 481 (1924). 
Loe. cit. 

§ Bergter, Ann. der Physik (iv.) xxxvii. p. 472 (1912). 

| The saturation current at a giveu time corresponds in the notation 
used here to —dz/dt. In one case Richardson’s data allow the int- 
grated form of the equation to be tested directly. Richardson (Phil. 
Mag. viii. p. 405 (1904) remarks :— 

“The positive leak appears always to decay aaymptotically with the 
time, although it does not follow an exponential law. .... Another wav 
of demonstrating the same thing is to measure the total quantity Q of 
electricity received by the electrometer at various times. Since dQ dé 
is equal to the current we have, if the simple (that is, the exponential) 
formula holds, 

AQ/'t=Ae-*t, whence Q=Q,(l1—e~4t), 


if Q, is the charge received by the electrometer after an infinite time 
has clapsed. In seeking to verify this formula curves such as those 
shown .... Were obtained. It was impossible to fit these curves by so 
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The equation has met with no explanation, either in terms 
of Langmuir’s theory or otherwise. The systems instanced, 
however, are all characterized by extreme reluctance to 
attain equilibrium (according to the equation none should 
ever be reached) and this fact, taken in conjunction with the 
observations that the amounts of gas taken up far exceed 
those necessary to form monomolecular films, points to the 
conclusion that the gas molecules are capable of penetrating 
the solid. 

The present investigation is an attempt to follow the sorp- 
tion process beyond the range of its obedience to the equation 
given above; it was thought that if it proved possible to 
examine the mode of approach of the sorption-value to its 
limit, valuable information would be obtained as to the 
mechanism of the change. 

Carbon dioxide was chosen as the experimental gas, and 
a quantity of tine glass-wool, tightly packed into a tube and 
then carefully cleaned and dried, was used as sorbent. 
Before each experiment the glass was subjected to a drastic 
process of vacuum-heating, the containing tube being 
in connexion with a bulb cooled in liquid air to condense 
out the gases as [ast as they were disengaged from the solid. 

Judging from previous results with such a system, equi- 
librium between the carbon dioxide and glass might well 
have taken an impracticably long time to achieve; advantage 
was, however, taken of a particular tube which showed a 
behaviour somewhat different from the others examined *. 


simplea formula as the above; the theoretical curves become much ffatter 
after a few minutes have elapsed, when the two coincide near the 
origin.” 
The experimental values of Q asread from the published graphs for 
t=0°57, 1:32, 2°09, 3°38, 5:1, 8, 11, 18, 24, and 28 minutes, 
are, respectively, 
28, 35, 40, 48, 54, 60, 65, 70, 75°5, and 77 units. 


The applicability to these results ofa time-equation of the type considered 
in this paper is Indicated by the approximate constancy of the quotient 


Qt, which takes the respective values: 32, 33, 33, 35, 36, 36, 36, 34, 
34, 32. Itshould be emphasized (vise Richardson, Proc. Roy. Soc. A 
lxxxix. p. 507 (1914)) that the positive carriers in such a case were not 
charged molecules of occluded gases, but the ions of potassium (and 
sodium). 

* The tube actually used was one of a batch prepared for the earlier 
experiments already ‘described (Proe. Roy. Soc. A. ev. p. 481 (1924), 
and it was filled, cleaned, and dried in exactly the same way and at the 
same time as the others. The single difference lay in the fact that it had 
been filled with carbon tetrachloride (to calibrate its deadspace) before 


Phil, Mag. S. 6. Vol. 49. No. 293. May 1925. 3 P 
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The results obtained with this tube confirmed the conclusion 
that in its initial stages the sorption is governed by the 
characteristic equation given above, but the constant m, 
instead of taking the anticipated value of ca. 12, was some 
two to three times smaller. Thus a far larger range of 
sorption values became accessible to measurement within 
a reasonable time, and, further, there was every hope of 
finding a deviation from the equation for large values of ¢. 


The System of Measurement. 


Since it was hoped to record results at short intervals 
over long periods of time, a somewhat elaborate apparatus 
was constructed, which will not be described in detail. It 
was of the greatest importance to keep the pressure of the 

carbon dioxide constant with a minimum of control on the 
part of the operator ; and since this virtually necessitated 
(among other things) the immersion of the whole system in 
a constant temperature bath, the optical method of deter- 
mining pressures was discarded, and a method was used 
whereby the falling of the pressure below a standard value 
was indicated by the making of an electrical contact. To 
maintain the pressure while sor ption was in process, the 
effective volume of the system was periodically decreased by 
admitting mercury through an electrically controlled valve 
into a large glass bulb which functioned as the gas reservoir. 

At the beginning of each experiment the reservoir was 
filled with gas to a pressure slightly lower than that at whieh 
the standard-pressure gauge had been arranged to function. 
Mercury was next admitted tbrough the ‘valve until the 
breaking of the electric contact indicated that the standard 
pressure had been reached. The pressure itself was read oft 
a simple manometer in the gas-train, which was then cut 
off from the gas-reservoir by closing a tap. A volume of 
mereury rather greater than the deadspace volume of the 
ia bulb was next admitted through the valve, and a 

tap connecting the gas-reservoir to the sorption bulb opened. 
As soon as the pressure fell to the initial value (as indicated 
by the making of the contact) more mercury was admitted 


re n e oi ene 


the final vacuum-heating. Carbon tetrachloride was chosen as the 
ealibrating liquid since the use of water might have been detrimemai, 
and it was anticipated that the non-polar nature of the tetrachluide 
would render it comparatively easy to remove. Aart from the different 
behaviour of the glasa towards carbon dioxide, there was nothing to 
indicate that the drastic process of vacuum-heating to which the tube 
was subjected had not succeeded in removing the calibratiug liquid 
completely. 
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to replace the gas lost by sorption. In cases where too much 
‘mercury had been admitted the excess could be run out 
through a tap. After the first few minutes of each experi- 
ment it was found possible, with all-night attention, to 
keep the pressure constant within very narrow limits indeed. 
Except for a short capillary tube carrying the tap between 
the sorption-bulb and the gas-reservoir, the entire system 
including the gauge was packed with ice. The quantity of 
mercury added up to any given time was determined by 
weighing periodically the bottle from which it had been taken. 
The gauge consisted primarily of a mercury-filled U-tube 
of sufficiently wide bore to obviate significant capillary effects. 
Floating on the mercury in its barometer limb was a small 
glass bulb rigidly attached to a hinged lever-arm. This 
lever-arm is shown diagrammatically in the sketch 
Fig. 1. (fig. 1), A being the hinge (made of platinum sealed 
into the glass wall of the barometer-head), and B 
being the float. At C a platinum wire was sealed 
into the lever-arm which made or broke contact 
with a pool of mercury contained in a bulb 
blown into the containing barometer-head. The 
barometer head itself, which was expanded to 
enclose the lever-arm, was connected by quill tubing 
to a phosphorus pentoxide tube and mercury pump, 
so that any gas that developed could be removed 
without difficulty. Since throughout each experi- 
ment the quantity of mercury in the U-tube 
remained fixed and its temperature constant at 0° C., 
the level of the mercury served to determine 
5 completely the pressure within the apparatus. 

It is well known that the mercury-contact method 
of determining the heights of mercury columns is 
usually unsatisfactory though the cause of this is 
not fully understood. It was hoped in the present 

a instance that the use of the lever principle (whereby 
errors were reduced in the ratio of AB to AC) 

and the fact that the contacts were maintained in a 
vacuum, would lead to more satisfactory results. These 
hopes were to some extent justified. As long as the appa- 
ratus was in constant use the indication of the standard 
pressure was clear and definite, and concordant results could 
be obtained with little trouble. When, however, in the 
later stages of the experiments the apparatus had been left 
idle for considerable periods, it was frequently very difficult 
afterwards to obtain concordance. In the earlier experi- 
ments an attempt was made to make the admission of mercury 
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into the gas-reservoir automatic by causing the closing of 
the barometer-head circuit to operate the relay controlling 
the valve for admission of mercury. This method, although 
it had the advantage of keeping the contacts working in the 
absence of the operator, had finally to be given up on account 
of vibrational disturbances caused by traftic in the vicinity. 
The effect of these was to operate the valve and admit 
mercury long after the pressure inside the apparatus had 
been raised above the standard value. 


Discussion of Results. 


It has already been stated that the results confirm the 
validity of the “ power” expression for the initial stages of 
the sorption process. This is illustrated in fig. 2 w here the 
logs of sand ¢ are plotted against each other. The graphs 
refer to three consecutive experiments all carried out at a 
pressure of 12°5 mm. Their linear portions cover a 5- or 
6-fold range of sorption values, and it will be noticed that 
the lines are closely parallel. 

Many of the experiments had to be discontinued on 
account of the erratic behaviour of the contacts following 
lone periods of idleness. In certain cases, however, they 
were continued for some weeks, strictly isothermal conditions 
being adhered to throughout. The data for one of these 
protracted experiments “(carried out at a pressure of 147°5 
mm.) appear in the table below; in this experiment con- 
sistent data were obtainud even in the later stages, as the 
table will show. 

Apart from the extreme probability that glass is capable 
of dissolving small quantities of carbon dioxide, the authors 
have recently obtained evidence that the “power” time-law 
is obeyed in cases where the penetration of the solid phase by 
the vas can hardly be questioned. The chief interest of the 
present results lies, therefore, in their comparison with those 
to be expected on the basis of the theory of diffusion. 
Assuming the penetration of the solid to take place in this 
instance, “there is every reason for concluding that ‘‘ adsorp- 
tion ” or surface-sorption accounts for a negligible proportion 
only of the total effect; for the time-equation itself clearly 
constitutes an argument against the partition of s into two 
terms. In this respect the behaviour of glass as a sorbent 
stands in marked contrast to that of sódiuni chloride, for 
Mr. Herbert, using the latter substance, has obtained time- 
sorption curves which suggest that the s-value is, in their 
case, sharply divided into two ter ms, of which one only is 
a function of the time. 
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While the simplicity and general applicability of the time- 
sorption equation are in themselves strong arguments in 
favour of the view that the sorption-process is one subject 
to its own peculiar laws, it is nevertheless somewhat difficult 
to prove that the validity of such an equation in the early 
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stages of the process necessarily involves a complete departure 
from the normal laws of diffusion and heat-condurtion. 
The rate-of-sorption data obtained in the final stages of the 
process, on the other hand, should provide strong evidence 
either for or against such a departure. In discussing the 
question we shall merely assume that, the pressure being 
constant, the gas molecules at the interface are replaced from 
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the gas phase as fast as they diffuse into the interior of the 
glass. 

The normal laws of diffusion would require that in the very 
early stages of the process (before the size and shape of the 
solid impose any serious limitation to the total number of 
gas-molecules taken up) the rate of sorption should vary as 
t-i. The complete expression for the rate is given, however, 
by the sum of a series of exponential terms, which we may 
write 

A,.e 7 Dée+ Ag. em dP As en 'sDE , , 

In this expression D is the unknown diffusion constant (sup- 
posed independent of the concentration), and the coefficients 
bis by, by, e a e e, Which form a divergent series, are conditioned 
by the size and shape of the solid. Since for small values 
of ¢ the sum of these terms must vary as ¢t~4, it is clear that 
in the early stages the series of exponentials converges only 
very slowly, and is therefore unsatisfactory as a test of 
agreement. For very large values of t, however, the con- 
vergence should be extremely rapid, and as s approaches 
closely to its limit the rate of change should be governed by 
the first exponential term only. 

An examination of the data renders it very doubtful 
whether this last generalization can apply to the sorption 
process under consideration, the latter part of the rate-of- 
sorption curve being difficult to represent in terms of expo- 
nentials in ¢ If, on the other hand, ¢”” is taken as the 
d log s ane 
d log t 
early stages), it is found that a single exponential term in 
t'™ gives very fair agreement with the experimental results. 
Since the evaluation of the index 1/m from the straight 
portions of the log s/log t graphs takes no cognisance of the 
appearance of a sorption limit, a still better agreement is 
obtained with a slightly higher value of this index *. In the 
following table experimental values of s at the times shown 
are compared with those calculated from the equation 

3:07 saizi: 
logio 3-0 l—s = 0°05011°*, 

In this equation 3°07 c.c. (N.T.P.) is the limiting value 
of s for t=æ. This quantity of carbon dioxide, concentrated 
as a dense film at the external surface of the glass fibres, 
would have formed a laver of about three molecules’ thickness. 
In their experiments with glass fibres and carbon dioxide at 


argument (1/m being the constant value of 


* It is clear, from the type of equation considered, that the evaluation 
of this index from the log s/log t graphs is unsatisfactory. 
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TaBLeE I. 
Experimental pressure = 147°5 mms. 


Time c.c. at N.T.P. Diff. Time ec.at N.T.P. Diff. 
{mins.), s obs. scale. 1=0O0le.c. (mins.). sobs, scale. 1=O-Ole.c. 
450... O55 055 — 336 ... 188 190 —2 
6:08... 065 062 +3 379... L94 1:95 -- | 
750... O67 0°66 +1 436 ... 2:00 2°00 nee 
10:1 075 073 +2 +74 ... 203 203 z 
13-0 O80 078 +2 514... 206 2:07 —1 
16:8 086 0:85 +1 549 ... 2:10 210 As 
20:3 088 090 -2 79 sao 213 212 +1 
24:2 095 095 —- 619... 215 2:14 +} 
28-6 v7 100 —3 794... 227 224 +3 
39:7 1°10 110 -- 1,115 ... 241 2°38 +3 
48°: 112 116 —4 1,400 ... 249 2:46 +3 
3-3 120 120 — 2.340... 262 263 —] 
659 126 126 — 2,54... 264 266 -2 
rib 129 129 — 3980... 278 278 — 
73°38 1:30 36131 -l 5,560 .. 284 286 -2 
989:0 1:41 1- J5 | 6,640 ... 285 2:89 —4 
T32 inai 1:1 1:52 —1 10,000... 2:96 295 +1 
164 ...... 159 160 —1 | 12,7380 ... 297 299 —2 
187 ...... 166 166 — 16,700 ... 301 3Vl — 
209 <séshe: 171 170 4+1 19.639... 302 8302 — 
#242 176 1°76 — 22,540 ... 304 303 +1 
266 ...... 179 180 —l 26,900... 304 3:04 —- 
She) orias 1832 182 — 37,150 ... 310 3805 +9 
SOO... 185 184+ +1 46,550 ... 3:05 3:06 -1l 
318 a.. 1:87 187 -— 


* At this stage a minute quantity of mercury was spilt; its amount was, 
however, so small that it could be estimated (by eye) almost to within the 
normal experimental error. 
about the same pressures, Evans and George t found the 
sorption to correspond to a a layer of 5°5 molecular diameters. 
The difference is undoubtedly due to differences in the 
quality and treatment of the glass, and in particular to the 
presence in the solid (as part of its structure) of different 
amounts of water in the two cases. Considered by themselves 
these sorption values do not represent an overwhelming 
excess over those required by Langmuir’s theory, especially 
if a furrowed surface be ascribed to the fibres of glass. Far 
greater sorption values have, however, been recorded for 
other gases f, and have been found to be controlled by laws 
similar to those here considered §. 

Interesting comparisons can be drawn between the results 
recorded here and those of the older experiments of Bangham 
and Burt, since the same glass was used in the two cases, 
and it was submitted to the same vacuum-heat treatment. 
The fact that the course of the sorption was so different in 
the two cases is by no means inconsistent with the view that 


t Evans and George, Proc. Roy. Soc. A. ciii. p. 190 (1923). 
t Ivans and George, loc cit. 
§ Bangham and Burt, loc. cit. 
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the same equilibrium value might ultimately have been 
roached at the same pressure, If this assumption be made 
calculation shows that after 48 hours’ exposure to carbon 
dioxide at 147 mms. pressure * the glass of Bangham and 
Burt was less than 50 per cent. saturated, in spite of the fact 
that their early sorption values were considerably greater 
than those recorded in the table. Moreover, even supposing 
the equation s=/¢t!' (which was found to govern the process 
during the first 48 hours) to have continued valid throughout, 
the equilibrium value would have been closely approached 
only after 2-3 vears. 


Summary and Conclusions. 


1. The equation dlog s/d log t=constant G) for the early 


1n 

stages of the process of sorption on glass surfaces is confirmed, 
the experiments showing it to be valid over a range of sorption 
values of ca. 6:1. The value of 1/m is shown to be highly 
susceptible to changes in the past history of the glass, and 
probably to the presence of minute amounts of impurity. 

2. Time-sorption data beyond the range of obedience to 
the above equation have been obtained, and are shown to be 
closely represented by a formula of the type 


log =ke 


—s 
where ø is the limiting value of s as t approaches infinity. 

This approximates to the former equation for small values 
of s and ¢. 

3. Equations of this type appear to be applicable in a 
large number of dynamical processes involving the passage 
of matter from the gaseous to the solid state, and cice versa. 
While there are reasons for believing that the phenomena 
occurring are not restricted to the boundary layer, but 
involve a transport of matter through the solid medium, 
strong evidence Is given that the laws governing the changes 
concerned are not those of ordinary diffusion. 


The authors’ thanks are due to Dr. Burt and Mr. Angus 
Core for their continued interest in this work, and for their 
many helpful suggestions. 

We acknowledge also the receipt of a grant from the 
Brunner Mond Research Fund, which has materially assisted 
in defraying the expenses of the investigation. 

Chemistry Department, 

Manchester University. 


* No actual experiment was carried out at this pressure, but the data 
recorded are sufliciently full to allow the interpolation to be made 
without difficulty. 
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XCIV. The Crystal Structure of Magnesium Fluoride. By 
H. E. Brosiey, M.Sc., Assistant Lecturer in Crystallo- 
graphy, and W. S. VERNON, ALSe., Assistant Lecturer in 
Physics, Manchester University *. 


Í ntroduciory. 


AGNESIUM fluoride (MgF,) is found in nature as the 
mineral selliiite. It is described by Grothf as 
crystallizing in the dipyramidal class of the tetragonal 
system with a :c=1 :0°6596. The chemically prepared 
magnesium fluoride is a finely-divided powder consisting of 
minute crystals which belong to the same class of symmetry 
as the natural mineral. 

Determinations of the density by different authorities 
show rather large discrepancies. E. G. Cossa gives 2°857, 
Struver 2:972, and Sella 3°153. The value found by the 
authors as the result of X-ray measurement (3°11) lies 
between the two latter measurements. 


Experimental. 


The powder method of crystal analysis was used in tl is 
investigation. A cylindrical camera was used of 2°5 cm. 
radius, designed on the lines of the camera described by 
Bradley ł. The source of X-rays was a Siegbahn tube with 
a copper anticathode. 

With a tube current of 20 milliamperes, satisfactory 
results were obtained with an exposure of one hour. The 
magnesium fluoride used was the purified chemical 
precipitate, and this was mounted on a hair with fish-glue. 

The first film which was taken in this manner was found 
to have on it lines which were very broad and diffused, 
indicating that the particular powder was sub-microscopically 
fine. It was heated to redness for several hours in order 
to enable the minute particles to coalesce, and the mass was 
then uniformly ground up in an agate mortar. This treat- 
ment was found to be successful, all the lines on subsequent 
films appearing sharp and bright. An additional photo- 
graph was also taken, using the apparatus described by 
Bradley (loc. cit.), the result of this exposure being used to 
corroborate the results obtained by us. The films were 
measured by means of a travelling-stage microscope, and the 
results, averaged out for eight films, are included in the 
first column of Table I. | 


* Communicated by Prof. W. L. Bragg, F.R.S. 
t Groth, Chemische Krystallographie, i. p. 205. 
t Bradley, A. J., “ Arsenic,” Phil. Mag. xlvii. p. 667 (1928). 
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TaBLE I., with Copper (Ka) Radiation. 


Average 


(6) 
Distance in Angle of Spacings in A.U. Pee Baie 
min. from Reflexion. Obs. Cale. hkl. Intensity. Intensity. 
centre. 
ie = = 4654 100 m = 
11°95 13° 27' 3311 3300 110 4 4 
= M a 3076 00l = = 
1545 17 2 2:568 2567 Oll 26 %8 
pe = = 2327 20 -— 23 
17°70 19 56 2257 9249 11l 2 2 
19-28 21 43 2-080 9-085 210 5 6 
= — — 1:858 201 — — 
23-50 26 28 1:727 1727 21 2 2 
24:82 27 58 1-644 1:650 22 8 10 
es = = 55L 300 ae — 
2-64 30 0} 1:539 1538 092 9 10 
28°10 31 33% 1469 1472 310 28 28 
Sais ga = 1:461 102 os — 
28-45 32 4Z 1°40 1450 221 19 19 
29-97 33 47} 1:389 1396 301 l l 
1:392 112 
31°47 35 27} 1:329 1:329 311 19 20 
3275 36 54 1:283 1'288 320 24 24 
1:283 022 | 
34°38 38 44 1:230 1:235 212 10 10 
35°80 40 20} 1:192 1:192 321 26 28 
36-83 41 28 1:162 1:164 400 22 23 
3842 43 17 1:123 1127 410 5 5 
L124 222 
39°64 44 39 1:095 1099 330 13 13 
= = a 1092 302 ` — — 
= = T 1088 401 = — 
41:30 46 30 1-061 1060 411 13 lo 
HE aS = L051 132 S — 
42-40 47 45 1-040 L042 420 17 21l 
— — — 1-085 331 — a 
_ Ea eet 1029 003 ane = 
44:80 50 28 0-998 1:001 103 28 28 
45°63 51 24 0:985 O9R8 421 15 13 
0988 $22 
46:23 D 4 0:976 0978 113 24 16 
= = = 0939 303 a = 
49°91 56 14 0-929 0-931 500 19 22 
9931 430 
0924 402 , 
5O67 T 4 0-917 0-920 123 15 19 
51-34 57 60 0-909 0912 412 10 8 
O90) 510 
Os892 332 
53-06 59 45 0891 U891 431 7 ô 
O80 ODL 
= = = 0875 Dll 28 24 
= — o = 0874 223 = 2T 
56:37 63 30 0-860 O-R60 PO 18 15 
ORGS 422 
57:51 6t 46 O84 OSH 033 10 = 
58°65 66 5 0842 0-842 133 2 a4 


E (53 planes) = 41 


„= 


n arate e. o E a o. a ee 
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The Unit Cell. 


The spacings corresponding to these lines are found in the 
third column of Table I. 

Using the density = 3°11 estimated above, and with two 
molecules of MgF, to the unit cell, a series of spacings may 
be calculated which show a close correspondence (column 4, 
Taole I.) with the observed values. 

The dimensions of a unit cell containing two molecules of 
MgF, are as follows :— 

“@=4:654 A (calc.) ; 4°660 A (obs.). 
“co” =3°076 » 3 3:078 j 
a:c=1:0°6596 „ 3; 1:0660 ,, 

In the fifth column of Table I. are found the (indices of 
the) planes associated with each line on the film. In the 
sixth column the lines are grouped according to their 
observed intensities. Thus the strongest line is labelled 1, 
the remainder go in descending order of magnitude to 28, 
and those planes of which the intensities lie below the “ 28 ” 
value are not sufficiently strong to be observed or do not 
give any reflexion at all. 


Position of the Atoms in the Structure. 

A study of the lines given in Table I. shows that with 
lines of the type (O4l), where (£+/) is odd, the spacings are 
halved. This is characteristic of two space-groups, viz. Dix 
and Cy,. In both cases, since there are only two magnesium 
atoms, the latter must be situated on a centred tetragonal 
prism whose coordinates are (000) and (4, 4, 4). There are 
four fluorine atoms, and these in Di are placed at points 
with coordinates 

i—p,i—p,90; t+p,3—p, 0; i—p, dp, 3 
t+p,i+p,3 . +» (A) 
or i—p, i—p,t; ł +p, eni 4—p, 4—p, 33 
itp, itp,3,. . . (B) 
where “p” may assume positive or negative values. In Cy, 
the four fluorine atoms are to be found at points whose 
coordinates are 

i-p, ip. 41; ¢t+p.3—p, 73 tp, 4—p, 9-493 

i+p, i+p, 0-g, 
where again “p” may assume positive or negative values, 


In Di (001) and (003) should be absent, while in Cé these 
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lines should be present. Neither is to be found on thie 
films. It would also appear, from the occurrence of 
strong (002) line, that the two sorts of atoms lie in the same 


plane, in which case the arrangement Ci will assume the 

higher symmetry of Dj}. The latter arrangement therefore 
v 

appears more than likely. Finally it will be shown that 

for a particular value of “ p,” in Diy marshalling, there is a 

good agreement between calculated and observed intensities. 


In Di, the F atoms may be in the same plane as the My 
atoms, or they may interlace these. A choice between the-e 
two possible types is therefore necessary, and recourse must 
be made to a comparison of calculated and observed orders 
of intensity for the different lines. In order to evaluate 
the intensities of reflexion given by planes with different 
arrangements of atoms, certain assumptions as to the relative 
scattering power of magnesium and fluorine atoms are 
necessary. The rate of falling off of intensity with increase 
in the glancing angle must also be considered, The latter 
is assumed to be proportional to the inverse syuare of the 
sine of the angle, and, as a fair approximation, the relative 
scattering power of Mg and F was taken as 10 : 10, i.e. the 
two kinds of atoms are practically of equal weight. Asa 
preliminary test, the two possible arrangements in w ee 
p=0, vi. #205 4405 babi 2 8d and RG: 
4,3,4;4.4,4; a, 3, 2, were tr ied. Neither of these gives 
satislactory orders of intensities for the lines. In both 
cases all calculated intensities are found to be identical 
with each other except those for lines of the type (2h. 2k. 2), 
e.g. U2, 022, 222, 042, 242, and for the latter lines the 
arrangement in which Me and F atoms are in one plane 
gives ‘fair results when compared with the observed orders 
of intensity for these lines, while the alternative, in which 
Mg atoms are interleaved with F atoms, gives totally 
incorrect orders. This is confirmed by the previous 
observation regarding the strength of the (002) line. There 
appears, therefore, little doubt that the My and F atoms do he 
in one plane, and that the arrangement marked “ A” of Di 
is the correct one. There is a displacement “ p” to or from 
a Mg atom parallel to the (110) plane with coordinates, 
if displaced in the latter direction, of 


3—p, ł—p, 0; d+p, 2—p, 0; -—p, 4p, 3 
+p, ftp, 4. 


ká 


If the displacement be towards an Mg atom, “p” will then 
have an opposite sign to that given. There will then be an 
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extraordinarily high value for the (110) spectrum, whereas 
the latter was not observed to be as strony as (112+ 301) or 
(111) or (211) spectra. Moreover, it will give a very small 
value for the distance Mg-F. The displacement i is therefore 
most likely ina direction «way from an Mg atom. 
Calculations were made of intensities, on this arrange- 
ment, of the following lines :—110, 011, 200, 111, 210, 211, 
1124301, 220, 2224+410, 400, 330, 033, 33240514431 
(eighteen in all). Values of the parameter were taken 
tor every five degrees from 100° to 130°. The resulting 
intensities were arranged in descending order of magnitude 
and compared with the observed order for these lines. 
The differences in order for each line were noted, and a sum 
(£) of these for each value of “ p” taken, as shown in 


Table IT. 
TABLE II. (18 planes). 


p X86 IP = 1389 1250 1299 115° l1 10° 105° 100? 
3 = 30 30 23 19 19 24 31 


There is a minimum error in the neighbourhood of 110° 
115°. This region was explored more thoroughly, every 
possible plane from (100) to (133), fifty three in all, being 
used. The results are given in Table IL. 


TaBLE IIl. (53 planes). 


na = a P R i ie —_ 


p X3602 115° 114° i 113° i? 111° 110° 
r= 53 52 41 53 Gl 12 


The best value of “ p,” therefore, is in the region of S 
where the average error per line i3 about 2 of 1 unit. The 
complete order ot t calculated intensities for this value of “p” 


is given in the last column of Table 1. 


Leseription of Structures. 


Magnesium fluoride crystallizes on an arrangement 
possessing the symmetry of space-group Di « Mg” atoms 
are located on a centred-tetragonal space-lattice with a unit 
interval of “a” =4'650 A and “ e ” =3:078 A, while the “ F” 
atoms lie in ie same OOl planes as their “ Mg” neighbours 
and ati associated with them, grouped in pairs about each 
(tig. 1). The distance apart of Mg to F is 2°07 Å. Thisisin 
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substantial agreement with the value obtained by adding 
Bragg’s later radii for these elements, viz. 2°08 A. It is 
interesting to note that the structure is similar in type to 
rutile (TiO,), in spite of the apparent chemical differences in 
both atoms and valencies involved. That this similarity is 
not merely fortuitous is shown by a glance at Table IV., 


Fig. 1. 


RAR 


UGA 
oes 


Larger circles denote fluorine atoms, smaller circles 
magnesium atoms. 


where a comparison of the crystallographic proverties of 
rutile, MgF,, and cassiterite is given. ‘The agreement is 
very striking for substances so apparently dissimilar. 


TABLE IV. 
Rutile. MeF, Cassiterite. 

a:e. 1 : 0644 1:0660 œ 1:0673 | 
Cleavage. 100 & 110 good. 100 & 110 good. 100 & 110 good. 
Mol. per unit 

cell. 2 o 2 o 2 o 
Dimensions |a = 4:58 A. 4:66 A. 4°67 A. 

of unit cell fe = 2 92 ,, 3'08 ,, 3:14 n 

o 

Distance RR’. TiO=199A. MgF=2074. snO=2(8% 
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The constants of MgF, appear to be intermediate in 
character between those of rutile and cassiterite. 


Summary. 


Magnesium fluoride (MgF) is found to crystallize on a 
structure possessing the symmetry of Dis. The unit cell is 
n tetragonal prism with a=4°660 A, c=3'078 A, and a:c= 
1:0°660. The distance of closest approach of Mg to F is 
2-07 A, agreeing with a calculated value of 208 A. The 
structure is similar to that of rutile (TiO,), with which it 
possesses several properties in common. 


The authors desire to take this opportunity of expressing 
their gratitude to Professor W. L. Bragg for his heip and 
advice, also to Mr. R. W. James and Dr. A. J. Bradley 


for assistance rendered during the course of the research. 


XCV. The Are Spectra of Silver and Copper. 
By A. G. SHEysrong, Ph.D.* 
[Plate IX.] 


f ieee spectrum obtained from the ordinary copper or silver 
arc in air contains a great many spark lines often 
imperfectly distinguishable from the true arc lines. As a 
first step in the disentangling of the series relationships of 
these metals, experiments have been carried out to separate 
completely the lines due to the ionized and unionized atoms. 
A preliminary report appeared in ‘Nature’ of October 4, 
1924 (vol. cxiv. p. 501). 

If a sufficiently high density of metal vapour can be 
supplied, arcs can be maintained in these metals at voltages. 
as low as six volts. Even under these conditions, however, 
it cannot be known with certainty that all spark lines have 
been eliminated owing to the presence of cumulative ioniza- 
tion. But if the vapour is bombarded with low velocity 
electrons and no arc is allowed to form, there should be 
emission of lines due to the unionized atom only. This can 
be accomplished by means of the three electrode arrange- 
ment devised by Foote, Meggers, and Mohler f, in which the. 
electrons from a hot filament are accelerated through a grid 


#* Communicated by the Author, 
t Phil. Mag. xlii. p. 1002-15 (1921). 
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into a force free space. The apparatus used for silver is 
shown in fig, 1. 

The 15 mil tungsten filament was placed very close to 
the grid at the top of the crucible, aud the electrons were 
accelerated by a suitable potential, usually about 10 volts, 
applied between the filament and the grid. The radiation 
resulting from the bombardment of the silver atoms in the 
mouth of the crucible was photographed by means of a small 
quartz spectrograph, The apparatus was enclosed ina water- 
covled, vacuum-tight metal container, provided with quartz 
windows, and the rate at which the windows silvered over 
was reduced by a flow of hydrogen at about ‘01 mm. pressure. 


Fig. 1. 
Uke Plan of Filomenf 


Cold Metal T J 


9 Ssceogranh Ded Grid 
i (fo. Cylinder 
Surface of JSiver 


o Quaortz Crucible 
ie 1— Mo. Heating Cor/ 


Under such conditions a maximum exposure of about three- 
quarters of an hour could be made. 

Using either copper or silver, it is not difficult with this 
apparatus to obtain the “single-line” spectrum by applying a 
sufficiently low voltage. To obtain the complete arc spec- 
trum of silver a potential of nine to ten volts was employed. 
In agreement with the analysis of the silver spectrum as 
given by Fowler *, only one pair of lines (A 2061°19 and 
` 2069°85) was obtained below the first pair of the principal 
series (A 3280 66 and 43382°86). The former pair was 
measured as accurately as possible on plates given by a per- 
feetly adjusted small Hilger quartz spectrograph, and they 


* Fowler, “ Report on Series in Line Spectra,” p. 111 (1922). 
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were found to agree much more closely with the calculated 
values than with the measurements of Piña *. There is little 
doubt from these experiments that the accepted energy 
levels of the silver atom are correct. 

For the equivalent experiment with copper another form 
of furnace was found more suitable (fig. 2). 


e 
Fig. 2. 


Mo. S/rip 


-/2 x 6.0 mms. 


About § Cms. 


The crucible in this case was a cylinder of molybdenum 
strip having an opening toward the window of the apparatus 
and a grid at the top. A heating current of 70 amperes, 
through the supporting molybdenum strip, produced copper 
vapour at a sufficient rate for the experiment. As in the 
work with silver, a 15 mil filament was used, giving, at 
10 volts, an emission of about 6 to 10 m.a. . 

The linest of the copper spectrum photographed under 
these conditions are given below, together with ditional ( ' 
lines (marked with an asterisk) which appear in the are at 
about 8 volts and 4 amp. The intensities are estimated 
roughly from the best plate obtained of the low-voltage 
are spectrum. The spectrum was obtained on a Schumann 
plate (Table I.). 


* Fowler, “ Report on Series in Line Spectra,” p. 111 (1922). ` 
t Wave-lengths in this paper, except where noted, were obtained from 
Kayser und Konen, Handbuch der Spectroscopie, vii. pp. 334-352. 
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TABLE I. 


Intensities. 
Hasbach. 8 Volt. 


WLI E 6034 ie a veaeweens 1 
PLII a le 1 
PIGOR iesea arene ln 4 
PARO EE ee re Qu U 
IITTI eee ere ea le 0 
2178: 9T tad saces enous lu 4 
218LBS auesressereares. lu 4 
21900 E errre 6R 2 
RALA E OU EEE ENA GOR 3 
221 GI E dose er eae 4R 2 
222565 a a 2R 3 
2T TAN aa ee ee ae 6R 2 
2230:07 l anata 6R 3 
BOO De rerun n lv 0 
22389 AO E eare aitei Du l 
2244240 Fcc cece eee 2 1 
2200493 * rseson 4 0 
BROS OOF: aanse OR ] 
PLLA Mer pia Pee ee ne en 8R 3 
BONS GAN rua a 8 1 
URE O2. E T 6 2 
LE AY Fe Lae eee ere a 8 3 
MOTE OS. caviveuteraishud des 107 5 
27600388 0.0... RETE 8 4 
Moet S10: aa ann 8 4 
PEBL DIT dineir a aeons 4 4 
POUL LTE sorirsissrsrcss aes 6 5 
CUT BOS cisavwncciaseases 4 } 1 
Sg ISEE aia 2 
8010:8410 eseese. 5 2 
8036105 seasssssesassossoscae 6 5 
BOOS'416 esee 6 5 
8073803 *  .ecssscesccesees 4 1 
38093:993 # sesse acces 6 2 
3156623 %* aseensssesso. Ə 0 
819103 * essre 6 1 
S208230 reni tiai 4 1 
3247550 hn cease thea vee venaees 10R 20 
Suelo VOL Biiuisrensewndess 10R 20 


(It will be noted that this list includes A 2178-91, which was given 
incorrectly in my letter to ‘ Nature’ as A 2179-39). 


t Simeon and Dreblow (‘ Nature,’ cxiv, p. 751, 1924) give 2138:49. 
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The wave-length given for the line A 2024°33 is the value 
obtained from combinations. This line was measured care- 
fully on five plates of the ordinary arc, using a perfectly 
focussed small spectrograph, and the following values were 
obtained :—2024°30, °35, °30, °36, giving an average of 
2024:33. The value given by Piña is à 2024:05. The line 
is quite strong in the low voltage are and certainly has no 
accompanying are-line of comparable intensity in the neigh- 
bourhood. 

If the scheme of the copper are spectrum is as given by 
Fowler, all lines in the region below A 3148, the limit of the 
subordinate series, should be produced by transitions to 
the levels 1s, X, or levels of the same nature of X. Obser- 
vations of absorption would differentiate between these 
alternatives. An apparatus (fig. 3) was therefore set up 


Fig. 3. 


fo centimeters ——_—_—_—_—_—_——_————_ > 
rfilament leed 


Cold Metal Quartz Tube (ourer) Mo. Tube (inaner) t 
LLN, See ¢ Cold Meloly Meri 


S pen i go Copper E & Spectrograph, 
——— ]) ee | 


Molybdenum Healing Corl 


Water Cooled leads — 


to determine which of these many lines were absorbed by 
copper vapour. 

The apparatus consisted of a molybdenum tube within a 
quartz tube heated by means of a molybdenum coil. Near 
one end was a grid and in that end an are was struck from 
a hot filament to the inner tube. The whole apparatus was 
enclosed as before. Simultaneous photographs of the 
spectrum were taken by- two small quartz spectrographs 
placed opposite the two ends of the tube. A comparison of 
the two spectra shows that the following lines were definitely 
absorbed by the column of copper vapour :— 


A 2165:06 
2225-665 
2244240 
2441°625 
2492°142. 


The two lines X2181°68 and 2X2024°33 were not quite 
3Q2 
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certainly absorbed, and the line A 2178-91 was not sufficiently 
resolved from 2179:37. But all of these are certainly 
ls- p lines, as will be seen from combinations. Bya slightly 
different method the absorption of 13247°550 and A3273-967 
was shown *. 

The level called X by Dunz is known from Zeeman data 
to be an md; level t. Dr. Ruark, of the Bureau of Standards, 
Washington, suggested the value of the other level of this 
pair md, as 51105, which has been altered to 51105-5 to fit 
the combinations which have been calculated. Using this 
value for mdi, md.=49062°6 and 1s=62308, the com- 
binations given in Table II. are found. 

In a footnote to his paper “ Linienspektren und Atombau ” 
(Ann. d. Phys. lxxi. s. 268, 1923) Bohr mentions that Werner 
has found the term md, and a number of combinations with 
it. No values are given. 

In Table II. the wave-lengths and intensities are, where 
possible, Hasbach’s. In the region of long wave-lengths 
the measurements of Meggers and Aretz have been used. 

It will be seen from Table II. that the two pairs of levels 
npa and npg, npe and npa have abnormally large separations 
$29°7 and 371:6. Theyare also reversed from the usual order, 
i. e., the larger term has the inner quantum number 2. If 
these two pairs are successive members of a series of p levels, 
it is strange that there are not present in the spectrum any 
lines resulting from the lower members of the same series. 
Moreover, the relative intensities of the combination lines 
are not at all regular. Ruark, Foote, and Mohler have 
found inverted doublet terms in helium, but in that case the 
intensities of the pa lines were such as would be expected 
from the inner quantum numbers f. 

Of the pair of levels np. and nps, the smaller, npp, has the 
inner quantum number 2, and they may, therefore, be the 
normal 3p, and 3p,. This conclusion is given weight by the 
fact that one plate has been obtained on which the only lines 
appearing below the principal pair are 12181 and A 2179, 
although usually in the low voltage arc this is not the 
strongest pair. Moreover, it is seen that the intensities of 
these two lines are relatively much greater in the low 
voltage arc than in the ordinary arc in air. The remaining 
two levels, np, and npa, are very difficult to fit into a doublet 
system. np, combines strongly with md, and md, and has, 

* W. Grotrian, Zeits. f. Physik, xviii. 8-4, pp. 169-182 (1923). 

t Paschen-Goetze, ‘Seriengesetze der Linienspektren, foot of p. 68. 


t Ruark, Foote, and Mohler, Opt. Soc. Am. Journ. vol. viii. p. 17, Jan. 
1924, 
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therefore; inner quantum number 2. The line ls—np at 
A 2024:33 is apparently the only arc line in a large region of 
the spectrum. No evidence is available as to the fineness 


Tague II. 
ov (eale.)y. À. v (obs.). 
2p: =31772; 8. 2p, =31524:4. 
ls—2p, 832 3273:97 (LOR) 305352 | 
md, —2p, 17259-8 578216 (8) 17209-8 
ls--2p, 30783-6 3247 55 (10R) 307836 | 
ind, —2p, 19581 °1 5105:55 (8u) 19531-1 } 
mdy — 2P, 175382 TUO: 25 (6) 17538-2 i 
| 
np ,=22194:0. np, =2136£3. | 
ls—npa ' 40140 2492142 (8) 401140 
ml, —npu | 289115 3457°856 (3) 289114 
mdy — npa 26868'°6 3720770 (2) 26368-6 ] 
le—npy 409437 2441-625 (6) 409439 | 
md,--npb 27692-3 3609300 (2) 27698-3 
npe=177163°9. npa=17392°3. 
1s—np, 445441 2244-240 (2) | 445447 
md, —npe 33341-6 2998:3384 (2) ! 3334 l'6 
md,—Nnpe 31298°7 3194103 (6) 31298-7 
Is—npy | 449157 2925°665 (2R) 449164 
md, —upy 316703 3156623 (3) 31670:3 
np, = 16487°2. np p= 10428°8. 
ls —npe 458208 2181:63 (l) 45821-7 
| md—mp, 5 828754 3068912 (2) 325754 
| Is— np, | 458792 2178-91 (lu) 45880-2 
mdy —n Pf | 346767 2882-937 (4) 846767 
md, —npf 26338 3063416 (6) 326338 
npg =10135°2. np, = 12925°0. 
1s—np, ; 461728 216506 (lu) 461736 
md,—npy 34970'3 2858-737 (2) 34970-2 
md,—np, | 32974 3036-105 (6) 329274 
ls—np, 49383-0 202433 (?) 49383-0 
md, —npy | 38180°5 2618-381 38180°2 
md, —npy | 36137-6 2766:3888 (8) 36137-6 
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of this line. The level npg combines strongly with md. In 
the ordinary arcit also combines with md, giving A 2858:74, 
but no line at this point is obtained in the low-voltage are, 
indicating that this level may have inner quantum number I. 
The line 1ls—np, A 2165°06 is a very fine line in the spark 
spectrum under high dispersion and can hardly be double. 
In the are spectrum it shows a single fine reversal. 

In the following table are found calculated energy levels 
which may be further p-terms :— 


TABLE ITI. 
y (calc.). ! À. y (obs.). 

md, —Q 43825-2 | 2281:07 (2)* 43825-4 

md,—Q 417823 | 2392°629 (87) 417823 
ls—Q 550277 1817:33 (1) 55026-7 

M=5964:3. 

md, —M 45142 2214-56 (6R) 45141-6 

md, —M 43098-3 2319-561 (4) 43098-3 
ls--M 56343-7 W744 (2) 56357-1 
2s—-M 13206'8 757009 (5) 13206°3 

K=4888°9. 

md,—K 441737 2263-09 (6R) 44173°7 
ls—K 57419-1 17416 (5) 574185 
2s—K 142822 | 7000:02 (lu) | 14281-7 

J= +3584. 

md, —J 4687471 2138:49 (lu) t 7471 

md,—J 44704-2 2236:22 (1u) 447043 
ls—J 57949-6 17259 (3) 57H08 
2s—J 14812-7 6749:29 (2u) 14812-3 

N =4188'2. 

md —N | 469173 | 2130°700 (1) .  46918-0 

md,—N | 4874-4 2227:74 (6R) | 448744 
23—N | 149829 667223 (3) /  14983-4 

R=3943°2. 
i 

md, —R 47162-3 2119-80 (0)* {794 

md, —R 45119-4 2215:65 (4R) = 4194 | 
23s—R 152279 6565-54 (3u) | 15226-8 | 


* Wave-lengths due to Pina. 

t Simeon and Drebiow (loe. cit.). 
Of these, M and J may possibly be 5p and 6p, but in that 
case no line occurs corresponding to 1s—4p. 
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Further possible levels are given in the following 
table :— 
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TABLE IV. 
| v (cale.). k, v (obs.). 
Ean POSEA, See a pate! 
A = 18581°9. 

md,—A | 325236 3073-803 (4) | 32523-6 
md,—A | 304807 3279-823 (3) 30480°7 
B = ] 7901°8. 

md,—B 332037 | 3010:840 (5) 33203-7 
md,—B 31160°8 3208°236 (4) 31160°8 
E=15709°8. 
md,—¥ 35395-7 2824375 (8) | 353957 
md, —E 33352-8 2997-363 (4) 33353-0 
2 —E | 160630 622366 (3u) | 160633 
KF =7523°8. 

md,—F 435817 | 2293-832 (8R) 43581°7 
md,—B | 415888 | 2406661 (6) | 41538°7 


| | 

The lack of further combinations with these terms makes 
their interpretation very doubtful at present. It may be 
that here, and also in some cases in Table ITI., we are dealing 
with p' and d’ terms: in particular A and B are probably 
d' terms, although the intensities are not such as would be 
expected. Zeeman types of some of the important lines 
should settle such points. 

In an attempt to find confirming combination lines, the 
differences of all the terms, old and new, of the soppa 
spectrum have been taken, with very little result. The 
following may have some significance :— 


TABLE V. 

| v (calc.). | À. | v (obs.). 

| np —3s ; 127345 | 7848:55 (1) | 127377 

| np, —V | 165377 | 6045:09 (2u) | 165378 
np, ,—4d 152769) | aii ; 
ee 15278 | 654491 (Ie) 15257 
np,—id, 144472 | 692009(4u) | 144467 ` 

| np, —4s 121272 | ve | eee 

ae fia | 824227 (1) | 121293 

| 2py—npp | 150956 662161 (4) | 150979 

| npp—R 12485-6 8006:27 (2) 124867 

| 2p, —Q 242441 4123-27 (2u) 242458 

2p,—E | 16065-0 622366 (3u) 16063-3 
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The whole are spectrum from the infra red to A 3100 has 
been examined for frequency differences corresponding to 
tle various pairs of terms found in this research. A few 
were found, but were probably fortuitous. It is, perhaps, 
important that one of Rydberg’s constant frequency dit- 
ferences 6X0°1 equals the difference Letween the terms 
A and B; but there are no terms derivable from this relation 
which give any further combinations. In all, the difference 
650:1 occurs 9 times, 680°0 3 times, 680°2 once. The 
remainder of Rydberg’s doublets are accurately repeated 
sufficiently often to be considered real, but they have no 
apparent connexion with the terms calculated in this paper. 

Of the lines found experimentally as are lines in this 
research, there remain without interpretation :— 


A 2169:49 
2171:75 
2199:65 
2230071 
2238:43 
2260°493 
2961177 
3093-993 


Of these, A 2169 and A 2171 seem to forma pair. Considered 
as due to combinations with md,, these lines would yield 
terms 3031°4 and 2983°3. The line A 1687-2 corresponds 
sufficiently closely with 1s—3031:4. If the very strong 
line A 2961:177 is due to a transition to md, the term 
1530271 may be a companion to E=15709°8, and they 
might then be an inverted pair of p’ terms. 

The line given as A 2199:65 by Hasbach is in reality a 
double line. A plate, which Professor McLennan has 
kindly allowed me to use, taken on a Hilger El spectro- 
graph, shows, without any doubt, two reversals in this line 
at A 2199°57 and A 2199:73. From the former of these two 
lines the following combinations may be calculated, using a 
term V=5656'3 :— 


y (calc.). À. v (obs.). 

MO — V sees 4549-2 2199:57 (6R) 45449-2 
mdy, —V osses 43406:3 2303-109 (6) 434062 
ls—V uen 56651-7 1765°5 (3) 566412 


The wave-number difference between the two components of 
A 2199 is 3°2. 
The lines usually assigned to combinations with the 
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f terms in the copper spectrum are very unsatisfactory. In 
particular the line A 2369:88, given as md,—4f, does not 
appear at all in the low-voltage arc though it is a strong 
line in the arc. It is probably a spark line. ‘lhe line 
A 2260°49, which Dr. Ruark suggested as md,— 4f, appears 
faintly in the low voltage arc. The wave-number separation 
of these two lines is only 2041°0 instead of 2042°9. The 
lines 14056°7 and 24015°8, supposed to be 2p,—4f and 
2pa—4f, have a separation of 250°9 instead of 248:4, but 
in this case the error may be due to the broadness of the 
lines. 

The lines A 3598:01 (2u) and A 3566°14 (lu) with a wave- 
number separation of 248°2 are suggested as 2),—5s and 
2po—5s. In that case 5s=3739'1. 

It is realized that the present investigation of the copper 
spectrum is not only incomplete but unsatisfactory in that 
it does not decide the nature of many of the terms founi. 
It is hoped, however, to rectify this by further investigations. 
The large number of arc lines still unexplained, among them 
many ot great intensity, makes it evident that we are dealing 
with a spectrum of considerable complexity. It would not 
be surprising if quartet terms entered into the structure. 


Summary. 


1. Experiments are described on the ultra-violet spectra 
of low-voltage arcs in silver and in copper vapour. A table 
of the lines obtained is given. 

2. The line absorption of copper vapour has been found 
experimentally. Ten lines in the ultra-violet are absorbed. 
The various combinations calculated from these data are 
tabulated. No series is evident in these lines. 

3. Further terms are calculated from the low-voltage arc 
lines, using a term md,=51105'5. 


Description of Plate. 


1. Spectrum of copper arc at 15 volts and 1'2 amperes. 
This shows some spark lines. The 8-volt plate referred to 
above has become too scratched for reproduction. 

2. Simultaneous photographs of the copper spectrum 
showing absorption. The arc was at 25 volts and ‘5 ampere. 
On the reproduction, the absorption of the marked lines only 
is visible. 

3. Double reversal in A 2199:65. 
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It was impossible to carry out all of the experimental work 
alone, and I am very grateful to Mr. C. Barnes and others 
in the laboratory who, on various occasions, kindly assisted 
me. Iam very much indebted to Professor McLennan, who 
has always given me his interested advice and assistance 
and who has placed at my disposal all the facilities of the 
laboratory. 

Physics Laboratory, 


University of Toronto, 
Jan. 13, 1925. 
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XCVI. On the Use of Roulettes for Graphical Integration. 
By Aurrep A. Ross, Se.D., F.R.S.* 


ET CC’ be a curve and P a point fixed with respect 
to it. 
Let the tangent at any point T of the curve be taken 
and let the perpendicular from P to it meet the tangent 
in the point N. 


Let the tangent roll without slipping on the curve, 
turning in the clockwise direction in the figure. 


* Communicated by the Author. 
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Let the perpendicular length PN be denoted by p and 
the angle turned through by p from some fixed direction 
be denoted by w. 

Let ds be the length of an element of arc of the curve 
corresponding to an increase dw of w. 

Then it is a well-known result that 


d*p ds 


dot P 5 da’ 
and it is also well known that the length NT = P, 


The same formulæ will obviously hold if we suppose 
the tangent to remain fixed while the curve rolls along it 
without slipping, but turning in the opposite or anti- 
clockwise direction in the figure. 

Now let us suppose the tangent to be taken as the axis 
of y of a set of rectangular cartesian coordinates and that 
the curve rolls along it. 

Then, if « and y be taken as the coordinates of P with 
respect to this set of axes, we have 


p= 
and ON = y. 
But ON = OT—NT 
= or? 
=O dw’ 
while OT = s+constant. 
ly 
Thus s— + constant = y. 
dw 


Suppose now that the p and w equations of the curve be 
expressed in the form 


fara k — 
f L dp+K =a, 


where /(p) is an arbitrary function of p. 
Then dp 
NP) de = p,° 


and so 
de? d? d 


do 
or 
ds d? | ~ap 
dw a Fp) l = 0. 


dw 
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Integrating, we get 
dp O i 
s32- h idp = constant. 


Thus substituting for p and s— 2 we get 
( 


y= fro d.c + constant. 


If then we can express [E dx in terms of known 


functions, but cannot so express | f(.«)dx, (a thing which 


very frequently happens), we can pass from the rolling 
curve expressed in p and œ coordinates to the relation 
between y and x for the roulette described by P and so 


obtain a graphic integration ot | S(r) de. 


In tracing the rolling curve, the position of the point T is 
obtained from the relation 


vy _ dp 
NT = deo? 
: ip. 
which, when we express IA in terms of p, becomes 
NT =—/., 
IP) 


If r be the length of the radius vector PT and @ be the 
angle made by r with the direction (fixed with respect to 
the rolling curve) from which is measured, then 


tan (0— w) = an 
| -l 
IP) 
[Pape = w, 
P : 


and so we get 


= Tp) -a t - ` 
0 =f 3 dp + tan Gop) tE l 


r = psec f tan~? (Gin) : í 


But 
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Since the elimination of p between these equations is not 
generally practicable analytically, it is better to retain p as 
an auxiliary variable, by means of which we may calculate 
corresponding values of @ and r and so trace out the rolling 
curve, 

It will be observed that the possibility of doing this 


depends upon the possibility of expressing Sp) dp in 


terms of known functions; but we shall show later how 
we may make use of this result in constructing a general 
method of graphic integration. 

The equation giving + in terms of p may also be written 
in the (in some respects) simpler form : 


raa/ +(e) 


but, in addition to the ambiguity of sign introduced by the 
square root, this is not really so convenient for purposes of 
calculation, since the former expression may readily be 
evaluated by means of trigonometrical tables. 


As a simple example of the direct application of the 
above, suppose that we wish to evaluate the logarithmic 


integral : 
| de 
log x’ 


which, as is well known, cannot be expressed by elementary 
functions. 


Put l 
fp) = log p 
Th ” 
i (22 d= | IP 
P=} zi 
P J P'OB P 
= log (log p)+K. 
Thus 


log (log p) + tan™? (log p) + K, 
r = psec {tan"? (log p)}. } 


If tbis curve be traced in polar coordinates and be rolled 
along the axis of y, then its pole will trace out the curve 


= >` dx F mi 
y= ae constant, 
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In practice the rolling curve might be traced on a suff- 
ciently large scale on a stiff piece of cardboard and then cut 
out carefully. 

It might then be caused to roll along a straight edge 
(preferably faced with rubber to prevent slipping) and fixed 
so as to coincide with the axis of y on a piece of squared 
paper. The point of a pencil might then be passed through 
a small hole in the cardboard at the pole P, and thus the 


curve 
y= fx dx 


might be traced out directly. 

It the portion of the rolling curve with which we are 
dealing is convex to P instead of being concave, as in the 
figure, then the point P will be situated in a part of the 
cardboard which will be cut away. 

In this case we might fasten the convex-edged piece of 
cardboard face to face with a second piece of cardboard, so 
that the two pieces would be at slightly different levels, and 
a small hole for the pencil point might be made through this 
second piece at the position corresponding to P. The curve 
might then be rolled, as in the former case, along the straight 
edge, and the path of P traced out as before. 


Since ae 
T 2 P 7 
a/ ‘a 


it will be observed that r becomes infinite for any value of p 
(or x) which makes f(.) zero; unless x should also at the 


~ 


! ; — r 
same time become zero, in such a way that the limit of fa) 


remains finite. It will therefore be necessary to exclude 


such points. 
It will be observed that this limitation also prevents 


1 . . . . . 
tanm (— from becoming infinite, since, in order to 
l 


do so, would require to pass from —o to +00 and 


1 
I) 
back again an infinite number of times; which would 
entail f(a) becoming zero an infinite number of times. 


Again, if for any value of « the integral (Pa 


becomes infinite, then @ will become infinite and such 
a point must also be excluded. 


Eh. ee eee o 
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We must also suppose that /(.r) and ID) ae are both 

continuous within the range of integration, in order that 
our rolling curve may be continuous. 


General Method. 


Suppose now that we wish to integrate 


( F(x) dz, 


where, for the range under consideration, F(x) is any twice 
differentiable function of x which is finite, single-valued and 
continuous ; while F'(x) is also continuous. 
We shall first take the case where F'(.r) is not zero 
i Bil in the range. 
e have 


fF dx = x F(x) -f+ F(x) de. 
If therefore we write 


£ F'(2) = f(2), 


we have 
(Paa = F(x)+constant ; 
and so the roulette method of integration may be applied 


directly to obtain | xE’ (x)dæ, which subtracted from 2F(v) 


gives the required integral. 

Writing z in place of p and employing inverse cotangents 
in place of inverse tangents, the equations giving @ and r for 
the rolling curve then become : 


6 = F(x) + cot! (e#F'(.r)) + K, } 
r = x sec {cot (vF’(x))}. 


When this curve is rolled along the axis of y, its pole will 
trace out the curve 


j= { vF"(a) de. 


The restrictions placed upon F(x) and F'(x) enable us to 
construct the rolling curve without @ or r becoming dis- 
continuous or infinite. 

The restriction that F'(<) should not be zero is, however, 
a serious one, which it js desirable to remove. 


168 Dr. A. A. Robb on the Use of 


Now, provided that F’(.c) has either a finite lower limit or 
a finite upper limit for the range, it will always be possible 
to select some constant Č, positive or negative, such that for 
the range of x under consideration the function 


F' (2) + 2C 


is always of one sign. 
Then we have 


{ F(x) dv = 2F(2)+Co?— | r(F(&)+ 2C) de. 


Thus if we write 
e(F'(2) +20) = fe), 
we have j 
i] TO de = F(x) +2Ce + constant ; 


and accordingly we may apply the roulette method and 
obtain 
fer (r)+2C) dz, 


which, subtracted from «F(r)+Cz?, gives the required 
integral. 
The equations giving @ and r now become: 


0 = F(x) + 2Ce+cot~? {x (F (cr) +2C)} +K, 
r = wsec[cot™) {r(F’(r) + 2C)}]. 


The simplest method of tracing this rolling curve is 
apparently (as in figure) to take a point P and a prime 
vector through it, from which an angle w is measured 


such that w = F(x) + 2Cr. 


A length PN=. is then taken along this direction * and 
a perpendicular drawn to it through N. 


* The projection of PN on the prime vector is obviously 
w COS w = T CO8 { F(z) +2Cr}, 


If we have a table of cosines of angles in radian measure, this enables 
us to construct the point N very simply on squared paper, without any 
direct measurement ot angles. J 

Tables of cosines and sines nf angles expressed in radian measure have 
been published by Dr. Carl Burrau (Berlin: Georg Reimer, 1907). In 
his preface he states (strangely enough) that this is the only table of 
this king which has been published. 
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A point T is then taken on this perpendicular such that 


1 
Na EF’ (2) + 2C’ 

this length being measured off in the direction indicated in 

the figure, provided that F'(2) +2C is positive. 

The aggregate of points such as T is the rolling curve 
required. 

The rolling curve may also be plotted directly in cartesian 
coordinates: &, 7, with the point P as origin and the direction 
from which œ is measured taken as the direction of & 
negative. 

It the system be such that the axes of § and y may be 
drought into coincidence with the axes of xand y respectively 
by motion in their own plane, we have obviously : 

sin (F(x)+2Cx i 
E = setae — X COs (E(x) + 2Cr), 
_ cos (F(a) + 2U 2) 
7 E(x) +20 

This method of integration possesses the great practical 
advantage of giving the integral for a whole range of values 
of the variable in one process, and should thus prove verv 
useful in connexion with many physical investigations where 
the knowledge of how a function varies over a range is 
required without extreme accuracy. 

On the other hand, the method is probably not very well 
adapted for use when the analytic form of the function 
is unknown „since, in order to construct the rolling curve in 
the general case, we require not only the values of F(x) but 


also of F(x). 


| 
> 
+æ sin (F(x) +2Czx), | 
(F(z) ds | 


Use of Curvimeter. 


The results above obtained may be utilized in a somewhat 
different manner in effecting the graphical integration cf 
functions. | 

In the roulette curve 


y= EGO +2C)de 


ea 


we may clearly put 


1 
Y= EO Ee) $20 
where s is the length (paying due regard to sign) of the 
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portion of the rolling curve involved in the integration. 
Thus we get : 


1 


í I(r) de = Fir) + Cee F i) Feyg —s + constant. 


The length s may be measured very accurately with a 
curvimeter or map-measurer, and the value of the integral 
may thus be obtained without cutting out the rolling 
curve. 

This method may very likely be preferred to that first 
deseribed, especially if the form of the rolling curve be 
complicated. 

The most satisfactory form of curvimeter for this purpose 
appears to be the simple type, consisting of a small serrated 
wheel turning on a screw axle, which, after tracing out the 
curve to be measured, is run back to its initial position along 
a graduated scale, thus giving the length of the line required. 

It is to be noted, in using this method, that the length ot 
any portion of the rolling curve in which the curvature is 
reversed at a turning point is to be regarded as negative. 

In case F'(r) is not zero anywhere in the range of inte- 
gration, we have: 


ie dx = E(x) + F — s + constant. 


Since in this case F(x) =w, we see that xF(x) is the length 
of the circular are described with radius x and angle w; an! 


since PGY is the length of the portion NT of the tangent 


line to the rolling curve, we may, if we so desire, measure otf 
ae ee 
DHPC 


directly with the curvimeter and so obtain (F (a) de. 
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XCVII. Emission Band Spectra of Aromatic Compounds.— 
Part T. Their Connexion with Infra-Red Absorption Bands 
and a Classification. By Josera Kenneta Marsa, D.Sc. 
(Senior Assistant in Chemistry, the Queen’s University of 
Belfust) *. 

[Plate X.7} 


"T™: work in which the writer has been taking a part for 
the last two years has furnished data with regard to 
the fluorescence and Tesla-luminescence of a considerable 
number of the simpler organic substances which are available 
for examination by these methods (J. Chem. Soe. cxxiii. 
pp. 642, 817, 2147, 3315 (1923), cxxv. pp. 418, 1743, 2123, 
(1924); J. Am. Chem. Soe. xlvi. p. 1351; Phil. Mag. xlviii. 
p. 628 (1924)). The examinations have been conducted upon 
substances in the vapour state, in which phase greater freedom 
is obtained for the molecules or their components to vibrate 
to their natural frequencies, with the consequence that spectra 
often result showing a much finer structure than those 
obtained from solutions, Wherever any considerable spectral 
structure has been observed, it has been found to possess no 
small degree of regularity, and the object of this paper is to 
classify the spectra studied, and in the following paper an 
attempt will be made to give an explanation of their charac- 
teristics. Whilst chief emphasis will be laid on emission 
spectra, when data of the vapour absorption are available 
use will be made of them, and it will be seen that they lend 
further evidence to the conclusions arrived at. 

The inter-relationship of spectra in the ultra-violet and 
visible regions with those in the infra-red, forming the basis 
of Baly’s theory of light absorption and fluorescence (Phil. 
Mag. xxvii. p. 632 (1914), xxix. p. 223 (1915) ; xxx. p. 510 
(1915); xxxi. pp. 417, 512 (1916) ; xl. p. 1 (1920)), and 
worked out in some detail by Henri in his book ‘ Etudes de 
Photochemie,’ will be further demonstrated. These writers 
find that the frequency differences between absorption or 
fluorescence bands are in a number of instances very nearly 
equal to the absolute frequency of an infra-red band of the 
same substance, and so regard the former bands as multiples 
or overtones of the latter. Owing to the fact that emission 
spectra appear to be very regular, it seems possible to classify 
them all into a comparatively few types, and to trace the 
causative agent determining each type. Nevertheless, it 


* Communicated by the Author. 
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must not be thought that these emission spectra lack indi- 
vidual character, for it is very unusual to find two substances 
of which the spectra cannot be distinguished readily. A 
good example of each type of spectrum is reproduced in 


Plate be 


Type I.— Tne BENZENE Spectrum. (PI. X. fig. I.) 


Benzene as vapour exhibits series of narrow bands of 
absorption or fluorescence, the wave-numbers of the former 
Fig. 1. 


Infra-red absorption spectra of typical compounds 
ae Coblentz and Spence). 


Ton 
FICCI 
ALA 
an! see 
td 


A 
f 


Per cent. transmission. 


differing from series to series by 92-1 units (Henri, J. Phys. 
Rad. 6, iii. p. 191) and of the latter by 99 units or there- 
abouts, Inaddition, the phosphorescence of benzene exhibits 
bands at regular intervals of the same dimensions, the average 


being 100 ‘units (Kowalski, Phys. Zeit. xii. p. 956 (1912)). 
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Both Baly and Henri consider all these bands to be multiples 
of the great infra-red band of benzene at 9°8 p or 1/A102 
(Coblentz, ‘ Investigations of Infra-Red Spectra,’ Carnegie 
Publication No. 35, 1905: see fig. 1 drawn from his 
curves). For the present we may conclude that the charac- 
teristic of the benzene type of spectrum is a succession of 
bands at intervals of 92 to 100 units ; but besides this there is 
another series at intervals of about 16 units. 


Type II a.—Tue ALipHatic SusstTITvENTTypx. (Fig. II a.) 


As typical of the spectra of a number of aliphatic 
substituted derivatives of benzene, that of p-xylene may be 
considered. 

p-Aylene has, according to Mies (Zeit. wiss. Phot. vil. p. 357 
(1909)), its chief absorption bands as under. (The figures 
represent (absolute frequencies) x 3x 107".) The frequency 
intervals are given in italics. 


4186 4146 4109 4066 4028 3987 35948 3908 3869 3830 3792 
40 BF 48 BS 41 3Y GD BD I FF 2A 


SO 79 79 78 ?7 
3793 3710 3673 38627 S501 
48 BF 46 SS 
SO 82 


The Tesla-luminescence heads may be arranged thus : 
8671 SI 3588 SS 3550 45 3505 87 3463 45 3423 88 3385 
3660 S7 3579 38 3541 
8652 85 S1 3186 
3642 Sd 3597 
3605 


Kowalski’s phosphorescence bands do not. appear to show 
much regularity, but Goldstein’s observations of the cathodo- 
luminescence (Verh. d. deut. Phys. Ges. xiv. pp. 33, 493 
(1912)) seem to exhibit great uniformity, though his mea- 
surements were only made to three significant figures. The 
following table constructed from his figures shows that the 
character of the bands is uniform with that of absorption and 
fluorescence. 

2123 2079 2045 2000 1961 1923 1880 1842 1802 1764 
44 34 45 SI BSS 38 4 B 
78 S4 81 78 

A difference of about 40 units is found to be the regular 
interval. Now, this corresponds to the frequency of a band 
at 25 which is beyond the limit to which observations have 
been carried ; but a difference of 79, or approximately twice 
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the above, would indicate a band at 12°64; and this is just 
the point at which the strongest band in the p-xylene infra- 
red spectrum is found (see fig. 1). We shall describe other 
spectra presently to show that p-xylene is typical of a group, 
and also how intimately the ultra-violet bands are related to 
the infra-red. 


Type II b.—THE Testa Green Grow. (PI. X. fig. IIL.) 


A number of aliphatic substituted benzene compounds have 
heen observed to give a characteristic green glow under the 
Tesla discharge. The spectroscopic examination of this 
shows that it usually consists of two heads which have a 
frequency difference of 160 units. The best example of this 
type is hydrindene where the two bands occur at 1/A 2119 
and 1959. They are also found in indene, in p-cymene 
(one only), in cumene and tetrahydro-naphthalene (but not 
in naphthalene), and occur in the same positions. It is 
obvious that they are associated with heavy aliphatic side 
chains, and the frequency difference supports this conclusion, 
heing just double or quadruple of the differences found for 
similar substances in the ultra-violet. A corresponding 
infra-red band is of frequent occurrence at 6'2 a (1/X 161:3) in 
benzene derivatives, thouch not in aliphatic compounds. The 
green glow was also observed visually in certain other 
substances besides those mentioned above, but was not suffi- 
ciently strong to photograph. The spectral analysis of the 
green glow of p-xylene differed notably from that ot other sub- 
stances. It contained a number of bands at closer intervals 
than those mentioned in the instances already given. These 
still show the ordinary p-xylene constant ditterence of about 
40 units. The positions of the bands were 1/A 2206 2168 
2127 2104 2081 2039. The third and last two are probably 
identical with the three most refrangible bands of the cathodo- 
luminescence spectrum. Feeble photographic action is 
detectable down to 1/1850, t.e. throughout most of the 
cathodo-luminescence region. 

Having arbitrarily established these types, the grounds for 
doing so may be indicated by reference to the spectra of a 
number of other substances. Many of these will be found to 
possess characteristics showing that the individual spectrum 
may be a mixture of types. 

Toluene.—The Tesla or ordinary vapour fluorescence shows 
bands which with almost equal validity may be arranged into 
series of 100 or of 80 unit intervals, as shown in the tables 
herewith. 
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3749 3647 3546 $442 3749 3669 3589 
3731 3629 3529 3744 5660 
3713 3609 or 3731 3647 3566 
3686 3589 3713 3929 3545 
3069 3566 3465 
Maximum interval 104. &4 
Minimum 4 97. 80 
Average ae 101:5. sv 


These and subsequent arrangements are not made arbitra- 
rily, but with due care to classify the bands as naturally as 
possible according to their actual appearance on the photo- 
graphic plates. There are also a few other minor bands 
which, however, stand alone in either classification and so 
have been omitted. It will be recognized at once that both 
the aliphatic derivative and the parent benzene types of 
spectrum are here present. In the infra-red, Coblentz found 
bands at 12:03 u (1/A 83°1) and 9°73 u (1/A 102:8), though 
neither is particularly strong. 

Ethyl Benzene.—Both the vapour fluorescence and absorp- 
tion are very blurred in character. Again, arrangement of 
the bands to conform to either type is permissible. 


3669 3569 368°) 
3749 364:9 3550 3749 3369 3588 
3721 3649 3569 
3689 3588 3721 3550 
Intervals :— 
max. 101, min. 100, av. 100°3 ; max. 82, min. &0, av. 81. 


Mesitylene—The four bands observed in the Tesla- 
luminescence spectrum can be paired to give intervals of 
97 and 99 units. Thus the benzene tvpe is dominant. The 
benzene bands are also prominent in the infra-red spectrum. 
(Coblentz, loc. rit.) l 

p-Cymene.—The Tesla-luminescence spectrum contains the 
following bands, which appear to mark the heads of coalesced 
groups. 


3690 81 3609 43 366 48 3523 JO 3483 


The last three are very indefinite, but it is evident that the 
recurrent interval is 81 or else about the half of this value, 
and therefore that the spectrum is of Type II. It will be 
remembered that the green glow is also found. In the infra- 
red Coblentz observed a very deep band at 12°25 u (1/A 81:7). 

Phenol and Anisole.—These two substances gave a number 
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of fluorescence bands, which were arranged according to the 
benzene type. 


Phenol. Anivole, 
SO8L 103 347R 95? 3583? 3639 99 3537 
so7l 99 3472 8612 £8 UH 
3553 103 3450 95? 335)? “605 103 3AN 
3533 104 3429 108? 3321? 3576 102 3474 


Other phenols and phenolic ethers gave almost continuous 
spectra, so do not lend any help to the present argument. 

m-Xylene.—Coblentz’ study of the infra-red spectra of the 
three xylenes showed them to have in this region very 
sitnilar spectra, but the very intense band which occurs at 
about 13 has for each a slightly different position. From 
what has already been said it appears that the band in this 
region in the case of p-xylene dominates the whole of the 
spectra observed. If the corresponding band of m- and 
o-xylene is also dominant, the spacing of the ultra-violet 
bands in the three isomers should show variations to 
correspond with the varying frequency of this infra-red band. 
The frequencies and intervals of all the bands observed in 
m-xylene are tabulated below. 


8741 3697 75 3622 3550? 
3687 71 3016 
3678 
8671 75 3696 75 38521 
3663 


3645 76 8669 


A good regularity at intervals of about 75 units is shown. 

o-Xylene.—The fluorescence spectrum is continuous in 
character, but shows one head and four fairly sharp bands, 
123731 3722 3655 3650. These may be paired to show 
differences of 74 units each. 

The following table in connexion with the three xylenes 1s 
instructive, and affords striking evidence of the closeness of 
the relationship of the infra-red bands and the systems found 
in the ultra-violet. 


Avy. interval of 


Substance. Chief infra-red band. U V boidi 
p. v, r. 
p-xylene...... 126 79-4 &] 
m-xvlene...... 130 769 152 
o-xvlene...... 136 785 at 


p- Toluidine (Pl. X. fig. III.).—Of a number of fluorescence 


spectra of amines examined, aniline and p-toluidine were the 
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only ones which showed any banding. In the p-toluidine 
spectrum there are some eight or nine bands, most of them 
double, at intervals of about 42 units. Thus the spectrum 
bears a resemblance to that of p-xylene though occurring at 
greater wave-lengths, and the only structural difference is 
the attachment of a group weighing 15 in one instance and 16 
in the other. Imu the infra-red the aromatic amines show 
strong characteristic bands at 6°1-6°15 p and at 12°2-12°3 u. 
Ammonia has a very strong band at 6'1 p and a deep narrow 
one at 12:°3y(1/A 81:3), very similar in position to the 
characteristic bands of the xylenes, and probably the 
p-toluidine bands may be ascribed to this cause. 

Indene resemhles toluene and ethyl benzene in having an 
ultra-violet spectrum of mixed types, though here the 
aliphatic is perbaps the better developed. 


Indene Bands. 


3597 76 3521 79 3442 72 3370 3597 102 3495 103 3392 

3590 75 3515 77 3438 3590 101 100 3389 

3584 75 3509 or 3084 

3570 75 3495 3570 100 3470 100 3370 
3470 78 3392 etc. 


3463 74 3389 


Hydrindene has, besides the green glow already mentioned, 
other bands in the ultra-violet of the type found in aliphatic 
substituted benzene derivatives. 


Hydrindene Bands. 
3701 
3690 76 8614 47 
3607 
3075 77 3598 
JI80 
Phenyl Acetylene-—The Tesla-luminescence bands show a 
resemblance to benzene. 
B88 1 3585 162 3485 
3570 45 3525 99 3426 10; 3322 
8940 52 3488 3190 


Styrene.—The Tesla spectrum is distinctly of the benzene 
type, though not a large number of bands are seen. 


3490 3452 3475 3459 3453 3ƏH3 3407 
IS 102 m8 102 
8317 3365 3355 3311 


This might be expected, for neither this substance nor the 
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last bas a true aliphatic group, and the band at about 10 yw in 
benzene is also very strong in ethylene ; in fact, it seems not 
improbable that this infra-red band is a characteristic of a 
carbon atom with only three valencies satisfied rather than of 
a benzene nucleus. This subject will be discussed further in 
the following paper. 

The Methyl Naphthalenes gave a Tesla spectrum in the red 
region which appears to be the naphthalene counterpart to 
the green glow of aliphatic derivatives of benzene. Just as 
the previously known spectra of naphthalene occur at greater 
wave-lengths than in benzene, so also does this newly-observed 
glow. The highest frequency head of naphthalene vapour 
Huorescence is at 1/A 3245, and the first head of the green 
glow at 1705, whereas the benzene fluorescence spectrum 
begins at 3749, and the green glow of derivatives at 2119. 
The interval in the former case amounts to 1500 and in the 
latter to 1630. No corresponding glow has been observed 
in anthracene derivatives. The first strong ultra-violet 
fluorescence head is at 2758, and it will be found on caleu- 
lation that an interval of similar dimensions to that obtaining 
between the ultra-violet and visible heads in benzene or 
naphthalene and their derivatives would indicate a wave- 
length for the glow of anthracene lying in the infra-red. 


Type II].—Tue Brrr Banps, (PI. X. fig. V.) 


A considerable number of substances examined for Tesla- 
luminescence have given a blue spectrum which consists of 
a number of bands, but is chiefly characterized by three of 
great strength at regular intervals of 173 units of frequency. 
This spectrum is not excitable to more than a slight extent, 
if at all, by light. 

Benzaldehyde is the outstanding example of the type, and 
mav be considered first. The absorption spectrum consists 
of three bands at 1/A 4098 3565 3049 respectively (Steiner, 
Comp. Rend. clxvi. p. T44 (1913)) showing intervals of 516 
and 533. The first blue band is at 2519, an interval from the 
nearest absorption band of 530, without making allowance 
for passing from measurements in solution to those in 
vapour. The other blue bands of the series are at 1/A 2346 
2175 2004, the four having average intervals of 172°3, and 
in the infra-red there is a strong band at 5°84 (1/A 171-2). 
It will be seen that the intervals between the absorption 
Meas are approximately three times those between the blue 
ands. 

Except in the case of acetophenone and anisaldehyde, 
where in place of the usual comparatively sharp bands a 
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much more diffuse spectrum is found, the blue bands of all 
the substances examined are very similar in position and 
appearance apart from intensity. Moreover, they lie in a 
region by themselves, and so are not found superposed on 
other types, though they may be accompanied by them. 

An interesting variation was found in the case of 
henzoquinone. This substance gave a yellow glow under 
the Tesla discharge, and the following bands were 
observed :— 

1872 1699 1623 1564 1534 

The first two and the last were strong, and show intervals 
of 173 and 165 units. Considering the small accuracy 
vith which measurements could be made with the quartz 
spectroscope in this region, agreement with the usual 
interval of about 173 units would seem to be maintained. 


Tyre [V.—Tue Conpensep Nuciei. (PI. X. fig. IV.) 


As an example we shall take Anthracene, the Tesla- 
luminescence of which is in the most sensitive photographic 
region and is of exceptional intensity, a few seconds 
sufficing to photograph it. Several bands are seen; they 
occur at 1/A 2882 2758 2618 2465 2326. The intervals 
between the last four are respectively 140 143 139 units. 
The absorption spectrum has bands at 2654 2796 2938 
3076, the respective intervals being 142 142 138. The 
same Interval as in emission is here evident. The infra-red 
spectrum has not been studied with success, and the most 
nearly related substance of which the spectrum has been 
mapped in this region is naphthalene. 

Vaphthalene.—The fluorescence bands recorded by Dickson 
(Zeit. wiss. Phot. viii, p. 247 (1910)), fourteen in number, 
show a perfectly regular spacing at intervals of 47 units. 
A cursory examination of naphthalene fluorescence in chloro- 
form solution made by Mr. W. H. McVicker showed seven 
or eight of these bands, and moreover gave grounds 
for stating that every third one was stronger than its 
neighbours—z. e., there is also a regularity at intervals of 
1-41 units, as in anthracene. The vapour-emission spectra 
of naphthalene do not show narrow banding. ‘This is the 
only instance yet found where the vapour gives rise to a less 
detailed spectrum than the solution. In a recent study of 
naphthalene vapour absorption, Henri and Laszlo (Proce. 
Roy. Soc. A, cv. p. 662 (1924)), find the same interval of 
47:4 units between many of the chief bands as is found in 
solution fluorescence. 

The infra-red spectrum of naphthalene has been examined 


by Stang (Phys. Rev. ix. p. 542 (1917)), and shows a 
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strong band at 7°19 (1/ 139:1). Many of the benzene 


bands are also found, but the band at 7°19 is among the 
strongest, and persists in most of the simple derivatives 
which he examined. There can be little doubt that this 
band is characteristic of naphthalene, and probably of 
anthracene and other nuclei also. Numerous anthracene 
derivatives have recently been examined, and their Tesla- 
luminescence spectrum usually shows as the main feature 
the anthracene bands, but often with slight variations in 
position. Octahydroanthracene and tetrahydronaphthalene 
are interesting derivatives which have been studied. In 
both cases the spectral character has reverted to Type Il., 
the aliphatic substituted benzene type. 

Besides the substances which it has been possible to place 
in one of the classes enumerated in the preceding pages, 
there are very many which give only continuous spectra. 
Certain groups prevent emission spectra from developing at 
all, and of the rest some more than others tend towards the 
production of continuous spectra, but with increasing com- 
plexity a stage of complete continuity is always soon 
reached. Probably i in no substance examined are there less 
than two superimposed types of oscillation. Further study 
will reveal the theoretical significance of the present classi- 
fication, but this is deferred to the following paper. 


Abstract, 


The paper is largely a commentary on previous work by 
the author and collaborators. The s spectra studied are 
shown to be capable of classification into :—(1) A benzene 
type, characterized by bands at frequency intervals of 102 
and 159 waves/mm. (2) A benzene aliphatic-derivative 
type with band intervals of 40 or 80 in the ultra-violet. 
These substances under the Tesla discharge also usually give 
a green glow consisting of two bands at an interval of 160, 
(3) “The Blue Bands ”—a spectrum produced by the Tesla dis- 
charge through a number of substances of which benzaldehyde 
is an outs standing example, characterized by three very strong 
bands at intervals of 172 units. (4) A condensed nuclei 
type, perhaps not so well established. Anthracene and 
derivatives show three or four characteristic bands near 
4000 A.U. at intervals of 142 units, whilst naphthalene has 
a series of bands at one-third of this interval. Many sub- 
stances do not give any emission, or only one of a continuous 
character, and so cannot be classified. It is shown that in 
the infra-red, bands of absolute frequency equal to the 
above ultra-violet frequency differences are in each case 
well marked and characteristic. 
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XCVIII. Quantum Magnetic Tubes in Rotation. By 
H. STANLEY ALLEN, M.A., D.Sc., Professor of Natural 
Philosophy in the University of St. Andrews *. 


Oy a Theory requires an atomicity in nature of a 

kind not previously suspected f. It is probable that 
this atomicity is intimately related to the existence of positive 
and negative electrons, a fact which is not as yet satisfactorily 
explained. It has been shown in earlier paperst{ that the 
theory of quanta suggests the existence in three dimensions 
of discrete tubes of magnetic induction, corresponding to the 
“ magnetic lines” which Faraday conceived of as physical 
entitics, or in four dimensions of discrete electromagnetic 
tubes of force, the “calamoids” of Prof. E. T. Whittaker §. 
It is the object of the present communication to discuss the 
properties of quantum magnetic tubes rotating about an 
axis, to determine their angular momentum and energy, and to 
consider the electrostatic field set up by their rotation and 
the possible connexion between such a rotating tube and an 
electron. It may be said at the outset that the paper is 
frankly speculative in character. 


$ 1. Macneric Teses IN ROTATION. 


Towards the end of 1920 Professor E. T. Whittaker drew 
my attention in conversation to the nature of the electro- 
static field which would be set up by magnetic tubes in 
rotation. He pointed out that if a set of magnetic tubes, 
such as would be produced by a small current circuit, or a 
small magnet, could be supposed to rotate like rigid wires 
about the axis of symmetry, an electric field would be pro- 
duced which in the equatorial plane would vary inversely 
as the square of the distance from the centre of the system. 

A large number of such systems oriented at random 
would produce, on the average, an electric field at a distance 
similar to that due to an electrostatic charge, that is, a field 
varying inversely as the square of the distance. The *‘ equi- 
valent” electrostatic charge for a single system would be 
proportional to the magnetic moment (M) of the elementary 


* Communicated by the Author. 


t J. H. Jeans, ‘ Report on Radiation and the Quantum Theory,’ 
Chapter 8. | 


t H. S. Allen, Phil. Mag. xlii. p. 523 (1921), xlviii. p. 429 (1924); 
Proc. Roy. Soc. Edin. xlii. p. 213 (1922). 
§ E.T. Whittaker, Proc. Roy. Soc. Edin, xlii. p. 1 (1921). 


982 Prof. H. 8. Allen on Quantum 


magnet, and the angular velocity (w) with which the system 
is rotating. 

Further, Whittaker drew attention to the remarkable fact 
that for a given direction of the axis of the magnet there 
were two possible directions of rotation for the magnetic 
tubes, thus suggesting the possibility of interpreting the 
difference between positive and negative electric charges. 

An obvious difficulty in the way of applying this con- 
ception to the classical magnetic tubes associated with an 
elementary magnet lies in the fact that at a great distance 
from the magnet the tubes would be moving with a velocity 


Fig. 1. 


exceeding the velocity of light. This difficulty, however, 
does not arise if we adopt the view now advocated of the 
existence of discrete quantum tubes, for we need consider 
the rotation of only a limited number of such tubes, or even 
that of a singlequantum tube. Thus we may in imagination 
isolate a single quantum tube, such as the one indicated in 
fiz, L passing through the points P and Q, and discuss the 
electric field associated with that particular tube, the velocity 
of P being less than that of light, even in the limiting case 
in which the velocity of the point A in the equatorial plane 
approaches the velocity of light. 

At this point an interesting comparison is suggested 
between the rotation of such quantum tubes and the rotation 
of an electron in one of the circular orbits in Bohr’s theory. 


Digitized by Goog le 
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We know that in that theory an orbit with a large value for 
the quantum number corresponds to a velocity less than 
the velocity of light. Also an important question is 
suggested as to the greatest distance at which electrostatic 
effects have actually been observed. In the classical theory 
it is always assumed that the field of an electric charge 
extends to infinity, but it would be interesting to know 
what experimental evidence there is bearing on this point. 


§2. A Quantum Maenetic Tuse IN ROTATION. 


We consider a single quantum tube such as would 
originate in a small magnet of magnetic moment M, and 
suppose it to be rotating with angular velocity w about the 
axis of the magnet. Let A be the area of cross-section, 


ds the length of an element of the tube at any point P, 
determined by the coordinates r, 0. 

The mass associated with each unit of volume of a 
magnetic field* is KB?/4r, consequently the mass of an 


element of the tube at P is = 


PN from P to the axis of the magnet, and let the length of 


Ads. Draw a perpendicular 


* In this paper the electric and magnetic coefficients K and p will be 
retained in the analysis. 
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this perpendicular be p, Then the angular momentum of 
2 

the element about the axis is ne Ads x pra. Now for a 


quantum tube the flux of magnetic induction, BA=pHA=h/e, 
and is constant along the tube. Therefore the angular 
momentum reduces to 


Ky Ah > 
: “@e@ œ ° l ° 
in p? Hp’ds 
The angular momentum for the whole tube is found by 


integrating this expression throughout the length of the 
tube. 


Evaluation of the Integral f Heds. 


The strength, H, of the magnetic field at P may be found 
by resolving the magnetic moment, M, along and perpen- 
dicular to OP. Thus we find that the field at P is made up 
of two components in these two directions. The former 
component, that is the component represented by PQ in the 


2M cos @ 


diagram, is given by —---- 
7 


4 S, represented in the figure by the line FT perpen- 
dicular to OP, so that the resultant magnetic field, H, is 
represented by PR. 


Thus H=PR=,/(PQ?+PT) 


=e (1+3 co80). 


; the latter component is 


The inclination of this resultant force to the line OP is 
RPQ=¢, where 
tngġ= 55 = PT sin ĝ 


PQ = šao we tan 0. 


It is easily shown that 
sin 8 


NO 714 3 o] 


Now turning to the integral (Heds we have 


p=rsin and ds=rd0/sin ¢, 
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and substituting in the integral we get 
(Heas = a v (1+3 cos? )r? sin? Ads 
M (A sin? 6d0 
a 


à sin ġ 


= | "(14 30s? 0) sin 0dé@ 
H Jo 


= -5 [cos 0+ cos? Ji 


Substituting this value in our expression for the angular 
momentum, we find that the total angular momentum for 
the single quantum tube is 

Ku hR 4M KM Ah 

—— « - « @. - = ——-. -.@ 

åm e ` p Tw eé 
We notice that the magnetic tube which we are considering 
has an equivalent moment of inertia 


Remembering that the angular velocity, œ, can be 
expressed in terms of the frequency by writing w = 2rv, 


2K Mh 


the Angular Momentum= v. 


The kinetic energy of the quantum tube is obtained by 
multiplying the angular momentum by 3a, and so we find 


1 
2 
_ 27 KMh 


gee p?, 
e 


the Kinetic Energy = Lily or 4+Iw?, 


§ 3. ELECTROSTATIC FIELD oF a RoTATING TUBE. 


When a magnetic tube is in motion, it produces an electric 
field. In the case of the rotating quantum tube already 
considered the electric field sct up at a point A in the 
equatorial plane is equal to Br, where v is the velocity of the 
rotating tule at that point. IË the distance OA is a, the 
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velocity t=aw=2mayv, and thus the electric field is Bue, 
or 2aruBy. 

Let us assume that the electric field at A is the same as 
would be produced bY an electrostatic charge E at the 
point O, and then determine the value of that charge. 
Since the two fields are assumed to be equal, 

Ka? 

Now the magnetic field at A is supposed to be due to an 
elementary magnet of moment M, so that the strength of 
the magnetic field is M/wa®. Thus at the point A, 

B=yvH=M/u3. 

Hence E M 


Ka a” 


= Bv = Baw = 2ra Br. 


or, since t=ao, 
E M 
z> u = —~ Q). 
p Ka? a 
Therefore we have 


E 
K = Mo. 


Thus the equivalent charge at O is given by E=KMw. 
This relation may now be used in expressing the angular 
momentum of the rotating quantum tube. 


Angular Momentum = KH ; 1 ; 
mT e 

ee 

e Tt 


If we assume that the charge E= Ze, expressing the charge 
in terms of the electron charge e, then the Angular 
Momentum = Z x Afr. 


The Kinetic Energy of the tube takes the simple form 
ee 
Le nr” 
= hv, since w =27», 


= Zhv. 


If, in the above results, we take Z=1, so that the 
equivalent charge equals the electron charge e, we find for 
the angular momentum of the rotating tube A/m, and for the 
kinetic energy 4v. It is important to observe that these 
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values are exactly double those obtained by adopting 
Nicholson’s quantum condition which postulates a natural 
unit of angular momentum of magnitude A/27, corresponding 
to an amount of kinetic energy 4hv. We have, in the 
present case, an amount of energy corresponding to Planck’s 
quantum hy. We may compare the results we have ob- 
tained with those in the case of the simple Bohr atom, where 
the kinetic energy of the circulating electron is $hy and 
the potential energy is numerically double this amount. It 
may be pointed out thatin our present work we are virtually 
expressing potential energy in terms of what, from the 
ordinary standpoint, would be described as concealed kinetic 
energy. 


§ 4. ELECTRONS REGARDED AS ROTATING TUBES. 


It is instructive to take some numerical examples of these 
results. 

Case I.-—According to the principle of relativity the 
energy corresponding to a mass m as judged by an observer 
relatively at rest is mc?. Let us assume that in the case of 
a negative electron this amount of energy may be identified 
with the energy of rotation of a single magnetic tube. This 
corresponds to the assumption made by Stark *, who 
identified the equivalent energy of an electron at rest with 
one quantum of energy hv. Then we have 

hv=me. 

Taking h= 6'558 x 1077 erg scce., 

m=9x 10738 gm., 

e=3 x 10" cm./sec., | 

this yields for v, the frequency of rotation, the value 
1:24 x 10" sec™*. That is, a single quantum tube rotating 
with this frequency would have an amount of inertia equal 
to that of a negative electron. 

The frequency in question may be expressed in a different 
way by using the fundamental Rydberg frequency 


21? me* 
Vo = o e 
oh 
: Ime? 
Putting ays =a, 
heK 
where æ is a pure number, we may write 
2hy 
m= ~.. 
a 


* Stark, Phys, Zeitschr. viii. pp. 881-884 (1907). 
38 2 
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The form of this result suggests that the amount of the 
energy mc? associated with the mass of the electron may be 


regarded as a quantum of energy hv, provided y= — Ti 
x 
If we further assume that the maximum velocity of the 
rotating tube approaches the velocity of light, we can form 
an estimate of the size of our electron. This means that the 
velocity of the point A is supposed to approach the velocity 
of light, so that v=aw=c. Consequently, w being 2rv, 
Imva=c, and thus 
c c 


E E gE te -11 
a= an ian = 7 3°86 x 107” em. 


a 


A more convenient expression for the radius is ol.tained 
in terms of the innermost orbit in Bohr’s theory of the 
hydrogen atom. This may be written 


ac 
a= : 
l &'IVo 
Therefore a=aa,. 


Assuming e=4'774x 10-0 E.S.U. the numerical value 
for a is 1/137. The radius of the electron is 1/137 times 
the radius of this innermost. orbit. 

From the relation E=KMa the magnetic moment of the 
elementary magnet is found to be 


uhe 
~ 2mm’ 


This is twice the magnetic moment of the Bohr magneton, 
and it may be mentioned that it corresponds very “closely 
with the value derived from the saturation intensity of 
magnetization of iron, which according to Ewing* is 
nearly 2x 107? ¢.g.s. units per atom of iron. 

The ratio of the angular momentum to the magnetie 
moment for the eleccion here considered has the yal ue 
?m|pe, which is equal to the gyromagnetic ratio deduc: d 
from the theory of electron orbits by O. W. Richardson f. 


Case ]].—In the preceding calculations we have neglected 
the energy associated with the frequency characteristic of 
the tube itself, energy which may correspond, possibly, to an 


* J. A. Ewing, Proce, Noy, Soe. Edin. xlii. p. 124 (1922). 


tO. W. Richaidson, Phys. Rev. xxvi. p. >is (1908); Proc. Roy. Sac. 
Ci. p. 558 (1928), 
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internal vorticity. When this is taken into account we have 
to deal with an amount of energy hv, due to the rotation of 
the whole tube about an axis with frequency v,, and also an 
amount of energy $hAy, which is due to the internal condition 
of the tube, and would be present in the tube when not 
rotating, v, being the frequency appropriate to the stationary 
tube *. These quantities ure additive, and as there are two 
possible directions of rotation we have for the energy in one 
case hvy,++4hy,, and in the other hvy,—thy,. <As the first 
amount is clearly greater than the second, let us identify the 
first case with a positive electron, the second with a negative 
electron. 

Let mp be the mass of the proton (+ ve electron), and mc 
the mass of the corpuscle (—ve electron). Then, in accord- 
ance with the principle of relativity, 


mpc? = hy, + thy, 
mec? = hyv,— dhy,. 


That is to say, we have here expressions for the mass of the 
proton and the corpuscle expressed in terms of these two 
frequencies v, and v, Dividing the first by the second we 
get at once 

mp 2vu-+y¥, 

mc T 2v, — v, 
mp+mo _ 2v, 
mp—mo _ Ve ° 


and therefore 


The value found experimentally for = is very nearly 1833 
(Bucherer and Ladenburg). Using this numerical value we 


find * =0°50051. This means that the frequency of rotation 
v 


of our magnetic tube is rather larger than one-half the 
frequency characteristic of the stationary tube. 

It is convenient, as in Case I., to express the frequency in 
terms of the fundamental Rydberg frequency 


Im met 
Yo= BK? 
by means of the relation 
Qhy 
me = — ae 
a 


* H. S. Allen, Phil. Mag. xlii. p. 528 (1921) 
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From the equations we find without difficulty the results 


sei 
Vy ( a 


a me 

Pv fm 

Vo (mp 
ears a } 

‘Cc 


Substituting the numerical values 

v=8 271x 10", 1/a=137, 
we find v,= 1:126 x 10” sec.™)? 

v, =2250 x 10? ae 


If we assume, as in Case I., that aw-=c, we find asa 
limiting value for a, the radius of the electron, 4°24 x 107" em. 
It should be noticed that on these assumptions the size of a 
negative electron does not differ froin the size of a positive 
electron, the radius being a quantity of the same order of 
magnitude as was obtained by Rutherford, from experiments 
on the scattering of æ particles, to represent the size of an 
atomic nucleus. The radius of the negative electron on the 
classical theory is well-known to be a quantity larger than 
this, but that estimate is derived from the assumption that 
the electron may be treated as a charged sphere. 

Although no quantitative explanation has yet been found 
for the frequencies v, and v, which have been assigned so as 
to give the masses actually observed, it may be suggested 
that they are in some way determined by the limiting con- 
dition that the velocity of the extreme edge of the rotating 
tube cannot exceed the velocity of light. 

It is interesting to compare with the suggestions here 
made a surmise as to the relation between positive and 
negative electricity put forward independently by Sir Oliver 
Lodge * in his Presidential Address to the Röntgen Society 
on 6th November, 1923. 

“ Let us suppose then that round the nucleus of an atom 
the ether is in a state of violent rotation. It might even be 
suggested that a proton itself is always and constitutionally 
in a state of circulation at a speed comparable to the velocity 
of light, and that in this way its mass is accounted for, as 
distinguished from the much smaller mass of the electron, 
which presumably is not ina state of rotation. We might 
go so far as to surmise—as indeed we do for many other 
reasons, connected with the transmission of waves by a 
vortex filled medium—that the normal ether contains a con- 
stitutional rotation comparable to the velocity of light, and 


* Brit. Journ. of Radiology, vol. xx., Jan. 1924. 
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that upon this, when a pair of electric units are being 
somehow generated, two equal opposite rotations are super- 
posed ; one in opposition to the original rotation, giving a 
result slightly nearer to the velocity of light than before, 
conceivably sufficient to cause what would otherwise be the 
mirror-image of the negative electron to have a mass 
1,850 times as big.” 


§ 5. Discussion OF SUGGESTED ELECTRONIC 
AND Atomic MoDELs. 


In considering the model here put forward, attention may 
be drawn to a paper by H. Bateman *. He remarks that an 
electron rotating on its axis like a planet does not radiate 
as muchas when not rotating. ‘ The fact, that the radiation 
is reduced by rotation may indicate that revolving electrons 
do rotate.” 

It will have been noticed that the fundamental electric 
charge here postulated possesses axial and not spherical 
symmetry. Further, it must possess magnetic as well is 
electric properties. In this connexion reference may be 
made to a paper by Duane t, in which a calculation is made 
of the velocity of projection of a particles on the assumption 
that atomic nuclei may be regarded as small magnets, the 
resulting velocity being of the order of magnitude observed 
experimentally. Reference may also be made here to the 
important work of Stern and Gerlach, who have deduced 
from their experiments the magnetic moment of tle normal 
silver atom in the gaseous siate as being one Bohr magneton. 
This magnetic moment is usually supposed to be due to 
what may be called the outer, or loosely bound electrons. 

The picture of an atomic nucleus suggested by the fore- 
going considerations is that of a set of magnetic tubes rotating 
about a common axis with the same angular velocity, some 
of thetubes representing positive, the remainder—the smaller 
number—negative electrons. 

Outside the nucleus we should expect to have in addition 
a set, or sets, of outer magnetic tubes, of larger size, rotating 
or capable of rotating about the same axis so as to give rise 
to the external magnetic and electric field due to the atom. 
‘These tubes may be supposed to rotate with very much 
smaller angular velocity than the inner set. For instance, 
they night have an angular velocity comparable with that 
of the radius vector to an electron in one of the Bohr orbits. 
In that case the mass to be associated with these outer tubes 


# Nat. Acad. Sci. Proc. v. p. 367 (1919). 
t Duane, Phys, Rev. v. p. 335 (1915). 
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would be very small in comparison with the mass of the 
nucleus. 

According to the hypothesis advanced each quantum tube 
may be regarded as a potential electron. Ina former paper * 
it was suggested that the emission of radiation consisted in, 
or was consequent upon, the liberation of a quantum tube 
from an atomic or molecular system. Taking this suggestion 
in connexion with the present hypothesis, some light is 
thrown on the remarkable reciprocal relation between 
radiation and electrons. With characteristic boldness 
Sir Oliver Lodge t discussed this problem in an address on 
Ether and Electrons, and suggested that the actual genera- 
tion of an electron by means of light is not an altogether 
impossible idea. 

Further, the results and suggestions of the present paper 
may be considered in relation to the “ Quantum Mechanism 
in the Atom” described by Prof. Whittaker. For the 
magnetic wheel in rotation, used as an illustrative model, is 
equivalent to a set of rotating magnetic tubes, and the 
structure is essentially a mechanism by which an electrostatic 
field is produced by the motion of these tubes. Stress may 
be laid on Prof. Whittaker’s argument that when an electron 
is approaching an atom, the electric field about the atom is 
not permanent, but is evoked by the approach of the 
electron. The electron induces within the atom a ‘‘ magnetic 
current,” 2. e. the magnetic analogue of an electric current. 

Also it is worthy of special note that in this mechanism 
the electric separation in the atom, which is caused by the 
collision with the bombarding electron, is precisely a separ- 
ation of two electronic charges +e und —e. The process 
might be described as the manufacture of a positive and 
negative electron, or at least as a stage in such manufacture. 
Again, the emission of radiation by the mechanism may he 
regarded as the liberation of a magnetic tube from the 
structure. 

“ Until fuller certainty comes, it is well that every hvpo- 
thetically possible line of advance should be explored” f. 
The suggestions of this paper are put forward in the con- 
viction that these words are in a special sense true at the 
present stage in the development of physical theory. 

The University, 

St. Andrews, 
6 March, 1926. 
* H. S. Allen, Phil. Mag. xlviii. p. 429 (1924). 
t Sir Oliver Lodge, ‘ Nature,’ exil. p. 185, August 4th, 1923. 
tł W. Peddie, Proc. Roy. Soc. Edin. xlii. p. 293 (1922). 
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XCIX. A Space Charge Eject. By E.W. B. Git, M.A., 
B.Sc., Fellow of Merton College, Oxford *. 


1. JF in a 3-electrode gas-free valve the grid and plate 

are both maintained at a positive potential with 

regard to the filament, the grid potential being the higher, 

then when the filament is heated, the electrons which leave 

it move towards the grid, some are collected on the grid, 

and the remainder pass through it and are collected on the 
late. 

If the plate potential is only a few volts, and if n, is the 
number of electrons reaching the grid per second, na the 
number reaching the plate, it is found in general that the 
ratio aa is constant if n; +m, is varied, this last being 
the total number leaving the filament, which is controlled by 
the filament temperature. That is, a fixed proportion of the 
current from the filament reaches the plate. 

Thus with a Mullard Valve in which tie grid was kept at 
40 volts and the plate at 6 volts (the negative end of the 
filament being taken as zero potential), the following results 
were obtained, the currents being measured in milliamperes: 


Total emission from filament ...... 25 5 Fd 10 15 20 
Current received by plate... ......... 13 26 40 53 79 106 


while with the plate at 10 volts and the grid still at 40, 
the results were: 


Total emission ............ 25 5 75 10 15 20 
Plate current ......cs.sceee 14 27 41 55 82 109 


In the first case the plate received 53 per cent. of the 
total emission, the grid receiving the other 47 per cent., 
these proportions being independent of the emission. In the 
second case the plate received a slightly higher proportion, 
54°5 per cent. of the total. 

The total current n, +n passing across the valve cannot 
be increased beyond a certain limit, which is reached when 
the space charges and the fixed potentials together make the 
electric force zero at tbe filament, as in Langmuir’s well- 
known calculations. 

2. The Mullard valve used lad a cylindrical grid of 
diameter about 4 mm., the plate being a cylinder of 1 cm. 
diameter. Ifthe above experiment be tried with a valve in 
which the plate is a good deal larger in diameter than the 


# Communicated by Professor Townsend. 
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grid, the results are entirely different. The valve used in 
the experiments to be described was made by the Marconi 
(‘ompany, and had a grid of 5 mm. diameter, and a plate of 
2-5 em. diameter. Thus the ratio of plate diameter to grid 
diameter, which in the Mullard valve was 2°5, was 5 in the 
Marconi valve. 

The filament was electrically heated to various tempera- 
tures by varying the potential across it from about 4 to 6 
volts. The results obtained are shown in figs. 1, 2, 3. The 
three curves in fig. 1 represent the results of experiments 
with the grid at 20 volts and the plate at 4, 8, and 12 volts, 
the ordinates being the current n, to the plate and the 


Fig. 1. 


Grid 20 Volts. 


© Milliamps. 


© 


Plate 12 Volts. 


Plate Current N, 


Plate 8 


Plate 4 


2 4 6 8 10 Milliamps. 
Total Emission n,+ng 


abscissee the total current n,+73. The curves in fig. 2 
represent the results of experiments which were done exactly 
under the same conditions, except that the grid was at +0 
volts, while in fig. 3 the grid was at 40 volts. (It should le 
noted that the plate potentials are so low that the ettect of 
secondary emission from the plate is negligible.) 

IE the results for the Mullard valve were plotied in the 
same way the curves would be straight lines through the 
origin n, being always proportional to ny +n, but with tle 
Marconi valve only the first portions of the curves are 
straight lines. With the grid at 20 volts and the plate at 4 
volts, the plate current na is only proportional to the total 
emission n; +n when it is less than 1°6 milliamps. With 
the plate at 8 volts the proportionality holds till the plate 
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current is 3 milliamps., while 5 milliamps, is the limit when 
the plate is at 12 volts. Figs. 2 and 3 show similar results, 


Fig. 2. 


Grid 30 Volts. 


IOr MA 
N 
= 6 
2 Plate 12 Volts. 
© 6 
C 
3 
(09) 
4 
Y 
» 
aS 
a. 2 Piate 8. 
Plate 4. 
2 4 6 8 10 MA 
Total Emission n,*ngz 
Fig. 3. 
Grid 40 Volts. 
_ IOMA 
N 
2 
» 8 
Cc 
v à 
a © Ley 
5 6 Se Plate 12 
(S) ' Volts. 
2 Ss. 
© ` Plate 8 
Qa 2 


Plate 4 


2 4 6 8 io 12 4 16 i8 20MA 
Total Emission n,*Nn2 


and indicate that the range of values of n over which it is 
proportional to n,+n, is increased if either the grid 
potential or the plate potential be increased. 
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If the total emission 2,-++ na be increased beyond the range 
over which ng is proportional to ni + n in all cases the plate 
current n decreases. If the plate and grid potentials are 
comparatively small, as in fig. 1, the decrease of mg with 
increasing ny+na is gradual, but for the higher values of 
grid and plate potential, as in some of the curves in figs. 2, 
3, the fall is abrupt. For example in fig. 3, when the grid 
is at 40 volts and the plate at & volts, the largest plate 
current obtained is 6'4 milliamps. when tle total emission 
is 11:7 milliamps. The slightest increase in the filament 
temperature causes the plate current to drop to 3-4 
milliamps. for almost exactly the same total emission. The 
grid current of course rises abruptly by an equal amount. 

If the total emission is further increased beyond the point 
where the drop in the plate current occurs the plate current 
remains low, though in one or two of the curves a small 
second maximum plate current is obtained for very high 
emissions. 

The straight portions of the curves can be taken as giving 
a measure of the proportion of the electrons leaving the 
filament which pass through the grid, and therefore after 
the drop in the plate current occurs a large number of 
electrons which pass through the grid must fail to 1each the 
plate and must return to the grid. Anexample will perhaps 
make this clearer. In the case in which the grid is at 40 
and the plate at 8, the maximum plate current is 6'4 m.a., the 
filament emission being 11:7 m.a., that isos of the electrons 
from the filament pass through the grid, the remainder being 
collected on the grid. 

When the emission is J4 m.a. the current passing through 
the grid is therefore 7°7 m.a., but the curve shows that the 
plate current for this emission is only 3'3 m.a., and therefore 
more than half the electrons which passed through the grid 
must have been stopped before reaching the plate and have 
then returned to the grid. 

There is one further important peculiarity of the curves to 
be mentioned, of which the curve for plate at 8 volts in 
fig. 2 is an example. In this curve if the emission is 
gradually raised the current increases up to point A, the 
sudden drop occurs to B, and further increase in emission 
takes it to C. If at this stage the emission is gradually 
reduced the curve will be retraced from C to B; at B, 
however, there is not an abrupt rise to A, but the curve from 
B to D is obtained, and the abrupt rise then occurs to E, 
after which the original curve is retraced. The curves for 


he oR, 
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decreasing emission are all shown dotted where they deviate 
from the curves for increasing emission. It appears, there- 
fore, that for certain values of the emission there may be two 
possible distributions of current in the valve. 

The experimental facts therefore to be explained in the 
theory which will be given in section 4 are that if various 
currents from a source at zero potential are passed through 
a grid at potential V, the plate at potential Vo (less than V), 
will receive the whole of this current if it is not larger than 
a certain critical value; only a proportion if it is above 
this value; while just below this critical value the plate can 
receive either the whole or only a proportion. The critical 
value depends on both Vo and V. 

3. A valve of this type can be used as a generator of 
continuous oscillations of either high or low frequency. It 
is only necessary to insert in the lead to the grid an oscil- 
latory circuit as shown in fig. 4. 


Fig. 4. 


L is an inductance, C a capacity, and A a hot-wire 
milliammeter. If withthe grid at, sav, 40 volts and the plate 
at 8 volts the filament is gradually heated up, at the moment 
when the plate current experiences its sudden drop, oscillations 
will commence and be maintained in the oscillatory circuit, 
their presence being revealed by the hot-wire ammeter A. 
A similar result can be obtained for low frequency oscilla- 
tions by inserting a telephone in place of the oscillatory 
circuit. The same heating of filament which caused high 
frequency oscillations will cause the telephone to emit a 
continuons hum showing that low frequency oscillations are 
being obtained. 

The maintenance of these oscillations is independent of 
any electromagnetic or capacity coupling between the plate 
and grid. ‘The method of maintenance can be seen from an 
inspection of figs. 2 and 3. If the plate is kept at 8 volts 
and the filament heated till the total emission is 9 milliamps., 
then if the grid potential is 30 volts, the plate current is 3°3 
m.n., and the grid current is 9—3°3=5°7 ma. 
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If the grid potential 1s increased to 40 volts the plate 
current is 5 m.a., and the grid current is therefore 4 ma. 
Thus increasing the grid potential from 30 to 40 volts 
reduces the grid current from 5°7 to 4 m.a. A decrease of 
current for an increase of potential isan unstable condition— 
what is called a ‘‘ negative resistance ”"—and in this state the 
valve is capable of maintaining oscillations. 

Even if there are no oscillatory circuits in the leads it 
seems likely that short wave oscillations may arise in them 
or in the circuits of the milliammeters used for measuring 
the currents. The small kinks in the curves for tbe larger 
currents are probably due to this cause ; the readings of the 
milliamimeters in these regions being somewhat unsteady, as 
often occurs when intermittent oscillations are taking place. 

4. The explanation of the preceding results is evidently to 
be looked for in the fact that the field between the electrodes 
is determined not only by the potentials of the electrodes, 
hut also by the charge on the electrons which happen at any 
instant to be in the space between the electrodes. For 
simplicity the electrodes may be taken as parallel plates a 
distanced apart, kept at potentials Vo and V,. The distance 
x ix measured from the plane which is at the potential Ve 

Let the current ¢ per sq. cm. flow between the planes 
carried by electrons which started from a filament at zero 
potential. At the point x let V be the potential, v the 
velocity of the electrons, e their charge, m their mass, and 
let p be the charge per c.c. at z. The current is evidently 
independent of ., but V, v, and p are functions of z. 

Then the general equations are :— 


gme? =eV 
ov A) 
— =4r 
dz? 


Apparently no general solution of these equations has been 
published, but a special case was solved by Child *. He 
found that if Vo=0, t.¢., iE the electrons start with zero 
velocity at one electrode, then the maximum current the 
other electrode could receive per cm. was proportional to 
V32/d? and that the corresponding potential distribution 


r\43 
between the plates was V=V, (5) i 


The reason this is the maximum possible carrent is 
* Phys. Rev. 1911, p. 499. 
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that the corresponding distribution causes the electric force 
to be zero at the plane trom which the electrons start. 

If the supply of electrons is insufficient to maintain this 
maximum current then a smaller current will flow. The 
field due to the charged electrodes will still be distorted, but 
not to so great an extent. 

The above results were extended by Langmuir * to cases 
of cylindrical electrodes and electrodes of any shape. He 
found the current was still proportional to the three-halves 
power of the potential difference. 

If, instead of the electrons leaving the zero-potential plane 
and being accelerated up to the plane of potential V,, which 


they reach with a velocity V Vi, we start them back 


from this plane with this velocity and let them run in the 
retarding field to the plate, the equations (A) are nnaftected, 
i and v having changed sign ; the boundary conditions are 
also the same, and therefore the maximum current which can 
just get across is the same as before, and the resulting 
potential distribution is the same. 

Tle case we are dealing with is rather more complicated 
than this. Let the plane at potential Vo represent the plate 
and that at V, the grid, the filament being taken as zero. 

The electrons from the filament have the velocity 


») mae 
A < V, as they pass the grid,and they move in a retarding 


field up to the plate, but in all the experiments done Vo was 
not zero but positive. 

The boundary condition upon which the previous results 
were based, that in the limiting case the electric force just 
outside the electrode is zero, no longer holds, for the electrons 


l Je 
hit the plate with a velocity ive Və and will therefore 


reach it whatever the force at the plate. We must look 
elsewhere for a force which can limit the current reaching 
the plate. 

The general equations have not been solved for this 
particular boundary condition, but it is easy to see what 
happens without attempting a solution. In fig. 5 let OA be 
equal to Vy, GB equal V,, and OG be the distance between 
the plate and grid, then the ordinates of the straight line AB 
represent the potentials at the various points between the 
plate and grid when no current is flowing. 


* Phys. Rev. 1913, p. 450. 
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Now suppose a small current passes the grid and flows to 


the plate, the electrons having velocity 4 / ay at a place 


whose potential is V. The passage of this current affects 
the potential distribution, which becomes something like 
curve 1. If the current is increased the distortion of the 
field is more and we get curve 2, a larger current still will 
give 3, and so on with 4 and 5. 


Fig. 5. 


Direction of Current 


OQ P R G —>X 


Distribution of Potential between plate at O and grid at A. 


Curve 3 is drawn as that one of the family which is 
parallel to Ow at the plate, that is the electric force is zero 
at the plate. In curve 4 we get a reversal of the electric 
force between the electrodes, the electrons reach a minimum 
velocity at the place where the tangent is parallel to Ox, and 
then accelerate again till they reach the plate. Curve 5 is 
the limiting one. At P the electrons come momentarily to 
rest, the potential being zero and the force also zero, and then 
move on to the plate. l 

Curve 5 represents a state of affairs to which we can 
apply Child’s results. If ¿is the current from grid to plate. 
then ? satisfies the boundary conditions for maximum current 
between parallel planes distant apart OP charged to 
potentials Vy and 0, and also for parallel planes distant 
apart PG charged to potentials V, and 0. 

kV? ae kV ,3 


Hence i= qpr = pgr & being a constant, from which 
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both2 and the position of P can be found in terms of Vo, V}, 
and the distance between grid and plate. 
The potential distributions can also be calculated :— 


= 4/3 

To the right of P V=V, ZZREN f 
¥, 
, (OP—2x\3 

To the left of P V=V, (oS) : 


In all the curves 2 to 5 all the electrons passing the grid 
reach the plate, and the calculations just made determine the 
maximum current the plate can receive under these con- 
ditions. The question which next arises is, What happens if 
we force through the grid a current larger than this 
maximum? In the first place it is evident that the curve 
cannot sink below the x axis, for all the electrons would be 
brought to rest at the point nearest to G where the curve 
cuts the axis, and the force there would tend to send them 
hack to the grid, none would reach the plate, and hence 
there would be no space-charge between this point and the 
plate, and the assumed distribution is therefore impossible. 

The remaining possibilities are distribution curves which 
touch Ow at points other than P. We can at once rule out 
the possibility of such points being nearer to O than P, for 
if &/ were the point of contact of one of the curves the plate 


WV 32 | 

current would be AL a and the current passing the grid 
LV 32 3/2 2 

would be Gor? but Vai pan and therefore the plate 


current would be larger than the current entering through 
the grid, which is impossible. We are reduced therefore to 
potential curves which touch Ow at points such as R to the 
right of of P. A calculation similar to that just made would 


show that to make V=0 at R, and also the force sa Zero 
ee 


there, would require a larger current from the grid than the 
plate receives; this means that some of the electrons which 
come to rest at R must return to the grid, and therefore to 
the right of R we are dealing with space-charges due to both 
direct and return currents. It is necessary then to examine 
how equations (A) would be modified in such a case. 

Let 2 be the current passing through the grid from the 
filament side, 2; the current returning from R towards the 
grid. The balance :—2, goes on to the plate. Let p be the 
charge per c.c. at distance æ due to current t and p, that due 
to current 7). 


Phil. Mag. S. 6. Vol. 49. No. 293. Alay 1925. 3T 
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Then the velocities of the electrons, whether coming or 
returning, is the same at the distance x, being given by 
bme =e V 
also t+ i= (p+ pi)v (B) 
and oe = 4r(p +p) 
These equations give exactly the same solution as (A) if 


i +i replaces i, and we thus find that the current to the right 
of R is given by 
AVY? , 
1+4 = RGF occ cee ‘l} 


The current to the left of R is the current ip reaching 
the plate :— 


Ipi—ty 2 ww ew ee OQ) 
. kV? 
and tp= OR? (3) 


From which tp can be found in terms of i for given values 
of V, and Vo. It should be noted that the necessary con- 
dition that the stream of electrons entering through the 
grid should divide into two streams, one going on to the 
plate and the other returning to the grid, is that at some 


point both V=0 and al =0. For it is necessary that the 


electrons should come to rest, and in addition it is aiso 
necessary that at the place where they come to rest the 
electric force should be zero, as otherwise the stream would 
not divide there, since they would all start again in the 
direction of the force. Thus all the possible potential dis- 
tributions for cases where all the incident electrons do not 
reach the plate must touch Ox somewhere between P and G. 

The solution of equations 1, 2, 3 giving tp in terms of i is a 
tedious business, and all the information required can be got 
more easily by working out the currents for different values 
of OR as below. 

Take the special case grid at 40 volts and plate at & volts 
above the filament, the distance from plate to grid being 
l cm. 

The maximum current which can reach the plate causes 
the potential to drop to zero at a distance OP ='23 cm. 


83/2 408/2 
; ; O E pE tee th 
from the plate (calculated from Op? T-OPP) and the 
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magnitude of this current in arbitrary units is 426. Any 
current less than this can flow from the grid to the plato 
causing some such potential distribution as 1, 2, 3, or 4. 

The currents for potential distributions which touch Oz at 
R where OR is greater than ‘23 are shown in the table 
following, i being the current entering through the grid and 
ip the current reaching the plate. 


OR. i 


Boa ip. 
24 416 392 
"25 406 360 
"26 396 333 
27 391 
3 383 250 
"35 393 178 
“4 421 141 
45 40 112 
5 548 91 


These results are shown graphically in fig. 6, the current 
entering through the grid being plotted along Ow, and the 


Fig. 6. 
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number reaching the plate along Oy. The straight part of 
the curve corresponds to the currents which cross without 
any current returning to the grid, and the remainder of the 
curve comes from the table. 

It is seen that currents up to about 380 coming through 
the grid go direct across to the plate; but for currents 
between 380 and 426 there is the rather unexpected result 
that there are three possibilities. Asan example, if a current 


3T 2 
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of 400 units is forced through the grid either (1) all the 
400 units reach the plate, (2) 350 reach the plate and 50 
return to the grid, or (3) 170 reach the plate and 230 return 
to the grid. 

For currents larger than 426 there is only one possible 
plate current which decreases as the current forced through 
the grid increases. 

If a similar calculation is performed when the plate is at 
12 volts, the carve obtained is similar, but the straight 
portion is longer, the maximum plate current being larger 
than when the plate is at 8 volts. 

5. It is easily seen that the method of conducting the 
experiments described can obtain from fig. 6 a curve like 
those actually obtained. The current passing through the 
orid from the filament is very fairly accurately proportional 
to the total current leaving the filament, and therefore, by an 
alteration of scale, fig. 6 will show plate current plotted 
against total emission. As the filament temperature is 
increased we move along OA, and will reach A unless the 
condition represented by the curve ABC is more stable 
than the last part of the straight line OA. At A a further 
increase of grid current can only take us to the portion CD, 
und there is therefore a sudden drop from A to C, after which 
the plate current decreases as the current from the grid 
increases. 

When the return journey is made, decreasing the heating 
emission brings us a long DCB unless the state C to B is 
so unstable that the currents charge to distributions given 
by the curve BA or OA. At B a further decrease of 
emission gives no alternative except to return to OA,and a 
rapid rise occurs at B. The experiments show that OA is 
stable when traversed by gradually increasing the filament 
emission and CB is stable when traversed by retracing it. 
It is of interest that if we are near A on the portion OA and 
the batteries charging the plate or grid are momentarily 
disconnected and replaced the plate current sinks to the 
value given by the curve CB. The only method of getting 
from O to A is to keep the grid and plate batteries attached 
and increase the filament heating. 

So far, except in one or two doubtful cases, it has not 
been possible to get the currents in a distribution corre- 
sponding to the portion BA of the curve. 

6. There is thus a very fair agreement between the 
experimental and calculated curves, and what differences 


there are can be accounted for by the assumptions made in 
the theory. 
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The main differences are that the grid and plate were 
taken as parallel planes instead of coaxial cylinders, and the 
filament as an equipotential, whereas, in fact, there is down it 
the voltage drop of about 4 volts, due to the heating current. 
The theory also accounts for the fact that the maximum 
current which can reach the plate will be increased if either 
the plate potential or the grid potential is increased. 

The reason for the non-occurence of the chief phenomena 
with the Mullard valve is that owing to the dimensions the 
maximom current which can pass to the plate for a certain 
potential of the grid (and any plate potential) is greater than 
the maximum current which can flow from the filament for 
that particular grid potential. It is therefore impossible to 
force through the grid more current than the grid-plate 
space can carry to the plate. The maximum current which 
can flow to the plate gets Iess as the distance between the 
grid and plate is increased, and if the plate diameter is abont 
3 times the diameter of the grid it becomes possible to pass 
through the grid more current than the space can carry, and 
the drop in the plate current will occur. 

7. An interesting point arises with regard to secondary 
emission of electrons from the plate due to the impact of 
the primary ones. For any value of the current passing the 
grid greater than that which causes the potential distribution 
3 in fig. 5, the force at the plate tends to take electrons back 
to it, and therefore for all these currents the usual ettects due 
to secondary emission will be absent (unless there is an 
appreciable velocity of emission). 

Another suggestive question is whether a potential distri- 
bution curve could touch the axis Ow at more than one 
point. 

If there are only electrons present this is not possible, 
but if, in addition, there are positive ions present it could 
theoretically occur. The electrons would come momentarily 
to rest at the points where the curve touched the axis Ow, at 
which points the positives would have their maximum velocity 
while they would have their minimum velocity at inter- 
mediate positions where the electrons were moving fastest. 
It is probable that some such condition exists in the striated 
positive column. 


[ have to thank Professor Townsend very much for advice 
and criticism. 
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C. The Absorption of Ultra-violet Light in Dilute Solutions. 
By C. J. Wepser Gritveson, B.A., B.Sc, Formerly 
Demy of Magdalen College, Oxford *. 


Introduction. 


l. T his paper on the absorption of ultra-violet light in 

solutions (Phil. Mag. xvii. p. 710, May 1909), 
Dr. F. B. Pidduck gives an account of some experiments with 
solutions of common salt and potassium bromide in distilled 
water and with tap-water. According to his results about 
1:5 parts of potassium bromide per million reduce the trans- 
parency of 15 mm. of distilled water by 25 per cent. If 
substances can be found which absorb very strongly in dilute 
solution, e.g., about ten times as strongly as potassium 
bromide, it may be possible to use this absorption to measure 
very weak concentrations of these substances. It has been 
suggested that if a substance of this sort could be obtained, 
then in certain cases the volume-rate of flow of a river might 
be found by adding a quantity of the substance to the water 
at a certain place and noting the change of concentration 
further down. It was with the object of obtaining some 
information on this matter that the investigation summarized 
below was undertaken. 


Apparatus and Method. 


2. In general construction the apparatus follows the usual 
parallel plate form, arranged so that the U.V. light can fall on 
one of the plates, absorption being measured by the change 
in the photo-electric effect. But in order to compare 
absorptions more directly, this plate is divided into two 
equal parts, and to reach these parts the U.V. light has to 
pass through one or other of the quartz-bottomed vessels 
containing the liquids. The two plates—+z.e. the two parts 
of the upper plate (P,, P: in fig. 1)—are semi-circular, cut 
from one piece of brass and silver-plated. Eachis mounted on 
two long ebonite pillars (notshown) and thus rigidly supported 
below the top plate (P) of the case. The common lower plate 
of the condenser consists of a silver-plated gauze (G) mounted 
on a stont metal ring supported by ebonite pillars. A suitable 
saturation potential difference between the plates is main- 
tained by a battery of small accumulators. By using four 
brass pillars fitted with screw-heads instead of the usual 


* Communicated by Prof. J. S. Townsend, F.R.S. 
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three to support the top plate P, the latter can easily be 
turned through two right angles and the plates P}, P, inter- 
changed. The sides of the apparatus are screened by a 
cylindrical brass case hanging from the top plate. Fig. 1 
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Diagram illustrating form of Plate Apparatus. 


Dimensions. 

Diamoter of silver plates (P,, P}) ..........2 ceecee 73 cm. 
Distance of P, and P, below top plate P ... 2'5 cm. 
Distance between P, and gauze G@................ 0'7 cm. 
Internal diameter of gauze-ring . ................ 6'4 cm. 
Height of gauze G above plate P,............... 2°8 cm. 
Solution Vessels (V,, V,): 

Internal GiaWeter: ssiri ssssceescesianasesvedes 2:5 em. 

Cerah RONEN occa tins oriieteresosnaes lentes 81 cm. 


Vessels centred at 3'1 cm. apart. 


illustrates the construction of the apparatus, although it is not 
strictly a central section of it. Examples of the supporting 
pillars and ebonites are introduced slightly out of their true 
position to show the method of mounting adopted. 

Over apertures near the centre of a stout brass plate some 
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distance below the grating stand the two vessels Vi, V;— 
cylindrical and with quartz bases—used to contain the 
solutions. The line joining their centres is perpendicular 
to the line of separation of the semicircular plates P,, P+, so 
that each vessel is directly under the middle of one of these 
plates. Ultra-violet light from a spark-gap parallel to the 
line of separation of the plates enters the vessels from below 
and passes up through the solutions to the plates above. 

3. The photo-electric effect is measured by an electrometer 
and induction balance connected with the parallel plate 
apparatus by a special key (K, fig. 2). In parallel with the 
plates P,, P; are the inner plates of two similar condensers 
Co Ca whose outer plates may be raised to any desired 
potential by a battery connected through two potentiometers 


Fig. 2. 


Diagram of Apparatus. 


Ri, It. as shown in fig. 2; X is a small sliding rheostat used 
as a fine adjustment when necessary. 

In performing the experiment the more transparent 
solution is put under the plate P,, whose corresponding con- 
denser C; is connected directly with the slider S, of the main 
potentiometer R,. The spark is put on for a time and the 
electrometer is kept undeflected by adjusting Sa. Then K 
is switched over, connecting the electrometer with the other 
plate P,. In general the electrometer is deflected, but if the 
ratio slider S, (on the potentiometer R,) has been placed at 
the correct position to balance the charge on P,, there is 
no movement. It follows from the theory of the system 
that if in this case yı, qz are the charges acquired by the 
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plates P,, Ps, respectively, and if vı, vg are the potentials of 
the sliders Sı, Sg, respectively, then 
N= ery 
and Q2 = Cat. 
Also, if the resistances of the parts into which R, is divided 
by S; are 7, and r; then 
“T áč M 


tg (ritr) j 


Hence D a se, 

qa Cz ("it 1) 

Replacing one of the solutions—the one under P,—by a 
solution of another strength we get new values for q, and 
rı such that 


qv" ri 
ye Cz (ritr) 
I r 
and so Iide, 
A n 


Hence the position of the slider S, is a measure of the photo- 
electric effect and so of the transmitted light. It has been 
stated, however, by Griffith that the photo-clectric effect (E) 
is not exactly proportional to the intensity (1) of the light 
but that E/I increases with I and at a gradually increasing 
rate. (For the reference see Pidduck’s paper, loc. cit.) 
Subject to this proviso—which is disputed by other experi- 


OR ; 
menters — the ratio - [for convenience referred to later as 
l 


the transmission coefficient, p] measures the relative trans- 
parency of the two liquids. 

4. In general, the method of procedure was to take as the 
absorption standard a depth of 10 mm. of distilled water and 
to compare other liquids and depths with this. Before a 
specimen of a solution was examined both vessels were filled 
to a depth of 10 mm. with distilled water and the value 7, 
of the ratio resistance was determined for no deflexion. The 
water in one of the vessels was then replaced by the same 
volume of the solution and the new value r,’ found. The 
water in the second vessel remained unchanged and formed 
a definite standard of comparison by which were eliminated 
errors arising from variations in the timing and the brilliance 
of the spark. To test this compensation the spark was 
purposely altered in length and intensity, and over a wide 
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range the consequent change in the reading was less than 
the general experimental error. In the experiments on the 
solutions care was taken to keep the spark working as steadily 
as possible. 

Other errors liable to arise are those due to lack of uni- 
formity of the solutions. These were very carefully made 
up and were kept in closely stoppered bottles. Even then 
one or two substances showed irregalarity, the solutions 
tending to become more opaque with dilution. This was 
afterwards found to be due to traces of impurity. Substances 
which showed this effect invariably gave uncertain readings 
near these critical strengths. In the results recorded below 
only those substances are mentioned whose solutions gave 
readings that could be determined definitely. 

To ensure constant electric conditions during measurement 
the spark was kept on just long enough for the slider to 
reach the same potentiometer division every time a reading 
was taken. 


Solutions Tested and Results Obtained. 


5. Among the substances examined was a series of some 
of the salts of sodium in order to compare the effects of the 
acid radicle on the absorption. Tap-water also was tested 
and the effect of adding a certain proportion of tap-water to 
distilled water solutions. Graphs of the change of the 
transmission coefficient (u) of these solutions with concen- 
tration have been prepared, and it is by these curves that 
the results are most easily studied. In general form they 
are all similar (see fig. 3). Starting from the vertical axis 
at w=1 they fall more or less steeply at first but at a 
gradually decreasing rate until the gradient becomes very 
small and they approximate to straight lines slowly ap- 
proaching the horizontal axis. 


6. The chief results are as follows :— 


Curve 1. Sodium Chloride. (Fig. 3.) 


The curve for sodium chloride is quite even and regular. 
It falls steeply at first, but gradually the slope decreases 
until for strengihs above 2°5 . 107? N it reaches a practically 
constant value. Different specimens agreed within 3 per 
cent. 


Curve 2, Sodium Bicarbonate. (Fig. 3.) 


This curve does not fall quite as steeply as that for the 
chloride but it exhibits the same general form. 
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Curve 3. Sodium Carbonate. (Fig. 3.) 

The normal carbonate absorbs much more readily in dilute 
solution than either the chloride or bicarbonate. The value 
of u reaches 0°5 ata strength of about 6'5 . 10-4 N (i.e. about 
0:035 gm. per litre). For this absorption the chloride 


Fig. 3.—Substances in Table J, 


Concentration, 


requires 1°2.107* N (about 0°6 gm. per litre) and the bi- 
carbonate 2°6.107* N (about 0°22 om. per litre). At the 
higher strengths the curve for the carbonate is noticeably 
flatter than the other two, so that concentrating beyond 
5.10- N has comparatively little effect. 


Curve 4. Sodium Diphosphate. Fig. 4.) 

This curve falls even more steeply than curve 3 and it 
falls much lower before flattening out. The presence of 
0-04 gm. per litre (about 2°3.10-4 N) reduces y to 0°5, and 
the presence of 0°3 gm. per litre reduces it to 0°02. 


Curve 5. Sodium Sulphate. (Fig. 3.) 


Sodium sulphate solution is remarkably transparent to the 
light from a zine spark-gap. Even a centinormal solution 
does not reduce the photo-electric effect by one half, and 
further concentration would appear to have little effect for 
at 10-7? N the curve is almost horizontal. 
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Curve 6. Sodium Nitrate. (Figs. 4 & 5.) 


As an absorber sodium nitrate is the most efficient of all 
the sodium salts examined. A concentration of 4.107-° N 


absorbs half the effective light, and 10 mm. of a solution of 


strength 20.10-° N is nearly opaque. This remarkably 
rapid fall in the curve was found with all the nitrates 
examined. In spite of the low concentration (from 1 to 10 
parts per million) the individual readings all lie closely to 


Fig. 4.—Substances in Table II. 


Concentration. 


the curve; the greatest divergence from the mean at any 
strength was not more than $ per cent. In fig. 5 this 
curve is shown dotted. 


Curve 7, Manganese Chloride. (Fig. 3.) 

At some of the lower concentrations solutions of this sub- 
stance gave somewhat uncertain readings at first. The curve 
reaches w=0°5 at a strength of about 10-% N. 

As the curves for sodium chloride and carbonate and for 
manganese chloride (curves 1, 7, 3) overlap rather closely 
at the higher end in fig.3 they are shown enlarged in fig. 4, 
which is on a larger scale. 


Curve 8. Copper Sulphate. (Fig. 4.) 

Of the salts of copper so far examined the sulphate gives 
the most consistent results. The nitrate absorbs much more 
strongly, but it is less certain in its action. The curve for 
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the sulphate falls quite steadily, passing ~=0°5 at a strength 
of about 3°5.10-* N (i. e. about 0'03 ym. [anhydrous] per 
litre) and reaching w=0'14 at 10-3 N. 


Curve 9. Potassium Permanganate. (Fig. 4.) 


Potassium permanganate solutions absorb readily. A 
strength of 10-4 N is sufficient to reduce p by nearly one-half 
and 10-3 N brings it down to one-twentieth. The very weak 
solutions (below 3 parts per million) showed a slight tendency 
to become more transparent on exposure to the air. The 
values given in Table II. are those found for the specimens 
as soon as they were put into the apparatus. 


Fig. 5.—Nitrates (Table III.). 


Concentration. 


Curve 10. Calcium Nitrate. (Fig. 5.) 


This like the other nitrates was found to absorb strongly. 
A solution stronger than 2.1074 N is nearly opaque. The 
readings given by the individual specimens agreed well 
among themselves and gave mean values lying very closely 
to the curve. 

The effect of increasing the thickness of the solution to 
20 mm. is illustrated in the position of curve 10b, which 
compares the absorption of 20 mm. of calcium nitrate 
solution with that of 20 mm. of distilled water. As would be 
expected this curve falls considerably below curve 10 a— 
the curve for a depth of 10 mm.—and p reaches 0'5 at a 
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strength below 10-5 N and w=0°1 at about 5.10-°N. The 
individual points He accurately on the curve although it falls 
so steeply. 


Curve 11. Tap Water. (Fig. 6.) 

Early in the course of the experiments it was found that 
10 mm. of Oxford tap-water was practically opaque to the 
U.V. light from the spark-gap. If, then, solutions in tap- 
water were to be examined it was evident that only mixtures 
of tap-water and distilled water could be used as solvents, or 
else the spark would have to be made much more powerful. 
As the latter alternative would upset the continuity of the 
experiments a curve for mixtures of tap-water (filtered) and 
distilled water was taken off and some solutions in one or 


Fig. 6.—Mixtures of tap-water and distilled water (Table IV.). 


Percentage of tup-water in mixture. 


two of these mixtures were examined. Later the spark was 
slightly intensified also. 

As tap-water is a mixture of dilute solutions of various 
substances, it is to be expected that mixtures of tap-water 
and distilled water would give a series of points on a curve 
similar to those already obtained. The curve found falls 
remarkably steeply and reaches p=0'5 with only 10 per cent. 
of tap-water in the mixture. For a 50 per cent. mixture 
p=0'04. Since Oxford tap-water has only about 0°3 gm. 
of dissolved substance per litre, it is evident that small 
quantities of a few different substances in solution make a 
very opaque screen for ultra-violet light. 
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Curve 12. Calcium Nitrate in Tap- Water Mixtures. 
(Fig. 5.) 

To examine to some extent the effect of the presence of 
other substances in the solution three separate series of 
readings were taken with solutions of calcium nitrate in 
mixtures of tap-water and distilled water. The mixtures 
used contained 10, 20, and 50 per cent. of tap-water respec- 
tively, and in each case the standard of comparison was 
10 mm. depth of the mixture. In diluting these solutions 
it was arranged that the concentration of tap-water salts 
should remain constant throughout each series while the 
concentration of calcium nitrate was reduced, 

All the curves obtained (curves 12 a, b, c) fall rather more 
steeply at first than the corresponding curve for solutions in 
distilled water (curve 10a). The curves for the 10 and 20 
per cent. mixtures are scarcely distinguishable at the weaker 
end, but increasing the proportion of tap-water to 50 per cent. 
of the dissolving mixture makes an appreciable difference. 
In fig. 5 curve 126 is omitted for the sake of clearness. 


Curves 13a, b, c, d. Effect of Thickness on Absorption. 
(Fig. 7.) 


Fig. 7.—Transmission and Depth (Table V.) 


The last phenomenon to be examined was the change im 
the absorption due to increasing the depth of the solution. 
The absorption of 10 mm. of each liquid was taken as unity 
und with it were compared the absorptions of other depths. 
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Curves were drawn for distilled water (13 a), the 50 per cent. 
mixture of tap-water and distilled water (13 0), and solutions 
of calcium nitrate of strengths 10-5 N and 4.10-* N in this 
50 per cent. mixture (13¢, 13d). 


(a) Distilled water. 
(b), (c), (d) The 50 per cent. mixture and solutions in it. 


From the readings it is clear that the change of trans- 
mission with depth depends to some extent on the strength of 
the solution, although the general form of the curve remains 
the same. (The form of course varies to some extent with 
the particular solution.) It falls rapidly at first as the depth 
increases from 10 to 20 mm., but further increase in the 
depth produces comparatively little change. This, of course, 
agrees with the idea of selective absorption, and evidently a 
thickness of 20 or 30 mm, of tap-water would stop practi- 
ealiy all the absorbable rays. The addition of small quantities 
of solute (in the particular case examined, calcium nitrate) 
to the tap-water, while reducing the actual transparency, 
made but little difference to the change of transparency 
with thickness. Each time the solution was strengthened 
the initial gradient became slightly steeper and at the same 
time the fraction absorbed in the last half centimetre was 
diminished. That is to say, in the stronger solutions more 
of the absorbable rays are stopped in the first centimetre 
anda proportionately smaller effect is produced by increasing 
the thickness. 

From these curves it is evident that there is a depth 
beyond which it is of no advantage to go. In the case of 
the 50 per cent. mixture a thickness of 20 mm. absorbs 
much more than a thickness of 10 mm., but little is gained 
by inereasing the depth beyond 20 mm. This maximum 
suitable depth depends on the strength of the solution. 
With a weaker solution than the equivalent of 50 per cent. 

tap-water it would naturally be greater than 20 mm. With 

a stronger solution it might be much less. As the strength 
of the solution decreases the bend in the curve becomes 
less pronounced and the initial gradient becomes less steep, 
so that the curve approaches that for distilled water (13a). 


Numerical Results. 


7. The chief numerical results obtained in the course of 
the experiment are indicated in the following tables. In 
‘Tables 1., II., and III. the first column indicates the concen- 
tration of the solutions in terms of 10-4 N or 10-5 N. The 
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other columns give the values obtained for the transmission 
coefficient, (u), of these solutions at the various concentra- 
tions tested. In Tables I. and II. the value of pis relative 
to the transmission of 10 mm. of distilled water. 

In Table IlI. are grouped together the results obtained 
with solutions of calcium nitrate. The first column indicates 
the concentration in terms of 10-5 N. Columns 2 and 3 of 
the table give the values of the transmission coefficient for 
solutions in distilled water, column 2 being those for 10 mm. 
of solution relative to 10 mm. of distilled water, and column 3 
those for 20 mm. of solution relative to 20 mm. of distilled 
water. The last three columns of Table III. show the 
values of ø obtained with solutions of calcinm nitrate in 
mixtures of tap-water and distilled water. In column 4 the 
nitrate solutions were made up in a mixture of one of tap- 
water to nine of distilled water (known as the 10 per cent. 
mixture) and 10 mm. of this mixture was used as standard. 
In the dissolving mixtures used to obtain the figures in 
columns 5 and 6 the tap-water and distilled water were in 
the ratios 1:4 (the 20 per cent. mixture) and 1 : 1 (the 
50 per cent. mixture) respectively. A depth of 10 mm. of 
the dissolving mixture was used as standard in each case, and 
the values of p recorded are relative to the transmission of 
these standards. 

Table IV. gives the values of p obtained with mixtures of 
distilled water and tap-water (10 mm. deep), using 10 mm. 
of distilled water as the standard. Table V. illustrates the 
change in w with change in depth of the solution. Four 


TABLE I. 


Transmission Coefficients of Solutions in Distilled Water. 
(v. Fig. 3.) 


| | Sodium | Sodium | Sodium Sodium Manganese | 
| Conen. | Chloride. ; Bicarbonate. Carbonate. Sulphate. | Chloride. 
„in 10-4 N. | 


| Curve 1. Curve 2. | Curve 3. | Curve 5. Curve 7. 
eee —-| ee ee 

| 100 202 228 | 068 656 OL 
| 50 | "304 375 | 09 727 160 ` 

z | 383 05 | 194 ‘872 265 i 
| 10 | 536 | ‘765  , 43 945 ‘BO | 
|? | 670 a rs) = 694 : 
: 25 | ‘801 | — ‘78 — 81 | 
| 0 | 10 : 1:0 10 1:0 1:0 


~ Phil. Mag. S. 6. Vol. 49. No. 293. May 1925. 3U 
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examples are given: (i.) Distilled water; (ii.) A mixture 
of tap-water and distilled water in equal proportions (the 
50 per cent. mixture) ; (iii.) & (iv.) Solutions of calcium 
nitrate of strengths 10-° N and 4.10~° N respectively in this 
50 per cent. mixture. 

In figs. 3 to 6 are given the curves corresponding with the 
tables, 

TABLE II. 


Transmission Coefficients of Solutions in Distilled Water. 
(v. Fig. 4.) 


Sodium Sodium Copper | Potassium 
| Conen. Diphosphate.| Nitrate. Sulphate. | Permanganate. 
| in 10-5 N. Curve 4. Ourve 6. | Curve 8. Curve 9. 
res ONS CENA 
| 100 “108 08 | 1d 052 
| 50 280 = 398 ‘11 
| 2% 571 O34 71 34 
| 10 "756 "196 "874 “546 
| 5 871 39 95 76 
| 2 — ‘701 "97 ‘87 
| 


0 1:0 10 1:0 10 


TABLE ITI. 


Transmission Coefticients of Calcium Nitrate Solutions. 
(v. Fig. 5.) 


| I in 6 ; } 
n distilled water. | Ta th In the | In the 


| 
Conen. = peen lU per cent. 20 per cent. | 50 per cent. 
‘in 10-5 N.| Depth | Depth | mixture, | mixture. | mixture. 
| 10 mm. | 20 mm, | | 
| Curve 10 epee 102.' Curve 12 a. | Curve 12 4, | Curve 12c. 
— — -—— —_ — 
| 20 ‘040 = O37 04 ‘ll 
10 ‘16 "047 "133 '15 22 
5 ‘405 "105 36 | 3 “43 
3°33 48 139 483 | “45 505 
2:5 57 179 me | ae EA 
2-0 = — "594 | 59 GI 
1 77 380* ‘659 | 76 T4 
0 10 10 10 10 10 


m eee 
——. = Á e e mm — 


* At concentration 0'5 .10-5 N, p=*d89, 
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Transmission Coefficients of Mixtures of Tap Water and 
Distilled Water. (v. Fig. 6.) 


Percentage of 
Tap Water in Curve 11, 
the mixture. 


100°, ‘021 
50 035 
33-3 089 
20 | 23 
10 ‘504 

5 ‘697 

9 85 

0 1-0 
TABLE V, 


Change of Transmission Coefficient with Depth. 
(v. Fig. 7.) 


50 per cent. | Solution 1075 N Solution 4.10-5N 


Depth Distilled | mixture of tap- | of calcium nitrate ; of calcium nitrate 


ea Water, _ water and in 50 per cent. in 50 per cent. 
i distilled water. mixture, | mixture.’ 
Curve l3a Curve 130. Curve 13c. Curve 13d. 
10 1-0 10 1:0 1-0 
12°5 — 547 520 78 
15 835 "304 300 27 
“715 ‘124 '131 135 
25 636 "085 093 117 


i at a Ea e aE EE E a a e e e o 


In connexion with these results there is this to be said. 
The construction and dimensions of the apparatus naturally 
determine to a large extent the wave-lengths of the effective 
ultra-violet light. The light was not examined spectro- 
scopically, but probably the wave-lengths present were chiefly 
the longer waves in the ultra-violet spectrum of zinc. A 
metal spark-gap in parallel with a condenser gives mainly 
the spectrum of the metal. Also, since in the actual appa- 
ratus the light had to pass through 10 cm. of air, 2 mm. 

3 U 2 
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of quartz, 10 mm. of water or solution, and a further 6 cm. of 
air before reaching the silver plates, it is evident that only 
the longer waves could have got through to be effective. 
The fact that these wave-lengths occur in an absorption 
band of nitrate solutions determined the remarkable efficacy 
of the latter as absorbers. 


Summary and Conclusion. 


l. An apparatus is sketched and a method outlined by 
which the relation between the concentration of dilute 
solutions and their absorption of the ultra-violet light from 
a spark-gap may be studied. 

2. Records are given of experiments with various sub- 
stances in solution in distilled water, and curves are shown 
connecting the photo-electric effect of the transmitted light 
with the concentration. The effect of adding certain pro- 
portions of tap-water is also investigated. 

It is shown that, in general, nitrates absorb more readily 
than some other substances, less than one part per million 
being sufficient to cause a measurable absorption in a depth 
of 10 mm, of solution. Of the other sodium salts examined, 
the phosphate and carbonate absorb fairly well, the chloride 
and bicarbonate require much stronger solutions to produce 
measurable effects, and the sulphate absorbs scarcely at all. 

3. Finally, the relation between absorption and thickness 
of solution is examined in a few cases. 


In conclusion, I should like to record my thanks to 
Professor Townsend, in whose laboratory the research was 
performed, for his kindly advice and encouragement during 
the course of the experiments. 


CI. Note on the Law of Force within the Atom. By 
GEORGE GREEN, D.Sc., Lecturer in Natural Philosophy 
in the University of Glasgow *, 


Ao experimental investigation establishes very defi- 
nite arrangements of atoms and atomic groups in 
crystalline and solid matter. According to modern ideas 
regarding matter, the mutual forces acting between atoms, 
which determine the equilibrium arrangements of atoms to 
form a crystal, are such as would arise when atoms act upon 
neighbouring atoms or electrons only in virtue of the forces 


* Communicated by the Author. 
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depending on their electrical charges. By consideration of 
the conditions required for equilibrium of a homogeneous 
assemblage composed of positive and negative charges, 
it can, however, be shown that the inverse square law of 
attractive force between a positive charge and an electron 
cannot hold without modification when atomic distances 
between charges are reached. The inverse square law of 
attraction must give place to some law of repulsion between 
a positive and a negative charge, in order that the individual 
positive and negative charges may be able to retain the 
relative positions assigned to them in the experimentally 
determined space-lattice arrangement. Sir J. J. Thomson, 
in his recent papers * dealing with the subject of the electron 
theory of solids, assumes that the law of force between a 
positive charge e and un electron e is represented by 


e ce 

j= yt -= r’? © o >è >o oè >œ (1) 
where ¢ is a constant, and where the repulsive force ce?/r* is 
supposed to come into operation only at atomic distances. 
No particular reason is stated in these papers for giving 
preference to the inverse cube law as the law of repulsive 
force just outside a _ positively-charged atom, although 
reference is made to the inverse cube law in an earlier 
paper f. The results arrived at by means of the law (1) 
given above prove that any indication of the correct form 
of the law of repulsion between a positive atom and an 
electron within atomic range would be of importance in 
establishing more satisfactorily the foundation of the elec- 
tron theory of solids. 

On the other hand, according to Bohr’s theory of the atom, 
the inverse square law of attraction holds for the orbits of an 
electron within an atom, and also, according to a-ray experi- 
mental results obtained by Rutherford and others, the same 
law holds at distances within the innermost orbits of Bolir's 
theory. 

The object of the present note is to indicate what seems 
to be a probable form of the law of force between a positive 
charge and an electron within atomic distances. With a law 
of force of the type under discussion below, it will appear 
that it is possible to harmonize the apparently opposite views 
referred to above, and in this way to obtain a link connecting 
two distinct fields of investigation. 


* Phil. Mag. xliii. p. 721; xliv. p. 657 (1922). 
t Phil. Mag. xx. p. 239 (1910). 
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If we take p to represent a radius drawn from the centre 
of an atom, such that for all distances exceeding a small 
multiple of p the inverse square law of attraction holds, the 
Jaw of force to be discussed below is of the type * 

a gen J R (Oe TE AO ge 9 

f= 00s"; or f=—,cos” + {coe + sin. (2) 

Additional terms such as ¢~?* may be included to represent 

a force ultimately falling to zero as r is diminished, but these 
do not immediately concern us. The particular case 


i e? ae? p g 
f=(S+“)ese ..... @ 


is worthy of study, even as as illustrative system only, 
f being positive for attraction and negative for repulsion. 


f 


Diagram showing the force acting on an electron. 


The force varies with r in the manner indicated in the 
diagram, where Bo, B,, By, ete. represent positions within 
the atom at which an electron could remain at rest in stable 
equilibrium. These positions of equilibrium for an electron 
at rest correspond to values of r given by 


P = (2n+4)r ; n=, 1 2, 3; etc. x (4) 


Tn 


* A similar law of force was discussed from quite a different stand- 
point by Sir J. J. Thomson in Phil. Mag, xxxvii. p. 419 (1919). 
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Similarly, mnaxima of the attractive force on an electron 
occur at the positions defined by 


f= 2a, n=1, 2, 3, 4, ete., : e e e (5) 


and represented by the points C,, C,, C} etc. in the 
diagram. 

Consider now a ligne radial displacement to be given 
to an electron initially at rest in one of the positions of 
equilibrium B,. The restoring force corresponding to a 
displacement u is given by 


r="8(14 u See ee (6) 


if m be the mass of an electron, the frequency v of its 
vibration about the position B, is accordingly given by 


= m cm S Enta) ri (2n4 ayia} D 


or, if a be an exceedingly small quantity, by 


= CoH (2n +4). 5 & me x (8) 


The amount of work which must be expended in order to 
remove an electron from one of its equilibrium positions B, 
to another B, (n > p) is represented by 


24°r 
Wa — Wp = “| (2 + se) cos P dr 
P Fn r” r 1 


o ae T? 


p --$ \(2u+ 3 Cpt}, . (9) 


an expression which is seen to depend only on the second 
term contained in the assumed law of force (3). The value 
of W, alone, which represents the work required to remove 
an electron from position B, to a position at rest at infinite 
distance, is 


2 2 
w= += 3 TtT, . . (10) 


and the corresponding expression for the position C, at which 
the attractive force is a maximum is 


wa SF te oe ee oe OD 
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The value of W,—W, which we have obtained above 
represents also the amount of energy radiated corresponding 
to a change in the position of the electron from one equi- 
librium position to another. It is of interest to note that the 
expression is in harmony with a quantum theory, and the 
diagram on p. 1022 indicates clearly the manner in which 
energy would be radiated when an electron is in motion 
radially to or from the positive nucleus. If an electron 
originally at B, receives just sufficient energy to allow it 
to reach the point D,, it will then oscillate about the position 
B41, and in so doing lose its energy gradually in waves 
which are of one definite frequency. If the electron were 
disturbed from B, so as to reach D, with a high inward 
velocity, it would then traverse a large range of r including 
many equilibrium positions before reaching the position at 
which it would ultimately settle after a series of diminishing 
oscillations. Taking the loss of energy by radiation propor- 
tional to the square of the acceleration at each instant, we 
see that the rate of loss would be very rapid so long as the 
inward radial motion continues. Each separate wave-length 
of the radiated energy would correspond with the movement 
of the electron from one of the equilibrium positions to the 
next—a distance which gradually diminishes as the inner 
positions are approached. The mean velocity of the electron 
between successive equilibrium positions likewise falls off 
during the inward motion, so that the energy radiation tends 
to be approximately of a uniform wave-length, as we may 
readily verify analytically. The frequency of the emitted 
radiation clearly depends on the initial energy of the 
inward motion, and this determines also the final position 
to which the electron would attain before coming to rest. 
We see therefore that the law of furce under consideration 
provides a system in which energy would be radiated ac- 
cording to change of position of an electron within an atom 
in a manner in close conformity with the conditions of radia- 
tion loss postulated for a change of orbit of an electron on 
Bohr’s theory of the atom. 

So far we have retained the term ae?/r* in the expression 
for the law of force; but in considering orbital motion of an 
electron round a positive nucleus, we can without loss limit 
the discussion to the simpler case where 


3 
f= Sos". je ee. & we HT) 


This force is attractive within each range of r from 


P = (2n + L)r to t= (2n—4)z7; 
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and accordingly it might appear to be possible for an elec- 
tron to revolve steadily at any distance ry within the range 
with angular vejocity w, provided 

2 

mor, = “cos 2. i, He oe & « 303) 

T'o To 
To test the stability of such an orbital motion, we may 
assume that the electron is disturbed slightly from its 
circular path by a radial force, so that in the subsequent 
motion the angular momentum of the electron remains 
constant. The equation representing the subsequent radial 
motion is 


; 2 
m(#—rġ)= — $; cos? ©... (14) 


When we take account of the condition of uniform angular 
momentum, replace r by 7+2, and retain only the terms 
depending on the first power of z, the above equation 
becomes 


: 3 
Etat (14 E tany): = , where y=". » (15) 
0 


Hence a uniform orbital motion of the electron is stable, 
provided 


2 
(14 *-tany) >05 . >... (1B) 


that is, when tany is positive, and also when tany is 
negative but not greater than p/2y?. Thus in each range 
of r from one of the equilibrium positions B, to the neigh- 
bouring position of maximum force C,, and to a small 
distance beyond ©, only, the assumed orbital motion is 
stable. An electron describing an orbit near any one of 
the positions defined by p/r=2n7, Cn, and subject to only 
a slight loss by radiation, would experience an exceedingly 
slow change of position towards B,, because the loss of 
energy by radiation only affects the kinetic energy of the 
electron very slightly near Ca. In this neighbourhood 
the work done by the attraction of the positive charge upon 
an electron for any slight movement of the electron towards 
the nucleus has a maximum value ; and this work energy 
has to be expended before the electron sensibly changes its 
position. Accordingly, it is clear that the orbital motions 
of an electron corresponding to any one of the positions 
indicated by Cy, C41, etc., once established, would be nearly 
permanent, provided the natural radiation loss was small. 
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They, would therefore resemble closely the electron orbits 
postulated by Bohr. 

Consider now the values of the kinetic energy, angular 
momentum, etc., of an electron revolving about a nucleus in 
one of these orbits corresponding to the. position p[ra= Dnr. 
In this orbit, with the usual notation, we have mw?r, = 6ra, 
and the kinetic energy of the electron is therefore e7/2r, or 
4mm’r,?.. Hence, in removing an electron from the orbit r, 
to a position at rest at an infinite distance, an amount of 
energy T, would be obtained, where T,=e7/27r,. The loss 
of energy involved in a change of orbit of the electron from 
orbit 7, to rp would be represented by 


3 2 
T.-r=3(2- 2). TERE 


2N to 


or, since r, =p/2mn, rp=p/2ap, by 
2 
T,—T,= ms (n—p). = se, e (18) 


Similarly, the angular momentum of the electron in orbit 7, 
is easily shown to be given by A,, where 


A= méri (92), ..  . 9) 


and the change of angular momentum of the electron from 
orbit », to orbit r, is accordingly 


E = (ey -A o.. (20) 
n Pp 


When we take n to represent some exceedingly large 
number, while the difference n—p is small in comparison, 
the above expression for the change of angular momentum 
becomes 


A,—A,= nee) (=p). D 


This form indicates that the change of angular momentum 
of an electron from each orbit to the next is sensibly uniform 
for a very large number of orbits on either side of orbit n. 
Keeping n to represent some very large but definite 
number, let us now choose a succession of orbits corre- 
sponding to the positions C, defined by the indices 
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ny y D» ie om etc. The energy of the electron corre- 
sponding to these orbits is proportional te the numbers 
1 1 1 
L o» 3h 4” 5 
are proportional to the numbers 1?, 2, 3%, 4?, 5?, etc., 
respectively ; and the angular momenta are proportional 
to the numbers 1, 2, 3, 4, 5, ete., respectively. Hence these 
particular orbits can be identified with the system of orbits 
referred to in Bohr’s theory of the atom. If we choose the 
constant n so that 


, etc., respectively ; the radii of these orbits 


a ne 
2A, = 2m (FF =h, . . . . (22) 


Inn 


where fh is Planck’s constant, the above system of orbits 
coincides with that of Bohr, and leads to the same value for 
the Rydberg constant, namely 27°e!m/h®, The particular 
law of force now under discussion does not provide any 
reason why the group of orbits referred to in the preceding 
paragraph should be of more importance in the atom than 
the intermediate orbits. But it is clear that this can be 
secured by a proper summation of terms of the same 
type. 

The properties of the atomie system which we have been 
discussing are also interesting in relation to the manner in 
which radiation would take place from such a system, which 
we have already referred to in connexion with change of 
position of an electron from one equilibrium position to 
another. Similar results regarding the frequency of energy 
radiated are obtained in the case of a change of orbit of the 
electron as in the former case. The peculiar feuture of 
the orbital motion at any position ©, is that, while the 
motion is stable for exceedingly small disturbances, the 
range of stability is small especially for the inner orbits, 
as we see from equation (16) above. When a disturbance 
occurs sufficient to render tan y negative and greater than 
p/27?, the orbital motion becomes unstable. The electron 
would then begin to move outwards with at first a gradual 
increase in the radial velocity, and then a rapidly increasing 
radial velocity when the force acting on it becomes repulsive. 
According to the law (12), the kinetic energy acquired by 
the electron in any range of r for which the force is repul- 
sive is exactly equal to the amount required to enable it 
to surmount the succeeding range in which the force is 
attractive, loss of energy by radiation being neglected. 
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Through loss of energy the outward movement of the 
electron might come to an end in one of the outer orbits, 
but with a moderately large initial disturbance the electron 
would escape from the positive nucleus altogether. In the 
cise where a disturbed electron is rctained in one of the 
outer orbits, the outward movement would be brought to an 
end suddenly through loss of energy, and the train of waves 
radiated would be practically of a uniform wave-length, as 
in the case already referred to on p. 1024 above. The same 
explanation applies to the case of an electron acquiring 
suddenly an increase of angular momentum. It must move 
outwards, with loss of energy by radiation in each successive 
range of positive or negative force, until it reaches an orbit 
corresponding to the angular momentum which it now 
possesses. The outward movement would begin suddenly 
and come to an end suddenly, and the mean frequency of 
the train of waves radiated would be completely determined 
by the initial and final orbits of the electron. 

As already stated, with relatively small loss of energy by 
radiation an electron might readily escape from the nucleus, 
carrying with it the bulk of the energy belonging to the 
orbit from which it set out. The relation of such an action 
of expulsion of an electron to the photo-electric effect is 
obvious ; and it is clear also from equation (16) above that 
light-waves capable of disturbing an electron so as to enable 
it to escape would require to have a frequency in close 
agreement with the natural frequency of disturbed orbital 
motion of the electron. 

We see, then, that the law of force (2), which we have 
heen discussing, gives us an atomic system whiose essential 
features are in conformity with Bohr’s theory of the atom 
and with quantum theory. Jt admits also of equilibrium 
positions for an electron within the atom. The above dis- 
cussion may be useful in providing a physical picture of an 
atomic system whose properties are similar in many respects 
to those of the Bohr atom, and in indicating a form of the 
law of force between an atom and an electron when atomic 
distances are reached. 
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CII. An Oscillograph Study of the Aluminium Valve. By 
F. H. Newman, D.Sc., A.R.C.S., Professor of Physics, 
University College of the South- West of England, Evxeter*. 


[Plate XI.) 


l. Introduction. 


WEN diluted sulphuric acid is electrolysed with an 

anode of aluminium, the anode becomes coated 
with a grey film, and the polarization observed seems to 
be partly galvanic and partly dielectric. According to 
W. A G. Schulze f the valve action of such an aluminium 
rectifier is due to the formation of a very thin layer of gas, 
of high resistance, and a thicker, porous layer of aluminium 
oxide, the pores of which are filled with electrolyte and gas. 
The whole may be compared with a condenser; since, 
however, the capacity and resistance of the formed anode are 
both very high, the charge accumulated cannot disappear in 
a moment. ‘lhe resistance of the oxide layer appears to be 
very small in comparison with that of the gas layer, and the 
ohmic resistances are by no means constant. 

F. Streintzand F. Fiala f, in experiments on gas generation 
from aluminium electrodes in diluted sulphuric acid, found 
that hardly any gas was liberated on open circuit ; the electro- 
lysis by 14 storage-cells gave very little oxygen at the anode, 
which collapsed in 24 hours. When the current was reversed 
before this collapse, the cathode—which had been the anode— 
gave the correct amount of hydrogen, and the relation 
between the current intensity in the anodic and cathodic 
directions, ty, and 29), 18 


2 

ami [a] 

where a and b are coefficients of practically equal value, and 
increase with the E.M.F. of the charging battery. The 
polarity 

y= (in iis) 
t21 
increases with the charging potential V in such a way that 
UV becomes constant, starting from a certain value of V; 
that value of V is below 150 volts, but it cannot be fixed 
Communicated by the Author. 


t Ann. d. Phys. xxii. 3, p. 543 (1907). 
t Phys. Zeits, xxii. p. 141 (1921). 
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with any degree of accuracy. The value of U depends only 
upon the current density—increasing with the density—not 
upon J’, provided that the density is not high. A valve 
effect was obtained by these experimenters only at high 
current density, and it depended upon the supply of anions 
per unit time. 

Schulze * noted that during the formation of these 
electrolytic valves the P.D. rises first to the spark potential, 
then to the maximum potential, but sometimes there is a 
further slight rise. Both the porous film of the oxide and 
the effective oxygen film of high electrostatic capacity are 
exceedingly thin, especially the latter, and the film formation 
becomes more and more difficult as the temperature rises to 
100° C. when more oxygen is liberated. 

A. Smits f disagrees with Schulze’s view that the passivity 
of aluminium during anodic polarization is due to the 
formation of a layer of alumina of high resistance. He 
considers that, although a coating of oxide or basic salt is 
formed at higher potentials, this explanation cannot be 
reconciled with the fact that at lower potentials, where 
passivitv is also shown, the aluminium electrode remains 
bright, and that when the current is reversed the resistance 
disappears. Smits finds that, on anodic polarization, the 
potential of the metal becomes so strongly positive that the 
tension necessary for the separation of oxygen is reached 
with very low current densities. He considers that this 
change of potential is the primary phenomenon, and the 
separation of the oxygen, and subsequent oxide formation, is 
a secondary action. The increase of the aluminium potential 
is explained by the withdrawal of electrons from the metal 
being followed immediately by the aluminium going into 
solution, The formation of the aluminium ions within the 
solid metal proceeds with very slow velocity. Through the 
withdrawal of electrons and ions the metal surface passes 
into a state which resembles a metalloid, and it possesses an 
exceedingly small electrical conductivity. The aluminium 
surface, therefore, is a metal coating of great electrical 
resistance, and this coating is in turn surrounded by another 
of alumina. 

The immediate destruction of anodic polarization on 
reversal of the current is explained by the fact that hydrogen, 
just as oxygen, though in a smaller degree, is a negative 
catalyst for the establishment of the internal metal equi- 
librium, but yet apparently acts positively catalytically Sten 


* Ann. d. Phys. lxv. 3, p. 223 (1921). 
t K. Akad. Amsterdam, Proc. xxii. 9 & 10, p. 876 (1920). 
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it separates on a metal surface that has previously absorbed 
oxygen, since hoth negative catalysts then disappear with 
the formation of water. 

This valve action of aluminium has been utilized by the 
author * in a modified form of the Wehnelt interrupter, in 
which the cathode is an aluminium plate and a platinum wire 
acts as the anode, these electrodes being immersed in a 
saturated solution of ammonium phosphate. In addition to 
possessing rectifying properties, this arrangement also acts 
as an interrupter. The present work is an investigation of 
the valve action of this interrupter under various conditions. 


2. Erperiments. 


In the experiments described below, the wave-form of the 
current passing the valve was investigated by means of 
oscillograms. The oscillograph employed was a Duddell 
permanent magnet type having a vibrator specially stretched 
so that, if necessary, it was able to follow variations in the 
current up to 1000 alternations per second. The resulting 
curves were photographed by means of a falling-plate 
camera. The plate release in the dark slide was controlled 
by an electromagnet, and the plate could be adjusted, if 
desired, at different heights, so that the time-interval 
between the commencement of the current and the instant 
of photographing could be varied and measured by using a 
special rotating commutator. The vibrator—in series witha 
high non-inductive resistance—was placed in shunt with 
the main current. 

The valve consisted of an aluminium plate, 8 sq. cm. in 
area, and a platinum wire, 0°12 sq. cm. surface area, both 
electrodes being immersed in a solution of ammonium phos- 
phate. Alternating current of period 60 was used, and, 
accordingly, the anode was formed by one-half of the current 
cycle, the other half tending to neutralize such formation. 
In all cases the P.D. is the maximum value, and the current 
density is expressed in virtual amperes as read from a hot- 
wire ammeter. 

A clear surface of the aluminium having been prepared 
and placed in the electrolyte, the form of the current was 
observed und photographed at different time-intervals after 
the current had commenced to flow in the valve. The 
oscillograms Nos. I., II., and III. (Pl. XI.) represent the 
current form after such intervals of 0'2 sec., 0°6 sec., and 
0'8 sec. respectively. Rectification, which depended on the 


* Proc. Roy. Soc, A, xcix. p. 324 (1921). 
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current density, was complete with 1:05 amps. per sq. cm. 
within 0°8 sec., the strength of the anode film in this short 
interval being such that it withstands the applied P. D. of 
100 volts. The time-interval required for complete rectifi- 
cation increases as the current density falls, but complete 
rectification is never attained with very small current 
densities, even when the applied voltage is as low as 12 
volts. Oscillograms Nos. IV., V., and VI. give the current 
forms with current density 0'4, 0:2, and 0°11 amp. per sq. 
cm., and applied P.D. 50, 24, and 13 volts respectively. 

Contrary to previous statements, it was found that the 
temperature of the electrolyte did not affect the rectifying 
properties of the valve. This is illustrated by oscillogram 
No. VIIJ., in which rectification is practically complete, 
although the valve was placed in an oil-bath and maintained 
at 96° C. The current density in this case was 0°96 amp. per 
sq. cm. and the P.D. —100 volts. 

After anode formation, if the aluminium were removed 
from the solution and dried, the anode was not active on 
replacing it in the electrolyte, and in order to restore its 
rectifying properties it was necessary to remove the oxide 
film and re-form the anode. This fact seems to indicate 
that the thin gas film, which according to Schulze is present, 
is removed when the anode is dried. 

Impurities present in the electrolyte have a detrimental 
effect on the rectifying properties of the valve, and sodium 
chloride appears to be very prejudicial in this respect. 
Oscillogram No. VII. shows the effect of adding a trace of 
this salt ; otherwise the conditions of the experiment were 
the same as those under which oscillogram No. VIII. was 
photographed. The chlorine ion appears to prevent the 
complete formation of the anode. 

Self-induction in the circuit changes the form of the 
current curve and causes incomplete rectification. This is 
shown in oscillogram No. IX., in which the current density 
was 1:24 amps. per sq. cm., the P.D. 100 volts, and the self- 
inductance 20°5 henries. 

The small time-interval necessary for the anode formation 
indicates that diffusion plays little or no part in the pheno- 
menon. The film thickness must be very small, but, even so, 
the film is able to withstand a tension of 100 volts. A solid 
oxide film alone, without the existence of an oxygen layer, 
would be unlikely to maintain such a rectifying action. The 
fact that temperature has little effect on this valve action is 
important when the valve is used as an electrolytic interrupter. 
In the latter case considerable heat is developed ; and if the 
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rectifying action ceased at high temperatures, this interrupter 
could not be employed with alternating currents, since in the 
event of such a cessation, the platinum wire, acting as the 
cathode during alternate half-cycles, would inevitably melt, 


3. Description of Plate. 
Oscillograms of A.C., period 60, rectified by the aluminium valve :— 


I. Applied P.D. 100 volts. Current density 1-05 amps. per sq. cm. 
Current form, O2 sec. after current started, 
If. Current form, O6 sec. after current started. 
IHE. Current form, 0 8 sec. after current started. 
IV. Applied P.D. 50 volts. Current density O-4 amp. per sq. em. 
V. Applied P.D. 24 volts, Current density 0-2 amp. per sq. cm. 
VI. Applied P.D. 13 volts. Current density O'll amp. per sq. em. 
VIL Etfect of adding a trace of sodium chloride to the electrolyte. 
Other conditions the same as No. VHI. 
VIII. Applied P.D. 100 volts. Current density 0°96 amp. per sq. cm. 
Temperature of electrolyte, 96° C. 
IX. Applied P.D.100 volts. Current density 1-24 amps. per sq. cm. 
Self-inductance in circuit 20°d henries. 
Except Nos. I., II., and III., the oscillograms were photographed 10 
minutes after the current hed been started, fresh aluminium being used 
ineach experiment. 


CIII. The J Phenomenon in X-Rays. (Part I.) 
By C. Q. Barkia, F.R.S., University of Edinburgh *. 


Introduction. 


T= investigation of the J phenomenon has led to con- 
clusions of such great interest and wide application 
that the writer is led to give a more complete and connected 
account of the subject than has been done hitherto. A 
number of short summaries and some fragmentary results 
have already been published f, but these reports have been 
very inadequate and cannot have conveyed any idea of the 
full significance of the experimental results. Though much 
work has been done and many facts have been learned, the 
study of the subject has only just begun to yield its most 
interesting conclusions. It is possible now to see in what 


* Communicated by the Author. 
t Barkla, ‘ Bakerian Lecture, 1916,’ Phil. Trans. 1917; Barkla & 


White, Phil. Mag. Oct 1917; Barkla & (Mrs.) Sale, Phil. Mag. April 
1923; Barkla, ‘Nature,’ Nov. 17, 1923, and ‘Nature,’ Nov. 22, 1924 ; 
Barkla & Khastgir, Phil. Mag. Jan, 1925. 
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direction we are moving, and to realize some of the conse- 
quences which necessarily follow, and others which will 
probably follow from the results of experimental investiga- 
tion. A great deal of the work which has been done, might 
have been done much more accurately ; we were however 
looking for large effects, and for results of fundamental 
importance rather than for accuracy in detail, These large 
effects we have found, and we now propose to give an 
account of them in as brief a form as possible. Brevity i is 
indeed essential, for the subject has become too vast fora 
detailed account before the outlines have been indicated. 
Let it be said now that the J phenomenon bas been observed 
between one and two hundred times, and without the least 
uncertainty. Itis thus possible to give only a few examples 
of results obtained from tho most interesting and significant 
experiments which have been undertaken. We should add 
that if some of these experiments were repeated other obser- 
vaiions would be taken based on more complete knowledge 
of the phenomenon than was possessed at the time the 
experiments were made. It may, however, be a long time 
before we have opportunity to repeat all of these. 

The results of experiments which are recorded will sug- 
gest many questions, —questions some of which can only he 
answered after further investigation. In some cases it will 
probably be wiser to withhold results until definite conclusions 
have been arrived at, rather than to excite speculation as to 
the probability of various possible alternatives. But though 
we are fully conscious of the vastness of the field which needs 
to be explored we have made definite tracks in many directions. 
In spite of the incompleteness of these investigations, a 
great deal of what appears to be of fundamental importance 

can be told. It is proposed to do this in several communi- 
cations. A full and profitable discussion of the subject can 
only be undertaken when the experimental facts have been 
made known ; this we shall proceed to do. 


Early Investigations. 


When making a study * of the relation between the energy 
of the K characteristic X-radiation emitted by an element 
and the number of electrons in the K corpuscular radiation 
associated with that particular characteristic radiation—a 
study which led to the conclusion that one quantum of 
IX X-radiation was emitted subsequent to the ejection 


* See Bakerian Lecture, 1916. 
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of each K electron—it was found that a sudden and quite 
unexpected increase occurred in the ionization in air when 
the X-rays reached a certain critical frequency, very much 
higher than the K frequencies for air. As such an increase 
of ionization had not previously been observed in any gas 
except in association with the emission by that gaseous sub- 
stance of a characteristic X-radiation, this suggested the 
existence of a characteristic radiation of higher frequency 
than the K radiation—a J characteristic X-radiation. 

Further investigation added to the evidence for the exis- 
tence of such a characteristic radiation, for not only were all 
the usual accompaniments of the emission of a characteristic 
radiation observed from light elements, but a secondary 
radiation of more absorbable type than the primary was 
actually observed to be emitted ; also it was P ee | only 
on the higher frequency side of what was approximately the 
same critical frequency. 

Thus as a primary radiation of increasing frequency passed 
through a substance, while there was in general the usual 
diminution in absorption, at the critical penetrating power 
there occurred 


(1) a sudden increase in the absorption of the primary 
X-radiation ; 

(2) a sudden increase in the ionization in the substance 
when that substance was in a gaseous state ; 

(3) an increase in the electronic emission from the sub- 
stance when that was a solid in the form of a thin 
plate ; and 

(4) in the immediate neighbourhood of this critical fre- 
quency there appeared from the substance a secondary 
radiation more absorbable than the primary. 


Previous to these experiments any one of these phenomena 
had been observed only in association with the emission of a 
characteristic radiation, of series K or L. The combination 
seemed overwhelming evidence for such a radiation, though 
the transformed radiation had not been shown to be charac- 
teristic solely of the element emitting it. It had been found 
to have features characteristic of the element, but had not 
been shown to possess a penetrating power characteristic 
only of the element. Especially was the evidence considered 
sufficiently convincing as the critical frequency varied from 
substance to substance, increasing with the atomic number 
of the element, as does the critical frequency associated with 
the K or the L radiations. 

So much was recorded in the Bakerian Lecture for 1916 
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(Barkla, Phil. Trans. 1917). Since that time the reality of 
the phenomenon has been confirmed by scores of experi- 
ments, yet with all the similarities to the production of X-ray 
fluorescence, striking differences have appeared ; and certain 
features have been brought to light which make the study of 
the greatest interest and importance. 

It was hoped that long before the present time a more or 
less satisfactory explanation of the phenomenon might be 
found ; but though mach has been learnt and laws have been 
found, the phenomenon has been strangely elusive. The 
principal difficulties have arisen from two causes: firstly, the 
phenomenon is dependent on some factors which we have 
not yet beon able to identify. It quite definitely occurs or 
does not occur, and we are left in no doubt as to which we 
are observing. But the feature distinguishing the experi- 
ments in which the above phenomena occur and those in 
which they do not occur, has not been recognized. As the 
J phenomenon occurs and does not occur under what appear 
to be identical essential conditions, it becomes exceedingly 
difficult to study the effect of a variation in conditions which 
are under control. Secondly, the phenomenon is so remark- 
able and has features so unlike anything with which we are 
familiar that nothing can be taken for granted. All the 
fundamental facts concerned with X-ray seattering and X-ray 
fluorescence as ordinarily known need to be investigated 
afresh in connexion with the new phenomenon. The phe- 
nomena of scattering and fluorescence, too, have their 
counterparts in optics, but the J phenomenon seems to 
open up quite new territory. The investigation is thus 
difficult for both practical and theoretical reasons; but 
much needs to be told, for it has an important bearing on 
many problems; indeed it appears to be intimately con- 
nected with that greatest problem of all—the problem of 
radiation itself. Though we cannot vet give the final solu- 
tion, a knowledge of the phenomenon is essential if gross 
misinterpretations of experimental results are to be avoided. 
We do not propose to give a description ef the apparatus 
used in all experiments—they are far too numerous, And 
it is not easy to see that much would be gained, for the 
apparatus and arrangement used in experiments showing 
the J phenomenon are identical with those in which the 
J phenomenon at other times did not occur. Tho results, 
however, cannot be described as irregularities, for one of the 
most remarkable features of the phenomenon has been its 
surprising regularity, when it does occur. Theaccount given 
in this communication (Part I.) is little more than an 
introduction to the whole subject. 
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Absorption Experiments. 


Absorption experiments were undertaken in 1915 and 1916 
in order to determine if discontinuities occurred corre- 
sponding to those previously found in ionization when the 
ionizing radiations were characteristic radiations of the K 
series. They showed the discontinuity most markedly. In 
some of the earliest experiments, however, the radiation 
experimented upon was the radiation proceeding from an 
ordinary X-ray tube and filtered so as to eliminate the soft 
constituents. The pressure of the gas in the tube was varied 
and the thickness of filters altered so that the radiation used 
was the most penetrating portion of that emitted from the 
tube at different pressures. It was found by successive 
absorptions to be comparatively homogeneous. As ths 
pressure of gas in the tube was reduced there was in 
general an increase in the penetrating power of the radia- 
tion emitted. The absorption in a given substance, however, 
exhibited a discontinuity, rising abruptly to a higher level 
and subsequently diminishing as previously with a diminu- 
tion in the pressure of the gas in the tube. There was no 
doubt that the penetrating power and thus the frequency of 
the rays experimented upon varied steadily, for at the critical 
point in any substance the absorptions in all other substances 
progressively diminished as one would expect. But each 
substance showed its own discontinuity at a critical pene- 
trating power depending upon the substance. Results 
obtained by Barkla and Miss White were published in the 
Philosophical Magazine in 1921. 

The critical penetrating power was found to increase with 
the atomic number of the absorbing element. 

It should be pointed out that in order to minimize any 
effects of heterogeneity in the beams experimented upon, a 
50 per cent. absorption was always obtained when deter- 
mining the absorption coefficients, and the absorption was 
calculated from the equation I= [e*t as though the radia- 
tion was perfectly homogeneous. The magnitude of the 


sudden change in the value of A was of the order of 15 per 


cent. There was not the slightest doubt of the reality of the 
phenomenon, for the step or discontinuity was quite large 
and could be traversed repeatedly in either direction; it 
could not escape observation. Such a step was, of course, 
quite familiar since the discovery by Barkla and Sadler of 
the K absorption edge associated with the K characteristic 
radiation. 

Unusual features only very gradually began to appear. 
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The first noteworthy point. was the abruptness of the change 
in absorption. Other experiments did, it 1s true, indicate 
that the radiations used were unusaally homogeneous, but 
from our experience of the K and L absorption discont- 
nuities, we did not expect the change to be quite so sudden. 
When a heterogeneous beam is gradually hardened up, 
though the absorption of a homogeneous constituent may be 
regarded as rising suddenly as it passes the K or L critical 
absorption frequency, owing to heterogeneity the total absorp- 
tion rise is gradual ; but the J discontinuity was found to be 
absolutely abrupt even when a very heteroveneous radiation 
was used. This effect is as though the whole absorbing 
property of the substance was suddenly increased for every 
constituent of the complex radiation, and then subsequently 
the absorption changed in the normal way with increasing 
frequency, but at the higher absorption level. 

In many of the following experiments no attempt was 
therefore made to produce even approximately homogeneous 
b-ams, for these heterogeneous radiations provided us with 
the phenomenon which we wished to examine. In one set 
of experiments, for example, the heterogeneous A-radiation 
scattered from very thick plates of aluminium was used. 
As the primary beams exciting this radiation varied in pene- 
trating power, the ab orption of the scattered radiation was 
measured in several substances. The discontinuities again 
appeared exactly as they had done in experiments on primary 
radiations. The results obtained for the absorption by paper, 
aluminium, and gold on three consecutive days are shown in 
fig. 1. This teure should be compared with that published 
by Barkla and Miss White obtained from their experiments 
on fiitered primary beams direct from an X-ray tube. The 
agreement in position and magnitude of the discontinuity is 
remarkably close. 

Using such scattered radiations, the discontinuities oc- 
curred without interruption for a long period, and we 
concluded that the scattered radiation was much more 
susceptible to the phenomenon than was the primary radia- 
tion, The two, of course, differed in these respects,—the 
primary beam necessarily egusisted of a few narrow pencils ; 
the scattered radiation was a wide beam: the primary was 
practically unpolarized; the scattered radiation highly 
polarized: the primary was comparatively intense; the 
scattered radiation was feeble. 

Later experiments, however, showed that even the scattered 
radiation did not always exhibit the phenomenon ; the dis- 
continuity disappeared and was not observed for a long 
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period. Thus at times the perfectly regular linear relation- 
ship between the absorptions in various substances was 
obtained ; at others, though the experimental conditions 
were apparently ideatical, the J absorption discontinuities 
were obtained without the least uncertainty, and at the 
penetrating powers characteristic of those substances. It 
thns appeared that there were two possible absorptions in a 
given substance, some apparently slight change in the 
conditions of the radiation deciding which absorption would 
occur. 


Fig. 1. 


8 
(e) Cu. 


It is of course evident that if the controlling factor varied 
during a series of observations, the discontinuity might occur 
at any penetrating power within the range of penetrating 
powers over which there are two possible absorptions. This 
very rarely happened, however, for above the critical pene- 
trating power the absorptions in a given substance were 
almost. invariably at either the lower or the upper absorption 
levels, not fluctuating from one to the other, during a series 
of observations. 

Perhaps the most striking exception to this rule which we 
venture to give is shown in fig. 2, in which absorptions in 
aluminium are plotted against absorptions in copper. The 
numbers indicated by the various observational points indi- 
cate the order in which the observations were made. They 
show that though all the points lie fairly accurately on two 
straight lines, there are in a series of 17 observations as 
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many as 9 changes from one level to the other. The radia- 
tion was evidently somewhere about the state of instability 
between the two different states; it was very sensitive to the 
unknown controlling factor, This experiment (though it is 
such an outstanding exception among this particular series) 
does show that the higher absorbing level mav be reached by 
radiations of frequency considerably lower than the J critical 
absorption frequency. ‘Lhis conclusion receives ample sup- 
port from experiments on the scattering of X-rays to be 
described in later papers. It should be noticed that in the 
latest observations from 11 onwards, t.e. when conditions 
had apparently settled down, there was the usual sudden rise 


in the absorption in aluminium at ; = 7 approximately’®. 


Fig. 2. 


RA. ro 


(Cu 


A remarkable feature then is the fact that the absorption 
discontinuity occurred so persistently at the same critical 
penctrating power for a given substance. This may be seen, 
for instance, from the various figures in this paper, though 
they are sclected to illustrate different points. The discon- 


tinuity in aluminium is at a value of A in Al of 0°7,—this 


being calculated from a 50 per cent. absorption. This bas 
been observed more than 30 times, that is in over 30 distinct 
experiments, in many of which the step was traversed 
several times in both directions. 

As previously stated, the position of the absorption step 
depends upon the atomic number of the absorbing element, an 
increase in the atomic number being accompanied by a dis- 
placement of the absorption step towards the more penetrating 


* See observational points, 11, 12, 18, 14, 15, 16, and 17 in fig.2. 
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end of the spectrum ; that is, by an increase in the critical 
absorption fregquency—a result agreeing with that originally 
obtained by Barkla & Sadler for the K absorption edges. The 
J discontinuity did not, however, occur nearly so frequently in 
copper as in aluminium—the only two substances upon 
which the numbers of experiments were comparable, —con- 
sequently in plotting the results the absorption in copper 
was usually taken as the standard. 

Fig. 3 shows the result of one experiment in which both 
aluminium and copper showed the discontinuity,—when the 
relative absorptions returned to the original line approxi- 
mately. (Without other evidence it might be thought that 
the absorption in aluminium returned to the lower level 
again: the absorption in aluminium, however, varied pro- 
gressively with the gas pressure in the X-ray tube throughout 
the copper discontinuity.) 

Fig. 3. 


4 6 
(Hp) Cu. 


Such discontinuities have been found in all substances 
tested, 7. e. by the absorption method in carbon (in paraffin 
wax), oxygen (in water and in paper), aluminium, copper, 
platinum, and gold; and by other methods in nitrogen, 
sulphur, and lead. 

Another remarkable feature of the phenomenon is that 
with beams obtained in so many different ways the critical 
penetrating power should appear so constant. In fact, the 
discontinuity appears to depend more closely upon the absorp- 
tion coefficient of the radiation than upon mere wave-length. 
This is illustrated very distinctly in several ways. 

Thus a heterogeneous beam direct from an X-ray tube 
when gradually made more penetrating may exhibit no 
absorption discontinuity, whereas the same beam when 
filtered and so brought to a higher average penetrating 
power shows the discontinuity quite clearly and at the 
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correct critical point. Thus fig. 4 shows two absorption 
curves, the upper one for aluminium, the other for paper. 
The upper curve shows in its right branch the relation 
between absorption in aluminium and absorption in copper 
for a beam direct from an X-ray tube. The left branch, 
which it will be observed is broken into two sections, shows 
the relationship between the two same quantities when the 
primary beam had been filtered by ‘0058 em. of copper ; 
the filtered beams of course were of much higher averaye 
penetrating power than the unintercepted beams. The 
results of absorption experiments on the same beams un- 
intercepted and filtered are indicated by the same number 


° 
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on the figure ; thus (1) on the carve for the filtered portion 
corresponds to (1) on the carve for the unintercepted. As 
the tube was hardened progressively from 7 to 1 there was 
a progressive fall in the absorption of the unintercepted 
beam by aluminium, but the filtered beam exhibited a sudden 
Increase in the absorption from the state 5 to the state 4 
(see figure). According to all accepted ideas every con- 
stituent in the filtered beam was also in the unintercepted 
beam, yet the absorption step was not indicated to the 
slightest extent in the unintercepted beam. It should be 
noticed that the discontinuity occurred at the same point— 
1. e. the same value of the absorption coefticient in aluminium 


F ='7) —as in the results shown in fig. 1 for the scattered 


and otherwise unfiltered beams. The lower curve in tig. 4 
shows the corresponding phenomenon in paper. In this 
ease ugain the discontinuity appeared in the absorption (by 
paper) of the filtered beam and not of the unintercepted 
beam ; but it occurred at the absorption coefficient character- 


zz 
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istic of paper and agreeing with the results of experiments 
obtained by Barkla & White with primary beams and those 
already recorded in this paper and made npon scattered 
beams. 
Again, two beams proceeding from the same tube at the 
Fig. 5. 


O 2 4 6 8 10 I2 t4 I6 18 
A measure of wave-length. 
Fig. 6. 
same time in different directions may have different pene- 
trating powers. (We did not investigate the cause of this ; 
there were various possibilities. These did not appear of any 
special interest at the time, though now we find there is strong 
evidence that the difference is itself associated with the 
J phenomenon ; it is like the difference between a primary 
and a scattered radiation as frequently observed.) As the 
tube hardens up, the absorption step or discontinuity occurs 
in each beam when that particular beam reaches the critical 
penetrating power, and not when the tube reaches a certain 
state or begins to emit certain rays. This is illustrated in 
fig. 5, in which the two curves A and B show by their 
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ordinates the absorption coefficient in aluminium of the two 
beams from the same tube. The abscissee give a rough 
measure of the effective wave-length of radiation pro- 
ceeding from the tube. (It is unnecessary to indicate the 
method of measurement; it was based on the path of the 
electrons ejected by this radiation ) Beginning at the right- 
hand side both curves show the progressive diminution in 
the absorption by aluminium as the effective wave-length is 


diminished, except at the critical point É in aluminium="7 
(and much less clearly though perhaps not less markedly 
at the value of © =-33 approximately). Each beam, when 
its absorbability reached the critical value represented by 


(*)., =-°7, showed a marked increase in the absorbability. 
For the softer radiation (the upper curve) the tube was in a 


harder state than for the other before it showed the absorp- 
tion rise,—that is, the rise in absorption appeared not for a 
given state of the tube, but when a given penetrating power 
was reached. It should be stated that the beams had both 
been filtered by a constant thickness of about °5 cm. of 
aluminium, 

Fig. 6 shows the results obtained immediately afterwards 
under similar conditions except that the radiations were 
filtered by ‘0141 cm. of copper instead of *5 cm. of aluminium 
before being absorbed by aluminium. The features of fig. 9 
appeared again, and in addition another discontinuity in 
both curves,—in this case the discontinuity in copper, for it 
occurred at precisely the penetrating power found for copper 
in other experiments. Thus as a radiation of increasing 
frequency from an X-ray tube was transmitted through 
copper, at the critical point for copper there occurred 
an increase in the absorbability in a second substance 
(aluminium). 

Thus the radiation which exhibited the characteristic 
increase in absorption in copper was after transmission 
through copper more absorbable to aluminium also. This 
was additional to the change which took place in aluminium 
itself. The radiation was thus hy its passage threugh copper 
truly transformed; its properties were changed in such a 
way asto make it more absorbable in some substances at least. 

Fig. 7 was obtained in a similar way to fig. 5 and a few 
days subsequently. The discontinuities had entirely dis- 
appeared, 

Further, in some cases, the discontinuity is not observed 
when thin sheets, absorbing only a small fraction of a beam, 


J Phenomenon in X-Rays. 1045 


are used to measure the absorption coefficient, whereas thick 
absorbing sheets exhibit the discontinuity. This is illustrated 
Fig. 7, 
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in fiz. 8, in which the lower graph shows the valnes obtained 
by using the thickness of absorbing material which cut off 
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only 25 per cent. of the radiation, or more precisely 25 per 
cent. of the ionization produced by the radiation, while the 
upper graph was obtained from measurements in which as 
much as 60 per cent. was absorbed. The rise to the higher 
level of absorption in aluminium appeared only in the 60 per 
cent. absorption graph. The straight line on the graph for 
25 per cent. absorptions is precisely a continuation of the 
lower branch obtained in the 60 per cent. absorption. Itis 
evident then that the discontinuity must occur at some 
critical thickness of the absorbing sheets. 


Fig. 9. 


10 12 14 16 8 
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Fig. 9 shows the relation between absorption in aluminium 
and absorption in copper for the same radiation filtered by 
two diflerent thicknesses of copper. In this case, however, 
the thickness of the absorbing sheet (by which the ‘absorption 
coeflicient? was determined) was the same in both cases. 
The lower graph gives the relation for the beam transmitted 
through -005 cm. of copper, and the upper graph for the 
sume radiations transmitted through ‘Ol4cem. Corresponding 
numbers on the two graphs indicate radiations which were 
identical before transmission through these differing thick- 
nesses of copper. Commencing at the low frequency end 
and gradually increasing the frequency, i. e. moving from 
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right to left of the figure, the discontinuity appeared very 
early for the beam transmitted through thick copper, and 
much later for the beam transmitted through the thin sheets. 


But in buth cases it occarred when the average value of 3 
in aluminium reached the value 0:7. Again, according to 
present ideas, this is a strange result, for the radiations at 
which the discontinuities occurred were presumably of quite 
different character; what was common was a certain rate of 
absorption as measured by ionization methods, The two 
curves superpose perfectly, giving the one discontinuity. 


Fig. 10. 
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Such results led to an examination of the effects of suc- 
cessive thin filtering sheets on a heterogeneous radiation. 
The average absorption coefhicient calculated from the 
relation I= [Ie (as though the radiation were homogeneous) 
was determined after the radiation had been transmitted 
hrough increasing thicknesses of aluminium. Thus in 


fig. 10 the value of ‘ in aluminium and A in copper 


calculated as indicated) are plotted against the amount of 
p 8 
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radiation previously absorbed by aluminium—as measured 
simply by diminution of ionization produced by the beam in 
an ionization chamber. In one case the discontinuity is 
shown by the rise in the absorption in alaminium, while in 
the other case the absorption in copper even after trans- 
mission through the same thickness of filtering aluminium 
shows no sudden increase, This indicates that the dis- 
continuity ocenrred not in the process of filtering but in 
the final absorbing sheets by which the absorbability was 
tested. The filtering sheets were, however, essential to the 
discontinuity found in the absorbing sheets. (At the time 
of the experiment we did not realize that the discontinuity 
would not have occurred at the critical point indicated 
except for the last thin layer of the absorbing sheet.) 


Fig. 11. 


(6) 10 20 30 40 SO 60 
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Fig. 11 shows a corresponding discontinuity in the 
absorption in copper when the primary beam was filtered by 
copper. Again, this appeared at the critical absorption 
coctlicient characteristic of copper, 

Thus as a heterogeneous primary beam is increased in 
penetrating power as a whole, or even has its average 
penetrating power increased by the process of filtering, there 
occurs an abrupt increase in the absorbability of the radiation 
in a particular substance. The critical penetrating power 
at which the discontinuity occurs is characteristic of the 
absorbing element. The transmitted beam is, however, 
subsequently more absorbable in other substances also, The 
critical penetrating power varies only very slowly with the 
atomic number of the absorbing element, but it is in the 
same direction as for the K, L, or M absorption edges. 

The following values have been obtained for the position of 
the J absorption steps in C, O, Al, Cu, Pt, Au, these being 


J Phenomenon in X-Rays. 1049 


expressed as mass absorption coefficients in Al, and in 
approximate wave-lengths :— 


J; Absorption Steps. 


Approximate Absorption Coefficients ( ) 


Al 
Cc. - O. Al. Cu. Pt. Au. 
Barkla & White ...... 1°05 0°84 7 <‘6>'54 — — 
Barkla & Stevens ... — 82 7 "6 “57* *54* 


Approximate Wave-lengths +—Angstrém Units. 
C. O. Al. Cu. Pt. Au. 
"39 355 335315 ‘305 30 


* Reduced to the lower level. 


t Converted to wave-lengths from S. J. M. Allen’s table 
(Phys. Rev. July 1924). 


Though these discontinuities have been obtained in this 
laboratory by several experimenters the agreement between 
the values is remarkably close. l 

All the radiations experimented upon were the primary 
rays from an X-ray tube, filtered by aluminium or copper in 
order to eliminate the softer constituents; or they were 
X-rays scattered from thick sheets of light substances. 
‘These discontinuities were first studied with the help of 
Dr. Margaret White ; some of the results were recorded in 
a paper by Barkla & White (Phil. Mag. Oct. 1917). It was 
afterwards observed that the discontinuites had appeared in 
the results of earlier experiments, but as the results were 
used for other purposes the discontinuities had passed 
unnoticed. All the results exhibited in this paper were 
obtained with Mr. Stevers. The discontinuities of this 
particular series J3 have been observed between 70 and 80 
times under various conditions $. 

The much more homogeneous rays constituting the 
characteristic radiations of the K series have also been 
experimented upon, and similar discontinuities have been 
found in the absorption of these—as recorded in the Bukerian 


t The J, absorption step in aluminium was obtained by the spectro- 
meter by Dauvillier (Annales de Physique, vol. xiii., 1920) for a wave- 
o . 
length 358 A.U. The agreement is probably as close as the accuracy 
of the relation between absorption-coeflicient and wave-length will 
permit. 


Phil. Mag. S. 6. Vol. 49. No. 293. May 1925. 3Y 


1050 Prof. C. G. Barkla on the 
Lecture for 1916 (Phil. Trans. 1917). Initially there 


appeared to be a discrepancy between the values of the 
critical mass-absorption-coefficient obtained for these char- 
acteristic rays and those given above under the heading J, 
and obtained from experiments on more heterogeneous 
primary rays. It was seen, however, that the difference 


between the critical values of (5) for the primary radiation 
Al 


and for the fluorescent characteristic radiation was quitea 
consistent one. In fact, the positions of the absorption steps 
obtained by using characteristic radiations seemed to be 
just those obtained by primary rays shifted along towards 
the longer wave-length end of the spectrum by 20 per cent. to 
25 per cent. increase of wave-length. It originally appeared 
probable that this discrepancy was due to the difference in the 
constitution of the two beams—onea primary, giving presum- 
ably a continuous spectrum within narrow limits, and the 
other the characteristic radiation giving a line spectrum 
approximately consisting of radiations of two neighbouring 
wave-lengths. Fortunately, however, such a complication 
does not appear to express the truth, for we have found 
that these two form quite distinct series and may both 
be obtained in experiments upon certain radiations (Barkla 
& Khastgir : unpublished). 

The only values in this series obtained from direct ab- 
sorption experiments upon characteristic radiations are 
those for oxygen and aluminium. Sulphur and copper dis- 
continuities have also been obtained using characteristic 
radiations, but they have been by ionization methods— 
methods indeed which are much more sensitive than the 
absorption method. But of these more later. The values 
obtained with Dr. Khastzir on heterogeneous scattered 
X-rays are also given under the heading Js. Thus the 
Ja discontinuities were first observed in work with Mr. 
Hagger; these were ionization discontinuities. The 4; 
absorption discontinuities and the corpuscular emission dis- 
continuities were searched for and found with Dr. Margaret 
White. These were all in experiments on characteristic 
radiations of the K series. They have since been observed 
in experiments with Dr. Khastgir on the absorption of 
more heterogeneous scattered radiations, and apparently 
by E. A. Owen and by G M. Williams, using the more 
homogeneous radiations obtained by the spectrometer (Proc. 
Roy. Soc. A, xciv., 1917). 
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The various values obtained are given below :— 


J Absorption Steps. 
š ; S ; p 
Approximate Absorption Coefficients ae 


Barkla, White, & ™ O. AL Si So Ou 
Hagger sisenes 2:5 2-5 to 22 1:8 on 17 Ls 
Barkla & Khastgir...  — 2 18 = iz (2:3?) 
C. M. Williams ...... — — 2 — 2R 1:46* 

E. A. Owen ,........ — — — 1°85* fs aa 


Approximate Wave-leng ths— Angstrom Units. 
55 5 “49 "493 ‘48 "45 


* Obtained from wave-lengths given in papers 
by E. A. Owen and by Williams. 


Again, a further series of absorption discontinuities has 
been found in experiments with Dr. Khastgir upon the 
secondary X-rays scattered from light substances. These 
are in the region of more absorbable radiations—lower 
frequencies. ‘These are indicated below :— 


J, Absorption Steps. 


"A pproximate Absorption Coefticient (£) 


Q. Al. S. 
>4 3'8 3'5 


Al 


Approximate W ave-lengths—Angstrém Units. 
>66 63 ‘61 
Also in addition to the above we have previously recorded 
similar absorption discontinuities for the elements carbon and 


oxygen ata value of (=) of about 3°5 corresponding toa value 
P Cu 
of 6) equal to about 0:47 or to a wave-length of 0'28 
Al 


Angstrém units. There appears to be little doubt then of 
a similar series of discontinuities in this region. This 
J, series is what Barkla & White referred to as a possible 
I series when it appeared that only one J series was known. 

And finally, quite independent discontinuities have been 


observed in aluminium at a value of (6 ) ='34 or a wave- 
Al 


length of approximately -23 A.U.t These are shown in 
figs. 5 & 6 and appear in other experimental results. 


t Dauvillier gave evidence for a value ‘228 A.U. in Bromine. 


3 Y 2 
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Thus there have been observed what appear to be three 
distinct series of these J absorption discontinuities, and what 
are probably isolated results in two further series. We have 
been in the habit of distinguishing between them by describing 
them as the first or second and so on, and for the present we 
shall name them the Jj, Je, J3, Jy, Js steps, J; being among 
moderately soft radiations (say about °6 A.U.) ; the J; among 
the slightly more penetrating radiations and in the neigh- 
bourhood of +5 A.U.; J; the series given by Barkla and White 
and in the neighbourhood of *3 to -4 A.U.; and others in the 
region of high frequencies and between *2 and ‘3 ALU. 

No high degree of accuracy is claimed for these values of 
critical absorption coefficients or their equivalents in wave- 
lengths. When a heterogeneous radiation is being experi- 


il 


mented upon, it is probably the value of ea just before 
l 


lp dx 

the discontinuity occurs that should be determined. But our 
method gives a result which usually differs little from this. 
And of course when the discontinuity occurs, absorption 
coefħicient as calculated ceases to have any precise meaning. 
Further, even away from a discontinuity the absorption 
coefficient does not define the radiation—it is not unique. 
But these are all points for a later paper, when the broader 
facts have been outlined. 


Critical Conditions. 

Attempts to discover the difference between the conditions 
of experiments which showed, and those which did not show 
the J phenomenon, have so far been unsuccessful. 

The J phenomenon occurs sometimes and at other times 
does not occur with strong, and with very feeble radiations ; 
with highly polarized, and with unpolarized radiations ; with 
narrow pencils of radiation such as would produce an ioniza- 
tion almost entirely outside the radiation, and with wide 
beams producing the bulk of its ions within that beam; with 
heterogeneous radiations, and with approximately homoge- 
neous radiations ; with radiations from many different tubes, 
and with different anticathodes ; with primary radiations, 
scattered radiations, and characteristic radiations. Various 
methods of measuring the intensity of the Röntgen radiation 
have been adopted. Ionization in air, in sulphur dioxide, 
and in hydrogen, produced by the emission of high-speed 
electrons from an aluminium plate in the path of the X-ravs, 
and ionization produced by high-speed elections ejected 
from copper, have all been used to measnre the intensity. 
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The discontinuity has been observed by each of these 
methods and at the same critical penetrating power. It 
should be noted, however, that all such methods of mea- 
suring an X-radiation are based on what is admittedly an 
action of X-rays governed by quantum laws. All directly 
observable actions are probably governed by such laws. We 
must therefore for the present regard all such measurements 
as measurements of the X-rays themselves. We shall, 
however, have more to say of this in later papers. 

We have observed the effect with a dozen or more arrange- 
ments of apparatus. Though we have frequently looked for 
effects produced by a change of X-ray tube or by its method 
of excitation, by changes of absorbing material—replacing 
absorbing sheets after prolonged exposure to X-rays by 
quite fresh and previously unexposed sheets, —we have never 
observed any evidence of dependence on these things. Some- 
times the J discontinuity occurred day after day ; at other 
times it could not be observed for a comparable period. 
More remarkably still, at certain times the J effect appeared 
and disappeared before our eyes, while we were unable to 
detect any change in the conditions. Further experiments 
on this point will be described later. 

Thus though heterogeneity or feebleness or polarization 
may be favourable to the phenomenon, not one of these 
factors is essential. Neither can the critical factor be 
essentially in the absorbing substance, for reasons given 
above. f 
The critical condition appears then to be provided either 
by the X-radiation or by something with the X-radiation or 
by some external influence superposed upon the radiation, 


Comparison with other Absorption Discontinuities. 


It will have been observed that this J absorption pheno- 
menon, though superficially so like the K absorption pheno- 
menon associated with the emission of K characteristic 
radiation, has many unique characteristics which are of the 
greatest importance theoretically. There are, indeed, many 
features which distinguish it from anything previously known. 
The most striking are the following :— 

1. The phenomenon is conditional on some factor or factors 
which have never previously been considered as a governing 
factor in X-ray phenomena. The only condition essential 
to X-ray fluorescence and the accompanying K, L, or M 
absorption phenomenon is (as far as has been discovered) that 
the radiation should possess some constituent of frequency 
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greater than the critical absorption frequency (Stokes 
law)*. 

2. The sudden changes in absorption occur with surprising 
abruptness; indeed there appears to be an absolute discon- 
tinuity as though every constituent of the radiation being 
absorbed were suddenly absorbed at a higher level. In fact. 
the discontinuity in absorption appears to be quite as perfect 
when a heterogeneous beam is used as when the most homo- 
geneous radiation is employed. Thus if the constituents 
were independent, the rise in absorption would be very 
gradual, occurring for each constituent as it passed the 
critical absorption frequency. 

3. The discontinuity is much more closely associated with 
an absorption coefficient than with a certain wave-length. 

According to all present conceptions, the filtered radiation 
contains the same constituents as the unfiltered though in 
different proportions, yet frequently only the filtered radiation 
shows the discontinuity. Change in intensity (alone and of 
the magnitude produced by filtering) has not been found to 
produce the result ; it is due to a change in the properties of 
the radiation produced by transmission through matter. 

4. When the rise of absorption has occurred in a substance, 
the transmitted radiation is found to be more absorbable in 
other substances quite independently of the fact that these 
other substances exhibit their own absorption discontinuity 
(increased absorption). Thus the transmitted radiation is a 
transformed radiation as far as its penetrating power 13 
concerned. 

5. The change of critical absorption coefficient with atomic 
number of the absorbing substance is very small and diminishes 
with increasing atomic number. 

6. The series of critical absorption coefficients in the various 
elements cuts right across the well-known K series. 


Summary. 


The paper gives a brief general account of the J absorp- 
tion discontinuities with a few illustrations of the results 
obtained. They show that as the penetrating power of a 
radiation is increased either (1) by increasing the speed of 
the electrons which excite it, (2) by selection of the cha- 
racteristic radiations from elements of increasing atomic 
number, or (3) even by the process of filtering a hetero- 
geneous radiation, there occur sudden increases in the 
absorption of the radiation by any particular substance. 


* First stated by the writer for X-rays in 1909, Proc. Phil. Soc. Camb. 
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In the first two cases this is very similar to the rise in the 
absorption in a substance accompanying the emission by 
that substance of a characteristic radiation ; but the pro- 
duction of the effect by mere filtering is a result of quite a 
new kind. It will be discussed when other results have been < 
described. This absorption discontinuity occurs at higher 
frequencies (higher penetrating powers), the higher the 
atomic number of the absorbing element. 

Absorption discontinuities have been observed directly in 
carbon, oxygen, aluminium, copper, platinum, and gold ; and 
indirectly—by the accompanying ionization—in nitrogen, 
sulphur, and lead. They all fall into several series, J}, Je, J3, 
and there are isolated cases indicating further probable series, 
J, and J;. 

It has already been shown, and will be further shown in a 
later paper, that the increase in absorption is accompanied by 
the emission of slowly moving electrons from the absorbing 
substance, producing, when that substance is in a gaseous 
state, an even more strongly marked discontinuity in 
ionization. 

Features distinguishing the sudden rise in absorption from 
that accompanying the emission of a K or an L characteristic 
radiation are given. 

Some of the most remarkable conclusions from the expe- 
riments are the following :— 

There are alternative absorptions possible for what are to all 
appearance—i. e. from close examination by other methods— 
identical radiations. Corresponding to these alternative 
absorptions there are alternative corpuscular emissions and 
alternative ionizations in the substances exposed to the 
X-rays. Indeed the actions of X-rays (which means the 
quantum actions, for the actions referred to are governed by 
the quantum laws) depend upon factors other than wave- 
length of a radiation and the atomic number of the substance 
traversed. In other words, the activity of an X-ray radiation 
is dependent on factors which have hitherto not been taken 
into consideration. 

(This paper definitely shows only two levels of activity ; 
it indicates the existence of several, the complete evidence 
for which will be given later.) 

Thus the emission of electrons—the photoelectric effect of 
XA-rays—for rays of a given wave-length is not proportional 
to intensity ; other factors are operative. In fact, experi- 
ments seem to show that as far as the J phenomenon is 
concerned the penetrating power of a complex radiation 
is a more fundamental quantity than the wave-length or the 
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wave-lengths of its constituents. The phenomenon appears 
to suggest the separation of the quantum actions of radiation 
from the frequency of radiation. 

The results of more detailed investigation and a more 
critical discussion will follow. 


In conclusion I wish to express my great indebtedness to 
Mr. W. H. Stevens for his invaluable assistance in all the 
experimental work, the results of which are recorded in this 
paper. 

[To be continued. | 


CIV. On Eddington’s Natural Unit of the Field. 


To the Editors of the Philosophical Magazine. 
GENTLEMEN ,— 


REGRET that in a paper contributed to your Journal 
[ No. 290 (Feb.). pp. 457-463 ] I madea serious blunder, 
to which Dr. Silberstein has kindly called my attention 
in a private communication. On page 461 I state that 
recent investigation has increased the estimated value of R, 
the world curvature-radius, from the order 10’ parsecs to a 
much higher order, and in particular refer to an estimate of 
Dr. Silberstein’s of the order 10° parsecs. Actually the 
values derived by him are of the order 10” astronomical units 
(6x 10" astr. units by one method, 7:2 x 10! by another). 
The order of magnitude for R is thus much the same as 
before, and this mistake on my part completely destroys 
any numerical support for my equation (7) and renders the 
particular speculation on page 462 quite valueless. 

May I, however, point out that Dr. Silberstein’s value of 
7-2 x 10"? astr. units for R produces a remarkable numerical 
coincidence with regard to another speculation concerning 
“h”? On page 380 of my book on ‘Relativity’ I have 
drawn attention to the fact that if one multiplies the energy- 
density of Fddington’s unit-field by the volume of the 
electron and, taking this as a unit of energy, multiplies 
it by the “cosmic” unit of time R/c, the result is a unit 
of action of the order 1077 if R is assumed to be of 
the order 107 parsecs. Owing to my foolish mistake con- 
cerning Dr. Silberstein’s value of R, I believed that all 
numerical support for such an idea had gone (and was thus 
led to the suggestion made in the paper) ; whereas I find 


D ‘ 
that, on the contrary, the actual value fits the speculation 
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quite well. In fact, if one takes the unit of action calculated 
in the manner above to be equal to A, it is easy to derive the 


equation 

1? he 

Reo e | 
which replaces equation (7) of my paper. Now, the right- 
hand side is 6x861 or 5,166; and if we adopt these 
values, 


r =1:88 x 107%, 
p =Km=T4x 107” xX 9x 10-77 = 6:66 x 107" em., 
R=7'2 x 10! astr. units = 1:06 x 10°% cm., 


the left-hand side works out practically 5,000. 

I ought to state also that the order of magnitude of the 
unit-field is an electrostatic unit, not the much smaller value 
mentioned in the paper. 

Yours faithfully, 
J. RICE. 

George Holt Physics Laboratory, 

The University of Liverpool. 
March 25, 1925. 


CV. Low-roltage Arcs in Sodium and Potassium Vapours. 
By E. H. Newnan, D).Se., A.R.C.S., Professor of Physics, 
University College of the South- West of England, Exeter”. 


l. Introduction. 


T is now a well-known fact that arcs may be established 
in most vapours bombarded by electrons, the energy of 
these electrons being considerably less than that which would 
be expected on the quantum theory. In some cases the 
required voltage between the electrodes is only slightly 
greater than the resonance potential of the vapour, a correc- 
tion factor being applied for the initial kinetic energy of the 
electrons emitted trom the incandescent filament cathode. 
R. W. Wood and S. Okano f, who carried out an extensive 
series of experiments with sodium vapour, concluded that 
the D lines appeared when the potential between the hot 
cathode and the anode was as low as 0'5 volt, and various 
experiments showed that the emission of the D lines, under 


* Communicated by the Author. 
t Phil. Mag. xxxiv. p. 177 (1917). 
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these circumstances, could not be ascribed to any secondary 
action, such as the light from the incandescent filament. 
Such a result would appear to be in conflict with the quantum 
theory—namely, that the ionization potential is given by 
V = st where 1s is the frequency of the shortest wave- 
length in the principal series y = ls—mp; but there are at 
least three factors which must be taken into account in 
explaining the striking and maintenance of arcs below the 
ionization potential. 

The valency electron, within the atom, may be ejected 
from the normal orbit to the adjacent outer orbit by an 
inelastic collision with a bombarding electron, and, while the 
atom is in this excited or abnormal condition, a second 
collision with another bombarding electron may occur which 
results in the complete ejection of the valency electron from 
the atom. In the case of sodium, for example, the atom may 
he bombarded by an electron of energy corresponding to 
2°12 volts—the resonance potential of sodium vapour—and 
while it is in the excited state, collision with another electron 
raises the valency electron to a higher energy level, or outer 
orbit, ultimately producing ionization. It is evident that 
the probability of ionization by successive impacts in this 
manner depends upon the average time-interval within which 
the excited atoms remain in the abnormal state. From 
Stark's work * on helium this time-interval appears to be 
10-8 sec. approximately. 

Another controlling factor in the operation of low-voltage 
arcs is the phenomenon of the absorption of radiation which 
is emitted when the atoms resume their normal conditions. 
The valency electron, in a sodium atom, returning to the 
ls orbit from the 2p orbit will give rise to the D-line 
radiation, which may be Ae by any neighbouring 
sodium atom, resulting in the ejection of the valency electron 
in this latter atom to the 2p orbit. The excited atom, thus 
formed, may then collide with another bombarding electron 
which completely ionizes the atom. The radiation 1s— 2p, 
emitted in the first instance, may be diffused throughout 
the vapour in all directions and, as K. T. Compton t has 
shown, this ionization, by what he terms “‘ photo-impact,” is 
relatively of far greater importance, especially at high vapour 
pressures, than ionization by successive impacts. Ionization 
hy ‘photo-impact”? may be the result of several such 


* Ann. d. Phys. xlix. p. 731 (1916), 
t Phys. Rev. xx. p. 296 (1922). 
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radiation absorptions followed by a single electron impact 
of energy corresponding to the resonance potential, so that 
in this case it would be possible to produce complete ioniza- 
tion of the vapour with electrons none of which have a 
velocity greater than that corresponding to the resonance 
potential. In actual practice the striking voltage of the arc 
should be equal to the difference between the minimum 
ionizing and resonance potentials, less the average emission 
energy of the electrons from the cathode, this energy being 
expressed in volts. The time-interval during which the 
atom remains in the excited state, i.e., during which 
the valency electron is in the 2p orbit, is not known with 
any degree of accuracy, as the direct experimental data are 
very meagre, and give no information as to whether this 
time-interval is the same for resonance as for other radiation. 
Kannenstine*, working with helium arcs, found that excited 
atoms could be detected as long as 2'4 x 107? sec. after the 
exciting voltage had been removed ; and this must be the time 
during which the individual atoms persist in the excited 
state. It is probable, however, that this interval, as noted 
by Kannenstine, represents the time required for the 
resonance radiation to escape from the gas by a process 
similar to diffusion, and so this time-interval may represent 
the summation of the intervals for many thousands of 
absorptions and re-emissions of radiation. 

It is also probable, as suggested by F. Horton and 
Miss A. C. Davies t as a result of their experiments with 
helium, that a second stage in the ionization may be brought 
about by the absorption of radiation from neighbouring 
impacts. If this second type of resonance radiation exists, 
and if it is capable of ionizing atoms already in the excited 
state owing to absorption of the first type of resonance 
radiation, it is to be expected that this effect would be more 
marked in completing ionization than impacts, for the same 
reason that radiation is more effective in displacing the 
valency electron to the 2p orbit than impacts. It appears 
that the complete ionization observed in low-voltage ares, 
operated below the ionization potential, is accomplished 
mainly with the aid of the “ photo-impact ” effect. 

In connexion with the spectroscopic study of low-voltage 
ares in sodium and potassium vapours it was thought desirable 
to investigate the experimental conditions required for the 
production of such arcs. 


* Astrophys. Journ. lv. p. 345 (1922). 
t Phil. Mag. xlii. p. 746 (1921). 
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2. Erperimental Arrang gements. 


The form of tube which gave regular and consistent 
results is that shown in fig. 1. It was made of silica 
and had three branch tubes, one of which was used as a 
means of communication with a rotary oil-pump. A quartz 
plate C, waxed to the end of this branch, permitted visual 
observations of the emitted arc spectra. The anode B, a 
platinum disk whose plane was at right angles to the axis of 
the discharge-tube, was connected, ‘electrically, to the pool 
of alkali metal placed at the bottom of the bulb by means of 
a short iron chain. It was found that such an arrangement 
assisted the maintenance of steady arcs once they had been 
started. The incandescent cathode A consisted of three 


Fig. 1. 
Cc 


lime-coated platinum strips or, in some experiments, three 
tungsten wires, arranged in parallel. In this manner a 
copious supply ‘of electrons was emitted, using fairly heavy 
currents, without having an unduly large fall of potential 
across the ends of the incandescent filament. The lead-in 
wires, entering through ebonite plugs, were of iron and, 
having fairly large cross-sections, their resistances were 
practically negligible. These lead-in wires also passed 
through plates « of glass E and D, which, fitting closely to the 
sides of the tube, minimized vapour condensation with its 
attendant liability to short-circuit the lead-in wires. The 
bulb, at the bottom of which was placed the metal, was 
heated by an electric furnace, the vapour in the discharge- 
tube being maintained at any selected temperature and 
pressure. 

The negative terminals of the heating and anode voltage 
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balteries were connected, and the potential difference between 
the hot cathode and anode, necessary to strike and maintain 
the arc, was measured by means of a voltmeter placed between 
B and the negative terminal of A, from which it will be seen 
that the readings obtained represented the maximum potential 
difference, and included any potential fall along the cathode. 

In all experiments the distance between the platinum 
anode and the cathode was, approximately, 3 mm. 


3. Experiments with Sodium Vapour. 


With the cathode maintained at a definite and fixed 
temperature the voltage necessary to strike the arc gradually 
decreased as the furnace temperature, and so the vapour- 
pressure, increased. This was so whether tungsten wires 
or platinum strips were used, but in all cases the arcing 
potentials obtained with the tungsten filaments were slightly 
lower than those given with the platinum. This was due, 
probably, to the fact that it is impossible to heat platinum to 
such a hoh temperature as tungsten, and accordingly the 
number and speed of the emitted electrons are both greater 
with the tungsten. Some of the results obtained are shown 
in Table I., the filament in each set of experiments being 
intensely bright. 


TABLE I. 
Tungsten filament. 
Furnace temperature., Are struck at Are maintained at 
241° C. 8:2 volts. 78 volts, 
315° 6-4 58 
366° 5'8 öl 
426° 51l +1 
493° 4:0 2:9 


Lime-coated platinum filament. 


247° C. 10:5 volts. 10:1 volts. 
312° 83 7-8 
370° 71 6:5 
428° 6:3 5°2 
491° 5'4 41 


As the filament temperature was raised, the potentials 
required to strike and maintain the arc decreased, which fact 
may be explained by the speed and number of the electrons 
emitted both increasing at the higher temperatures. The 
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arc would start easily at 3°8 volts with the cathode intensely 
bright, the furnace temperature being 450° C., and this arc 
was maintained with 2°8 volts. It was possible, also, to 
strike the arc, after waiting 3 minutes, at 3:2 volts, but with 
lower potentials it would not start, even after waiting for 
several minutes, Very few readings could be taken with 
the filament at the high temperature. necessary for such low 
potentials before the cathode fused and had to be renewed. 

In another set of experiments a certain potential was 
applied which was not sufficient to start the are. The 
filament current was then increased, and the value of this 
current noted when the are became visible. The results 
obtained in this manner were not consistent. 

Table IT. gives the striking and maintenance potentials 
with various currents passed through tungsten filaments, 
the temperature of the furnace being 450° C. in every case. 


TABLE II. 
Filament current. Are struck at Arc maintained at 
1U°+ amp. £3 volts. 3:1 volte. 
9 49 38 
03 t 4:5 
8:5 59 52 
T9 6-5 6-0 
TO Tl 67 


The results given in Table III. show how the potentials, 
required for striking and maintaining the are with the 
furnace at 275° O., depend upon the current passing through 
the tungsten filament. 


TABLE ITI. 


Filament current. Arc struck at Arc maintained at 
10:3 amp. 6'2 volts. 52 volts. 
9:9 70 6:2 
9'3 79 | 
8:6 8:9 8:2 
78 10:0 9:5 
71 11:3 110 


It was observed that the establishment of the are at any 
applied voltage was always followed immediately by a fall in 
potential between the electrodes. This effect has also been 
noted in other experiments by the author *, and is similar to 


* Phil. Mag. xliv. p. 946 (1922). 


— n- . “ae, 


-e 
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that which characterizes the electric discharge through gases 
at low pressures. 

In all theso experiments it was noted that the arc, once 
struck, increased in brightness as the potential difference 
was raised, but with very dense vapours this increased 
brilliancy was very marked, and, in addition, a bright 
continuous spectrum was superimposed upon the arc line- 
spectrum. This continuous spectrum was entirely absent at 
low vapour-pressures. 

Tt is evident from the results given above that the vapour 
density and the filament temperatures are two of the main 
factors involved in the production of low-voltage arcs in 
sodium vapour, the applied potential decreasing as the 
filament temperature and vapour density are increased. It 
is possible to strike the arcs at voltages well below the 
ionization potential—5'1 volts—demanded by the quantum 
theory, but this can be explained by “ photo-impact”’ 
ionization, which is likely to be particularly prominent under 
the conditions existing when these low-voltage arcs are 
obtained. 


4. Experiments with Potassium Vapour. 


Some experiments were also made with potassium vapour, 
a tube similar to the one shown in fig. 1 being used. The 
arcing potentials depended upon the filament temperature in 
a manner similar to that experienced with sodium vapour, 
but they were not quite as uniform and concordant, and the 
ares, once struck, were not as steady as with sodium vapour. 

With the tungsten filament at white heat and the electric 
furnace at 420° C., the are in potassium vapour was started 
easily between 3°5 and 4°0 volts. It would then persist with 
a lower applied potential. As the vapour-pressure was 
decreased the voltages required for striking and maintaining 
the arc were more nearly equal, the difference between these 
two values becoming yreater at higher vapour densities. 
The decreased potentials necessary to start the arc as heavier 
currents were passed through the tungsten filament are 
shown in Table IV., the furnace being maintained at 420°C. 


TABLE IV. 
Filament current. Are struck at, Aro maintained at 
89 amp. 3'9 volts. 2'8 volts. 
8:6 42 8l 
8:2 4'4 835 
TT 4:8 4'2 


T2 5T 54 
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The striking potentials decreased as the vapour density 
was raised both with tungsten and lime-coated platinum 
filaments, but, as with sodium vapour, the potentials were 
always a little smaller with tungsten than with the platinum. 
Table V. shows the effect of increasing the vapour density, 
the tungsten filament in each case being intensely bright. 


Tase V. 
Temperature of furnace. Arc struck at Arc maintained at 
214° C. 76 volts. 72 volts. 
280° 6:0 55 
3229 53 47 
3069 47 3:9 
404° 38 27 


5. Conclusions. 


The potentials necessary to strike and maintain ares in 
sodium and potassium vapours depend primarily upon the 
vapour density and the temperature of the cathode, the 
potentials decreasing as the vapour density and the cathode 
temperature both increase. Thg voltage required to maintain 
such ares is always less than that on striking, bnt the 
difference between these two values becomes smaller as 
the vapour density is lowered. Ares, struck and maintained 
with potentials less than the ionization potential of the vapour. 
are obtained with intensely hot cathodes, the ionization in 
such cases arising, probably, from the absorption of radiation 
emitted from atoms already excited but not ionized. Such 
ionization by “ photo-impact” results in complete ionization 
of the vapour atoms by electrons, none of which have a 
velocity greater than that corresponding to the resonance 
potential. 

The spectra of such low-voltage arcs have been investigated, 
and the results obtained will be communicated in another 
paper. 


The author wishes to express his sincere thanks for a 
Government grant, through the Royal Society, which enabled 
hiin to carry out these investigations. 
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CVI. On the Dielectric Constants of some Liquids, and their 
Variation with Temperature. (Part I.) By G. Exic BELL, 
B.Sc., and Frank Y. Poywtor, B.Sc. » Physics Research 
Laboratory, University College, Nottin gham" t 


Introduction. 


NVESTIGATIONS on Dielectric Constant, and in par- 
ticular its variation with temperature, have been the 
su ‘ject of several recent experimental researches. Theoretical 
work of Debye t, Gans f and cthers on the modification of 
the Clausius-Mosotti law have pointed to the possibility of 
obtaining from accurate measurements in this region con- 
siderable information with regard to the molecular structure 
of the dielectric. 


Experimental Method. 


The apparatus used consists essentially of two valve- 

maintained oscillatory circuits, which are in every case 
tuned so that the heterodyne note beats slowly with a third 
valve-maintained circuit oscillating at audible frequency. 

If nı and ng are the frequencies ‘of the two high-frequency 
oscillatory circuits, the frequency of the heterody ne-beat 
note 1s given by N= — nə, and if the frequency of the 
audible circuit is n’, the beat-frequency observed in the 
telephones is given by n—n', 

The frequency of the valve-maintained circuits ‘with the 
experimental condenser out is given, very approximately, by 


the relation 
1 


aA ACCENT 

where Cy is a constant depending on the distributed capacity 
of the circuit, C, is the capacity of the condenser, and L is 
the inductance in the circuit. 

If the experimental condenser is put in the circuit, the 
frequency is given by 

1 
2 JL (Cyt Uy +S) 

If C/ is adjusted so that n remains constant, we have 
S=C,-Cy’. 

æ Communicated by Prof, ©. H. Barton, D.Sc., F.R.S., F. Inst.P. 

+ P. Debye, Physik. Zeitschr. xin. p. 97 (1917). 


t H. Isnardi u. R. Gans, Physik. Zeitschr. xxii. p. 280 (1921) & ix. 
p. 153 (1922). 


Phil. Mag. S. 6. Vol. 49. No. 293, May 1925. 3Z 
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Fig. 1 shows the arrangement diagrammatically. The 
coil L, together with the condensers C; and S in parallel 
constitute one oscillatory circuit maintained by the valve 
Vi Similarly L and C; form the second oscillatory circuit, 
maintained by the valve Va. The transformer T and third 
valve V; form an amplifying unit, the advantage of which 
will appear later. 

The audible frequency circuit is connected up exactly as 
the first oscillatory circuit, the condenser and coils being, of 
course, much larger. 


Fig. 1. 


The coils used in the high-frequency circuits are duo- 
lateral coils wound on a two-inch former ; by using coils 
having different numbers of turns, the frequency could be 
altered within certain limits, but over the small range which 
can be obtained in this way, the dielectric constant is prac- 
tically independent of the frequency, so all the results have 
been obtained for one single frequency (of the order 4x 10" 
cycles per second). ©, isa Burndept “ Low Loss ” condenser, 
which is particularly suitable since it has good bearings and 
is efficiently screened from hand-capacity effects ; Cy is a 
Sullivan condenser, and S the “experimental condenser.” 
The valves are Marconi-Osram R. 5v. and the transformer T 
by Pye’s of Cambridge. The three circuits are all worked 
from the same H.T. battery, consisting of twenty-four large 
Leclanché cells, and also from the same L.T. battery,a 6-volt 
accumulator of very large capacity ; a rheostat in the com- 
mon L.T.+ lead serves to reduce the voltage across the 
valve-filaments to the correct five volts, as indicated by a 
voltmeter connected permanently across the L.T, leads. 
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Experimental Condenser. 


Several forms of experimental condenser have been tried, 
designed for use in large boiling tubes ; it is found, however, 
much more convenient to make the outer plate of the con- 
denser at the same time the containing vessel. The form 
finally adopted is shown in section in fig. 2. A is a brass 


Fig. 2. 


cylinder about 18 cm. long, closed at one end; B is a 
second brass cylinder 15 em. long, closed at both ends and 
mounted coaxially with the first. The inner cylinder is 
mounted and insulated from the outer one as shown in detail 
in fig. 3. Mica is used as an insulating washer since the 


temperature variation of its dielectric constant is practically 
+ 
zero *. 


* See Dye and Hartshorn, Proc. Phys. Soc. xxxvii. (1924). 
342 
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The capacity of the condenser, apart from the mica washer, 
is about 135 cm. ` 


Fig. 3. 


Inner Cy linder. 


TDM fi k 
Re Outer Cylinder 
Mica 
Washer 


Heating Arrangements. 


The lower end of the condenser fits into a ring supported 
on three legs. The temperature is controlled by means of a 
heating coil completely enclosing the condenser and sup- 
ported on the same legs. A disk of asbestos board, with a. 
hole to permit entrance of the thermometer, covers the top 
of the heating coil ; this is found to ensure a more steady 
temperature being attained. 


Details of Working. 


Though the method is a simple one and capable of great 
accuracy, a number of precautions must be taken to ensure 
repeatable results. The whole apparatus with the exception 
of the experimental condenser and the batteries is contained 
in a large box, completely covered with tin-plate which is 
well earthed. The H.T. and L.T. batteries are contained in 
separate tin boxes also earthed. The leads from the experi- 
mental condenser, batteries, and phones are connected to 
suitable terminal boards at the back of the screened box. 
These earthed screens are necessary in order to eliminate 
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external capacity effects and thus, in particular, to make the 
steadiness of the beat note independent of the movements of 
theobserver. Apart, however, from such external screening, 
it is found very necessary to pay attention to several points in 
order to secure the requisite steadiness of the high-frequency 
oscillations. First, all contacts and condenser bearings etc. 
must be well made, and the whole apparatus protected from 
mechanical vibrations. Secondly, the L.T. accumulator must 
be of ample capacity, and even then steadiness cannot be 
obtained immediately after recharging. It would appear that 
the tilament lighting is the main source of unsteadiness, and 
in this connexion we may note that there is considerable 
variation among the various types of valves, and after trials 
with a number we find Marconi Osram R. 5v. valves quite 
suitable for the purposein hand. The low-frequency (audible) 
circuit keeps quite steady, as we have shown by comparison 
with tuning-forks, The amplifier permits the use of a loud- 
speaker which makes observation over long periods less 
tedious. 

With regard to the arrangements for maintaining the 
experimental condenser at any given temperature, it is found 
that even after the thermometer has attained a steady state 
there is aslight drift of the beat note ; but since, after ahout 
an hour, this does reach a practically steady state, showing no 
variations capable of being measured on our compensating 
condenser, we feel confident that a state of thermal equili- 
brium persists in the heated enclosure, at the temperature 
given by the thermometer. 


Results. 


The results obtained for castor oil, olive oi], and linseed 
oil are given in the accompanying Tables and Curves. In 
each case a linear relation is found to hold between temper- 
ature and dielectric constant; the dielectric constant at any 
temperature @ is related to that at 20° C. by the formula 


Ko= Kay (1— (0—20) aog). 
Values for ax for the substance used are found to be :— 
Caster Oil. æ» = '0015. 


Olive Qil. ax = °0008. 
Linseed Oil. æ» = *0009. 
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a = ‘0008 a = ‘CUU9 | 


TABLE I. TABLE IT. TABLE IIT. 
Castor Oil. | | Olive Oil. Linseed Oil. 
| Niel | Niel | Diel. 
Temp. °C. : Cons Temp. °C.) Cons. Temp. °C. aa Cona. 
17:5 4:86 18:5 3:21 > 324 
T2 4:50 62:5 312 8-15 
655 4:36 75 3°06 - 3-04 
100 +20 92:5 3-01 114 2-1 
121:5 4:05 121 2-94 136 2-95 
144 3°82 146 2°87 158 2-82 
161 | 376 172 2:79 174 2-5l 
1853 | $56 
a = '0Ul5 | 


Fig. 4.—Temperature Variation of Dielectric Constant of Castor Oil 
a290 = "0015. 
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Fig. 5.—Temperature Variation of Dielectric Constant of Olive Oil. 
G29 = ‘0002. 
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Fig. 6.—Temperature Variation of Dielectric Constant of Linseed Oil. 
a, = ‘0009, 
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Summary. 


In this paper an account is given of the application of 
valve-maintained osciilatory circuits to the measurement of 
the dielectric constant of castor oil, olive oil, and linseed oil, 
with special reference to its variation with temperature. A 
linear relation is found to hold in each case. 

Some of the difficulties of working with valve-maintained 
oscillatory circuits and the precautions taken to ensure 
steadiness are discussed in some detail. 

This work is being extended to other liquids, and also over 
greater ranges of temperature. 


In conclusion, the authors wish to express their thanks to 
Prof. E. H. Barton, D.Sc., F.R.S., for his interest and help, 
to Mr. A. H. Franks, B.Sc., fur assistance in constructing 
parts of the apparatus, and to the Department of Scientific 
and Industrial Research for a grant by the aid of which the 
research has been carried out, 

Physics Research Dept., 


University College, Nottingham 
February 5, 1925, 


CVII. A Generalization of the Theory of Artificial Lines. 
By The Research Staff of the General Electric Co., Ltd. 
(Work conducted by A. C. BARTLETT.) * 


A” important class of electrical networks consists of 
artificial lines made up of numbers of symmetrical 
T or m sections, each section o 3 impedances elements 
of two different kinds. The thcory of such lines can be 
expressed in terms of continued fractions of the form 
j 1 1 1 1 

a da + 2a; + dg + 2a, t.o 

A more general class, which so far has not received 
attention, can be constructed which consists of a series of 
similar symmetrical sections, each of which is composed 
of 2n—1 elements of n kin's. A typical member of this 
class of section is shown in fig. 1 ; the centre element may 
be either shunt or series. 

The theory of this more general class which involves the 


* Communicated by the Director. 
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use of continued fractions such as 


res 1 1 1 1 1 1 1 
ý as + As +... Ani + An + ani H.ag + ag + 2a 


can be readily developed by using certain theorems due to 
Muir relating fractions of this “kind with Simple Con- 
tinuants f. 


Fig. 1. 


TUTE 


If the impedances of x, 2, etc. (the series elements) are 


1 


a,, a;, etc: and of y, w, etc. (the shunt elements) are l Ta 


Q’ a’ 
etc., then the impedance of an artificial line consisting of an 
infinite number of such sections (i. e. the Line Characteristic 
Impedance Z) will be given by the recurring continued 
fraction 


zagi i L L i 
o= tg + as +. Qn H$...0g + 2a,” 
* 


which is equal to (Muir, l. e.) 


K (ay, ag, lg eee Qn=1y ny An—1 + + + A3, 2, A4) 


K (az, (d3 e.o Un- ls Any An-}1 eee a3) dy) 


heey ae aw dn- DK (an A E ln) + K'a, lg. .-@,)} 


K(ay, | (l3 . Pas yee -1){ K(ag, U3 o so dy 2j 1+ K(ag, Az eee Un) } í 


The propagation constant 0 can be determined by con- 
sidering the impedance Zotanh ð of a single section short- 


rnd at the far end. 
Thus 


eE re 1 1 14 1 
Ug + a3 +.. ta, t+.. . + d3 +d +a; 


— Kla, Ag eaog Ang oo o gy a) 


K (dg, d3..., any -o+ dg, Gy) 


t o heory of Determinants,’ 1882, chap. 111, ; 3 also Proc. R. S. E. vii. 
pp. 429-236, and * History of Determinants, iji. p. #11 (1920). 
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of which the denominator is equal to 
K(a,, ag «2. Gy) K(ae, ag... @n-1) 
+ K (a), ag... @n-1) K (ao, ag... an2). 
Putting K (ai, ag «2. Gn) =A), 
K(a,, ag...@,-1)=B,, 
Klai, age. @,-2)=C,, 
K(az, a3 ... a) =Ag, 
K (ug, dg... an—1) = Ba, 
K(az, a3... an-)=Un 


By(A, 4 C) 


Fie) are) 

then o B,(Ay4C,)’ 
_ B,B.(C 1+ A) (Ca + Av) 
Tanh@= A ha BC, ; 


But A,, B,, Cop Az B, and C; are connected by the 
relations 


A,B,—A,B,=(—1)", 
B,C, —B,C,=(—1)*7}, 
A,B, + B,C, = A,B, + B,C. 
Whence it follows that Z) and tanh @ can be put in the 


form Da 
Z=. TA if n is even 


ani es if n is odd ; 


B, X+ 


Tanh 0= 4/1- xÍ 1j? if n is even 


] i F 
= \/1- (X FIP if n is odd, 
where X= B,(C, + Aj). 


This form has the advantage that, if all the elements are 
reactances, the frequency ranges over which the artificial 
line has zero attenuation can be determined. 

For the condition is that @ shall be purely imaginary, and 
this is seen to require that X be real, and lie between U and 
+2 if n is even, and between 0 and —2 if n is odd. 

‘Yo illustrate the general theory, we may apply it to the 
artificial line composed of m sections; here n=3, while 
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a, is zero. If the impedances of the series and shunt 
elements are u and v respectively, then 


1 
d = v’? 
dz; = U, 


C,=0, 
B,=K(;)= 5 
v 
u 
X= 
whence 
u 
7 1 v un 
: o= Aea = 
1 u 42 Vu? + 2uv 
v v 
and 


tanh = e a 
(+) 


these being the well-known standard formule. 


CVIII. Ultimate Rational Units. 
By Norman CAMPBELL, Sc.D. 


ROF. LEWIS is quite mistaken. I am so little dis- 

satisfied with my formal argument that, while it 

remains unchallenged, it seems to me waste of time to 
discuss the doctrine which it proves to be false. 
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CIX. Proceedings of Learned Societies. 


GEOLOGICAL SOCIETY. 


[Continued from vol. xlviii. p. 364.] 


November 5th, 1924+.—Dr. J. W. Evans, C.B.E., F.R.S., 
President, in the Chair. 


Prof. Franz Xaver SCHAFFER, of the State Natural History 
Museum, Vienna, delivered a lecture on The History of 
the Vienna Basin, of which the following is an abstract :— 

After the withdrawal of the sea from Central Europe in Upper 
Oligocene time the transgression of the Lower Miocene (First 
Mediterranean Stage) took place along a narrow channel between 
the foot of the Alpine-Carpathian range and the old Bohemian 
massif, the sea reaching a height of more than 500 metres above 
the present sea-level. ‘This narrow channel, which is called the 
*Extra-Alpine Basin,’ then underwent subsidence, resulting in a 
fall in the level of the sea, during which the so-called Schlier and 
the beds of Grund were deposited. The latter strata contain the 
richest subtropical molluscan fauna known in Central Europe. 
But the appearance of freshwater beds associated with the deposits 
of this shallow sea shows the interruption of former marine 
communications towards the west and north. 

During the First Mediterranean Stage the region within the 
Alps, where the ‘Intra-Alping Basin’ is now situated, began to 
subside along two faults running obliquely to the strike of the 
folds, in a north-and-south and north-east and south-west direction. 
In the triangular depression between them a freshwater lake was 
formed, with its level at first higher than that of the sea without, 
but was finally invaded by the marine waters carrying a rich fauna 
(Second Mediterranean Stage). The sea attained a height at this 
time of about 450 metres above the present sea-level, and the sub- 
sidence of the floor of this shallow bay continued. A connexion 
existed at first with the Mediterranean across the Hungarian basin, 
Serbia, and the Balkan Peninsula, but in later Miocene time 
a considerable part of this sea was cut off, and an inland sea 
stretched from Vienna as far as Turkestan. This was the Sar- 
matian Sea, the brackish waters of which contained a very stunted 
and uniform fauna, and reached about 400 metres above sea-level. 

Then mountain-folding took place in the Transylvanian Alps, 
and the large inland sea was divided into an eastern ‘ Pontic °’ and 
a western ‘ Pannonian’ basin. The water-level of the latter rose 
to about 450 metres, the freshwater conditions became more 
accentuated, and the fauna still more impoverished (Pontic Stage = 
Lower Pliocene). 

More than 700 metres of sediments were deposited in the Intra- 
Alpine Basin after the Second Mediterranean Stage, during con- 
tinued subsidence of its flour, Then, by an outflow through the 
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‘Iron Gate’ near Orsova, a gradual but intermittent sinking of the 
water-level took place, in accordance with a similar intermittent 
lowering of the base-level of erosion in the eastern region. Shore- 
lines have been eroded on the borders of the basin at about 230, 
200, 150, 100, and 50 metres respectively above the present river- 
plain. The predecessor of the Danube had its inflow on the site 
of the city of Vienna, and deepened its channels in accordance with 
the levels of the lake, depositing gravels over the terraces lying 
at the above-mentioned altitudes. With the deposition of the 
50-metre terrace the sedimentation under lacustrine conditions came 
to an end, and the river eroded the soft sediments and cut lower 
terraces into them during Quaternary time. Of these terraces 
only ‘one, that at 15 metres, is preserved within reach of the city 
of Vienna. 


December 3rd, 1924.—Dr. J. W. Evans, C.B.E., E.R.S., 
President, in the Chair. 


The following communication was read :— 


‘A Composite Dyke from Eastern Iceland’ By Miss Eileen 
Mary Guppy, B.Sc., F.G.S., and Leonard Hawkes, M.Se., F.G.S. 


The composite dyke cuts the Tertiary plateau-basalts of 
Breiddal (Eastern Iceland) and in its fullest development com- 
prises seven members, dolerites alternating with quartz-porphy ries, 
the central rock being porphyry. 

It is shown that the acid members resulted from one intrusive 
act, which took place after the intrusions giving rise to the 
dolerites. From the disposition of the chilled phases it is inferred 
that the acid magma came up before the middle of the last-formed 
basic dyke had completely cooled, and an attempt is made to 
estimate the time which elapsed between the intrusion of the basic 
and that of the acid magma. 

The acid rock is crowded with dolerite-xenoliths. These have a 
revular distribution, and it is suggested that they originated 
through the shattering of basic dyke-rock in some other place by 
explosive action, with incorporation of the fragments in the 
magma before intrusion into its present position. 

The felspar-phenocrysts of the acid rocks are soda-orthoclases 
with a small optic axial angle, and have a weathered appearance 
which is ascribed to incipient melting. They are compared with 
the artificially melted felspars described by A. L. Day & E. T. Allen. 
Some of the longer felspars are curved, this being considered a 
mechanical effect due to the flowage of the viscous acid magma. 

Xenocrysts of quartz and soda-orthoclase are irregularly distri- 
buted through the dolerites. ‘They are similar to the phenocrysts 
of the acid rocks, and occur in the same relative proportions. It 
is suggested that their presence in the dolerites is due to the 
admixture of a small amount of phenocryst-bearing acid magma. 

Evidence is cited to show the great viscosity of the acid mayma. 
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Possibly it directly overlay a basic magma, which was intruded 
first because of its gr eater mobility, and with which small 
quantities of the overlying acid liquor were drawn off. The final 
episode was the uprise of the acid residuum with explosive action. 

In an Appendix Prof. H. Hilton calculates the probable rates 
of cooling of the middle and periphery of a dolerite-dyke. 


December 17th, 1924.—Dr. J. W. Evans, C.B.E., F.R.S., 
President, in the Chair. 


Dr. Jons Downie Farcoxer, M.A., F.G.S., Director of 
the Geological Survey of Nigeria, delivered a lecture on the 
Geology “of Nigeria, illustrated by maps and lantern-slides. 
The lecturer said that the geology of Nigeria has been known 
in outline for the last ten or fifteen years; but systematic study 
dates only from the establishment of the Geological Survey 
in 1919. The Pre-Cambrian rocks consist of quartzites, schists, 
amphibolites, banded and granitoid gneisses, and foliated and 
partly foliated granites, pierced by tourmaline-pegmatites which 
are themselves in places foliated and in places tin-bearing, with 
the tinstone as a primary constituent. The latest component of 
the crystalline group is a Younger Intrusive Series, entirely non- 
foliated and ranging in composition from gabbro to granite, with 
the latter predominating. There is no evidence for assigning tu 
this series any other than a Pre-Cambrian age. The succession 
has been from basic to acid, with intrusive rhyolites and quartz- 
porphyries immediately preceding the granite. 

The Younger Granite is rich in soda, and exhibits both a biotitic 
and a riebeckitic facies, the latter usually local and marginal. 
After consolidation the granite was broken and fissured, and 
subjected to pneumatolytic alteration and mineralization, with the 
formation of tinstone, topaz, wolframite, blende, and pyrites. The 
older rocks adjoining the granite were also extensively fractured 
and broken, and subjected to similar alteration and mineralization 
contemporaneously with the granite. The pneumatolysis is marked 
by the complete absence of tourmaline, while tinstone is associated 
most abundantly with the alteration of the biotitic facies of the 

ranite. 

Nigerian tinstone is thus of dual age and origin. It occurs with 
tourmaline as an original constituent of the older pegmatites, and 
with topaz in the “pneumatolytic modifications of the younger 
granite and surrounding rocks. ‘The granite is by far the richer 
source, and has shed the larger part of the tinstone which is now 
being recovered from the alluvial deposits of the tinfields. 

The sedimentary rocks of Nigeria consist of Cretaceous and 
Tertiary strata, separated by an unconformity. The former have 
been investigated in the vicinity of the Government colliery, and 
have been subdivided into four groups: the Lower Shales of marine 
origin, the Upper Shales of estuarine origin, the Coal Measures, 
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and the Sandstone Group. These groups are in conformable 
succession, and, despite the occurrence in the Upper Shales of 
certain plants with Tertiary affinities, they are believed to represent 
accumulations of Cretaceous age from Turonian upwards. 

The Tertiary rocks have been studied along the Eastern Railway 
between the coalfield and the sea, and have been subdivided into a 
lower sandstone group, an estuarine group with a middle Eocene 
fauna (Bende-Ameki Beds), a lignite group, anda group of un- 
consolidated sands and clays (Benin Sands). There is a well- 
marked unconformity between the Cretaceous and the Tertiary, 
and it is believed that the various groups of Tertiary rocks are 
also separated by unconformities. Fossiliferous Tertiary deposits 
have been located in other parts of Nigeria; but the classification 
established for the Eastern Railway cannot yet be extended to the 
other Tertiary areas. 

The voleanic rocks of Nigeria have been investigated to some 
extent on the central tinfields, where an older and a younger group 
have been distinguished. Both are basaltic in character, and the 
older was subjected to considerable erosion before the effusion of 
the younger. Ancient river-beds with tin-bearing gravels occur 
beneath both groups of volcanic rocks. 


January 7th, 1925.—Dr. J. W. Evans, C.B.E., F.R.S., 
President, in the Chair. 


The following communication was read :— 


‘The Geology of the Rhobell Fawr District (Merionethshire).’ 
By Alfred Kingsley Wells, M.Sc., F.G.S. 


The area described covers some 30 square miles centred about 
the mountain-mass of Rhobell Fawr. The succession ranges from 
low down in the Lingula Flags to the Bala Mudstones. 

The Cambrian rocks do not differ essentially from their equiva- 
Jents in the Arthog—Dolgelley and Arenig—Moel Llytnant 
districts, although the Tremadoc Beds are less completely deve- 
Joped, not extending far above the Dictyonema Band. 

A feature of special interest is the development of an igneous 
cycle at a lower level than anywhere else in North Wales. The 
Rhobell Voleanic Group comprises an extr usive phase, the products 
of which were largely pyroclastic in origin and andesitic in com- 
position; and a phase of minor intrusions when sills of hornblende- 
porphyrite and allied types were injected into the Upper Cambrian 
rocks in the neighbourhood of the volcanic centre, and dykes of 
sunilar composition penetrated the lower rocks of the Harlech 
Dome. The centre of eruption of which Rhobell is the denuded 
basal wreck, was a subaérial voleano which became active during 
the pre-Arenig interval. A further period of erosion was termi- 
nated by the transgression of the early Arenig sea, and the rocks 
of the Basement Group were deposited, these being derived from 
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the denudation of a cone lying some distance east of Rhobell. 
The higher part of the Ordovician succession is condensed, the 
Lower Acid Volcanic Group of Cader Idris thins out in the south 
of the area, the zone of D. bifidus is feebly represented, and the 
D.-murchisont Zone is probably absent. Fossils characteristic 
of the zone of Glyptograptus teretiusculus occur in mudstones at 
the base of the main volcanic series. 

The Llandeilo Volcanic Group, the products of a submarine 
volcano, present many features of interest. Associated with thick 
felspar-crystal-tuffs are several flows of pillow-lava. ‘The lowest is 
a normal basalt varying in texture from variolitic to doleritic, 
while the remainder are typical spilites. The andesitic magma of 
Arenig Mountain penetrated only into the extreme north of the 
area. 

Unfossiliferous grey shales, the probable equivalents of the Llyn 
Cau Mudstones, were laid down during a period of normal sedi- 
mentation, during which the magma became more acid, so that 
the highest voleanic rocks, belonging to the Upper Acid Voleanie 
Group, include fragmental quartz-keratophyres. The active period 
of vuleanicity ceased finally and abruptly, the highest volcanic 
rocks being succeeded by a great thickness of Bala Mudstones. 

Basic intrusions are common at several horizons between the 
Dolgelley Beds and the Upper Acid Group, and are without excep- 
tion sills. The rocks range from gabbro through gabbroid dolerite, 
ophitic and subophitic dolerite, to porphyritic and spilitic types 
scarcely distinguishable from the basic lavas, They are believed 
to represent the phase of minor intrusions connected with the 
Llandeilo Volcanic Group. The area provides good illustrations 
of the action of an intrusive magma in persistently flooding 
certain horizons and invading selected rocks while leaving others 
unaffected. 

As a consequence of its position at the south-eastern ‘corner’ 
of the Harlech Dome, the strike changes almost through a right- 
angle in passing from south to north. Folding along north-and- 
south axes is dominant, but the folds have been buckled against 
the Rhobell mass which acted as a resistant knot lying in advance 
of the hard core of the Dome. The area is much faulted, the 
most important dislocations being parallel to those recently 
described from the Bala district. 

Complete chemical analyses of the chief rock-types have been 
made by Dr. H. F. Harwood. 
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CX. On the Variation of the “ Extinction” Voltages of 
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ARSTRACT. 
HE paper contains a description and theoretical discus- 
sion of results on the measurements of the extinction 
or lower critical voltages of “ Osglim ”? lamps and certain 
types of air discharge-tubes, when a charged condenser is 
connected across the electrodes, and a “ flash” takes place. 
The method used for measurement is that described in a 
previous paper (Taylor and Stephenson, Journ. Scien. 
Instrs. ii. No. 2, p. 50). 
The sequence of phenomena in the “ flash” or discharge 
is analysed into three sections :— 


(1) The capacity (C microfarads) charged to a potential 
of E volts, is placed across the tube, and a field of potential 
is thus set up across the tube electrodes, and a Townshend 
current flows through the latter. If a quantity of elec- 
tricity qı is used up in establishing the glow, the potential V 
across the tube when the actnal glow begins is given by 


— R77! 
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(2) The condenser discharges now through the tube (glow 
discharge) down to the lower critical voltage V,° This 
lower critical voltage is given, on certain assumptions, by 


the relation, 
Veo =F+V.', 


where F is a constant and V,' is the cathode fall of potential 
at the end of the “ flash” period. 

In cases where the full area of the cathode is employed in 
discharge, and the initial current is such as to give an ab- 
normal cathode fall of potential, 


Va = Vet ¢(V,C), 


where $!/V, C) is the “lag” of the cathode fall of potential 
at the end of the “ flash ”?” behind the normal cathode full Va. 
This becomes zero for normal current densities. 

(3) At the end of the luminous period there is still a 
space-charge, ete. in the tube ; this is cleared up, resulting 
in a quantity transference gy and a further reduction of the 
voltage across the condenser. We have therefore that the 
apparent lower critical voltage, as measured, is, 


Ve =Vot g(V, C)— 22. 


Tt is shown that the experimental results are in general 
agreement with those predicted from theoretical con- 
siderations, 

The least voltage required for production of a “flash” 
(for a capacity C across the discharge-tube electrodes) is 
shown to be given by 

Ve = Vet c 
where Ve is the normal sparking or upper critical potential. 

Certain confirming experimental results for the “ Osglim ” 

lamp are given. 


Introduction. 


In a previous paper (Journ. Scien. Instrs. ii, No. 2, p. 50) 
the present writers put forward a method for the determina- 
tion of the extinction voltages for low-tension discharve- 
tubes under different conditions of capacity and voltage 
across their terminals, and gave one or two illustrative 
results for the case of the neon lamp. In the investigation, 
a condenser of capacity © microfarads was charged to a 
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potential E volts, and then connected across the terminals of 
a discharge-tube; a “fash” occurred, and the potential 
across the condenser at the end of the “flash”, that is to 
say, the extinction or lower critical voltage under the con- 
ditions of experiment, was determined. lt was pointed out 
that the determination of this extinction or lower critical 
voltage for a discharge-tube carrying a steady current is a 
matter of simplicity (Shaxby and Evans, Proc. Phys. Soc. 
Lond. xxxvi. p. 253, 1924). Recently, however, the phe- 
nomenon of “flashing” of discharye-tubes has received a 
certain amount of investigation (Pearson and Anson, Proc. 
Phys. Soc. Lond. xxxiv. p. 204, 1922 ; Taylor and Clarkson, 
Journ. Scien. Instrs. i. p. 173, 1923-1924 ; Proc. Phys. Soc. 
Lond. xxxvi. p. 269, 1924; Phil. Mag. xl'x. p. 336, 1925), 
tovether with some of its applications in other directions 
(O. v. Baeyer and W. Kutzner, Z. f. Phys. xxi. p. 46, 1924; 
Appleton, Emmeleus, and Barnett, Proc. Cam, Phil. Soc. xxii. 
Pt. 3, p. 434, 1924). 

The theoretically-derived expression for the time period of 
“flash ”?” involves the lower critical voltage, but it is the value 
of this critical voltage under the obtaining conditions (in 
which a charged capacity is across the tube terminals) that 
is involved, not the lower critical voltage under a steady 
current. These critical voltages may differ considerably (see 
A. G. Tarrant, Proc. Phys. Soc. Lond. xxxvi. p. 280 (diseus- 
sion), 1924; also Taylor and Stephenson, Journ. Scien. 
Instrs. loc. cit.). 

The method employed in the present experiments is such 
that the lower critical voltage is determined under the actual 
conditions of a “ flash”? when a condenser of known magni- 
tude, charged to a known potential, is connected across the 
tube. 

The object of the present paper is to examine, in a more or 
less general theoretical manner, such condenser discharges 
and to put forward some results obtained in the cases of the 
“Osglim ” lamp and air discharge-tubes. 


Theoretical Investigation of the Variation of the 
Extinction Voltage Vy’. 


One of us (Taylor) has put forward the following thco- 
retical considerations of the problem :— 

A condenser of capacity C microfarads is charged to a 
potential E volts, and is placed across the terminals of a 
low-tension discharge-tube. The following sequence of 
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phenomena will occur and may be conveniently divided into 
three sections :— 

1) A field of potential across the discharge-tube elec- 
trodes will be established, and if there is any ionization 
within the filling gas a Townshend current wiil flow 
(cp. Reiche, Aun. der Phys. lii. p. 4, 1917). If tho 
potential across the tube rises to the upper critical voltage 
or sparking potential Ve, under these conditions, the current 
will increase by ionization by collision, and a space-charge 
with its concomitant phenomena will be established. 

Let i be the magnitude of the Townshend current at a 
time ¢ secs. from the instant when the condenser was placed 
across the tube terminals, then the total expenditure of 
charge in establishing the negative glow is given by, 


ty 
n= ("ide 
0 

where the integral is taken over the total time tọ required to 
establish the glow. For a discharge-tube under constant 
conditions, and for capacities which are either fairly large 
(so that the whole of the cathode is covered with the nega- 
tive glow) or of closely comparable magnitude, it would be 
expected that, for a constant ionizing agent (such as the 
y-rays from radium bromide), q) would be approximately 
constant. It is evident, therefore, that the potential across 
the tube when the glow is just established is given by the 
relation, 


E ye LR y ae 
V= Gut G Sie. ao, 16s Soe d) 
(2) The condenser now discharges through the tube down 
to the lower critical voltage V,°, that is, the voltage at which 
the tube ceases to conduct in the form of a glow discharge. 
If we assume that the lower critical voltage V,° is of the 
value of the cathode fall of potential plus a voltage just 
sufficient to carry the ions over from the negative glow to 
the anode, we may write (Taylor and Clarkson, Journ. Scien. 
Instrs. 1. No. 6, p. 173), 


V,° =a F+V,', ° e e e è o (2) 


where V,’ is the value of the cathode fall of potential at the 
end of the “ flash ” and F is a constant. 
(3) At the end of the “ flash” there is still a space-charge 
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and ionization in the gas within the tube. This space- 
charge, ete. will be cleared up very rapidly (in a time of the 
order of 107° sec.), but in the process there will have been a 
definite transference of electrical charge across the tube, and 
a further depreciation of the voltage across the condenser. 
Let this quantity be denoted by gs, and we have, 


t 
n= I.dt 
2/9 


where I is the instantaneous current at a time ¢ seconds after 
the termination of the luminous discharge, and ¢' is the time 
required for the space-charge, etc. to be cleared up. The 
further diminution of the voltage across the capacity C is 
evidently 


t' 
I.dt 
Ja o 
C C ? 


so that the apparent lower critical voltage for tho tube under 
these conditions is given by 


t' t' 
I.dt ( I .dé 
V = Vpop 2 C = V+F-*° GC” ° (3) 


Va’, F, and q are complicated functions. 


Further Consideration of Section (1). 


It was shown that for the glow-discharge to be produced 
a quantity of electricity g} was transferred across the tube, 
and that the potential across the condenser after this trans- 
ference was given by the relation of equation (1). Now, if 
V< Ve. (the upper critical voltage), which we are assuming 
to be a constant, no glow-discharge can be produced. We 
have evidently for a “ flash” Just to take place, 


to 
| i. dit 

Ve = E- E 7 > o è >œ (4) 

When the value of the capacity C is great (in these experi- 
ments usually of the order of 107% microfarad or more), the 
minimum value of E necessary for a glow-discharge to be 
produced is, within the limits of experimental error, of thie 
value V., since the second term of equation (4) is small com- 
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pared with the first, for large capacities. When, however, 
C becomes small (1073 microfarad and less in most experi- 
ments on “ Osglim” lamps), the second term increases fairly 
rapidly, and the minimum voltage across the condenser 
required for a glow-discharge to be produced is given by 


to 
("ia 
VV es 2 oe 6) 


If we can assume for these small values of C that the 
integral term of equation (5) is constant, it is evident that 
the graphs showing the relationship between V,’ and C will 
be hyperbolic in form, This is found to be approximately 
correct in experiments on the neon discharge-tubes. 


Further Consideration of Section (3). 
There are two cases to be distinguished : 


(a) Where the current at the commencement of the 
luminous period is sufticiently great to give abnormal 
cathode falls of potential (H. A. Wilson, Phil. Mag. ser. 6, 
iv. p. 608, 1902). 

(b) Where the current at the beginning of the “ flash ” is 
such as to vive the normal cathode fall of potential (Wilson, 
loe. cit.). In the case of small capacities, a portion only of 
the cathode area is utilized in the luminous discharge, so 
that the current density may still be of the normal value. 

Under the first heading is included the discharge through 
a tube when large capacities are employed, but it must be 
observed that the fact of abnormality of the cathode fall of 
potential is conditioned by the size of the cathode as well as 
by the magnitude of the capacity. 

Let the cathode fall of potential be V,° at the beginning of 
the“ flash”. The potential across the tube falls rapidly (the 
whole “flash” occupying a short fraction of a second only, 
as a rule), and there will be a “lag” of the cathode fall 
behind the normal value that would be attained if a sufticient 
time were allowed to elapse. (One may regard this “lag” 
as a “fatigue ” or hysteresis effect.) 

We may write, therefore, on certain assumptions (see 
Taylor and Clarkson, Journ. Scien. Instrs. loc. cit.), 


Vy = Va + F, 


where V,’ is the value of the cathode fall of potential when 
(V—V,)=F, the voltage just sufficient to carry the ions 
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over to the anode from the negative glow. V,’ will be some 
function of i, the initial current through the tube in the 
luminous period, and will thus depend largely upon V (see 
equation (1)) and the magnitude of C (see also Taylor and 
Clarkson, Phil. Mag. loc. cit.), so that we may write ` 


Va =V; F (V, C), 


where V is the voltage across the tube at the instant tho 
glow-discharge begins. We have, further, from equation (3), 


A 
| I.dt 
V= Vet P+ $V. O0- 


“I „dt 
= V,+¢(Y, O E cca 7. oe o œ (6) 


where V, is the normal lower critical voltage (that is, the 
lower critical voltage when V,’=V,). 

Now, when C is large, the last term of equation (6) is of 
negligible value compared with the others, so that the 
equation may be approximated to the form 

Ve =V,+¢(V,C) 2. . 2. . . T) 
When the value of the capacity C becomes such that the 
current through the discharge-tube never rises above 
the normal density value, the “lag” (V, C) becomes zero, 
we have Vs =V», and the lower critical voltage should be 
independent of C over a wide range. 

For smaller capacities the last term of equation (6) comes 
into prominence, and we have the following approximate 
relation holding :— 


Vy = V,— = C 2 œ © e o œ (8) 


THE EXPERIMENTAL RESULTS, 
Introduction. 


A number of experiments were carried out using neon 
discharge-tubes in the convenient form of the well-known 
“Osglim”?” lamps. These lamps contain a filling-gas of 
about 75 per cent. of neon and 25 per cent. of helium 
(together with certain impurities, such as hydrogen and 
mercury vapour), at a pressure of approximately 10 mm. 
of mercury. The electrodes are of iron, the cathode being 
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in the form of some letter of the alphabet (or a “beehive 

spiral of iron wire, in one type of the lamp), and the anode 
a small cylinder of iron, at a distance of one or two mm. 
froin ther cathoile, There is no positive column in the dis- 
chafge of these lamps, the light being emitted entirely from 
the negative glow (Ryde, Phot. Journ. June 1922), 

In the experiments on the air discharge-tubes, a “ beehive” 
“QOselim” lamp was improvised as a discharge-tube, by 
opening the nipple of the bulb and sealing on a glass tube 
so that the lamp could be attached to a Toopler pump and 
apparatus for evacuating, Phosphorus pentoxide tubes 
were employed for drying the air and the pressure was 
measured by a MeLeod gauge. 

In other experiments on the air discharge-tubes, a tube 
with parallel molybdenum-wire electrodes was used. This 
tube was the one used in experiments on the critical 
resistance for “flashing” of air discharge-tubes, described 
in a previous paper (Taylor and Clarkson, Phil. Mag. loc. 
cit.), Where a deseription of the tube is given. 

Previous to experimenting, the tubes were “ overrun ” so 
as to bring them into a more stable condition (Taylor and 
Clarkson, "Phil. Mag. loc. cit.; also ep. Dubois, C. Rend. 
elxxv. p. 947, 1922), and overcome the trouble caused by 
“salient” points on the electrodes. 


The Prevention of “ Lag” in “ Flashing.” 


The time “lag” in the occurrence of a discharge, behind 
the voltage tending to produce it, is a well-known phe- 
nomenon. In the present experiments a quantity of radium 
bromide in a sealed glass tube was used as external ionizing 
agent (the y-ravs being the effective ionizing radiations) 
(‘Taylor and Stephenson. Journ. Scien. Instrs. loc. cit.) to 
overcome the “lag” effects. In the case of the larger 
eapacities (about 10-? microfarad upwards) the value of the 
lower critical voltage, as determined experimentally, was 
found to be independent of the quantity of tle radium 
bromide or its distance away from the tube, provided there 
was sufficient ionization produced to do away with the 
“lag.” For the small capacities the results appeared to be 
independent of the quantity and distance of the radium 
bromide, but it was most difficult to get a discharge at all 
unless the radium bromide was in close proximity to the 
tube, and without its presence difinite values of V, were 
not obtainable. 

An interesting observation was made when using the 
parallel molybdenum-wire electrode discharge-tube. ‘With 
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capacities of the order 10-* microfarad and certain charging 
voltages, a discharge could be obtained when the radium 
bromide was removed to some distance, but when it was 
brought into close proximity to the tube no discharge could 
be obtained, the condenser charge being dissipated, presum- 
ably, by the ‘* dark ” discharge which precedes the luminous 
one. 


Nature of the “ Flashes.” 


In the “Osglim” lamps the full area of the cathode is 
employed in the discharge, for capacities greater than some 
0:05 microfarad (this value varies somewhat, of course, with 
the type of lamp); but the intensity of the negative glow at 
the lower limits is exceedingly feeble. The intensity in- 
creases with the capacity C, and becomes very great for 
large capacities. In the case of the small capacities a part 
only of the cathode is illuminated by the negative glow 
during the luminous period. At values of C of the order 
of 1074 microfarad a very minute portion of the cathode is 
utilized, and it is most difficult under such conditions to 
judge whether the type of discharge is normal. 

When using the molybdenum-wire electrode tube, the full 
arca of the electrode was employed down to very small 
capacities (about 0-004 microfarad), but the intensity of the 
glow decreased as the capacity diminished. 


Abnormal Types of Discharge. 


Several abnormal types of discharge were observed in the 
“beehive” air discharze-tube. Occasionally a “ salient” 
point wou'd crop up on the anode, and the discharge would 
be concentrated there as a sort of positive or anode plow, the 
intrinsic luminosity of the region of the “salient” point 
being very much greater than that of the usual negative 
wow. This type of discharge borders upon the are dis- 
charge, and the value of the lower critical voltage Vo’ is 
very much less than the normal, though precise deter- 
minatio -s cannot be made because of the erratic nature of 
the discharge. 

Further, in the case of the same tube at the lower pressures 
investigated (less than about 1 mm. of mercury), in some 
“Hashes,” instead of the usual diffuse negative glow a 
more intense discharge immediately around the anode was 
produced. Occasionally streamers from the anode were 
obser ved. 

These abnormal types of discharge appear to be similar to 
some of those observed by Watson in neon and helium 
discharge-tubes (Proc. Cam. Phil. Soc. xvii. p. 90, 1913). 
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THe EXPERIMENTAL RESULTS FOR THE NEON 
DiscHARGE TUBES. 


The Variation of the Lower Critical Voltage with the 
Capacity for a Fixed Charging Voltage. 


The variation of the lower critical voltage with the 
capacity for fixed charging voltages was investigated in 
the case of a number of types of the “ Osglim” lamps. The 
general relations obtained were the same for all the different 
types. 

The graphs of fig. 1 show the relations between the lower 
critical voltage V,/ and C for fixed charging voltage of 
Fig. 1.—Graphs showing the Relationship between the Lower Critical 

Voltage and the Capacity for a Fixed Value of the Charging 
Voltage E. 
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GrapH A.—“Osglim” lamp, “R” type. Not “overrun.” External 
ionizing agent, radium bromide. 

GrarH B.—Do. after * overrunning.” 

Grapu C.—“ Osglim” lamp, “O” type. Not “overrun.” External 
ionizing agent, radium bromide. 

Gravu D,—“Osglim” lamp, “R” type. “Overrun.” External 
ionizing agent, radium bromide. 

Grapa E.—“ Osglim ” lamp, “ Beehive” type. “ Beehive ” as cathode. 
External ionizing agent, radium bromide. 

Grapy F.—Do. “ Beehive” as anode. 

Charging Voltage E, 2CO volts throughout. 
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Taste I. (Graphs of fig. 1.) 


Graphs showing Relationship between Lower Critical Vol- 
tage and Capacity, for a Fixed Value of the Charging 
Voltage E (200 volts). 


Capacity 

in pF. (A.) (B.) (C.) (D.) (E.) (F.) 
T25 sa T Gis 146 156 132 122:5 
l vsscgee. 155 t 145:5 134 132 122 
DUceisisis 154°9 148:3 144:5 133:5 132 120:5 
O 154 146:3 143-5 133 1315 1195 
DO Desires “ee oe ahs aa 131 S 
IUa 154 146:0 143 133 131 119 
2 ER res ing wis ss 130°3 ees 
DO T 153:5 146:0 143 182:5 130:3 119 
eee Sas zis liz 132 129°7 118:5 
1°29. ioy aae n sa 131:5 z ja 
POs E 152:5 144:8 142 131:5 129-5 118 
OS EEN 153-0 i 131:5 sy say 
O75 wen des ie l41:5 130:7 ove 1175 
OG e 152°0 eee ose 131 see ar 
OI 152°U(151°5) 143:8 140:7 130 128 5 117:5 
OF S we ss wes 130 ave ate 
OO OET wae 143:2 oes 129°5 127 117 
O29 oen 150:3 ee 140 129 aes auc 
OF assieues 150 140°8 To 128 124 116:5 
0l5t...... sick ee eae 1255 ie sos 
0:135...... san ee es 124°9 wes see 
0°10 ...... 148 137:2 139 123 119 115 
0-083...... 148 1855 a. ‘ae 118:5 113 
107a CEE 147 130 se 121:5 116:5 111 
0083... ine 130°) 1345 120-9 sus 110 
OUD ...... see yo 134 120 se 
O'046...... 145°5 130-5 ses 1182 112:5 
0-0315 1425 127:5 131 . 
0-016...... 138 123-0 1245 ° 
0°O14...... 120 
0-008...... 132:5 115 
0:005...... ji 112 

(A.) “R,” lamp. Not overrun. RaBr external ionizer. 
(B.) do. After overrunning. KaBr external ionizer, 


(C.) “O” lamp. Not overrun. RaBr; lamp in complete darkness, 
(D.) “R” overrun lamp. RaBr. 

(E.) “ Beehive” lamp. Beehive as cathode. 

(F.) do. do. anode, 
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200 volts, and several types of lamps (the description of the 
lamps is given in the fig.). 

The following general results are apparent from a con- 
sideration of the graphs :— 


(1) For large capacities above about 1 microfarad or so 
the graphs are approximately linear in C. 

These portions of the graphs may be expressed by the 
general empirical relation, 


Ve Vet Ouse & & wa “OD 


where 8 is some small constant for a fixed value of the 
charging voltage E. 

(2) With capacities less than about 1 microfarad, the 
slope of the graphs begins to increase, at first slowly, and 
then quickly, and Vs’ decreases rapidly as C is diminished. 
This is to be expected from equation (8). It is not possible, 
however, to treat this portion of the curves quantitatively, 


ru 
because the function í I.dt, which represents the quantity 
.'0 


transference across the tube by the clearing up of the space- 
charge, ete., is certainly not constant for all capacities, for 
it is found, experimentally, that the intensity of the glow 
decreases with the capacity, and the actual area of cathode 
employed in discharge begins to diminish with the smaller 
capacities, 


ve! 7 
The function í I . dt, need not be more than some 107° 
e0 


practical units, a valne well within the probabilities of tbe 
case, to explain the magnitude of the Ve’ variations. 

Fig. 2 shows the similar relations for the smaller capacities 
(magnified capacity scale). It is observable that, except in 
the case of graph 1 where the cathode area is very smill. 
the lower critical voltage attains a minimum at very small 
capacities, and appears to rise in value with further dimin- 
tion of C. (lt was sometimes difficult to decide whether Vs 
was actually rising or merely stationary at these small 
Capacities. ) 

The minima of the graphs suggests that the ratio 

Bae 
| I.dt 
e0 oo 

C 
attains a maximum and then decreases as C is further 
diminished. 
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Fig. 2.—Graphs showing the Relationship between the Lower Critical 
Voltage and the Capacity for a Fixed Value of the Charging 
Voltage E, for small Capacities, 


110 
100 
80 

MICRO-FARADS 
7O ò oa o0o2 003 00 005 006 007 ©08 009 010 012 o 


GraPH 1.—“ Beehive” “ Oszlim ” lamp. Not “overrun.” Neon lamp 
used aa eytørnal ionizing agent. “Beehive” asanode, Full cathods 
is used in discharge throughout, but intensity is very feeble for the 
smaller capacity values. 

GrarH 2.—“ Osglim ” lamp, “ R ” type. “Overrun.” Radium bromide 
used as external ionizing agent. Less than full cathode used for 
capacities less than 0-04 microfarad (circa). 

GRrarH 3.—“ Osglim ” lamp, “R "type. “Overrun.” Radium bromide 
used as external ionizing agent. Full electrode used till about 
001 microfarad. 

Graru 4.—“ Osglim ” lamp, “R” type. Not * overrun.” Radium 
bromide used as external ionizing ugent. 

Grapu 5.—“ Osglim ” lamp. Same lamp as (4), but slightly “overrun.” 
Radium bromide used aa external ioniziug agent. 

Charging Voltage throughout, 200 volts. 


Taste II. (Graphs of fig. 2.) 


Neon Lamp, Small Capacities. 


Neon Lamp. E = 200 volts constant. 
Graph 1. 

“ Bechive” lamp; not “overrun.” Neon “I” lamp used as external 
ionizing agent; steady temperature condition. The small anode is 
used as cathode. E = const. 200 volts. Whole cathode is used 
throughout; discharge very feeble, howevor, for lowest capacity value, 

Results :— 

O = Ol¢F 0:083 ` 0:071 0:063 0:046 
Vo'=115 113 111 110 107 


O = 00324F 0:016 0:077 0:001 
Vè =103 95:5 89 T4 
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“R” azed lamp. RaBr as external ionizing agent. E = 200 volts. 
Not all the cathode is used at capacities less than 0-04 (circa). 


O = O154F 0-135 oni 0-071 0-062 
Vo! =1255 1245 1245 121-5 121-0 

C = 0055F 0-016 00315 0-016 00142 
Ve’ =120 118-2 1145 1090 108-0 

C = OOTTE 00033 00022 

Vo'=106 108 109 


Graph 3. 


“R,” lamp. After ‘overrunning.” E=200 volts. RaBr. 
Compare with 4 (below). Full electrode employed until OC16pF. 


C = Olek 0-083 0:07 1 0-062 0462 0-0315 
Vo =1372 135:5 ldo 130:5 130:5 127:5 

O = 0:016uF 0:0147 0:0077 0-0056 0033 

Vo'=123 120 J15 112 112 


Graph 4. 
“R,” lamp. Before “overrunniug.” E=200. RaBr. 
C = O)pF 0-083 0071 0:062 0-0 162 00315 
Vo =148 148 347 148 145°5 142 
C = 0016F 0:0147 0:0077 0.0033 0:0022 
Vo' =138 136 132:5 125 126 
Grraph 5. 


“R,” lamp. RaBr ionizing agent. E=2C0. Slightly “ overrun.” 


C = OlpF 0083 0-071 0-062 00462 CAIS 
V =1372 136:5 135:5 133 132:2 130 

C = 0:016uF 0:01-47 0:0077 0-0033 0:0022 

Ve =1235 122 117 112 112 


From equation (1) we see that V, the voltage across the 
discharge-tube at which the glow discharge begins, becomes 
less as U is decreased. It is found experimentally (see later) 
that the divergence of V from E only becomes grave at 
values of C of the order of 107% microfarad, consequently, 
since the the magnitude of the current at the commencement 
of the glow-discharge depends on V, the current magnitude 
will begin to fall off rapidly with diminution of C at 
capacities of the above order: concurrently, the area of the 
negative glow will diminish, thus diminishing the quantity 
transference in clearing up the space charge, etc. ‘Ihe 
above ratio may thus achieve a maximum and begin to 
decrease, so that, as is to be seen from a consideration of 
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equation (8), Vs’ may increase again as the capacity becomes 
smaller. 


The Variation of the Lower Critical Voltage with the 
Charging Voltage E for Fixed Values of the Capacity. 


Fig. 3 gives a set of graphs showing the relationship 
between the lower fades voltage V,' and the charging 
voltage E, for fixed values of the capacity C. The lamp 
used was an “ Osglim ” lamp of the letter “ R” type. 


Fig. 3.—Graphs showing the Relationship between the Lower Critical 
Voltage and the Charging Voltage E, for Constant Values of the 
Capacity C. 


~ 
32 
~~ 
140 w PE S-opf 
3 Pecos anaes OE 
a OE 
120 
100 
80 
(b). 0-0012 pF. 
(a). 0-00063 pF. 
(c). ©-00032 pr 
60 
40 
20 ana 
=e 
lo 
(E). VOLTS. 
100 180 260 340 420 500 580 


“ Osclim ” lamp. “R ” type. “Overrun.” 
or small capacities (a, b, c, etc.) only a small part of the cathode is 
used, except at 500 volts or more when the total area of the cathode 
is covered with negative glow during the discharge. 
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From theoretical considerations, we saw that the general 
form of these curves is given by the re‘ation of equation (6). 
This was approximated to equation (7) for large capacities, 
and to equation (8) for the smaller capacities. 

The graphs for the higher capacities (0°25 microfarad and 
above) are approximately linear. It would appear, conse- 
quently, that the “lag” effect, represented by the function 
(V, C) is approximately linear in E [in these cases V =E, 
of course}. 

For the small capacities, curves in general avreament with 
what might be expected from equation (8) are obtained. At 
high charging voltages, however, Vs’ appears to attain a 
constant minimum value. This may be due to the numerator 
of the second term of equation (8) attaining a maximum 
constant value; that is to say, that when ÈE has attained a 
sutticiently high value the quantity transference due to the 
clearing up of the space charge and negative glow, ete., is 
constant, but, on the other hand, certain results appear to 
suggest that it may be the ionizing potential of the filling- 
gas of tubes. Much work is required before anything 
definite can be said on the subject. 


Tague III. 
Variation of V,’ with E (C constant). 

C. E. We, C. E W. C. E. Ve, 

SpF 343 137 1-0 F 857 133 025p F 8&7 13 
325 187 342 a 312 123 
305 136:5 824 1225 24 123 
287 13600 305 1323 805 1254 
2605 1347 287 132-0 2&7 asd 
243  13+2 267 1318 267 13 
232 1340 246 1318 2465 155 
221 133:6 230 131:2 230 1:76 
205:5 1333 213 1312 213 an 
1865 1832 1932 1310 J92 api 
176 133:0 170:5 131:0 165 13 
1656 132:9 1650 131:0 

OlpF 357 15  OO7lF 32% 106 OUG2WF 345 1M 
324 116 287 19 30S 1 
287 117 2607 112 258 Ir» 
246 119 230 116 248 Mes 
230 120 213 «1175 231 | Bes 
213 12l 1909 1195 217 NH7 
192 122 166 1225 201 nn 
165 124 |S Ez 


163 lls 
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Tas Le UI. (continued). 


OVO pF 201 = 102 0-00063uF 201 95 0:0012pF 201 95 
2295 9l (a) 229 82 (b) 220. 8h 
246 86 246 68 246 71 
265 78 267 55 267 Gl 
285 71 287 42 287 45 
304 62 3uU6 34 306 39 
322 53 321 27 824 3l 
342 48 344 215 344 23 
363 41 373 2 373 18 
382 37 390 19 390 ad 
399 32 409 18:5 409 18 
417 29 423 si 428 16 
452 24 448 18 448 l4 
549 17 545 17:8 545 l4 

C. E. Vo’. 
OOZ? F 220 98 
(c) 246 81 
267 71 
237 63 
306 48 
324 3Y 
ott 30 
373 23 
3Y 24 
409 23 
428 sai 
448 21l 
545 13:5 
GENERAL. 


“R,” lamp —For small condensers (a, b, ¢, etc.) only a small part of the 
electrode is used, except at 500 volts or more, when nearly the whole cathode 
becomes covered with glow during the discharge. 


Variation of V,' with the Capacity C. 


It was shown that the minimum charging voltage across 
the capacity, required for a wlow-discharge to be produced, 
was given by the relation of equation (5). Fig. 4 shows the 
graphs obtained in the cages of two neon discharge-tubes. 
The graphs are approximately hyperbolic, graph (a) being 
represented by the empirical form (approximately) 

nai jG me: O) 
and graph (b) more exactly by 
e = 158+ - tot tts (11) 


Phil Mag. S. 6. Vol. £9. No. 294. June 1925. 4 B 
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It would appear, therefore, that the numerator of the 
second term of equation (5), which represents the quantity 
transference across the tube in establishing the glow dis- 
charge, is approximately constant, at least in the case of the 


Fig. 4.- Graphs showing the Relationship between the Capacity C and 
the least Voltage Vc’ required to produce a Glow-Discharve. 


(a) Beehive’ Lamp. 
(b). R” Lamp. 


VOLTS (\&). a 


T] 
QO 
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53 2 4 6 8 D R2 4 


smaller capacities. The first terms of equations (10) and 
(11) are of the value of the normal sparking potentials for 
the tubes, 

It has not been possible so far to perform similar experi- 
ments on the air discharge-tubes, but it is hoped to be able 
to do so in the near future. 
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TABLE IV. 
“R” lamp. RaBr ionizing agent, 
6 
, ~ 
V, — 158 + C ° 
C. in pF, Ve’. 
000063 oaeee 159 159 
0:00025 ooo... cece cece 160°5 160:4 
0-009135 ..............0685 162°5 105°5 
O°UO007 ....... cece cease 166 156:5 
0-000005 ...........0... é 167°5 170:0 


“ Beehive ” lamp. RaBr ionizing agent. 


V. = 158'2 + Se 
C. in pF. Ve’. 
AU OD [pl ae 159 159°2 
0°00063 2.0.0.0... oe 160 150:1 
0:00025 tacit ceaseias, 1645 162:7 
0000135... 168:5 165:4 
O00007 aiaee aac 170 1740 
000005 ....... cece cece ae 173 150:5 


C. in 10— units. Italic figures give theoretical curve. 


THE EXPERIMENTAL RESULTS FOR THE AIR 
DisCHARGE-TUBES. 


The Variation of the Lower Critical Voltage with the 
Capacity for a Fixed Charging Voltage. 


The variation of the lower critical voltage V,’ with the 
capacity for a fixed charging voltage was investigated in 
the case of the “ Beehive” air discharge-tube at several 
different pressures. Fig. 5 shows the graphs of these 
relations, which are exactly similar to those obtained for the 
*“Qsglim” lamps (the actual values of the lower critical 
voltages are of course greater for the air discharge-tubes), 

Owing to the lack of suitable capacities and batteries, it 
was not found possible to investigate the variation of V; with 
the charging voltage E over any great range of voltage, 
nor could it be determined whether there were minima for 
the V.’, © graphs like those obtained with the “ Osglim ” 
lamps. 

4B2 
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Fig. 5.—Graphs showing the Relationship between the Lower Critical 
Voltage and the Capacity, for a Fixed Charging Voltage E. 
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“ Beehive ” type of air discharge-tube. 
External ionizing agent, radium bromide. 
Charging Voltage E, 580 volts throughout. 


GraPH A*—WDarge Capacities (From uF maximum). Pressure 
075mm. Hg. Graph is typical, similar curves being obtained for 
pressure range 3 mm. to 0'2 mm. 

Graprn A'.—Large capacity scale (Maximum Q-25pI°). Same results 
as graphed in A‘, 

Grapu B.—Similar to A’, but pressure 2°92 mm. 

Grapu C. do. do. 1:67 mm. 


“Eetinction” Voltages of Low Tension Discharge Tubes. 1101 


Tase V. 
Air Discharge. “ Beehive” lamp. 
E=580 volts. RaBr ionizing agent. 
p = (14:6 x 0:02) cm. = 2°92 mm. 


C = 50pF 4-0 3-0 2-0 10 05 0:25 
Vo' =365 365 365 365 361 358 355 
C = O0166pF 0055 0:0315 0-016 0:0077 0:0022 
Vo = 350 335 323 302 271 208 
E = 580 volts. RaBr ionizing agent. Air. 

p = (16°65 x 0°01) cm. = 1°665 mm. 
C = 5:0uF 4-0 3-0 20 1-0 0-5 0-25 
Vo'=362 362 359 356:5 856:5 3565 352 
C = 0166 0:055 00315 0016 0:0077 0:0022 
Vo'=349 341°5 329 307 271 225 

E = 580 volts. RaBr ionizing agent. 

p = (745 x 0°01) cm. = 0°745 mm. 
C= 50uF 30 2:0 1-0 0-5 0-25 
Ve =360 358 857:5 357 356-5 356:5 
C = O166pF 0055 0:9315 0-016 0:0077 0:0022 
Va =354 344 330 315 286 216 


Similar relations were found to hold for the molybdenum- 
wire electrode discharge-tube (see graphs of fig. 6). The 
conductivity of the tube is, however, much less than the 
conductivities of the other tubes, because the area of 
the cathode is very small. The capacity range of abnormal 
cathode fall extends consequently much further into the 
region of small capacities. Indeed, for capacities greater 
than some 0:2 microfarad, the actual time duration of the 
discharge becomes considerable and the conditions for 
accurate performance of the present method break down. 
(Lhe tims of “flash” becomes comparable with the time 
period of the ballistic galvanometer employed, and an initial 
“kick,” always in the same direction, inhibits results (see 
Taylor and Stephenson, Journ. Scien. Instr. loc. cit.).) 

It is observable that V, in the case of this tube diminishes 
slowly with the capacity down to about 0-004 microfarad, 
when rapid diminution with the capacity ensues. In previous 
experiments on the variation of the critical resistance for 


350 


330 


310 


290 


270 
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“ flashing”? (R.) for this particular tube (see Taylor and 
Clarkson, Phil. Mag. loc. cit.) it was found that the critical 
resistance R. decreased slowly and almost linearly with the 
capacity down to a capacity of 0:004 microfarad, when rapid 
diminution of R, with further capacity reduction set in. 
The variation of the critical resistance is thus intimately 
connected with the variation of Vo’. 


Fig. 6.—Graphs showing the Relationship between the Lower Critical 
Voltage and the Capacity, for a Fixed Value of the Charging 
Voltage E. 


MICRO-FARADS 259 


230 oo 0.002 0-004 © 006 0-008 OQI 


0:015 0-02 
0:01 0:02 0:03 0:04 0-09 0 06 


Air discbarge-tube, Parallel molybdenum-wire electrodes tube. 
External ionizing agent, radium bromide. 
Charging Voltage E, 720 volts throughout. 


Graru A.—Pressure 2'54 mm. Small capacity scale (maximum 


0-055F), 


Grapunu B.—Pressure 1:72 mm. 
GrapH C.—Pressure 1:13 mm. 
Grapu D.— Results for 1:72 mm. (graph B), but with enlarged capacity 


scale (0°02 aF.). 


GrapyH D',—Results for 1:13 mm. (graph C); enlarged capacity scale. 


Q 
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Molybdenum Wire Electrode—Air. 


TABLE VI. 


- E = 720 volts. 


Graph (A). 
C. in uF. 


p. 
12:7 X002) em. 
= 2°54 mm. 


( 


0:055 
0:0315 
0:016 
0:0147 
0-0077 
000223 
00012 
0:0010 
O00063 


290 
286 
286 (?) 


Graphs (B) (& D). 
C. in pF. 


p. 


J (72X001) em, 0055 
L=172mm. 


Graphs (C) (& D'). 


p- 


11:3x00licem. 


= 1-13 mm. 


C. in pF, 
0:055 
0016 
0:0077 
0-00223 
0:0012 
0:0010 
0:00075 
C0005 
0°00028 


Vo’. 
325 
324 
324 
310 
285:5 
278 
2715 
260 
249 


0:0315 
0'016 


0-0077 
0:00223 
0:C012 
0-00093 
000063 
000039 


Vo. 
337 
332 
330 


328 
317 
295 
290 
2738 
251 


We are indebted to Prof. G. W. Todd, of Armstrong 
Collage, under whose supervision the experiments were 
carried out, and to the Department of Scientific and 
Industrial Research for the grant which has enabled one of 
us to undertake the work. 
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CXT. The Use of Commercial Plates in Research on the Latent 
Photographic Imacue. By F. C. Toy, DSe., F.lnst.P. 
(Communication No. 44 from the British Photographic 
Research Association Laboratories) *. 


HE fundamental importance of the photochemical law 
of the silver halide grain was recognized by Svedberg 
(Zeitseh. wiss. Phot. 1920, xx. p. 37) and Slade and Higson 
(Proc. Roy. Soc. 1920, 98 A, pp. 154-170) about the same 
time. Sladeand Higson investigated the relation between the 
number of grains made developable, the time of exposure, 
and the intensity of the light. They used plates containing 
only a single laver of grains, so that these were all similarly 
situated as regards the incident light. Calling a the total 
number of grains present, and æ the number made develop- 
able, they arrived at certain conclusions regarding the 
relation between 


log,a/(a— x) 


(which we will call 2), the light intensity I, and the time of 
exposure ¢. 

It is unnecessary to discuss their result in detail here ; the 
main conclusion from their work was that the relation 
between n and I was expressed by an equation completely 
different in type from that which connected n and & The 
results of much later work in the British Photographic 
Research Association laboratories has not confirmed this wide 
difference, and only partially confirmed the actual relation- 
ehips which were found. Further, it has been found that a 
relationship which holds for one emulsion is not necessarily 
exactly the same for another, and this is the main difficulty 
in the way of establishing exact quantitative relations 
between the photographic effect and the conditions of 
exposure. 

Since S'ade and Higson’s paper was written, it has been 
realised that the quantity we have called n is of great 
significance, in that it is actually the numerical measure of 
the number of reduction centres (expressed ag average 
number per grain) which are formed by the light. This las 
ied to many laborious experiments on the relation between 
n and the exposure, and for many emulsions it has now 
been shown that the curve connecting n and E (E=1xt, 
where I or ¢ is variable), for monochromatic light and 


* Communicated by Pr. T. Slater Price, O.B.E., D.Se., F.R.S. 
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normal exposures, is similar to those shown in fig. 1. 
There is a distinct “ period of induction ” followed by a rapid 
increase of dn/dE from zero to a constant value when the 
straight line portion is reached. The top of the curve need 
not be considered here, since the greater part of the photo- 
graphic effect is produced while n is still on the straight line 
portion. It has been shown that the curved foot to the 
straight line is short compared with the range over which 
the straight line itself extends, and the object of this paper 
is not affected it we make the approximation that the straight 
line continues down to the exposure axis, cutting this at a 
value of the exposure which may be called the inertia 


Fig. 1. 


E — 


value (e). If æ be the angle the straight line makes with 
the B axis, the equation connecting n and E may be written 


n=ġ(E—e) 


where ġ=tan a, and e=incrtia value of exposure. 

Taking this equation as the starting point, consider the 
general case of two monochromatic lights of frequency 
v and v’. Let these frequencies be such that the light 
absorption by the silver bromide grain is very much greater 
for v' than for v. This means that for equal incident energy 
of each light, more photographic effect is produced by v’ than 
by v (Phil. Mag. xlviii. pp. 947-961 (1924)) and the curves 
for the two lights will be as shown in fig. 1. 

Lhe equations for these will be 


n=$(h—e), 


n=p'(h—e’), 
where e >e and ¢/>¢. 
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Now apply this result to a consideration of the effect 
produced ina thick layer of emulsion as it occurs on ordinary 
commercial plates. We will consider the emulsion divided 
into a large number of layers, each so thin that it may be 
considered to behave very nearly like a single layer. As the 
light penetrates the film, the intensity will decrease, the rate 
of decrease being muck greater for » than for v, since the 
silver bromide absorbs the former much more strongly 
(according to our assumption). 

Let p and q be the ratios of the intensity transmitted to 
that incident upon any layer, for the lights y and v’, respec- 
tively, that is, p and g are the transmission factors of a layer. 
We will assume p and g are constant throughout the 
thickness of the emulsion *. 

If the incident intensity is I, then, for v, the intensities 
incident on successive layers will be 


| ee ae) eee 
and for v’ 


Lgh g lures 


Let the plate be given an exposure E (=Ixz+). Then 
applying the law for the single layer to each layer in suc- 
cession the total number of centres (N) formed will be, 
by the light of frequency v, 


N=n tnn + ....=6(E— 6e) + h(pE—e) 
+(p?E—e)+..... 2. . » 1) 


and by the light v' 
N'=n,' + ny tng + 2... = (E—e')+ f'(gh—e') 
+h'(27E—e')t.... 2. 2. (2) 


The first term in each of these expressions gives the 
number of centres formed in the top layer only. lf the 


* Abney showed (Camera Club J. p. 173, 1899) that the effective 
opacity of each layer is locer than that of the one above it in the series 
Bloch and Renwick contirmed this (Phot. J. lvi. pp. 49-66, 1916) and 
came to the conclusion that the correct relation between the density (P) 
and the weight of silver bromide per unit area (W) of plate, was 
expressed by an equation of the type D=aW’, where a and b ar 
constant, b being <1. If the absorption for each layer of silver brouude 
were the same, b should be 1, instead of less as proved by Bloch and 
Renwick. They only determined the values of b in one case usnog 
monochromatic light and found it te be O82. The approximation made 
in the paper does not, however, affect the general result, which depends 
essentially on the fact that the terms in q (equation 2) decrease muca 
more rapidly than the corresponding terms in p (equation 1). 
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exposure is very small, so that E is just greater than e, but 
pli<e and gE <e’, then all the terms except the first are 
negative, implying physically no photographic effect in 
either case except in the first layer. With all exposures 
less than this value, the ratio of the numbers of centres 
produced by the two lights is given by 


/ _¢ (E—e’) 
NINS $ X (We) 


which becomes infinite when E=e. This is, of course, 
expressed by curves in fig. 1. As the exposure is increased 
the light penetrates deeper into the film, and centres are 
formed in other layers than the first ; that is, other terms 
than the first contribute their share to the total effect 
produced. The value of the successive terms added will 
depend on the valuesof p and g. In the case we have taken, 
the light of frequency y is much more strongly absorbed 
than v, so that the transmission factor g is much less than p. 
Each of these being a fraction less than 1, the terms in g 
will decrease much more rapidly than the corresponding 
terms in p. Ata certain term, say the (r+ 1)th, ọ"E is less 
than e’, while p"E may still be considerably more than e, that 
is, more terms of equation l than 2 must be taken to 
get the total effect due to the incident intensity. In fact, 
as the exposure is increased and the light produces effects 
deeper down in the emulsion, N may become greater than 
N’, that is, the relative effects produced in a layer of emulsion 
may be completely reversed if the thickness of the layer is 
varied, 

The usual and simplest effect to observe in a single-layer 
plate is the percentage of grains which are made developable, 
and this is easily obtained if the number of centres produced 
is known (Phil. Mag. xliv. pp. 352-371 (1922)). IE w is 
this percentage, the values of the percentages for the 
different layers are given by 


a, =100(1—e-") l 
va = 100(1—e7™) $, ©... a (3) 


where nz, and ng, etc., are the average number of centres per 
grain in a single layer, and zı, v2, etc., the corresponding 
percentages changed. To obtain the percentage of grains 
changed in each layer of the emulsion, each term in n in 
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equations 1 and 2 must be converted separately to the corre- 
sponding æ term by means of equation 3. 

If we consider that we are examining an area of plate such 
that there are 100 grains in each layer, the addition of the 
terms in x will give us relative values of the total number 
of developed grains in all layers. If we call X and X’ the 
total number of developable grains throughout the whee 
thickness of emulsion for v and vy’ respectively, we get 


finally from 1, 2, and 3 
X=a,try+2534+....=1004 (L—e~9E-9) 
+ (1—e—*PE-6) 4 (Le 78 PE-A 4 0B A) 
X'= +25! tar + ....=100} (1— e ~ 9 (E-8)) 
+ (L—e T9 UE-e)) 4 (Le E-A 4 Lf. (5) 


As an example, let us take a case which has been investi- 
gated in our laboratory, viz., that of the effects produced by the 
blue line (A=4358 A) and the ultra-violet line (A=350 A) of 
the mercury are. The following values of the factors given 
in equations (1) and (2) are of the order of those actually 
found for the two frequencies mentioned, in the case of 
a pure bromide emulsion with small even grains: 

$=05,¢=20; e=05,e=01; p=0°8, g=05. 

The value of the exposure is given in units of 1:°2x 107° 
calories per sq. cm. Using these data, it is easy to calculate 
the values of X and X’ from equations (4) and (5) for the 
various values of E. These are given in the table and 
plotted in fig. 2. 

It will be scen at once, that for a thick layer of emulsion 
the relative effects produced by v and v' will depend on the 
exposure; thus if E=0°5, X'|X=æ and this gradually 
decreases with increasing exposure until X’=X when 
Kk=3°5. For bigger values of E, X becomes greater than X’. 


Total grains changed in all layers. 


~ == = 

E. X. Xx", 

OD eeni 0 &8 
PO axis 43 169 
yd | peer 172 267 
SO sirs 293 335 
EO n 8393 364 

OPO reisis 492 309 


This point has been tested experimentally using the same 
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frequencies as above, and thick plates of the same emulsion 
as gave the curves in fig. 1. Two strips of the same plate 
were exposed behind a wedge to known intensities of the 
blue and ultra-violet, the gradation of the wedge for each 
light being known. From this it is easy to calculate the 
intensities on the plate at every point, and the density after 
development of these points can be easily measured. Now 
we know that, at any rate approximately, the density of 
a developed silver image is proportional to the quantity 
of silver present, that is, to the total number of developed 
silver grains (assuming uniformity of grain size), so that if 
we plot density against intensity for each light we should 


Fig. 2. 


XannX! —> 


get curves similar to those obtained theoretically in fig. 2. 
That this is so is seen very clearly from fig. 3 and fig. 4, 
which give similar curves, one being obtained by varying 
the time and keeping the intensity constant, and the other by 
varying the intensity. 

It should be pointed out that this kind of result would not 
necessarily be observed with any different monochromatic 
lights since it depends essentially on the great difference 
between p and g, which in turn depend on the great 
variation, with frequency, in the light absorption by the 
silver bromide. I£ the frequencies used were in a range of 
the spectrum over which the silver bromide absorption was 
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constant, the curves shown in figs. 3 and 4 would not be 
obtained, and the light which gave the greater effect on 
a single-layer plate would also give the greater effect on a 
thick layer, whatever the exposure. 


E (I variasce) 


It follows that it may be exceedingly dangerous to use 
ordinary thickly coated commercial plates for experiments 
on the quantity of energy of different frequencies necessary 
for the formation of the latent image. This, however, bas 


Digitized by Google 


in Research on the Latent Photographic Image. 1111 


recently been done by Helmick (J. Opt. Soc. Amer. ix. 
pp. 521-540 (1924)). Using four radiations of wave- 
lengths 3650, 3131, 2653, 2537 A., Helmick investigated 
the relation between the total energy incident and the total 
number of developable grains produced throughout the whole 
thickness of the emulsion coating. Knowing these, he has 
calculated the average number of quanta per grain which are 
required to make one grain developable. He found that, 
on the average, the number of quanta required for this 
purpose decreased as the frequency of the light decreased, 
and drew the conclusion that the efficiency of light quanta 
in producing developable grains increases as the frequency 
decreases. 

Now, as far as is known, the variation of the light 
absorption by silver bromide with frequency has never been 
investigated over the range of frequencies used by Helmick, 
so that it may either be constant or it may vary enormously 
as we know it does in the visible and near ultra-violet. 
Slade and Toy (Proc. Roy. Soc. 97 A, pp. 181-190 (1920)) 
have shown that it is increasing very rapidly with increase 
of frequency from the visible down to about 3400 A, the 
limit of their investigation. 

The point is that Helmick’s result is meaningless without 
a knowledge of the silver bromide absorption curve in the 
region employed by him. For, if this absorption does vary 
very rapidly with frequency in that region, and if, for the 
emulsion he used, the same relation holds between n and E 
as holds for the emulsion used here (as it probably does) the 
blackening curves for the different lights would be similar 
to those we have obtained here (though they would be 
reversed in order if the absorption were decreasing with 
increase of v instead of increasing), with the result that 
the conclusions drawn as to the relative efficiency of different 
Jrequencu quanta would depend on the purely arbitrary 
exposure yiven to the plate. Thus, if Helmick’s exposures 
were such as to be in the region of A in fi z. 2, he would have 
found that more grains were made developable by the light 
of greater frequency, and would have concluded that the 
efficiency of quanta as regards the formation of developable 
grains increased with the frequency. If he had given to his 
plate exposures corresponding to the region marked B in 
fig. 5 he might have concluded that the quanta of different 
frequencies were equally efficient, while at an exposure such 
as C the order of efficiency would have been completely 
reversed. 

All this points to the necessity for using single-laycr plates 
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for all accurate work on the relation between the energy 
required for the formation of the latent image and the 
frequency. Under such conditions there is as yet no evidence 
sufficiently definite for us to draw any other conclusion than 
that, per quantum absorbed, all frequencies of ultra-violet 
light are equally efficient in making developable the silver 


halide grain. 


In conclusion, the author wishes to express his thanks to 
Dr. Slater Price for the interest which he has shown in 


this work. 


CXII. The Combustion of Carbon-Monowide Mixtures. By 
J. H. Crowe, M.Sc., and A. H. NEWEY, ALSc., Bowen 


Research Scholar * 


T has long been recognized that the Air standard cycle, 
as representing the ideal efficiency for an Internal 
Combustion Engine, is only permissible because of the lack 
of precise knowledge concerning the physico-chemical 
phenomena taking pl: ice during combustion. The Air 
standard postulates an “ideal air” with constant specitic 
heat, and assumes that, in a mixture of this air and combust- 
ible gas, heat is added instantaneously, and, further, that 
during combustion there is no dissociation of the products, 

The present investigations, which are part of a series 
undertaken at the Birmingham University, are an attempt 
to determine something of the manner in which combustion 
proceeds when a mixture is exploded in a closed vessel, 
more particularly to measure the velocity of propagation of 
the flame front. The apparatus necessary has been rather 
considerable, and this was designed and constructed by 
hy J. L. Pearson and R. C. A. Anderson. To the former is 
due the credit of developing the method of attacking tlie 
problem. 

In order to simplify the conditions and eliminate wall 
action, the explosion vessel is a sphere of 16 inches diameter, 
and ignition is effected at the centre. The original method 
suggosted for recording the passage of the flame was first 
put ‘forward by J. D. Morg: in (‘ Engineering,’ October 1919). 
This consisted of having an insulated gap ‘formed by two 
steel electrodes in the path of the flame, and in series with 
this a second gap for recording purposes and a condenser 
of suitable value. When the first gap is bridged by the 


è Communicated by Prof. F. W. Burstall, M.A., M.Sc. 
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flame, the condenser is discharged and the spark at the. 
other gap can be recorded photographically. 

This arrangement will work very well when a bunsen 
flame is flicked through the gap, but when tried in the sphere 
it failed completely. After much experimental work the 
present method was developed, and this is essentially as 
follows, 

The condenser is replaced by a motor alternator, the 
voltage of which is transformed up to about 8000. One 
side of the transformer is earthed, and the other side is 
connected through a variable liquid resistance to the external 
adjustable gap. Connexion is made from this to the central 
electrode of a large specially designed sparking-plug, which 
is screwed to the sphere. The sphere, and therefore the 
plug, is earthed. The cable connecting the two gaps has a 
certain capacity to earth, and, if the external gap is closed 
down slowly when the high voltage is on, a charging 
current can be made to flow and give a continuous discharge 
through the gap, while the gap in the sphere is in no way 
affected. When the flame reaches the points of the plug an 
are is struck at both gaps, and the change from the capacity 
spark to the are is plainly photographed on a falling plate. 
A more detailed description of some of the components of 
the apparatus can now be given. 

The sphere is a mild steel forging, 16 inches in internal 
diameter, with walls 14 inches thick, and was machined 
from the solid. The two halves are bolted together by 18 
i -inch nickel steel bolts. There are 24 plug-holes disposed 
along different radial lines, although only 17 plugs, including 
the firing plug, are used. In each hemisphere there are 
two inlet passazes. One valve opens to a mercury U-tube 
and vacuum-pump, one is connected to the compressecstir 
bottle, another controls the gas (and oxygen when used), 
and the fourth one opens to the atmosphere and is also used 
for passing hot air through the sphere after an explosion. 
The inside surface of the sphere is silver-plated, as it had 
been found that, when using coal-gas, considerable corrosion 
took place, owing to the deposition of moisture. 

The internal gaps which project into the sphere are 
arranged by screwing steel electrodes of varying lengths 
into the base and central spindle of large sparking-plugs, 
which were specially made by Messrs. Lodge Plugs Ltd. 
The electrodes and bases of the plugs are silver-plated. 
The gap at the points is normally 5mm., but this is raised 
somewhat depending on the initial pressure used. The plug 
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having its points at the centre of the sphere is used as the 
ignition-plug and has a much smaller gap. Jygnition ts 
effected by means of a 6-volt accumulator and 6-inch 
trembler induction-coil. In order to time the firing of the 
charge at the right moment, an extra switch in the primary 
of the coil is arranged—a wiper switch on the plunger of the 
falling-plate camera. 

There are five external gaps, and these are contained ina 
lizht-tight box, with a lens behind each to focus the capacity 
spark or are on to the falling plate. The electrodes of each 
gap are carried in a frame of ebonite, the top one being 
fixed into an ebonite screw to give vertical adjustment. 
Focussing adjustment is also provided. Only three of the 
gaps are used, one being in series with the particular plug 
required and another in series with the firing plug, so that 
the ignition-spark is also recorded on the plate. The 
purpose of the third gap will be explained later. 

The falling-plate camera is the standard camera made hy 
The Cambridge Scientific Instrument Co. Ltd. The plate 
is released by an electro-magnetic catch and falls at a 
uniform speed controlled by a plunger working in an oil 
cylinder. The camera-box makes a light-tight joint with 
the external gap-box. 

The time is put on to the plate by means of a vibrating 
bar time-marker, also a standard instrument. The bar is 
vibrated electrically, and drives a small synchronous motor 
having a spoked disk on the end of the armature. Light 
from an are lamp passes through an aperture on to 
the falling plate, and the light is cut off regularly by the 
spokes, giving a line on the plate broken in hundredths of a 
second. 

Besides measuring the flame velocity, a pressure record 
is taken on the same plate. For this purpose a Burstall 
Optical Indicator is fitted (for description see Proc. Inst. 
of Mech. Eng. 1923). The piston has been replaced by a 
diaphragm. This has two corrugations in it and is cut out 
of the solid, so that it is perfectly encastre, thus reducing 
any hysteresis effect. 

In order to save time in the experimental work, a fan is 
used to stir up the mixture before firing. The fan spindle 
passes through the body of a plug screwed into the sphere 
and is driven at 800 r.p.m. by a small motor, The inital 
pressure is taken by a packing of lead shavings, and the 
explosion pressure by screwing back the spindle on to a 
seating on the plug after the fan has been stopped. The fan- 
blades, which are silver, are hinged on to the boss in order 
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to pass the 14-inch hole, and when in action are close to the 
Inner wall, so as not to alfect the progress of the flame. The 
remaining ‘exposed | parts are all silver-plated. 

An electric heater also screws into the sphere. This 
helps to drive off any moisture that may be deposited, and 
also to adjust the initial temperature if required. 

The only combustible gas that has been used is carbon 
monoxide, and a small plant was put down for its manu- 
facture. The gas is prepared by the usual laboratory 
method, the action of concentrated sulphuric acid on tormic 
acid, the temperature being about 100°C. The gas is 
collected in a 6 cu. ft. holder and from there drawn off by a 
portable two-stage compressor into a storage-bottle. An oil 
separator is interposed between the compressor and the 
bottle, the gas passing up through a spiral of wire and any 
oil that has been seni over is deposited and run off. As used, 
the gas is saturated and the air is in the normal hygrometric 
state as it would be in gas-engine practice. The purity of 
the gas is 97°5 per cent., “the remainder being air. 

In order to obtain a complete record of the flame, twelve 
explosions for any set of conditions are necessary (only 
twelve plugs are available). After each explosion the 
sphere is exhausted and hot air passed through. After a 
second exhaustion, the air and gas are admitted very slowly 
in the correct proportions. The U-tube is used for pressure 
up to three atmospheres, and above this a Bourdon gauge. 
The mixture is then stirred for 20 minutes, which was found 
to give complete diffusion, and then Jeft for a few minutes 
for eddies to die down. After the time-marker and indicator 
have been put on, the high voltage is switched on and 
the external gaps adjusted to give a continuous spark 
discharge. The mixture is then exploded by dropping the 
plate. 

A vast number of difficulties with the apparatus presented 
themselves at first, but these have gradually been eliminated 
until experiments can now be carried out fairly continuously, 
although by no means rapidly. A considerable number of 
results were discarded before those given here were obtained. 
These can be repeated and the same results obtained within 
the limits of the small errors introduced in the proportions 
of gas to air, ete. 

In the course of the preliminary experiments some 
information was obtained of the effect of diffusion on the 
manner of the flame spread. In one experiment the fan was 
only left on for five minutes. It was afterwards found that 
20 minutes is necessary to obtain diffusion sutliciently 
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TABLE I. 


Initial Pressure, 2 atmospheres absolute. 
Initial Temperature, 17°C, 


Ter cent. Gas Max. Press. Pressure 
(97:5 per cent. Flame Velocity, Time. Max. Pressure. Ratu. 
pure). ein. /6ec, secs, lb., sq. in. ana. 

17 26 TR n oie 
20 FUT "30 169:5 övi 
25 Rt} "BRS 209 TR 
30 107 231 231:5 Tr 
35 159 ‘211 249 B16 
40 145 175 243 827 
45 137 170 242°5 &25 
50 19 "sg 224°5 755 
55 101 i ol 203:5 TiQ 
60 TTD 390 178 605 
€5 ws 920 143 47 


complete to give consistent results. Plotted out as Time- 
distance ordinates for each plug the points were rather 
erratic, and on repetition were not constant. By re; eanng 
each point two or three times, and carrying out two such 
experiments, one at one atmosphere initial, another at two, 
some idea of the manner in which the flame spread could be 
obtained. There appear to be four main cffecis resulting 
from incomplete diffusion: (1) The Velocity varies along 
different radial lines; (2) There is an accelerated motion 
after about one-half of the distance is travelled; (3) The 
mean velocity is lower than for complete diffusion; (4) The 
time of combustion is increased. With the exception of 
(2) these mizht have been predicted beforehand. It would 
seem that the acceleration must be due to the increase of 
homogeneity resulting from the adiabatic compression of the 
unburnt portion of the mixture. The decrease in the mean 
velocity is quite considerable. Fora 25 per cent. gas mixture, 
the mean flame velocity was 48°9 cm./sec. When complete'y 
diffused the constant velocity is 97-7 cm./sec. The corre- 
sponding times of combustion—i.e., the times to attain the 
maximum pressure—are ‘416 sec. and +280 sec. 

Fig. 1 gives a velocity curve which is typical of all the 
curves obtained for any Air/Gas ratio and any initial 
pressure, and in which diffusion is complete. A mean 
straight line can be put through the points. This uniform 
velocity is one of the chief results that these investigations 
have yielded. It has usually been assumed that when a 
mixture is exploded in a closed vessel there will be an 
accelerated motion. Several reascns have been advanced in 
support of this :—(1) The rise in temperature produced by 
the combustion of the portion first inflamed will cause an 
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expansion, and this will have the effect of projecting the 
flame front forward at an increasing velocity. (2) As the 
flame advances the unburnt portion is compressed, thus 
bringing it nearer the ignition temperature. Less heat will 
therefore be required from the burning zone to influence it. 
(3) The increase of pressure, quite apart from the rise in 


Fig. 1. 


Mixture—30 per cent. Gas, 70 per cent. Air. 
Initial Pressure—2 Atmos. 


w AISTAN CE. INS. | 


Time—Seconda, 


temperature, will increase the speed of combustion. (4) Also, 
if we look on flame-propagation from a point of view of 
conduction of heat, there will be an increase in the tem- 
perature difference between burning and unburnt zones due 
to the compression of the total change. 

It is now known that (3) is not an accelerating but a 
decelerating influence in the case of carbon monoxide and 
air. This will be referred to later. 
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Tt has yet to be shown that flame spreads with a constant 
velocity in any other than carbon monoxide mixtures. In 
the case of hydrogen, Nagel has shown that an increase of 
Initial pressure results in a lower time of combus tion, and 
therefore presumably in a higher flame velocity. The flame 
speed in hydrogen therefore. might possibly be accelerated. 
The difference in the detonating properties of these two 
gases is also well known, and it would seem quite likely 
that this depends toa large extent on the possibility of an 
accelerated flame motion and therefore of the behaviour of 
the gases when exploded under different pressures. No 
experiments have been done on hydrogen as yet, and it is 

rather doubtful if records will be obtained with the present 
apparatus. The slower combustion of carbon monoxide at 
higher pressares is the only fact that will explain a constant 
velocity, and it must be inferred that, since all the forces 
operating are interdependent—that is, they all depend on 
changes of pressure, —they can only be developed to such 
an extent that they will always counterbalance. 

It will be seen from fig. I that a wavy line can he put 
through the actual points. This is not due to experimental 
errors, as these are much smaller than the observed dis- 
crepancies. It was thought at first that the plugs might be 
so disposed that the effects of convection would produce 
these differences from the mean velocity. Some experiments 
were done to find out how the flume front is distorted hy 
convection currents, and from these it is fairly certain that 
in the upper hemisphere the flame front is truly spherical. 
Below the centre line there is a flattening cut of the flame 
even at velocities of over 100 em./sec. Most of the plugs are 
in the upper half, and only cne plugi in the lower half would 
show this lag. There is little doubt now that the wave isa 
true oscillation of the flame front, This oscillation is always 
present with any mixture and any initiz] pressure, the 
frequency being fairly constant and the amplitude, except 
when much higher temperatures are recorded, is also 
constant. 

If resonance of the whole mass is set up, analogous to that 
found in tube experiments, the frequency of the vibrations 
would be higher (Mason & Wheeler, Chem. Soc. Trans. 
1919). The initial oscillation must be started by the pressure 

raves that aro being sent out both through the burning core 
and to the walls. Those will be reflected and cross and 
re-cross at the flame front. The speed of those through the 
burning mass will be much higher than those through the 
unburnt part, and it may be assumed that the actual 
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frequency of the flame is the resultant of these two 
vibrations, | 

An interesting point about all the pressure records obtained, 
two of which are reproduced in tig. 2, is that the flame 
velocity may be obtained approximately from them. With 
carbon monoxide-air mixtures, in no case is the combustion 
of the whole mass complete when the flame has reached the 
walls, During the subsequent combustion cooling is taking 
place, and the time when this begins is shown by a point of 
inflexion on the pressure curve. This has been used later in 
an estimation of cooling losses. 


Fig. 2. 


Pressure Records— T. 50 per cent. Gas, 50 per cent. Air. 
IJ. 60 per cent. Gas, 40 per cent. Air. 
250 


200 


'Tiime— Seconds. 


In Table I. are given the results of a series of experiments 
with different mixture strengths. The flame velocity and 
maximum pressure are plotted in fig. 3. The peaks of both 
curves occur at about 40 per cent., the theoretical mixture is 
30 per cent. As far as the velocity is concerned, this is in 
agreement with practically all determinations of flame- 
propagation, whatever the conditions. Unfortunately, very 
few experiments have been done on propagation in a tube 
with carbon monoxide, With methane and hydrogen the shift 
of the peak of the curve from the theoretical mixture might be 
explained simply by a theory of conductivity, the thermal 
conductivity of both of these gases being greater than air. 
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The conductivity of carbon monoxide, however, is about 
the same as that of air. 

Considering the pressure curve, Tizard and Pye (Proc. 
Auto. Eng. 1920) have shown that the phenomenon of the 
maximum pressure occurring with a rich mixture may be 
accounted for by the dissociation of the products of combus- 
tion. This occurs because the percentage of excess carbon 
monoxide is increasing, and this has a powerful effect in 
limiting the amount of dissociation that can occur. 


Fig. 3. 
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It would seem at the outset, then, that the velocity of the 
flame is mainly a function of flame temperature, and that 
the position of the peak of this curve is also determined 
by the amount of dissociation. 

IE we accept some theory of conduction, then flame speed 
will depend on the ignition temperature of the mixture as 
well as on flame temperature and conductivity. This 
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ignition temperature, however, probably plays a very small 
part indeed, if any, in determining the velocity of flame- 
propagation. In some later experiments where the rise of 
temperature, due to adiabatic compression, of the unburnt 
mixture is much higher, because there is less subsequent 
combustion, there is still no sign of an accelerated motion 
which might be expected if flame velocity were determined 
by the rate at which one layer immediately in front of the 
flame can be raised to the ignition temperature. 

Tt is difficult also to explain how a detonation wave can 
travel through a mixture which has not been previously 
compressed up to the ignition temperature, as it does in an 
open-ended tube. Any conduction theory of propagation 
appears therefore to be quite untenable. 

There is a distinction between the rate of combustion and 
the rate of propagation of combustion, although the two 
must be closely related, and at the flame front itself precisely 
the same process must be going on that is going on in the 
Hame zone. If, then, we neglect altogether the time 
required to raise a layer up to the ignition temperature, 
we should expect that the velocity of the flame would be 
determined by the same factors that determine the rate of 
combustion—that is, lame temperature and the mass factor. 
I£ this is so, 


V= KC,7C,, 


where log K=A+BT (Nernst) and ©, C, are the concen- 
trations of carbon monoxide and oxygen. 

As the peaks of the two curves of pressure (and therefore 
temperature) and velocity are practically at the same 
mixture, the value of the K would be such that the tempe- 
rature factor overwhelms the mass factor. The latter alone 
would give a maximum at 66 per cent. This does, however, 
operate in the right direction, as is seen if we take a 
horizontal line on the Velocity Curve. For the same flame 
velocity the temperature of the stronger mixture is lower 
than that of the weaker. 

In the preliminary experiments attempts were made to 
obtain more than one velocity determination for each 
explosion by using two recording plugsat different distances 
from the centre, each in series with its own external gap. 
By suitable adjustment of the electrical conditions two 
records could bo obtained with fair regularity, but on 
examination it was found that the second record did not 
give the velocity but the arc struck invariably some time 
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after the flame had passed through the plug-points, In 
addition, there was no consistent time-lag. On examining 
a number of records it was found that the first plug 
determined the striking of the arc at the second—that is, the 
first are ceased and the second commenced at a constant 
time from striking for a particular first piug, irrespective of 
the particular second plug used. It was thought that when 
a certain phase in the combustion was reached at the first 
gap, the tendency to are at the second overcame the effect 
at the first. This was tried outside the sphere, using two 
plugs and two bunsen flames, but in most cases it gave the 
condition for the velocity at the second plug. It had 
previously been found that no reliance could be placed on 
Lunsen experiments outside the sphere. The conditions are 
very different. Since, however, the presence of the second 
plug did not affect the velocity determination at the first, 
two plugs were used throughout the greater part of the 
experimental work. 

All results using any mixtures of CO and air gave similar 
results, and on analysis it was found that the particular phase 
of combustion recorded at the wall of the sphere occurred 
in most cases just atter the attainment of maximum pressure. 
That is to say, the records indicate the approach to complete 
combustion when there is a great diminution of chemical 
activity. It is realised that complete combustion can only 
be approached asymptotically, and, in fact, using large 
resistances in series, arcs have been produced which show 
this tailing off effect. 

That combustion is certdinly taking place after the flame 
reaches the wall is shown by the pressure results—that is, the 
rise in pressure beyond the point of inflexion. Hopkinson 
(Proc. Roy. Soc. 1906), using coal gas, observed that the 
flame filled the vessel hefore maximum pressure. Wheeler 
(Trans. Chem. Soc. 1918), using methane, found that the flame 
filled the vessel at the time of maximum pressure, but his 
pressure records are not above criticism. Hopkinson explains 
his subsequent pressure rise by the fact that a hot core is 
produced at first which must equalise through the vessel, the 
change in specific heats giving the additional pressure rise. 
It this is the case in some of ‘the present faster-burning 
mixtures which approach Hopkinson’s velocities, there shoul d 
be less rise in the slower burning mixture owing to greater 
time available for temperature equalisation. The reverse is 
invariably the case, and the only possible explanation is 
prolonged combustion, From this can be generalised that 
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combustion does not take place instantaneously at any 
spherical shell using carbon monoxide and air, and probably 
does not do so with any other gas, although in some cases it 
approaches instantaneous combustion—e. g., hydrogen and 
oxygen. 

In all mixtures of CO and air, it was fonnd that combustion 
was nearing equilibrium at the centre as the fame strikes the 
wall, This, of course, probably only holds for this size of 
sphere. A curve can be plotted showing the time of 
combustion at any spherical shell against the radius of the 
shell, A parabolic curve is produced, giving a maximum 
time for most mixtures at a radius of 24 inches, minimum at 
the wall, excluding of course a very thin laver in contact 
with the cold wall, and at the centre a time midway between 
the maximum and minimum. 

By assuming a uniform rate of heat addition in any 
spherical shell, together with the time of combustion and the 
Hume velocity, the proportion of total heat evolved can be 
calculated for any instant after sparking the mixture. A 
simple integration gives the proportion of heat addition for 
the whole sphere. Assuming constant specific heat, the rise 
in pressure is proportional to the actual heat "evolved. 
Plotting heat evolved against time, it was found that the 
theoretical heat evolved was considerably less than the actual. 
With variable specific heats, the actual heat curve should be 
hicher still, This indicates that heat addition in a spherical 
shell takes place more rapidly at first and then at an ever- 
diminishing rate. Presuming combustion to follow the liw 
of mass action, the mass fyctor rapidly counteracts the 
temperature coefticient, giving an asymptotic approach to 
chemical equilibrium. 

In making temperature calculations for gaseous explosions, 
certain assumptions have to be made and certain data used. 
The principal assumption made in these calculations is that 
chemical equilibrium is nearly reached at the time of 
maximum pressure, and the only “after-burning” that takes 
place is the recombination of dissociated products. In all 
cases the peak of the curve is reached when the rate of heat 
addition equals the rate of cooling. From the slopes of the 
pressure curve just beforé and after the peak there must be 
a very sudden change, which cannot be satisfactorily explained 
by the “after-burning ? theory. This, however, w “ould be the 
result expected if chemical equilibrium were reached. 

At these high temperatures very little reliable information 
is available for volumetrie heats and equilibrium constants 
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for dissociation, On examination of the existing data, the 
following results of Pier and Bjerrum have been thought 
most reliable :— 

Vol. ht. Nitrogen.. 4°94+°45« 10%. 

Carbon Dioxide .. 6°8+4+3°3x 107°¢—'95 x 10—°t?+-'1 x 107% 


being the mean vol. hts. between 18°C, and ¢°C. 


22 
For the equilibrium constants for CO, K= Lex Po, 
P*ou, 
2000-2500 abs. log K= 9-41 — 2" 
T (als.) 
Qge 
2500-3000 abs. log K=9:57— 7°00 


For tho calculation of the mean temperature from the 
pressure, a knowledge of the contraction factor is necessary. 
Tunis depends upon the degree of dissociation, which in turn 
depends upon temperature and pressure. In the experimental 
work, from different explosions of similar mixtures under 
similar conditions, slightly varying maximum pressures 
were obtained. The variation in maximum pressure was 
sometimes as much as 2 per cent. from the mean value, with 
the variation of time to reach maximum pressure somewhat 
greater. These discrepancies cannot be wholly explained by 
variations in mixture strength, as great care was taken over 
this to ensure results being as uniform as possible. Similar 
- phenomena were observed by Bjerrum (Zeit. Phys. Chem. 
1912) in his CO experiments, but with no other gases. Mean 
values have always been taken and results for different 
mixtures plotted, and the values used in the calculations taken 
from the mean curve. This method was adopted for all 
experimental results, so that errors would not be magnified in 
calculation, 

To determine the contraction factor, the chemical equation 
at equilibrium must be derived. Take a mixture of 35 per 
cent. CQ, 65 per cent. Air, and consider 100 vols of mixture 
before explosion : 


35 CO + 13°65 O, + 51°35 N= ACO, + BCO + DO, +4 51343. 
We have immediately A-++ B=35 and 2A+B+2D= O23. 
The third equation is derived from the formula for K and the 


gas law : 


B?D PT, 


i: EER T , i 
K= A 1007, (P, is initial press. in atmos. absolute) 
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Choose a value for T, the maximum temperature, and solve 
the equations by trial and error. The contraction factor is 
thus determined and the final temperature calculated, which 
must agree closely with the assumed temperature. It was 
found that, with mixtures of 45 per cent. gus and upwards, 
the dissociation was negligible and the contraction factor 
determined immediately. 


TABLE Il. 


Initial Pressure, 2 atmospheres absolute. 


Initial Temperature, 200° absolute. 
er cent. , Corrected Per cent. 
EN Max. Temp. Temp. Cooling loss. 

20 1890 abs. 2305 abs. 25:9 
25 2388 2544 10:95 
3U 2633 2692 535 
3o 2715 2757 4°20 
40 2724 2772 3°29 
45 26:34 2695 271 
49 248.5 2543 3°03 
53 2310 2395 4°71 
ne 1990 2150 9-9 
62 1670 1976 20:55 


In estimating the cooling correction it has been assumed 
that the heat lost by radiation up to the time of maximum 
pressure is small compared with the heat lost by conduction. 
According to David (Phil. Trans. 1912), this is justifiable in 
a silvered vessel. Then the actual heat lost to the walls 
should equal a constant times the product of temperature 
difference from flame to wall, and the time flame is in contact 
with the wall up to the maximum pressure. Considering any 
pressure curve, there is a bend over from the time the flame 
strikes the wall. If the walls were impervious to heat, the 
curve would have continued up. Similarly, the cooling curve 
may be produced back, and the intersection should pive 
approximately the theoretical pressure. By this means the 
covstant can be calculated for any particular mixture. Jt 
must be noted that this method is only applicable when 
dissociation is negligible, as in other cases the pressure 
curve does not show a true heat addition or cooling curve. 
Four such mixtures were available, 45 per cent., 50 per cent., 
55 per cent., and 60 per cent. gas (97 per cent. purity). 
The actual and theoretical pressures and temperatures were 
obtained as already explained, Using Pier’s values for the 
volumetric heats the heat evolved per grm. molecule is 
known, and the difference between the energies at these two 
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temperatures is the heat loss to the wall. The time in 
seconds is known from the pressure curve and flame velo.ity, 
and the constant can be calculated. The maximum yariation 
for these resulis was 10 per cent. about a mean value of 7-41. 
In view of the errors involved in producing the curves and 
the great differences in heat loss for the curves, this 
variation is quite good. and the mean constant was used for 
correcting all temperatures, the actual correction being the 
reverse process of the above. This reversal tends to eliminate 
any errors in Pier’s results used, 

The correction of mixtures which dissociate is cae 
complicated. The total heat evolved per gm. mol. 

calculated as before, being the sum of the pressure energy 
and cooling loss. If there were no cooling this extra heat 
would not all: appear as additional pressure energy, since more 
of the products would be dissociated at the higher temperature. 
The percentage of CO, formed at tl e lower temperature has 
already been ealoulated in determining this temperature, 
(Coefticient A in equilibrium equation.) By assuming the 
higher theoretical temperature, a new percentage cf CO i is 
caleu! ated, less than the previous one. The total heat 
evolved is then diminished in the ratio of these two 
percentages, and this heat used to calculate the theoretical 
temperature which must agree with that assumed. The 
extent of this correction can be seen in the case of the 30 per 
cent. mixture. The mean temperature calculated as above 
2692° abs. If no allowance had been made for change of 
dissociation, the temperature would have been 2750° abs. 

The cooling loss expressed as a percentage is the ratio of 
the heat loss to the wall to the total heat evolved by the gas 
up to the maximum pressure, after the temperature is lowered 
by cooling, and is given in Table II. It is remarkable that 
the percentage shonld vary so greatly for different mixtures 
of the same gases, being least for a rich mixture. 

Sufficient information is now available for checking Piers 
figures for volumetric heats, although the values for the 
ditferent constituents cannot yet be separated. In order to 
eliminate any errors in dissociation, itis advisable to consider, 
as Pier did, only the maximum temperatures for rich 
mixtures, in Shoh dissociation is negligible. In this case, it 
is found that the temperatures fall on a straight line, although 
no significance is attached to this at present. The calorific 
value for CO is taken at 68 kg.cals./gm. molecule, and from 
the proportion of CQ, in the exhaust products the total keat 
of the exhaust is calculated, from which the mean volumetric 
heat is easily determined. At the higher temperatures, 
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about 2700 ahs., the agreement with Pier’s values is very 
close, bnt for the lower temperatures the present results are 
higher than those of Pier. At 2006 abs. the values are 6°92 
and 6°32 respectively for 60 per cent. CO mixture, while at 
2713 the values arè 7°32 and 7-21. This agreement of Pier’s 
figures at very high temperatures was found by Bjerrum. 
The amount of dissociation can also be calculated from the 
temperature curve, since two mixtures which give the same 
temperature must have the same percentage of carbon di- 
oxide at equilibrium. On the rich side this composition is 


Fig. 4. 


Variation of Equilibrium constants with Temperature. 


Temperature— Absolute, 


known, and hence for any dissociated mixture the amount of 
CO, formed can be calculated. The values of the equilibrium 
constants are then determined by the formula given. The 
values are shown plotted against those of Bjerrum in fig. 4. 
In correcting for cooling, Bjerrum makes no mention of tho 
change in dissociation, so he presumably neglected this. If 
it is neglected in the present results, a curve is produced 
which agrees very closely with that of Bjerrum. The 
temperatures have all been worked out using Bjerrum’s values, 
but, since the correction will only affect the contraction in 
volume, the temperatures will not be altered appreciably. 
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Mixtures of Gas and Air at varying initial pressures. 


CO per cent.  Jnitial Final Press. 

(97 5 per cent. Press. Velocity. Piess. Press. Time.  Rativ. 
pure). lb. sq. in. Ib..'sq. in. 

Per cent. abs. cm./sec. abe. secs. 

25 14:7 97:7 94 "250 69 

25 26°4 4-1 209:5 355 712 

25 44l 69°7 3195 4152 710 

25 Ax-8 59-7 425 HM) Ta 

25 135 49-0 H3 G68 7:39 

25 88-2 ” 422 638 “290 TH 

25 102:9 372 768 101 TA 

3U 29:4 107 231-5 231 T56 

3U 58°83 99:3 456 355 BPD 

30 883-2 T64 780 560 835 


The effect of initial pressure on a mixture of CO and air 
is to greatly reduce the flame velocity and increase the time 
to reach maximum pressure. This is more pronounced in 
the case of the weaker mixtures. In addition at the higher 
pressures difficulties were experienced in exploding the 
mixtures, and in order to obtain records the gaps of the 
recording plugs in the sphere were decreased from 7 mm. at 
1 atmosphere to 14 mm. at 7 atmospheres. Bone (Proe. 
Roy. Soc. 1923-24) found a similar difficulty in exploding 
his mixtures at 50 atmospheres, and resorted to the fusing of 
a wire. Nagel carried out experiments with hydrogen and 
found a decrease in the time of combustion with increase in 
initial pressure, while some investigators using coal pas 
found an increase in combustion time, others found a de ‘crease. 
The present results offer an explanation of the latter 
discrepancy, since the variation in fiame velccity will 
doubtless depend upon the relative percentages of hydrogen 
and carbon monoxide in the coal gas. This emphasises the 
need for working with pure gases ‘until these phenomena are 
understood. 

This research confirms the work of others, that the lower 
limit of inflammabilitv of CO and air is raised with increase 
of initial pressure. This does not explain why the velocity 
is lowered, but merely shifts the question. Bone attempts 
to explain his high-pressure work by an energy-absorbing 
property of nitrogen. In some later experiments he asserts 
that this is negligible below 10 atmospheres initial pressure, 
and so cannot account for the present reduction. 

Since the velocity of hydrogen increases slightly, while 
that of CO decreases considerably, the explanation” must be 
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soucht in the different chemical reaction. It is well known 
that for the combustion of CO the presence of water vapour 
ix neeessary, which is dissociated, the nascent oxygen 
oxidizing the CO. Thus the whole reaction may depend 
upon the rate of dissociation of water vapour. The Jaw of 
mass action for a tri-molecular reaction shows that the 
percentage of oxygon dissociated will be roughly inversely 


Fig. 5. 


Variation of Velocity with Initial Pressure. 


JEC.. 
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Initial Pressure— Atmos. Abs. 


proportional to the cube root of the absolute pressure. This 
rongh agreement is found to exist between the pressure and 
flame velocity, This cannot be examined rigidly, as factors 
enter which cannot be definitely determined, but the expla- 
nation is put forward as a possible solution. 

Idx periments have been carried out with mixtures of CO,, Ox, 
and N; at 2 atmospheres initial pressure, keeping the ratio 
of COJO, constant at 1:97 to l and steadily decreasing the 
nitrogen content. At first the increase in velocity is 


Phil. Mag. S. 6. Vol. 49. No. 204. June 1925. 4D 
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proportional to the decrease in nitrogen, but afterwards the 
change in velocity becomes smaller and smaller. The results, 
on the whole, are very erratic. As the flame velocity 
increases, the oscillation of the flame front becomes very 
violent and of large amplitude. [t is obvious for this 
particular size vessel that a point to point method is not 
suitable for velocity determinations above 200 cm. / sec. 
Results, however, have been obtained by plotting from a 
large number of experiments and drawing a mean line. The 
following results serve to show the velocity increase :— 


N; ... 56°5 per cent. Velocity ... 107 em./see. 
42 ” 199 ” 
0 93 approx. 350 


It is quite probable that when hydrogen is exploded in 
this vessel the same phenomenon will occur. 

In addition, variations In maximum pressure and also time 
to reach maximum pressure occurred, both variations being 
in excess of likely errors in gas composition or water 
content. 

As the nitrogen content is decreased, the time of com- 
bustion of an individual spherical shell al-o decreases, as 
determined by the two-point method previously explained. 
This became small enough to permit of two velocity deter- 
minations—that is, combustion bad sufficiently decreased at 
the first gap before the flame struck the second. Ultimately, 
this could be obtained with two consecutive plugs wi.ose 
radial distances ditfered by half an inch, In this case, with 
suliicient external gaps it would have been possible to have 
taken a complete velocity record at one explosion. Time, 
however, did not permit an attempt. Asa confirmation of 
this, the point of inflexion disappeared from the pressure 
curve, which continued up toa sharp point when cooling set 
in. This sharp point also supports the assumption of an 
approach to chemical equilbrium as opposed to after-burning. 
apart from recumbustion cf dissociated products. This 
refers, of course, to a perfectly homogeneous mixture. 

The following are the principal conclusions regarding the 
combustion of carbon monoxide at constant volume :— 


(1) Flame velocity is at all times uniform, and 
addition there is a regular vibratory motion at the 
flame front. 

(2) Combustion is not complete when the flame strikes the 
wall of the explosion vessel. Instantaneous heat 
addition at any point can be approached under certain 
conditions, but probably never attained. 
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(3) Convection currents do not play a very important 
part, even in the weaker mixtures. 

(+) The maximum velocity, pressure, and temperature 
occur with a rich mixture containing about 40 per 
cent. CO. The phenomena can be explained by 
dissociation. 

(5) The percentage cooling loss is a minimum with a 
mixture of 45 per cent. CO and greatly increases as 
the upper and lower limits are approached. 

(6) Pier’s values for volumetric heats and Bjerrum’s 
dissociation are slightly lower than values determined 
in this research. 

(7) An increase of initial pressure greatly decreases the 
inflammability of CO and air. 

(8) The etfect of adding inert gas is to cause a slower 
flame velocity and a slower subsequent combustion. 


For a fuller description of the foregoing research and 
details of calculations, ete., reference can be made to the 
original theses of the authors at the Birmingham University. 


In conclusion, the two collaborators wish to express their 
thanks to Professor Burstall at the Mechanical Engineering 
Department of the University for his encouragement during 
the prosecution of this research. 


CXIII. The Whirling Speeds of Shafts carrying Concentrated 
Masses. By R. C. J. Howcann, M.A., ALSe., University 


College, London * 
1. Preliminary. 


HE whirling speeds of shafts carrying loads whose 
moments of inertia are negligible were considered by 

Dunkerley f, who gave a rule for computing the first 
whirling Speed. His method consisted in finding the whirl- 
ing speed for the case when all the loads but one were 
removed, and adding the squared reciprocals of the separate 
speeds founds in this way. The sum was stated as the squared 
reciprocal of the whirling speed when all the loads were 
carried simultaneously. This rule, which was found to give 
approximately correct results in a number of cases, Was with- 
out theoretical foundation, and its accuracy could be, estimated 
only by experiment. 

* Communicated by Prof. L. N. G. Filon, M.A., D.Sc., F.R.S. 

+ Phil. Trans, A, clxxxv. (1894). 
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In a recent paper, Prof. H. H. Jeffeott * has given a theo- 
retical derivation of Dunkerley’s rule, by a method which 
enables all the whirling speeds of the loaded shaft to be 
computed to any desired degree of accuracy. The same 
method has been used by Hahn t. 

The present paper attacks the problem from a different 
standpoint. Dunkerley’s rule is arrived at by a theoretical 
method, which gives at the same time a correction term. 
A nuinerical estimate of the error involved in using the rule 
is made. The application of the method to non-unorin 
shafts is also considered. 

e 


General Method of Computing Whirling Speeds. 


In the usual notation, the equation giving the deflexion of 
the shaft due to its rotation is 


2 
d (E 192) = may, N a (1) 


where EI and m may both be functions of z. The discussien 

is a little simphted by writing the equation in its non- 

dimensional form. This is achieved by means of the 

substitutions, 

x = lez’, > 

d 

y= ly, | 
' 

m = på fe’), 

N È 

EI = Ellr), J 


where lis the length of the shaft, and py, Ao, Eo, Io give the 
density, sectional area, elastice modulus, and second monent 
of section at some chosen point of the shaft. In what 
follows, they will be taken as referring to the end, z=" 
If these substitutions are made, and the dashes then drej ped, 
equation (1) is a by 


ACS yee =O fie)y, 2 2 © © (3) 


Ta 


2)4 
where g = PoAyo?l ae 


* R.S. Proc. A, xev. (1918). 
t Note sur la Vitesse Critique des Arbres et Ia Formule ce 


Duakerley,” E. Hahn, Schiceize: ische Bauzedtuny, Nov. 1915. 
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The whirling speeds are given by the critica] values of 64 
for which (3), together with the end conditions, give a value 
for y other than zero. 

A method of solving equation (3) in powers of #0 was sug- 
gested by Messrs. Cowley and Levy *. It consists simply in 
assuming an expansion of this type and substituting in the 
equation, Equating powers of @ on the two sides results in 
a series of equations from which the coefficients may be 
found by integration. 

- Assume, then, that 


y = yot Oy, +P yet ...5 © «© © « (5) 
where Ya, Yi, Yo... are functions of æ. Then we have at once 
from (3) 


d / dy, 

da” (8C) La) = 0, 

d Cy, 

ge GO ga) = Flynn 


from which yy, 7... can be found successively by inte- 
gration. 

[E the shaft is uniform, but carries masses which do not 
affect its elastic properties, (cc) will be unity everywhere. 
The equations then reduce to 


. ee (6) 


d*in = 
too | 
dn, Soa: a Ss a HD) 
end (2)yr-15) 
and their solution is 


Yo = A+ Be+ ‘wv? 4 Dz’, 


n= A( de ( de ( de (fer) ax 
aO 20 20 4.0 
+B í du í dæ UES da 
e 0 a U /0 0 
+C í de í dæ (az | EO de 
e 0 eU e0 e0 


+ D í dx 
e0 


and so on; 


(dz (a | Ain de, 
(0) 0 


Pv eV 


* ©On a Method of Analysis suitable for the Differential Equations 
of Mathematical Puysies,” Phil. Mag. xli. April 1921, 
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7 y = Af\(x) + Bf(x) +C) +DA(z), - - C) 
where 
file) = 
146° (de (te (a aP Tr) dr 
+6" (afa ae (ae ( f(a ae | ae (ie fa tz (æd: 


+ ete. 


e460 (a. fie fie f ods 
+e | ay r (ae (ae (% wae (a te far Va tz (zra) de 
+ ete. 
|, 


T 


40" i dz ( dix ( er 
a 9 


e e 9 
+e fa dr dr (a v TA dæ (az (‘is (a (Hro dx 
e e e 2 9 a 0 e 9 e 0 e0 
+ ete. 


I(x) = 


a? + 64 {i (je ( de |: Ca Y) de 
+ 6" (ae (z de (: dx Wes de (‘ie (we (“ie E de 
a 2 a 0 e 0 a 0 e 0 e 0 e 0 e 0 j 
+ete 


za ) 
Consider now a shaft with a short bearing at each end. 


Then 


when z=0 or 1. Substituting these values in (8) and using 
the obvious relations, 


Ai(9) = 1, F2(0) = f;(0) = f,(0) = 0, 
AO) =f O =f,"(0) = 0, f0) = 2, 
we have A=C=0 


SASL) =f" (DAC). 2 2. . (10) 


and 
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Similar equations may be found corresponding to other end 
conditions. 


3. Derivation of Dunkerley’s Rule. 


When the shaft carries no additional masses, f() reduces 
to unity at all points. The exact solution of (3) for this 
case is known, and the accuracy of the present method can 
be tested. In the series of equations (9) the coefficients are 
seen, in this case, to decrease with great rapidity, and this 
suggests that the lowest value of @ may be obtained approxi- 
mately by neglecting all the powers of 0t. The effect of 
including only the first two terms of the series in the case 
of a shaft carrying concentrated masses will now be 
examined. 

Let the shaft have attached masses M,, Ma, ... at dis- 
tances a;l, a,/, ... from 2=0; we then have J(r)=1 except 
for £ =a}, az, ete., while at these points 


Lit (a) de = Presid as, es UNO 
6 —>0 eitr-€ pal 


Hence the required integrals are as follows :— 


r>4%. | r>a,. 
r 1 ese | 
xf(xr) dx = | tum +u: +ete. 
e 0 | | 
*r r 1 | | 
í de | Krydr = av +para) +para) ete. 
eo 0 i 
wo pe ii , | i | 
aka fhe) de = cs a o Mt (e—a)? | + zu ea ete 
( : as 
zr (x z zr 1 1 | 1 | 
dr | dr} dx} rf(r)dr = pn + ghar =a + ea (r—a,)? tete. 
e0 0 0 Jo a. i | 
>, e | 
{ene dx =] +p,” +p,0,3 _+ete 
v, i. ee | | | 
í dx} fir) dae = +u ~ie a) Ha Aa a,) +ete. 
a0 a0 7 | | 
T ar T r’ 1 | 1 | 
A ae ne dx = + ghar ay? +y Kea, +ete. 
ev e e = i z ; 


a la | > 

(a fa fa fiat ab eana 
a ar T w/e) dr = -= > 4 = 4 ETAR g) te; 

0 JO 0 À oe TT Gera + gee 7) tet 
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Hence 


1 I n 
í dt EO dx = P = pbn 
e0 a O ' : O r=l 
Be ee es 1 12 
dt dx de ve) de =s- paa harb, 
e0 cO w0 a ð 0,= 
1 x (12) 
I p 1 n 
{ dx { eee) dx = 55 + = By, by, 


(ae? dv I È. rivr) de = 7 + = hrar be, 
where h, = l—a,. 
If terms in 6° are neglected, we therefore have 
AE 1+6[ 5 + Spade], 


A") = P| + È mah], 


i 12 ask - œ (15) 
fy 1) = 14+ E T ë 2 mah] 


r=] 
’ 1 ` $ 
A) = 6+6'| 55 + = parity 


Substituting these values in (10) and again neglecting a 
term in 6%, 


6 + 6 F: + S plat, + a,b) | 


10 


64 É + È prtrhe | 


1 n 
T —~4% —a2—h2 
= Las 2 bee ele )| 


oe 


or 


i g 
= @' k +2 = path? | j 


since aF +b + 2a, b, = 1. 
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Hence g pa 
ip ee a 
and 
o? = 2EI > 
4 k 2 i | 
pAl È bre is rrr 6 E 9) 


i 1 
where Hodo b = 50° J 


The mass of the shaft is taken as equivalent to a concen- 
trated mass ,% pAl placed at the mid-point. 

Tf œ, be the lowest whirling speed for such a mass when 
the other loads are removed, and if a, @y, ... @n be the 
whirling speeds due to each of the separate masses acting 
alone on a mass-less shaft, (14) is equivalent to 


E ta 2. a on 1D) 
@ w) W Dn 
which is Dunkerley’s rule. 

The occurrence of (15) depends only on the neglect of 
powers of 0t, and Dunkerley’s rule would result whatever 
the end conditions and whether the shaft is uniform or of 
varying section, 

It is, however, hy no means obvious that the neglect of 
the higher terms is justified, for @ is, in most cases, not a 
small quantity. Thus, for a uniform shaft, @=7. The 
assumption made is, therefore, that the coefficients of higher 
powers of @ are extremely small, and this will only be the 
ease if the whirling speeds form a sequence in which 
the terms increase rapidly. It is thus evident that Dun- 
kerlev’s rule is quite without justification until the 
magnitude of the other coefficients in the series has been 
examined. 


4. The Error in Dunkerley`s Rule *. 


For a uniform unloaded shaft the above method gives 


, 90EI 
Oo = oA? 
as compared with the value 
e TDI 
~ pAlt 


given by the ordinary method of analysis. 
* Cf. Iauhn, loc. cit. 
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The value of w is therefore too low in the ratio 
/ 90:7? = 0°96: 1, 


an error of 4 per cent. 


In this simple case it is casy to extend the scries to the 
@ term. The equation then becomes 


6 — q} 64+ 0000526 6 = 0. 
This gives as a second approximation 
6+ = 90 +:000789 68 
= 90+ °000789 x 90? 
= 9639. . 2. 2. 2 2 ww. (16) 
Using this figure to obtain a closer approximation, we have 
64 = 90 + 000789 x (96-4)? 


e 


= 973 approx. . . . . . . (17) 


This gives 0t =r* exactly, to the number of figures taken. 

Thus the inclusion of the third term is sufficient for 
accuracy, but if it is used only to give a second approxi- 
mation, such as (16), the value of 6* is too low by about 
l per cent. 

The magnitude of the third term in the series will now be 
investigated for the case when the shaft carries concentrated 
loads. To simplify the analysis, the mass of the shaft itself 
will be neglected. 


lE y(x), x(x) denote the integrals 


í dz | dr {ae (f(z) dt 
0 9 v9 «0 


. and ( da i} dz (uz (ero) de, 
0 O 0 0 


the values of these functions, when only concentrated loads 
are taken into account, are 


LLA. r>a. T >A, 


y(r) = 0 +hyja(a—a,)> | + tugat — a) | +ete. 
x (vr) = 0 + Awa — a)? + tuae —_ a) + etc. 
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Also f(.r)=0, except at e=a,, r=], Dish 


Apte 
Lim | (Odea 


e> 0 


1139 


n, and 


The following integrals are now required :— 


CL ay | r>a,. TA 
” ) nEaN 
| a = 0 + buy p,0,(@, -@, + Opty) (aga)? +ete. 
i +2 pypy7,(ag—4,) | Fete. 
+ete. 
z z 
de | Wys) de = 0 + bp pa (0—0,7 +b My Hy, (43-4, )* +ete. 
vee (a2) (2—a,)| 
+3 p,H57,(7,—@,)% +ete. 
(T-a) 


zr z 2 r 
| dx | aj af U(r) fr) dr = 
0 0 0 0 


0 + ar pipaa (a, a) 
| (r—a,)* 
| 


+ete. 


+ eH bgt, (ag — 0) | 4ete. 
(r7—a,)* 


+ sloftgyt,(@3—@,)° | +ete. 
(x— mear 

| tete. 
| 


Hence 

1 r 
{ de EOLO, dv 

D e 0 n-1l n 

= ra =. Mrfts Ar (ly — a,) (1—as), 
r=l s=r+l 
[fifo 
30 T p Hibs (Ae a,—a,)*(1—a,)*. 


These may conveniently be written as follows :— 


1 r 
{ de { y(x) (x) dæ = + > Prfsdrdetl ys? ’ 
0 0 r,s=1 (18) 


fe {ja fa v {vote dx 


where ld, 


alg 5 fr fog sb sd, 
r,@=l 


is the distance between the two loads, and the 
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summation is for all pairs of loads in the relative positions 
shown in fig. 1. 


Fig. 1. 
(<-La- De ------ Ldg----- DS ----lbg ---> 
| ; l i 
' l | 
i I 
i ! i l 
eee eee ea PE 
In a similar way, 
1 r n 
( es ( x(n fa) de = $ È prp heles, | 
0 0 r,s=1 N (19) 


l r z z n i 
í dy ( de ( de í LAA dv = 4k = Urha Od, 
e 0 e 0 e 0 r,#=—l 


e 0 


Ilenee, including the 6° terms, 


fr O) S LERO E prad SHa E pradie, 
=1 


J (1) =% [rit ph, + 38" 5 Brharbadrs, 
r=) r,s=l (20) 
" n 
fı (1) aT 1+ 5 > Babs + 9! 08 > HB paPl ede, 
r=l 2g 
s) = 6+0 = [Ay by +26 > pepdte bd, 
r=l 2 


r, 1 


and the equation for the whirling speed is 


0—05 hlaba arde) 
=i 


n < 
S 
+0 E X BAG E T 


r=l r= 


" 
è Hrlrlr = uar be 


r 


—} X wips(arl,—ab—a,*b,) d,. at Oo, D 


r,s=l 
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or 
1—20 E 2u,a7h,2 
r=1 


the © pod, {ab,(a?—a,’) (b —b,?) 
r,s=1 . 
—(l—«/?—b,)d,2} = 0, (22) 
where, in the last term, tho summation includes cach pair of 


masses once only. 
Lt (22) is written 


1—1p6'+21.g8 =0, . . . . (23) 
the second approximation to the least value of @ is given by 


ĝt _? + {1 gs 
bp 


y 

6 q l 
= - l+ » . ° e ° e e 24 

ply) (2 


The magnitude of the correction given by the term T is 
Vad 


shown in the following table for the case when the masses 
are equal and equally spaced :— 


No. of q Percentage change in value 
i Value of ~,. ut w made by including 
P 


Masser, this term, 
r ENEE "YOSG nearly 3 per cent. 
ea E ‘G75 » Üp, clyy 
E "ULY8 n SD y 
E RE U7 U7 about 30 p ,, 
Orar aas ‘O7U9 BO ae 55 
T a OTL jp Gop hy 
r E E O71 Go OO 4k 3 
DO sess cicarceasies ‘O71 ae SOO ae 


The last value has been obtained by expressing the limiting 


value of oe as given by (22), in the form of a double integral. 


The result, as might be expected, is identical with that given 
by the analysis leading to equation (16). 

The remarkable thing about these figures is the rapidity 
with which the limiting value is approached as n increases, 
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so that the correction is systematically in the neighbourhood 
of 3°5 per cent. 

As in the case of the uniform shaft, this correction is raised 
to 4 per cent. by carrying the approximation a stage further. 
We have, in fact, from the equation 

6 = 6 +! 93 
P. 3P 


the approximate value 


92 p 
t= (1434 +‘) 
P E E 


6 a. 


when g/)? has the value ‘071. This gives the correction of 
4 per cent. which, accurate in the case of a uniform mass, 
will be very nearly so for concentrated masses *. 

A revised form of the rule can now be given from the con- 
sideration that, if a multiplier is introduced which corrects 
the term due to the mass of the shaft itself, the whole expres- 
sion will be simultaneously corrected, to u fair degree of 
approximation. Thus for a shaft carrying concentrated 
masses, the mass of the shaft itself not being negligible, the 


first whirling speed is given by 

seis deoeal as Soe! x 
=. 2 + aod 9) ° e e e e (25) 

where a, w’, w are given for various types of support in 


the table below. All the values are obtainable by analysis 
similar to the above. 


Type of Bearings. az, w wr?. 
Both short ...... ie hewrGnsecens 1-08 QUEL pA SELL mre b= 
Bota long visser scsasaeurssevslesees 1168 420ET/pAM SELB mrad’ 


One short, one longt ......... 1:12 2IOKE pA 12E mrar h lar tièr) 


One long, shaft overhangs ... 1017 12ELT/pAM BEL mrar’ 


t arl is here the distance from the long bearing. 


When the attached masses divide the shaft into unequal 
segments, the error in Dunkerley’s rule will be found in 

* This limiting value of the correction is given by Hihn in the paper 
cited above. Ile does not, however, examine the convergence towards 
the limit. 
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general to be rather less than for the same number of equally 
placed masses. The variation in the error when only two 
masses are carried and one is moved along the shaft, the 
other remaining fixed, has been studied by Hahn *, who has 
also considered the effect of the finite size of the masses. 

5. Non-Uniform Shaft. 


I£ J, be the moment of inertia of the section at e=0, and 


f = = ġ(x), the equation for y becomes 
0 


i? poy 
Ja ($0 Fa) -0e J (26) 
where 
pAw’l* 
4 ; 
Oe ee CT) 
The solution of equation (26) is easily seen to be 
y = Ae) + B(x) + Chaz) + DAC), 
where 


file) = 146! AKA | = 5 { da ( “fle) div 
fie) = 0+ 6 iR dx e do 54, dr { rf(x) di+..., 


Ce) = za ( 1. 
. pie) 
de (°? Be à nr “© de 
A A E N du Wee te (“de { p(w) + ete. 


z T de 


aCe) = (ef (2) 
z xde 


TA CAE: ba 2 CAN fa) da (ue A FC 


(28) 

In these, let ġ(r) be any function, while f(z) is zero 
except at special points. 

To obtain the first approximation it is sufficient to con- 

sider a shaft carrying only one load. If the ends are in 


* Loc, cet, 
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short bearings, the end conditions will lead to equa- 
tion (10), as before. The values of the functions involved 
are, Deglecting 0°, 


fa (1) =1+pa (ae Gora 


10] _ #ad'(1—a) 
Ja ( ) pL) 3 
zeder 


' 1 (7 dz o a = 
f 0) = (ue be) r ef, P(e) = x | ie |, ge)’ 


a 


7 1 j EP 
sa = go prao |e iel 
- (29) 


When these are substituted in (10), the equation for 64 is 


r 1 z de 1 ("7r-a a z xdr 
64 at | da Í fe af a| —— de— | ce | — |= 
a L 0 o $l) a a Q(T) U v Piz) 
e e (30) 
It is not difficult to verify that the quantity in the bracket 
is equal to 
El 
pe os 
where 5 is the deflexion that would be caused at the position 
of the load by a transverse unit force acting there on the 
shaft. Hence 


1 F 
w? = ME?’ e e e e ° e (31) 


as is otherwise evident. 

If the series is carried to the term in 0°, a correction term 
is obtained equivalent to that given by Prof. Jetteot’s 
analysis. The advantage of the present method is that it 
enables concentrated loads and distributed louds to be treaivd 
together. 

From the analogy of the uniform shaft, it is likely that 
the 8! term will give almost the whole of the correction 
needed for the first whirling speed, and that the correc- 
tions needed when the shatt carries concentrated loads will 
not be very different from those required tor distributed 


loads. 
The following method is therefore suited to give the first 
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whirling speed of a non-uniform shaft carrying concentrated 
masses in addition to a distributed load :— 


(1) By means of equations (28), let first and second 
approximations to the whirling speeds be found when the 
concentrated masses are removed, Let the first approxima- 
tion be w, and the second, which will be nearly exact, awọ. 

(2) From (30) find ,? for each concentrated load. 

(3) The whirling speed is then given by 


2 1 n 1 , 
“=oyt 2-5. ° . e ° (25 bis) 


CXIV. The Magnetic Properties of Atoms and Molecules. 
By Berxsard Wowe ti Witspon *. 


ha two previous papers (supra, pp. 354, 900) a theory 

of the polar and non-polar chemical link has been 
developed un the basis of quantum exchanges between valency 
orbits involving half numbers. The non-polar link was 
treated in a manner similar to that which was successfully em- 
ploved by Sommerfeld in explaining the anomalous Zeeman 
effect. The polar link was attacked from the standpoint of the 
Stark effect. In both treatments the fundamental postulate 
was adopted that precessional or nutational movements of the 
orbits which form the chemical hond synchronize the fre- 
quencies of the naturally untuned orbits, in a manner whereby 
the total moment of momentum in opposite directions of 
the bond is equalized. By this means, with simple and 
consistent assumption as to quantum changes, the heats of 
formation of various simple bodies were calculated and reason- 
ably good agreement with experimental values was obtained. 
The application of the fundamental postulate of the synchroni- 
zation of frequencies, together with the principle of spatial 
quantizing, shonld enable us to draw definite and quantitative 
conclusions as to the magnetic and stereometric properties 
of the molecule. In calculating the energy changes conse- 
quent on combinations of atoms, we assuined that the com- 

onent of the moment of momentum in a direction at right 
angles to “the equatorial plane” of the molecule must be 
equal and opposite for each atom. The residual moments of 
the valency electron or electrons must then all lie along axes 
which lie in the equatorial plane. The two halves of the 


* Communicated by the Author. 


Phil. Mag. 8. 6. Vol. 49. No. 294. June 1925. 4E 
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molecule must behave as rigid systems, since by spatial 
quantizing the inclination as well as the size of the orbits is 
fixed. The orientation of theaxes which lie in the equatorial 
plane is, of course, not subject to spatial quantizing ; they 
are free to rotate about the molecular axis, so long as their 
inclination thereto does not change. Since no energy 
change is involved in such displacements, the orientation of 
such axes will be determined by probability considerations. 

Synchronization of the orbital movements of the electrons 
belonging to different parts of the molecule will be brought 
about by precessional rotations in opposite senses of the 
systems. It is these rotations which bring the moments of 
the two systems into equilibrium. No assumption need be 
made as to a necessary equality in the number of valency 
orbits associated with each atom in combination, nor is it 
necessary to suppose that the electrons of the different atoms 
move in joint orbits. So long as the axial components of 
the moments are equal and opposite on both sides of tke 
equatorial plane, and the rotations of the electrons in tieir 
orbits synchronize, the conditions for chemical combination 
are fulfilled. Asan example of the arrangement of orbits 
postulated, we may take the case of nitric oxide. Four 
electrons of each atom belonging to the k, group may lock 
up together into a configuration of zero moment similar to 
the valency shell surrounding a rare gas. This leaves two ks 
orbits belonging to the oxygen, and one for the nitrogen. 
Alternatively we may suppose that five electrons from tlie 
oxygen and one from the nitrogen lock up, leaving one Free 
oxygen valency and three free nitrogens. The underlying 
group of six electrons in this case corresponds to one of 
the stable sub-groups shown by Bohr’s well-known arrange- 
ment. Equilibrium across the equatorial plane would then 
be obtained by orientating 3(4=3/2) nitrogen electrors 
at cos@=1/3 and 1(k=3/2) oxygen electron at cos @=1. 
lt may be expected that such an arrangement will give rise 
to a free moment, as is found to be the case. It will be 
shown that models of this character will give quantitative 
explanations of the magnetic properties of atoms and mole- 
cules on the basis of the simple assumptions outlined above. 

For simplicity we regard the electrons as occupying their 
time mean positions in their Kepler orbits. These orbits 
will precess in the molecular magnetic field, so the problem 
will reduce itself to calculating the moment of the system in 
its rotations abont the precessional axis. Since the system 
is rigid, if we take a point of reference which is fixed in 
space and which we may regard as situated in one or other 
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of the atomic nuclei, it is easy to deduce from d’Alembert’s 
principle that 

da = Vpq—l (1) 

l p EP Gn 
Here the p’s are the moments of momenta and the q’s are 
angular velocities; L is the mechanical moment. q’ is a 
velocity referred to an origin which rotates with the rigid 
system. dq'/dt must be equal to zero ; so we may write 


Vpqg=L.. 2... . . a (2) 


Since the p’s and q’s must necessarily be related, we may 
introduce an operator which transforms the vector q into p. 
This operator may be written as the sum of a symmetrical 
linear operator and the vector product of another vector f, 


so that 
p=0q + Vfq. k ee ee ee ee (3) 
Equation (2) may thus be written : 
L=q0q+VqVfa. . . . . . (4) 


Since L is a vector magnitude, it must be related to the 
resultant magnetic moment of the molecule and the field as 


follows: 
L= Vuk. e . oe. . . ° (5) 


If we consider an isolated molecule for which we have 
fixed in space a point of reference in one of its nuclei, its 
paramagnetism must be a vector quantity determined by the 
intrinsic properties of the molecular structure. A’ dia- 
magnetic molecule, on the other hand, only develops a 
magnetic moment when we also determine the direction and 
magnitude of an external field. This is seen at once from 
equation (4), for since Q is symmetrical, the first term is 
zero, so that the free moment is zero in tho absence of an 
external field. The “susceptibility ”? of a molecule measures 
the rate of change of the magnetic moment with the strength 
of an imposed magnetic field. For a fixed paramagnetic 
molecule the susceptibility should therefore be zero, since its 
free moment is not dependent on the strength of the field 
(this assumes, of course, that we are dealing with a simple 
molecule composed of only two atoms). The susceptibility, 
so called, of a paramagnetic substance as measured in the 
gaseous or liquid state will thus be a probability function 


of the temperature which may be written hi 3 where x and 


yare unit vectors SEGUERE directions of the magnetic 
4 Io 2 
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moment and field respectively. For a diamagnetic molecule, 


on the other hand, we measure the quantity = ht where 


oH 
Op 


3H will be an intrinsic property of the molecule and : fixed 


by probability considerations. Since no particular direction 
in a simple diamagnetic molecule will be favoured in 
a random assemblage, this function will be a constant 
independent of the temperature, so long as the electronic 
structure does not undergo a change, as is well known to 
be the case in most simple substances. 

In order to obtain an expression for the diamagnetism of 
the molecule, we may proceed as follows :— 


Multiplying (4) by the Hamiltonian operator, we have 


V VeH=V VaVfat+ V VaQaq, 
so that 
H curl u = Vfq curl q + Qq curl q—q curl Qq. 


Nq curl q is equal to zero ; if we limit consideration first to 
a symmetrical molecule, we may ignore Vfgq and write 


H curl p= —q curl Qq. < e = a (6) 

Now a precessional rotation 0 is related to a vector 
magnetic field by the well-known Lorentz expression 

eH 4 

0= a we ee ee (7) 


The angular velocity of our rotating rigid system q may thus 
be equated to 0. 


Substituting (7) in (6), we then have 


eH 


Dae curl Og 


H curl p= — 5 


or p= ~~ Qq. 


Writing q as the product of a scalar g into the unit vector x 
and again substituting (7), we have 


F= Eni HOx= hme HyNx, 


where y is a unit vector defining H, so that 


òu _ e? a 
SH T T gnaga yO E 6 es (3) 
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In order to calculate the paramagnetism, (4) may be 
Written, since VqQq is zero, 


a uHVxy=({4°)f — (qf)q. 


The direction of the atomic or molecular feld H must be 
the same as that of the resultant angular velocity q, so that 


pH=(?fVxy—(qf)qVxy. . . . . (9) 


The last term of this equation is zero, since the vector product 
Vxy is at right angles to the direction ot q. This follows from 
the consideration that the internal tield of the paramagnetic 
molecule must be in the same direction as the vector which 
determines the axis of the angular velocity q. Dividing by 
H? from (7), we then have 

| a a 

bee fVxy= ipg yV g w « (10) 
Multiplying by y, we see at once that the free moment p is at 
right angles to the direction of x. 

We have now to develop the operators Q and Vf. Their 

form may be seen from the following simple considerations. 


dF 


: 
The moment of momentum p is equal to a a Con- 
dy 


sidering for simplicity that the electrons of the precessing 
orbits are fixed in their time mean positions, we may write 
for the kinetic energy due to their precessional movements 


c Miso, 99 
Bn ty (r + r*q"). 


The time mean value of 7 is zero, so 


The operators are thus of the form Ymr?, This means that 
we have to deal with an “inertial”? operator as in the 
ordinary case of Poinsot motion, The time mean displace- 
ments can now bo calculated in terms of the azimuthal and 
principal quantum numbers of the orbits, It has been 
shown (c/. Sommerfeld, ‘Atomic Structure,’ Eng. trans. 
p. 313) that r=3/2ae, where a is the major axis of the Kepler 
ellipse and e is the eccentricity. The eccentricity is given 


by the factor 
[3 
ay 2? 


where rand k represent the principal and azimuthal quantum 
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numbers respectively. r thus becomes equal to 


3 K —— 
= EFA V nr? —K?, e > eoe oœ (11) 


where Z is the effective atomic number. 

In what follows we consider only the inertia components 
of the valency electrons. By neglecting the inertias of the 
nucleus and inner electrons we shall not make a great error. 
The energy of the nucleus can only represent a small heat 
term ; a quantum group in the shell next below the valeney 
rings, when complete, must be symmetrical, and thus will 
not contribute to the inertia terms. This is not the case 
when the shell next below the valency shell is incomplete, as 
it is in the transition elements; it will be shown later that 
the strong paramagnetism of these elements is to be attributed 
to this fact. Since then the mass term of our inertial 
operator is constant and equal to that of the electron, we 
need consider only the squares of the time mean displace- 
ments 7?. Call these Ri; for each orbit there will then 
correspond an axis which we assume is uniquely occupied 
for the reason that two orbits, orientated in the same direc- 
tion and belonging to the same atom but having difterent 
parameters, would inevitably entail a collision when subjected 
to an external field. .Moreover, we have no reasons for 
assuming that the same orbit can be occupied by two 
electrons. We may then choose for convenience as many 
axes, Xi, Xz, X; . . . X;, as there are active valency electrons in 
the atom. If we distinguish one of them, x,, as that normal 
to the equatorial plane of the molecule, it will be convenient 
to place the remainder on the equatorial plane. We may 
now write the two operators Q and Vf in terms of conjugite 
components R and R’, where Q is the arithmetical mean of R 
and R'.R and R’ must be identified in our present case 
with the inertial components on either side of the same axis ; 
but since we assume constantly that the sense of the rotation 
reverses on either side of the axis, we shall write 

Q=,(R-R'). 
Ox then becomes simply 


{x (Rı— R’) +x:(Ry—R,’) +x(Rs—R;) ... },- (12) 


where Xi, Xa, X4... are the components of the vector x 
distinguishing the various axes. Vfx is then the deter- 


minant : 
ef 1 1 | 


r 


$ | x; X, 


| X; $ . (13) 
i (Rı+R,3 (R:+ R,’) (Re+ R;') 
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We may, however, immediately simplify these expressions 
by assuming for the present that the precessional rotation 
of which x is the unit vector is normal to the equatorial 
plane. If, then, x,, x3...are regarded as situated in this 
plane, (12) reduces simply to 4x(R,—R,'), and (13) to 

${(Ro+ Ry)—-(R3+Rs')px. . . . (14) 

It is to be noted that we are only justified in regarding 
R and R’ as conjugated in the manner shown, on the basis 
of our fundamental assumption that p=p’; i.e., that the 
precessional rotations bring the moment of momentum into 
equilibrium. R and R' may be regarded as belonging to 
ditferent atoms of the molecule, or they may refer to orbits 
of the same atom. In the one case the equatorial plane will 
be placed at right angles to the “bond”; in the other it must 
lie in the atomic nucleus. For an atom, the effective 
atomic charge and the principal quantum number must 
be constant in both terms; in the molecule, however, 
both the atomic charge and the principal quantum number 
may vary. Introducing these expressions into equations (8) 
and (9), we shall have 


On e mf 38h? j í R; 
A a Sa us $I # AED) 
and 
Be mf Bl? J a R '—R 3 
H` ~ Amite 2 8r me” 


zh j yx 
. te. . (16) 
The constant term becomes, on mE of the appropriate 
values of the constants and multiplying by Avogadro’s 
number, 
D= 9 x (6°55 .10-27)f x (-606 , 10") 
512 (5142) x (899.1077) x (1591.1072) x (3.10) 
=1-350.107°. 
Introducing the values of R defined by the quantum 
factor of (11), we have finally for the expression of the 
diamagnetism %;, 


2a '2 /2 7... 43 
=-p{™" (any Solis Ay?) n ee 1 bye, . (17) 


while the paramagnetism Xp becomes 
J nën — hy?) — nn? — k) 
xXe=1 Lo 72 
4 


fig (n? — hy 7) = 15 7( ng! *— ky =) 


5 eed cement hye. - (18) 
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The factor yx represents the cosine of the angle made by 
the directions of the field and the magnetic moment. This 
we calculate from simple probability considerations. H£ 
there is only one direction in the molecule in which there is 
a magnetic moment (paramagnetic body) or in which a 
moment can be induced (diamagnetic), the average inclination 
will be given by cos? O=}, as in the well-known Langevin 
formula; if there are two such directions this factor will 
become J, while for three or more axes, which, of course, can 
all be resolved about three principal axes, simply 1. We 
thus put in the three cases cos 0=1/ V3, 1/ v2, and 1 re- 
spectively, In the case of a paramagnetic substance, Sommer- 
feld (‘Atomic Structure,’ Eng. trans. p. 250) has suggested 
quantizing these angles in terms of the possible values which 
can be adopted by the azimuthal quantum number of the orbits. 
On the present theory all values which can be adopted by the 
equatorial and latitudinal quantum numbers are not admis- 
sible, so the method must be rejected. 

In order to test these equations, we may first consider 
diamagnetic molecules which can be regarded as dipoles. 
It will then be necessary to make some consistent assump- 
tion as to the effective atomic numbers. If we regard the 
molecule as linked by a single bond in the chemical sense, 
or if we have to deal with an atom which has a single electron 
in the valeney shell, we assume that the effective atomic 
number is unity. In the case of the metals in the first 
group of the periodic table, this assumption will be readily 
conceded ; with such effectively monovalent elements as the 
halogens, our assumption depends on the electronic consti- 
tution we assign to the shell below the valency shell, As we 
shall have to refer repeatedly to this shell, it will be a con- 
venience to number our shells from the outside inwards, 
instead of by the commonly adopted spectroscopic convention 
of numbering them from the nucleus outwards. If we call 
the valency shell V, let us call the one below W. It will 
probably not be necessary to go deeper into the constitution 
of the atom. Tn a halogen molecule, as already explained, 
we assume a joint W shell. For chlorine and elements of 
higher atomic number this shell is composed of two groups 
of six electrons each, Fluorine is not able to assume this 
configuration, ag its X shell, which is the same as that usually 
designated K, would then only contain two electrons; the 
shell of eight electrons, which must intervene between a K 
ring and an M shell containing groups of six, would be 
absent. Fluorine will he anomalous in this respect therefore, 
in that if cannot be regarded as effectively monovalent like 
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the other halogens. This fixing of the effective atomic 
number is, of course, purely arbitrary, and can only be 
justified by results. The mechanism by which this change 
comes about, and which may eventually afford a quantitative 
account of the process, appears reasonably clear. On coin- 
bination of two atoms, our fundamental postulate states that 
the energy represented by the difference of the two terms 
representing the natural frequency of the valency electrons 
of the uncombined atoms becomes “available.” Part of 
this energy goes to alter the kinetic energy of the electrons 
so that their frequencies are synchronized; part is absorbed 
in the molecular structure as potential energy, and the excess 
or deficit becomes “free” and represents the heat of the 
reaction. Although not at present mathematically demon- 
sirable, we assume that this potential energy is responsible 
for changing the effective atomic numbers of the molecule. 
The ratios of the kinetic and potential energies in the 
magnetic field we have calculated (loc. cit.). In the magnetic 
field it was shown that 


Exin= — 2$ Epot. e e e ° e e (19) 


This relation has made possible the calculation of heats of 
reaction of simple substances by using as effective atomic 
numbers for the uncombined atoms those which result by 
subtracting the Sommerfeld screcning number corresponding 
to the number of free valency electrons from the number 
which locates the element in the appropriate vertical column 
of the periodic table. For the purposes of calculating the 
magnetic properties, we here assume the molecular effective 
atomic number; an atom will still retain the effective atomic 
number calculated as before. A difficulty arises in the case 
ofa rare gas, or an atom, significantly for example iron, which 
has a complete quantum group for its V shell. According to 
its position in the periodic table the effective atomic number 
of such atoms should be zero, which would make the para- or 
diamagnetism infinite. The actual number must therefore 
be small. It will be seen in what follows that the very high 
dia-magnetism of the rare gases, and the exceptional para- 
magnetism of iron, can be explained on this hypothesis, and 
an empirical number found which will account quantitatively 
for the observed results. 

The precessional rotations which respond to the imposed 
magnetic field in diamagnetic atoms are those which depend 
on the asymmetry of the k numbers of the orbits. Ina 
polar molecule, as has been emphasized in the well-known 
octet theory of Lewis and Langmuir, each ion attains a rare 
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gas V shell by exchange of electrons; this same hypothe-is 
was used in calculating the heats of formation of polar 
molecules. The diamagnetism of such compounds should 
then be calculated as the sum of the individual values of the 
ions which are regarded as atoms with eight valency 
electrons, but with atomic numbers of +1 and —1 respec- 
tively. As the effective atomic number enters as the square, 
Z? is 1 in both cases. Equation (17) then shows that dia- 
magnetism will be given by 


Xa = D [m (mk) —nP(nyr— hy?) J 
+ [17 (1047 — hg?) n (n —k”?)]}cos ð. . (20) 


Here the numerical suffixes 1 and 2 refer to the diferent 
tons and not to the axis concerned. For each ion the 
principal quantum numbers n; and n, are constant. The 
paramagnetism according to equation (16) must obviously 
be zero. The expression then simpiy reduces to 


ya = Dòn (kP — k?) + ng? (Kg? — ka) Jers 0. 


The pairs of electrons belonging to each atom must have 
different values of k and #. By the hypothesis of exchanges 
of half quantum numbers with the nucleus or trunk, in the 
manner Sommerfeld and Pauli have employed in calcu- 
lating the anomalous Zeeman effect, an azimuthal quantum 
number of 2 becomes 3/2 and one of 1 becomes 1/2. This 
hypothesis is employed consistently in all that follows. 

Since (k1? — ki”) = (k2 ky?) =(9/4—~- 1/4), and cos 0 must 
be J 1/3, wo shall have simply 


2D, 
— te MM + i . e e e ° 21) 
X=- Ey (mit +t) 


Table I. gives the results obtained by calculating on the 
above formula the values of the diamagnetism for the 
compounds shown. The experimental results are taken 
from Landolt and Bornstein (1924 edition). The values 
x used are the arithmetical means of the observed values 


multiplied by the molecular weight. In the divalent com- 
pounds, simply twice the value for the halogen ion has to be 
taken in the theoretical formula. It will be seen that in the 
case of the alkali metals and alkaline earths the agreement 
is as good as can be expected when the inaccuracy of the 
experimental results is considered. The fluorides are, how- 
ever, distinetly abnormal, as was to be expected and as has 
been consistently observed in previous work. The experi- 
mental results are not sufficiently reliable to warrant 


Properties of Atoms and Molecules. 1155 


TABLE I. 


Polar Compounds. 


Xm X 16° i AON. el Rs (m? +n’) x 210, 
M 2 R 3 
NaCl saiia —0'41, —0°58 — 290 + a a ° — 28:0 
Na Br ee —0:37 —38' l 3| 4 — 38:9 
j eee — 0:31, — 0:45 — 570 3 | 5 —d3'0 
i. 2 N —0°47, —0:55 —36 5 4/13 — 89:0 
-0:45 

KBr sassanida — 0'35, —0:45 —47'6 4/4 — 49:9 
EE Accisceas —O°31, —0'45 — 63:1 4/5 — 639 
j ET D EEE — 0'46 —]95 1 ee — 20 26 
MeO). cic: —'50, —0°46, —-45 | —446 ao} 3 — 42:1 
Cah, sate —‘43, — -41,—-43 | —466 4| 3 — 53-0 
yo; Pra —'44, —- “4 — 66:2 oa E —67°0 
DEBR sissi —3l =S 5 4 —88'8 
SAA ee —'35 —1194 | 5 | — 1170 
BaCls: siia —'32, — '41, —'32 | -726 | 6 | 3 —842 
BEB arci —'31, — “41 —107:1 | 6 | 4 — 106-0 
Bali spisi —'41, — ‘30 —1408 | 6 | 5 — 1340 
NaF aber — ‘40 —16'82 | 3 | 2 — 202 
j A E —'45 —23°2 4|2 —31:2 
oe —"30 -174 | 4] 2 —37'4 
SrF, ae rd — 26 — 274 5 | 2 —&1°4 
BEEG., wia —'13 — 202 6 | 2 — 68:6 
A 9) as —'15 —68:°2 4 | 3 —53:0 
HOla — 24 — 664 6 3 — 84:2 
PBR aiia —'26 — 938 6 | 4 — 106:0 
BOT ciui —'28 — 40 3 == 53: 
AGEL isc... —"26 480 5 4 abs 
PGE NOTETAN — ‘29 —68'1 a | 6 — 779 


attempting to discover the appropriate relation. We may 
require to adopt a different effective atomic number for the 

uorine ion, or the ion may become paramagnetic. The 
results for the base and noble metals are similarly not so 
good as the other results. Silver appears uniformly high, 
as also do zinc and mercury. Here, again, the effective 
atomic number for atoms whose V shell is composed of three 
groups of six electrons may be greater than that for the 
usual eight. 

The same method of calculating should enable us to arrive 
at the diamagnetism of the halogen elements. Here we 
assume, as we have done consistently in calculating the 
energy relations, that one of the atoms contains an activated 
orbit. The effective atomic number is constant in both 


Digitized by Google 
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terms, The molecular diamagnetism should then be caleu- 
lated precisely as above except that n, is equal to m41. 
Since only one valency orbit is activated, the remaining 
orbits in both atoms will be symmetrical, and there will 
therefore be no paramaynetism. The values so obtained are 
shown below. 


Tague IT. 
— xg le. 
—X,_ X 108. n, na  2Da?+(n+1)? | —y, found. 
Y3 | 
a ee re ——- 
Chics; 059 3 | 4 39:9 | 42-2 | 
| 

| Br ' 021,038,040 ° 4 5 63°9 (0 
| | 0-403 | | 
| ee | oowoo 5 | 6 95-1 ag) | 


040, 0:30, U37 | 


Hydrogen should be calculable on our hypothesis that one 
atom becomes activated. We assume that the molecular 
azimuthal quantum number for this atom is 3/2. This will 
be readily accepted, as obviously the moment of momentum 
of the activated atom must decrease. The susceptibility will 
then be given by 


! pe = í 
ye De a 
V3 

The value found by Také Soné for — y is 1:982 for the atom 
or 3:995 for the molecule. Kammerling Onnes, however, 
arrives at the value 2°7 for the atom or 5 4 for the molecule. 
This latter value is quoted by Pascal o Rendus, chi. 
p. 324, 1913) in support of a value of 2°93, which represents 
the average value for the increase in ‘lie diamagnetisn 1n 
saturated. hydrocarbons. The mean of Také shies ard 
Onnes’ values is nearly 47. A discrepancy of this magni- 
tude would not be surpri-ing, considering the difficulty of 
the experimental measurements. As regards the value for 
the diamagnetism of hydrogen in combination, it is extremely 
doubtful that this should “have the same s vals as in mole 
cular hydrogen, The following considerations afford a 
probable explanation of the reason for the approximate 
agreement noted by Pascal. For the diamaguetism uf a 
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C—H bond on the present theory we should write 


4(4—9/4)—-1(1~1/4) =4:87 x 10-8; 
V3 
i.e., the same value as for molecular hydrogen. For the 
C—C link we should have similarly 
4(4—9/4)—4(4—1/4) _ 
V3 
This is near the mean value given by Pascal (6:0). 

On increasing the length of a chain in a saturated hydro- 
carbon, each additional carbon carries with it two hydrogens. 
The bonds by which they are attached cannot both possibly 
orientate themselves in the same direction as the external 
field. They will make an angle of 109° 28’ with one 
another. This angle, as has been pointed out in the previous 
paper, is a consequence of spatial quantizing; it represents 
the solid angles between four vectors, three of which make 
an angle whose cosine is 1/3 with the direction of the field, 
and which are arranged symmetrically about the axis, the 
fourth being parallel with the field in the negative direction. 
The average angle which each bond will make with the 
field is thus 50° 44’. 4°87 multiplied by the cosine of this 
angle is 2°32, which is reasonably near Pascals average. 
The value for carbon will be correct, as each additional carbon 
only involves one extra C—C link. It is thus obvious that 
the additive constants extracted by Pascal do not represent 
the intrinsic susceptibilities of the atoms. These have to 
be multiplied by a probability factor ; in fact, his constants 
do not give values for the atom, but rather for the bonds 
which that atom can form with other elements, a considera- 
tion which makes it obvious that spatial probabilities must 
be considered. The very valuable data which Pascal has 
compiled are, however, likely to be of great value in 
extending, along the lines developed here, our knowledge 
of molecular structure. The examination of this aspect of 
the subject is reserved for another communication. At 
present it will be advisable to take a general survey of the 
applicability of the theory. 

Nitrogen calculated by the simple addition formula 
should have a susceptibility of 


(44+9)D 
ee 


The value given by Také Sone is 7:42. There is no doubt, 


D 


D 6°236 x 10-8, 


= 10:13 x 10-8. 
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however, that we should be incorrect in calculating nitrogen 
as a simple monovalent compound. Since there are now 
three free valencies to each atom according to the scheme 


2 (2:2) 2, we are not justified in neglecting the operators 


oe 


Q, and Q; of equation (12). Our formula should then be 
p 
Xa — y X HQX: + QX% y. . . . (22 


The two electrons of like azithmuthal quantum numbers 
of each atom will arrange themselves syminetrically in the 
equatorial plane ; it isthus clear since R= R3, R; = R; that 
the molecule cannot be paramagnetic. Of the R, and Ry 
bonds, one must be derived from an excited orbit. Equation 
(22) thus becomes 


Xna =T 7 { [9(9— 7) - 4(4— )] x, + 8x,+ Bx y. (23) 


We now have to consider the probabilities for the cosines 
xy, x.y, and x,y. If x,, X, and x; are at right angles, our 
probable angle will be cos 1. For an atom with three 
valency electrons the effective atomic number will be 
3—°577=2°423, where 0°577 is the Sommerfeld screening 
number for three electrons. Z? should thus be 5°807. The 
above factors should then give 14:2 x 107°. Také Sone’s 
value expressed for the molecule is 14°82 x 107°. 

Experimental results for solid compounds are well known 
to be liable to very considerable errors. It will be interesting 
to compare a few results for elements where experimenial 
values can be relied on with a fair amount of accuracy. 
An element (atom) with an odd number of valency orbits 
should always be paramagnetic unless a diatomic molecule is 
formed. While the alkalies and alkaline earths are 
uniformly paramagnetic, the metals in the sub-groups of the 
first two columns of the periodic table are diamagnetic. 
This must mean either that they form diatomic molecules, or 
that the V electrons can lock up with one of the groups 
of six in the W shell to form a system of zero moment. 
Only elements which can exist in more than one stage 
of * oxidation ”? in the chemical sense would be expected to 
show this property. There are thus alternative methods 
of calculating the diamagnetism of these elements:— 
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(1) As monatomic “rare gas”? atoms with the appro- 
priate atomic number and cos@= 1. y, will then be given 


by 
2 
u=- 7 f n(n — i)-™("- i} =- » . (24) 


The principal quantum number does not change. The value 
of y, so obtained will be that of an atom. 

(2) As non-polar combinations similar to hydrogen. 
Here the principal quantum numbers differ by unity due to 
excitation of one orbit; cos @ will be determined by the 
number of axes about which precession can occur as 
explained before. If there are three such axes as in the 
the case of nitrogen, cos @ will be 1. 


Table IIT. gives the results for various elements calcu- 
lated according to these methods. The experimental values 
of y found in Landolt and Bornstein, are given in column 


1. In column 2 are the limiting values deduced by Pascal 
(loc. cit.) from the addit.ve relations in organo-metallic 
compounds. Column 8 gives the theoretical results cəl- 
culated on the simple menatomic formula (24). Column 
13 gives the results caletlated according to formula (22). 
The equatorial cuniponents R, R, are shown in columns 10 
and 11. 

Silver and gold, as might be expected, appear to be 
diatomic. Zinc, cadmium, and mercury show reasonable 
agreement when calculated as monatomic atoms. The two 
free valency electrons appear to lock up with a six of 
the W shell; cos@ must then be equal to 1. Nitrogen and 
boron both having three tree electrons should be calculated 
by the same formula. Both give values for the susceptibility 
which, calculated as a molecule, is near that observed. 
Phosphorus, arsenic, and antimony appear to tend to 
become monatomic. This must be connected with the fact 
that after phosphorus a group of six electrons can be 
formed. Possibly two electrons go to one atom, forming 
with a six an eight ring, and six remain on the other. 
They would then b have like ordinary polar molecules, as 
the formula used would indicate. For the other elements, 
the experimental results are too variable to allow of any 
useful comparisons being made. Unfortunately the con- 
dition of spatial quantizing vitiates the results obtained by 
Pascal, as pointed out in the case of the carbon hydrogen 
link. Enough has been shown, however, to give confidence 
in the general applicability of the formule. 
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The rare gases are of great interest. The value y, for 
argon, as found by Také Soné, is the enormous magnitude of 
about — 236 x 10-6. Helium, according to Tanzler (Ann. de 
Phys, (4) xxiv. p. 931, 1907), must be in the neighbourhood 
of 44°38 107°. Calculated as rare gases from the observed 
susceptibilities, the Z’s should be given by 


Z (He) = 7,5 = 06 
and 
Z(A)= ae ="105. 


The mean of these values for the effective atomic number of 
; . 1 : 
a rare gas is in the neighbourhood of TE with which 


speculative number we can test the theory by applying it to 
a paramagnetic atom with a “ rare gas ” valency shell. 

One further example of the calculation of diamagnetism 
may be given. The susceptibility of water, calculated as a 
non-polar molecule, should be given by 

_ 2{4(4—4)-—1(1—3)}D Z 
D iad 

The experimental value is between — 12:58 and — 12:94 x 
10-6, the value decreasing as the temperature is lowered. 

In order to calculate the paramagnetism in a manner 
which will enable comparison with experimental results, it 
will be necessary to derive an expression which will be 
independent of the applied field and the temperature. We 
must then substitute for the internal field H of equation (16) 
in terms of the precessional velocity. 

If we are dealing with a molecule, our fundamental 
hypothesis states that g will be related with the available 
energy derived by the accommodation of the natural fre- 
quencies of the uncombined atoms. 


This energy, 


— 11:93 x 1078, 


E,= A Ein + AE ov 


will be distributed in the molecule in such a way that the 
relation developed for the ratios of kinetic and potential 
energy in the magnetic field holds. This relation, already 
referred to, is 


pa 3 ° 
AK, = =A B ot; 
so we may write 


AEBra abe a ee a ee 2D) 
Phil. Mag. S. 6. Vol. 49. No. 294. June 1925. 4 F 
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The relation between the change in the kinetic energy of an 
electronic orbit and an external field involves, in Sommer- 
feld’s notation, the latitudinal quantum number »,, which 
defines the moment of momentum py=f pyly =nih, where 
the angular coordinate measures the longitude in the rotating 
system of reference. This quantum number we will refer to 


. e e . e $ l . 
as l, in order to distinguish it from the other n's. a thus 


the cosine of the angle made by the vector normal to the 
orbit and the direction of the field. 
AE,,, can then be shown to be equal to 


lOh 

Ë — o e e e e e e ma} 

2T (20) 
The available energy of accommodation E, is given by 


y3 yr 
ın (4 a ), where Rois the Rydberg constant. In virtue 
Mt n 


of (26) and (25) we then have 
2r ZF Z” 
O=q= Th A Erin = pi Ro (S — =a) : 


We assume that 1 is the smallest value the latitudinal quantum 
number can assume. The justification for this assumption 
may be sought in the hypothesis that the energy is distributed 
in such a way that the largest possible amount of energy 
appears in kinetic form. As we admit of half quantum 
numbers in the molecule, replacing 1 by the value 1/2 and 
substituting in (7), we have 


72 2 
H= Rà a) Se. ep OD) 


e n”? 
Substituting this in (10), we then have 


27 ehl (Z? Z'\ R- awk! 
or oa) ( gent + gat) cos. 


“so 
n n 


ehl . : . 
The factor ——— is the eram-molecular unit of magnetic 
Aqrime = Ss 


moment or Bohr, and is equal to 5584 gauss x em. ; $0 the 
formula may be written simply 


27 -72 7/2 R,—R;, Re -Ry l J 
e 16 B (g “aN Z2 + ai zis eos 0. (2 ) 


The values of w so calculated should give the values of the 
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magnetic moment as calculated by the Langevin formula 
1 
p= , where C is the Curie constant and R the gas 
cos’ 0 
constant for the gram molecule, and cos? 0=1/3. The 
results may first be tested with the paramagnetic gases 
oxvgen and nitric oxide. 

We suppose that oxygen has two electrons belonging to 
each atom which remain free, the remaining eight locking 
up together asa W shell. 

Fig. 1 represents the disposition which is assumed. The 


Fig. 1. 


Xi 


angle @ represents the inclination of the vector normal to 
the orbits with the direction of p, which, according to (10), 
must lie in the equatorial plane. Cos 0 now has a different 
meaning from that which it has in the expression for dia- 
magnetism, as can be seen by referring to our development 
of equations (13) and (14). The angle 6 in this case we may 
fix by spatial quantizing, as was done by Sommerfeld. Since 
we are dealing with 4 =3/2 orbits, the admissible an gles will 
be cos 0=1/3, 2/3, and 1, whence the average angle is given by 


lyk 4 \_ /H 
cos 0 = slat gt! = 97° 
The probability angle, which the direction of the moment 
# will make with the direction of the external field, is 


accounted for by the factor 4/3 in the Langevin formula. 
42 
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In comparing results with the magneton numbers determined 

hy Weiss and others, we therefore do not have to take it 

into acconnt. : 
Substituting the appropriate values in (28), we thus have 


p=75B ha- DG- i) na -Dlha 


This figure multiplied by 5 will give the result in 
Weiss magnetons. We thus compare an entirely theoretical 
value of 13-5 with values of 13-9 and 14-2 determined by 
Weiss and quoted by Sommerfeld (C. R. clv. p. 1234, 1912 and 
elvii. p. 916, 1913 ; Journ. de Phys. p. 97, 1920). Our value 
multiplied by 5 is 13:2. The approximation of the result 
is satisfactory, especially as the method by which it was 
derived involved the hypothesis which distributes the 
available energy of accommodation in the molecule. It 
may be noted, “how ever, that the frequency term includes a 
quantum number 3J: a e., it refers to an activated oxygen 
orbit, whereas the inertial terms depend only on the 
unactivated principal quantum number. This does not 
appear an objection ; it simply means that on re-distribution 
of energy the orbit once more assumes the value it has in its 
ground orbit. 

Nitric oxide, which has only one free bond, should simply 


be half the value for oxygen with the ee omitted. This 
vives 15/8 B or 9°38 Weiss. The value found is 92. This 
assumes, of course, that the accommodation ener gv is derived 
from the same element which has the free bond, otherwise 
the Zs would not cancel. These results, although only 
approximate, at least afford considerable support te the 
theory in its qualitative aspects. It is quite clear that under 
no circumstances can these molecules be other than para- 
magnetic. 


The author takes this opportunity of expressing hi~ 
indebtedness to Dr. J. W. Nicholson and Dr. N. V. Sidgwick 
for the interest they have shown in this and preceding 
papers, and to Mr. T. W. J. Taylor for the trouble he has 
taken in correcting proofs. 

Inigation Research Department, 


Punjab University Chemical Laboratories, 
Lahore, November 1924, 
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CXV. A Note on the Photo-activation of Chlorine. By 
WitFrIp Tayor, B.Se., Resear: h Scholar Armstrong 
College, Neweastle-on-1 yne * 


YEYHE increased chemical activity of chlorine under the 
influence of visible light has received much attention 
owing to the various photo-chemical reactions to which it 
gives rise, notably the synthesis of hydrogen chloride. Many 
attempts have been madetotracean antecedent physical change 
in the chlorine: Kummel and Wobig have shown that there 
is no dissociation t, J.J. Thomson, ‘Lenard. and others that 
there is no ionization £, Bovie $ and Wendt || that the 
activity ceases immediately on cutting off the light, while 
Mellor J explained the Budde effect ** as a heating ‘due to 
the reaction of the chlorine with water vapour. As a 
plausible assumption it may therefore be supposed that the 
chlorine molecule absorbs energy from the radiation (or 
from the secondary radiation as suggested by Weigert TT) 
and thereby underg ‘oes a change of Tntoimal “configuration, 
passing to a state of greater energy corresponding to an 
increase in the electronic and vibratory quantum numbers. 
The new state may be termed “activated,” and would be 
characterized by a weakening of the chemical bonds, as 
suggested by J. J. Thomson tt and recently deduced from 
spectroscopic considerations by V. Henri in the cases of 
naphthalene $$ and sulphur || I. 
The initial configuration of the molecule is governed by 
the quantum equation 


E, =$ dq=nh, 


and the absorption obeys Bohr’s frequency condition 
iv=dE=E,,—E,. 


Hence no incident light can have any effect unless its fre- 
quency v is at least sufficient to furnish the necessary 


* Communicated by Prof. G. W. Todd, M.A., D.Se. 

+ Kummel and Wobig, Zeit. fur Elektrochemie, xv. p. 252, 
i J.J. Thomson, Proc. Camb, Phil, Soe. xi. p. 9041s W1). 
$ Bovie, Journ. Amer. Chem, Soc, xxxvii. p. 1721. 

|| Wendt, Journ, Amer, Chem, Soe. xliv. p. 2377. 

4 J. W. Mellor, Trans. Chem, Soe. Ixxxi. p. 1280 (1902). 
#® Richardson, Phil. Mag. xxxii. p. 227 (1891). 

tt F. Weigert, Zett. Plusik. Chem. evi. p. 407 (1923). 

tt J.J. Thomson, “ The Electron in Chemistry.” 

S$ V. Henri and Da Laszlo, Proe. Rov. Soe. 105 A, p. 662 (1924). 
| V. Henri and Teves, t Nature, exiv. p. 994 (Dee. 1924). 
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quota ôE. If the final state E,, is not quantified, y will then 
he a threshold value above which light is absorbed, and in 
the presence of a suitable reagent chemical action com- 
mences. 

It becomes of interest, therefore, to investigate the relation 
between the activation, and the frequency of the illumina- 
tion ; quantitative work in this direction does not appear 
to have been published, and only recently has a similar 
investigation been made on the photo-dissociation of sulphur 
dioxide*. In the present work the photo-synthesis of HCI 
was used as the criterion of the activation of the chlorine, 
and the reaction velocity determined for different parts of 
the spectrum. 

A modified form of the actinometer used by Burgess and 
Chapman f was employed. It consisted essentially of a 
bulb in which the gas mixture was illuminated, and having 
a layer of water in the lower portion to absorb any HCI 
formed. By means of stopcocks, it could be placed in com- 
munication either with an exit tube, or a narrow bore 
calibrated index tube. Any contraction in the gas volume 
was then measured by the movement of an indicator in the 
latter. The whole apparatus was made of glass, and im- 
mersed in a large water-bath to ensure temperature stability, 
an air t ermometer being placed beside the bulb as a further 
check. The bath was encased in an opaque cover provided 
with a small window. 

The gases were provided by the electrolysis of pure con- 
eentrated HCI with a current of 2 amps. and the cell used 
at the point of minimum oxygen adulteration according to 
Chapman $. The cell was run for 40 hours to saturate all the 
liquid and expel atmospheric air. To decrease the effect of 
inhibiting agents, the incoming gases were passed througiia 
suitably adjusted beam of white light. A very sensitive mas 
mixture was finally obtained. i 

The illumination was provided by a‘ Pointolite ” electric 
are which had the advantage of a very low percentage of 
accompanying heat radiation; the point source enabled the 
light to be brought to a focus by a lens system. This focus 
fell in the plane of an aperture fitted with a shntter. and 
having a water-cell and light filter behind the latter. The 
colour filters made by the Ilford Company were used, and by 
their means, narrow bands could be isolated from the con- 
tinuous spectrum, of approximately equal width, and witl.vut 

© R. A. Hall, Trans. Faraday Soc. xx. p. 107 (1924). 


+ Burgess and Chapman, Journ, Chem. Noe. Ixxsix. 2, p. 1°98 
(1906). 


$ Chapman and MacMahon, Journ. Chem. Soc. xev. pp, 135 and #59. 
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any extraneous radiation whatever. After diverging from 
the focus, the rays passed through the window of the water- 
bath and fell upon a gas bulb. 

In making an exposure, the water in the bulb was tested 
for complete chlorine saturation, and the bulb filled by 
allowing the gas mixture to pass through it for half an hour. 
All taps were then closed, and the apparatus left for half an 
hour in the dark to test equilibrium. The shutter was then 
opened, and timed readings of the indicator taken. The 
period of inertness was always observed, followed by the 
growth of the reaction velocity to a steady rate. With the 
most sensitive mixtures, a large Draper effect was noticed. 
The chief source of difficulty was found to be the retarding 
of the reaction by inhibiting agents present in minute 
quantity. A series of exposures under apparently identical 
conditions gave readings which varied by as much as 200 per 
cent. This negative catalysis has been studied by Burgess 
and Chapman * and the latter has also shown theoretically 
that the retardation is proportional to the quantity of 
Inhibitor present ł. Precautions were therefore taken of 
running strongly illuminated chlorine through the apparatus 
for a long period, and carefully standardizing the filling 
operations. Reaction velocities for the same conditions 
could then be repeated within 1 per cent. Each exposure 
was accompanied by a standard ‘ control” exposure. The 
time-contraction readings being plotted for each light filter, 
the straight portions of the graphs gave by their gradients 
constants measuring the corresponding reaction velocities, 
and hence the activation of the chlorine. The limits of the 
spectrum bands were measured by a spectrometer ; the 
extreme edges are given below, but margins within these 
limits would be ineffective owing to relative faintness, Eight 
filters were used covering the whole visible spectrum, but 
only three produced any measurable effects, With the green 
filter, no movement of the index could be observed over a 
long exposure with a pre-sensitized mixture which responded 
instantly to the blue-green. 

The figures thus obtained do not, however, take into 
account the possibility that the filters might not transmit the 
same amounts of radiant energy. If we assume that for the 
same frequency the activation is proportional to the energy 
in the beam, then a correction could be made by reducing 
these reaction velocities to equivalent illumination intensities. 
A thermopile was therefore substituted for the bulb, and 


* Loc. cit. t Loe. cit. 
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connected in series with a Kelvin mirror galvanometer ; as 
a first approximation, the steady deflexions were taken as 
measures of the intensities, and used as correction factors. 


Reaction Range,of wave- Relative Corrected 
Filter. velocity. band (Angström light Activated 
units). Intensity. power. 
Violet ...... 100 4300—4800 7 100 
Blue ......... 2 4550-5000 11 17 
Blue-green... l4 4780—5370 13 8 
Green ........ 0 5050-5570 lo u 


The activating region of the spectrum therefore corre- 
sponds to that of the general absorption of chlorine itself, 
i e. with the continuous band extending from about 4900 A.L. 
at normal temperature * and pressure f and not with the 
Ribaud fine structure bands. Activation would therefore 
seem in this case to be concomitant with the non-quantih- 
cation of the vibratory motions. 


In conclusion, I should like to express my indebtedness 
to the helpful criticism of Professor G. W. Todd throughout 
the course of this work. 


CXVI. Constancy of Total Photo-Current from Sodium with 
Temperature Change 20° C. to —190° C.f. By Rogert C. 
Burr §, 


T order to obtain uncontaminated sodium surfaces, the 

cells used in this experiment were prepared by driving 
so.lium electrolytically through the walls of a highly evacuated 
bulb ||. Much light has been thrown upon the mechanism of 
this remarkable phenomenon in a paper which Joffe § has 


* Dobbie and Fox, Proc. Roy. Soe. 99 A, p. 456. 

t Narrayan and Gunnaya, Phil. Mag. xlv. p. 830. 

ue HL E. Ives, Jour. of Optical Suc. of America, vol. viii. Ne. 4, 
p. 55l. 

§ Communicated by Prof. R. A. Millikan. 

i} E. Warburg, Wied. Ann. xxi. p. G22 (1584); id., čbid. vl. p. 1 (18. 
A. Ilerz, ibid. liv. p. 245 (1895). W. P. Graham, eid. lxiv. p. 51 (288) 
C. A. Skinner, bid. lxxviii. p. 754 (1899). K. Mey, Ann. der Phus. (8 
xi. p. 130 (1905). W. Neuswanger, Phys. Rev. (2) vii. p. 263 (1916. 
For complete bibliography, see “The Electrical Conductivity of 
Sodium Chloride in Molten Glass“ by Willard J. Sutton and Alexander 
Silverman, Journal of the American Ceramic Society, vol. vii. No. 2 
February 1924, p. 102, 

4] A. Joffe, Ann. der Physik, Ixxii. p. 461. 


Photo-Current from Sodium with Temperature Change. 1169 


recently published. The method was brought to my own 
attention by Dr. A. W. Hull, whose kindness in performing 
for me such an electrolysis in his laboratory I am pleased to 
acknowledge. It is appropriate to describe it as electrolysis 
through glass. 

The arrangement. used in these experiments was as follows. 
A 40 watt incandescent lamp bulb (the well evacuated 
tungsten filament lamp in most common use today) was 
immersed, stem up, in a molten salt or salt and water 
solution containing sodium ions, and a potential of about 100 
volts was applied between the lighted filament and the 
solution surrounding the lower part of the bulb. The bulb 
itself is of soda glass—an essential condition. The vacuum, 
rendered conducting by electrons from the filament, is, so to 
speak, electroplated by the sodium which passes from the 
solution anode through the glass electrolyte. 

Since a larger electrolytic current can be sent through the 
glass if it is hot, | have used in place of a water solution 
molten sodium nitrate, which melts at 312°C. This is well 
below the baking-out temperature which had previously been 
maintained for more than 24 hours. At the temperature of 
312°C. the sodium evaporates and condenses at the top-inside 
-of the bulb above the level of the hot surrounding sodium 
nitrate. However, it can be redistilled into the bottom when 
it is once inside. The filament when not lighted is used as a 
co'lector for the photo-electrons, Rv keeping it heated 
during the redistillation no sodium can condense upon it. 
During redistillation the pressure of sodium vapour must not 
become too high else a sodium are will form and burn out 
the filament. Currents as large as 0'2 ampere have been 
used for this electrolysis ; larger currents are likely to burn 
out the filament, Control of the electrolytic current is 
obtained by adjusting the temperature of the filament. 

Tt was found that the vacuum inside cells which had been 
sealed off the pumps was not sufficiently perfect to keep the 
sodium surface clean, even with the use of charcoal side 
tubes. For this reason the results reported here were 
obtained with cells which were attached tu the mercury 
pumps, although results similar to those given here on 
eontaminated surfaces were obtained in cells which had been 
sealed off. 

In the centre of fig. 1 is shown the cell which is connected 
through two liquid-air traps to two diffusion pumps. Light 
is incident from above on tiie sodium surface at the bottom 
of the bulb. With a constant potential (measured by a 
Weston model 45 voltmeter) on the collector the total 
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photocurrent is measured (by means of a Rawson unipisot 
milammeter, type 501) while the illumination is held 
constant. 

At the top of fig. 1 have been plotted photo-currents 
against time. Under the influence of the light the photo- 
current was constant at 12°6 micro-amperes. But when the 
empty beaker was put in place about the cell there was a 
small increase in the current as shown, and when liquid air 
was put in the beaker there was a greater increase. The 
photo-current decreased as the liquid air evaporated. 
When the air was removed, the current returned to 120, 
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and when water was placed in the beaker, the current 
increased to the value shown by the second maximum. A 
full beaker of liquid air gave the third maximum, but tle 
current returned to its original value when the air was 
removed ; when again dipped in air, the fourth prominent 
maximum was obtained. With water at room temperature 
the next maximum was found. A beaker of carbon tetra- 
chloride raised about the cell gave the last maximum. The 
variation when the liquid air is removed is due probably to 
fog or mist in the air and on the glass immediately after the 
removal of liquid air. The constancy of total current at 
12:6 x 10-® ampere from this cell at room temperature over 
such a long period as that shown on the curve when the cell 
is subjected to such intense light as required to give this 
current is. I think, worthy of note. 


Digitized by Google 
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The foregoing experiments were thonght to be good 
evidence that the increases were due to scattered light from 
the liquid and beaker. To test this more thoroughly, 
blakenn the bulb with paint, lamp-black, and other things 
was tried. Cracked cells and cracked paint were the usual 
results, but finally a cell with the bottom wrapped in black 
paper gave the results shown in fig. 2. 


Fig. 2. 
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The light used in this case was a 250 watt stereopticon 
lamp. Fig. 2 2 shows current plotted against time. The cell 
was at room temperature except for the time embraced by 
the double arrows. It will be seen from a glance at the 
points marked A that when the bulb was immersed in liquid 
air no appreciable change in the value of the photo-current 
resulted. This seems to show quite conclusively that if there 


Fig. 3 
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is any temperature effect upon the photo-sensitiveness of 
sodium between liquid air and room temperature, it must be 
an extremely small one. 

During the time-intervals indicated in fig. 2 by I and II 
two complete photo-current potential curves were taken. 
These curves are shown in fig. 3, the dots representing the 
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curve taken at 20° C. and the arrowheads that at — 190° C. 
It will be seen that the two curves are everywhere practically 
coincident, though there are four points which show a 
systematic difference all in the same direction. The actual 
readings in the case of both curves are shown in Table I. 


TABLE I, 
Vuliasa Photo-current. Photo-current 
ae Room ‘Temp. at — 190°C. 
Ee. bie Ioien 
I ah 8°25 8-20 
JO nieta: T30 TR 
S| i rA ER 7°35 TH 
DD, Pran aeons 710 T26 
GMD.” na 6°80 6:95 
| i eee ee 637 6:31 
TO orasaun 3510 3°20 
Os Seances 4°70 4384 
o EE 3 4°38 4-40 
T arenie 3°97 39 
> oti eteeaes 3°52 3°36 
Or. (abtieadiay Sees 3°06 310 
E E EE 2°60 2-62 
Ol ea aa 2:07 210 
DS Aum aa ete 1°48 
i PEE E miata: 83 “80 
O apeere ninni ‘20 38 


These observations are taken in the same way as those 
recently published by H. E. Ives, but fail to show any such 
variations with temperature as he found. 

Fig. £ is a continuation of the photo-current time curve 
begun in fig. 2. At the time marked “ Air off 2nd trap” 
the pump was disconnected from the system by a mercury 
cut-off close to the pump, and at the same time the liquid 
air was removed from that one of the two liquid-air traps 
in series which was nearest to the bulb and which bad 
been cooled a considerable time after the first liquid-air 
trap had been functioning. The object of removing this 
liquid-air trap was to allow a very minute amount of impurity 
to flow back into the bulb. The effect of this impurity was 
observed instantly by an increase in current as shown by the 
arrow in fig. 4 above the comment “ Air off 2nd trap.” 4 
voltave-current curve was taken at ITI, and then the cell wi 
cooled in liquid air and a large increase in total current 
occurred ; another voltage-current curve was taken at IV. 
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Fig. 5. 
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These last two are shown in fig. 5. Liquid air was then- 
removed and other similar curves were taken at V and VI,. 
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and they are plotted in fig. 6. The same current-time curve, 
taken the following day, is continued at the bottom of fig. 4. 
Voltage-current curves were taken at VII and VIII, the 
first at room, the latter at liquid air temperature. These last 
two curves are not reproduced since they were practically 
identical with V and VI. 

Fig. 6. 
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At the point marked “ Air off 1st trap,” the liquid air was 
removed from the trap nearest the pump. This was the first 
trap to be cooled during evacuation, and hence contained much 
more condensed vapour. With illumination and the collector 
voltage constant, the photo-current at first doubled, then 
dropped to about one-third its former value, as shown in 
fig. 4. When it was believed constant at IX, another 
voltage-current curve was taken. Next it was cooled in 
liquid air, and this time a decided drop in the total current 
occurred. At X a voltage-current curve was again taken 
(fig. 7). Removal of the liquid air caused an increase in total 
current. Further experimenting on this cell was prevented 
hy a crack which developed at this point in the bulb. 

`The question as to whether there may be minute traces of 
impurities in the sodium within the bulb of the sort not 
dependent upon residual gases or vapours has no bearing 
upon the main conclusion which is drawn below. For the 
sake, however, of obtaining evidence as to the possible 
existence of impurities coming through or out of the glass 
the following tests were made :— 

1. An effort was made to drive both potassium and 
lithium through this glass without any success whatever. 
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2. A bulb of this kind was used as a sodium voltameter, and 
the correct atomic weight of sodium to one part in 500 was 
obtained. This limit of accuracy was set in this experiment 
simply by the uncertainty in the measurement of the quantity 
of electricity producing the deposit of sodium. 

3. A sodium are was formed in the bulb, and no trace of 
lines other than sodium obtained. The last test presumably 
means a purity of at least one part in 500,000. 


Fig. 7. 
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Dr. Ives appears to find a temperature effect upon photo- 
currents from both sodium and potassium between these 
temperature limits. In the foregoing experiments it appears 
that when the utmost precautions are taken against contami- 
nation no temperature effect on photo emission from sodium 
is fuund. By contaminating the surface, however, both of 
the types of temperature effects which Dr. Ives obtains, 
namely, an increase in one case and a decrease in another, 
are found. 

It is believed that the above evidence is convincing that : 

(1) The total photo-current of sodium is constant, within a 
few per cent. at most, over a temperature range 20° to —190° C 
if the surface is sufficiently pure; 

(2) if the surface is just slightly contaminated, it may 
be much more sensitive at low temperature than at room 
temperature; and 

(3) if slightly more contaminated by some unknown vapour, 
the surface may be several times less sensitive at liquid air 
temperature than at room temperature. 

That the change of total photo-electric current within the 
temperature limits noted should be less than l per cent. for 
a pure surface is supported by some theoretical work of 
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Dr. J. R. Nielsen in this laboratory. This work has been 
submitted for publication in the Physical Review. 


I wish to acknowledge with thanks the sug gestions, advice, 
counsel, and inspiration of the Director of this Laboratory, 


Professor Robert A. Millikan. 


Norman Bridge Laboratory of Physics, 
California Institute of Technology, 
Pasadena, California. 
October 30, 1924. 


CXVII. 7he Broadening of Lines in Are Spectra and the 
Stark Fpect. By H. Lowery, M.Sc. (Lond.), A dnst. P., 
F.R.4.S., Assistant Lecturer in Physics, Manchester 
University *. 

[Plate XII.) 


Introduction. 


T a very interesting paper t on “The Broadening of 
Spectral Lines caused by Increased Current Density 
and their Stark Effects,” Kimura and Nakamura give 
results of experiments on the broadening of lines in the arc 
spectra of copper, silver, gold, magnesium, calcium, chromium, 
and nickel produced by heavy currents of the order 
40 amperes and upwards. The nature of the broadening is 
compared with the displacement and separation of the lines 
into components by a strong electric field (Stark effect), the 
results of the work on the Stark effect by Stark and 
Kirschbaum f. Anderson §, Takamine ||, Howell T, Takamine 
and Kokubu **, and Yoshida ff being used for this purpose. 
The general conclusion arrived at from this comparison 
was that “the lines showing the Stark effect were generally 
broadened easily in the spectrum of a heavy current 
AE Cui etre The lines showing displacements towards the 
red side in the Stark effect brcadened on the red side when 
the cnrrent density was greatly increased in the arc....-- 
Similarly, the lines showing displacement towards the violet 
side in the Stark effect broadened on the violet side. The 


æ Communicated by Prof. W. L. Bragg, F.R.S. 

+ Jap. Jour. of Phys, ii. No. 3-5, p. 61 (1928). 

t Ann. d. Phys. xliii. p. 1030 (1914). 

§ Astrophys. Jour, xlvi. p. 104 (1917). 

|| Astrophys. Jcur. 1. p. 27 (1919). 

q Astrophys. Jour. xliv. p. 87 (1916). 

** Mem. Coll. Sci. Kyoto Imp. Univ. iti. p. 173 (1918). 
tt Mem. Coll. Sei. Kyoto Imp, Univ. iii. p. 267 (1918). 
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lines having isolated components generally developed 
broadened lines at the position of such components.” 

In a previous paper * the present writer has described 
experiments in which spectroscopic observations were made 
upon the interrupted silver, gold, and copper ares, using the 
method adopted by Hemsalech and de Gramont} in their 
study of the occurrence of enhanced lines in the are. The 
experiments were originally begun with the object of 
investigating the existence of the Stark effect in the are 
and, in the | paper referred to, attention was drawn to the 
widening of the lines in the are spectrum of silver in the 
region near the fixed pole where presumably the electric 
fields are very intense during the early stages of the are 
flash. 

In view of the distinct broadening of lines in are spectra 
produced under two apparently different sets of conditions, 
viz. : (1) those due to a heavy current (voltage 110 volts) as 
in the experiments of Kimura and Nakamura, and (2) those 
obtaining in the interrnpted arc, it will be of interest to 
compare the nature of the broadening in the two cases and 
to consider the results in connexion with the Stark effect. 


Feperimental Results. 


The interrupted arc spectra of silver, gold, copper, nickel, and 
Iron were investigated. Kimura and Nakamura give results 
of their experiments for all these metals except iron. The 
nature of the broadening in the experiments with the 
interrupted copper, silver, and gold ares is given in the 
following tables (I, IT, and HI). Symmetrical broadening 
is indicated by vr or VR. The symbols vR, Vr, v, r, V, R 
denote the different kinds of unsymmetrical broadening 
respectively, a single letter indicating broadening on one side 
only. The large and small letters are employ ed to show in 
a gencral way ts relative sizes of the wings. The extent 
of any oWing from the original line is usually of the order 
l to 5 A.U., but accurate determinations of the size of the 
wings are not possible owing to their diffuse edges. 
Intensities range from 0 (weake st) to 10 (strongest). 

The last column in the tables indicates the nature of the 
broadening obtained by Kimura and Nakamura in their 
experiments. 


* Phil. Mag. xlviii. p. 1122 (Dee. 1924). 
t Phil. May. xliii. (Feb. and May 1922). 
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te Wave- 
re | longthes i 


forinula. SEA | 


— 
1m —43'| 36543 | 


lm,—4o | 3825-05 
lm, ,—40 | 3851:75 
3894:49 

lr, ,—3ọ | 40158 
lz, —3ò0' | 4022:67 

lr, —3ọ | 4056°7 
lr, ,—33 | 4062:69 
lr ,—30' 4063:30 
lr, —830 | 4480:38 
453084 
lr, —20' | 5153-23 
lm,—2ò | 5218-17 


lr, —30 


Note on Table I.—Copper. 


TasLeE I.—Copper. 


Nature of 
broadening 
(interrupted 


arc). 


vr 


v 


Intensity 
(inter- 
rupted 


arc). 


Nature of broadening 
(Kimura and Nakamura). 


Wing on red side. 


Feeble intensity. Broaden- 
ing not recorded. 


Feeble iutensity. Broaden- 
ing not recorded. 
Feeble intensity. Broaden- 


ing not recorded. 
One sided (violet) wing. 


Red (bright) & violet (faint) 
wib 

One-sided (violet) wing. 

Red (strong) & violet (faint) 
wings. : 

Red (strong) & violet (faint) 


wings. 
Not recorded. 


It is assumed that the line A 4062:69 (T.A.) of intensity 
10 is identical with the line A 4062°14 of Takamine and of 


Kimura and Nakamura. 


Note on Table II.—Silver. 


AA 4210°71, 4212°60. In describing the broadening of 
these two lines in their experiments, Kimura and Nakamura 
sav, “ The images of these lines presented an appearance 
similar to the self-reversal of a single spectral line, the 
violet components of the former line and its red component 
together with the corresponding one of the latter forming 
wings on both sides.” 

In the interrupted arc the space between the two lines at 
the beginning of the flash is hazy, and might be regarded as 
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TaB.Le [f.—Silver. 


Wave- Nature of | Intensity 
Series | puyoth | broadening | (inter. Nature of broadening 
formula. ae fie i (interrupted | rupted (Kimura aud Nakamura), 
cs | arc). arc). 
lr,--48' o vr 5 | Bright violet and faint red 
wings. 
la,—4é | 381071 vr 5 Bright violet and faint red 
wings. | 
lw,—3oe | 3981:72 r 6 One-sided (red) wing. 
1lw,—30d’ | 4055°31 VR 10 Broad red wing and diffuse | 
violet component, | 
lm —3ò | 421071 | Vr 10 (See note below). i 
lr, —30' 4212-60 | vR 10 w he 
j r 5 Faint shading on red side. 
/ 
lx,—3e | 4478:12 | r 8 Slight broadening on red side. 
r 8 Not recorded, 


Ix,—3e | 4668-52 


| 


filled with a wing on the red side of A 4210°71, or with a 
wing on the violet side of A 4212:60, or even with two such 
wings either superimposed or meeting each other at their 
edges. 


TaBLE IH.—Gold. 


Nature of | Intensity 


Ware-length broadening| (inter- | Nature of broadening 
in I.A. (inter- rupted (Kimura and Nakamura). 
rupted arc).| arc). | 
3796-00 Vr 8  Broudoning toward violet side. 
4084:14 r 8 PE broadening toward the red. 
4128:65 r 4 


| Faint, but slightly diffuse both sides. 


In the above tables the broadening in the interrupted are 
spectra is given only for those lines on which the Stark 
effect has been observed, though many other lines, in the 
case of each metal, exhibited traces of broadening at the 
beginning of an are flash. The copper lines AX 3687, 3689, 
3830, and the silver lines AX 3841, 4081, 4207 (on all of 
which the Stark effect has been ohserved), were so feeble in 
all the photographs that no definite statement can be made 
with regard to their possible broadening. 
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Comparison and Discussion of Results. 


The above tables show that the broadening of lines in the 
interrupted are spectra at the beginning of an arc flash is 
practically of the same nature as Kimura and Nakamura 
obtained in their experiments with the steady are. The 
broadening of the following lines is not given by Kimura 
and Nakamura, the first three lines being very faint in their 
plates, the remainder falling outside the region of tlieir 
investigation :—Copper: AA3825, 3862, 3895, 4480, 4530, 
5153, 5218; Silver: A 4668. Tue broadening of all these 
lines in the interrupted ure is given in the above tables and, 
with the slight exception of A 3895 (copper), agrees with the 
expected broadening from considerations of the Stark effect. 

In order to illustrate more fully the nature of the 
comparison between the broadening of the lines and their 
Stark effects, a portion of Takamine’s table on the Stark 
effect for copper is given, together with the broadening 
effect under the interrupted are conditions, where it will be 
seen that there is a general good agreement between the 
results. The positive and negative signs in the second and 
fourth columns refer to the components on the red and 
violet sides of the lines in question. 


TABLE I V.—Copper. 


p-comp. n-cop. Broadenin | 
A Ginter: Intensity. | 
(1.A.). rupted a 

AX. Intensity. AX. a | Sei Intensity. arc). | 
3825-05 = 16| 38  |-0-10 3 v 2 
386175 |—0:11 3 —O0°12 3 v 2 
3894:49 |-+0:27 | 1 +0°23 1 vr 1 
40158 - 0°47 | 2  |=043 2 v 1 

| 4022-67 [+0 46 7 +0°33 7 yR 10 | 
| 49567 |-0G2} 3 -06 3 V 4 
4062:69 |+u60 10 +0 44 10 vR 10 
4063:30 +037 4 +033 4 (v?) r 2 
4480:38 +009 6 +0711 6 R 9 

4530:84 +0°04 6 + 0°03 6 R lo | 
| 515323 |—010 6 |-005 6 v 10 
| 5218:17 |—0-09 10 — 0:07 10 vV 10 


| 


It may be noted further that, at least in the interrupted 
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arc experiments, without exception the lines of the diffuse 
series are broadened toa greater extent than those of the 
principal and sharp series. In addition, as in Takamine’ 
work, the lines of the diffuse series for silver are attected on 
both sides, thus differentiating these lines from those of the 
sharp series which are affected on one side only. 


Nickel and Tron. 


Kimura and Nakamara examined the nickel are under a 
heavy current but did not find any well-marked broadening 
of lines as in the case of copper, silver, and gold, though such 
broadening would be expected as many nickel lines show 
the Stark effect *. In the interrupted arc spectra, any 
broadening which existed was of such a small order that no 
definite statement of its nature can be given. Tron was also 
one of the metals examined in the interrupted are and the 
results were as in the case of nickel. It may be noted here 
that Takamine states that the Stark effect for iron is 
exceedingly small compared with that for other elements. 


Magnesium. 


Probably the most striking agreement between the results 
obtained by Kimura and Nakamura and those of the 
interrupted arc experiments is to be found in the metal 
magnesium. The interrupted are spectrum of this metal 
was studied by Hemsalech und de Gramont f during their 
research on the occurrence of enhanced lines in the are. 
They give a photograph (plate xviii. loc. cit.) of the inter- 
rupted magnesium arc spectrum over u region including the 
lines AX 4352, 4571, 4703, which shows the first and third 
lines with well-marked wings developed on the red side as 
in the experiments of Kimura and Nakamura. Though the 
second line A 4571 is displaced to the red in the Stark effect, 
it appears fairly sharp on the R a a of the heavy 
current arc. The photograph of Hemsalech and de Gramont 
referred to above shows this same line quite sharp in the 
interrupted arc ! 


In view of the close connexion which the above experi- 
mental results seem to indicate between the broadening of 
lines in the arc spectra and the Stark effect, it is interesting 
to review Duffield’s f experiments on the effects of pressure 


® Takamine, Astrophys. Jour. 1. p. 33 (1919). 
+ Phil. Mag. xliii. (May 1922). 
t Phil Trans, A. ccix. p. 205 (1908); cexi. p. 33 (1911). 
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on are spectra when the principal effect noted was a 
broadening of many of the lines. Duffield records that at 
high pressures the metal arcs he examined were frequently 
blown out by the luminous metallic vapour which they 
expelled, so that ‘a single exposure was the integrated effect 
of a number of short-lived arcs.” The spectra obtained were 
therefore those of interrupted metal arcs under high pressures, 
and the broadening effect observed in the spectra was the 
net result of conditions similar to those referred to above in 
addition to those of the high pressures employed. Dutteld 
recognized that effects might possibly be produced in the 
spectra of the metal arcs under high pressure owing to the 
necessity for frequently bringing the poles into contact to 
strike the arc, for he says: “In the experiments with the 
iron arc the chief variables were the current strength and 
the length of the arc, which, on account of the necessity 
for continually striking the arc, could not be kept constant. 
The variables dependent upon these are the temperature, 
potential gradient, the quantity, and perhaps the density 
of the material in the are.” 

The facts brought out by the experiments with the inier- 
rupted arc prove conclusively that the eftects due to the 
striking of the arcs cannot be neglected in considering 
Dufteld’s results. Further, in the light of the results given 
by Kimura and Nakamura, since the current in the steady 
metal arcs of Duffield sometimes reached the value of 
20 amperes, it is highly probable that the effect of such a 
high current density in these arcs cannot wholly be neglected 
in interpreting the broadening of lines in Duffield’s 
photographs. 


Finally, inconnexion with the Stark effect interpretation 
of the broadening of lines in arc spectra, it may be pointed 
out that Nagaoka and Sugiura * have developed a method 
of observing the Stark effect by means of the arc which is 
more convenient than the original method involving the use 
ofa vacuum tube. They used a special device to keep the 
arc steady in the vertical position, The lines originating in 
the lower electrode extending from the visible part of the 
spectrum down to the ultra-violet showed distinct separation 
which was identical with the Stark effect observed with 
vacuum tubes. It was found convenient to work with a 
500 volts arc, though the effect can be observed at 100 volts. 


* í Nature, cxi. p. 43] (1923). 
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Explanation of Plate. 


The photograph is reproduced from one of the negatives 
obtained when arc flashes were made between copper poles 
in oxygen at 350 volts and initial current 5 amperes, the 
lower fixed pole being negative. 


Summary. 


1. Attention is drawn to the similarity of the broadening 
of lines as produced (1) in the interrupted arc spectra of 
copper, silver, gold, nickel, and magnesium, (2) in the heavy 
current arc spectra of Kimura and Nakamura. 

2. The broadening is such as would be expected from 
observations on the Stark effect. 

3. It is pointed out that, in interpreting the broadening 
of lines obtained by Duffield in his experiments on the effect 
ot pressure on arc spectra, it is necessary to take into 
account the effects due to the heavy currents he employed 
and the necessity for repeatedly striking the arc. 


Again I desire to express my thanks to Dr. G. A. 
Hemsalech for his helpful advice while the experiments on 
the interrupted arc were in progress, and also to Professor 
W. L. Bragg, F.R.S., for his encouragement during the 
research. 

Physics Dept., 
The University of Manchester, 
Jan. 1925. 


[ .Vote-—A comprehensive account of the experiments and 
results of Nagaoka and Sugiura, mentioned above, is to be 
found in the Japanese Journal of Physics, vol. iii. Nos. 1-3, 
1924. | 


CXVIII. On the Stabilization of Instable Equilibrium by 
means of (ryroscopic Furces—Ii. By Dr. H. J. E. Beta 


(Deventer) *. 


E a preceding papert I have proved that for the case 

of an even number of irrotational instabilities the 
equilibrium of a system with an arbitrary number of degrees 
ot freedom may be converted into a stable one by the means 
of gyroscopic forces. In the present paper I wish to show 


* Communicated by the Author. 
t Phil. May. February 1925, 
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how the subject may be investigated more in detail for the 
cases of a mechanism with Hikes or four degrees of freedom 
with the help of geometrical considerations. 


Three degrees of freedom. 


If in the determinantal equation 


m? +a) gym Jim | 
A= —Ggem nh tar Jam | = Q, 
— Mhm — zm mMm? + ary | 
we write F 
2 m 
r = WV (ly dl 3y u = --— 3 


Y Ay loatl35 


xX Da) +> Sites” ve Tavis + Banda? : 
z poo? *= ë p 
it passes into 


wW+NXut+Yut1l=o0.. . 0 9) 


As we have supposed that the system has an even number 
of irrotational instabilities, we may suppose ay, and dg to 
be negative, az; positive. We ask how the gyroscopic force 
must be chosen in order to make the roots of (1) negative. 

We first investigate the influence of the cuctlicients Oey 
azn, and gig on the nature and the sign of the roots of (1). 
With this aim, we associate the equations (1) with the points 
of a plane determined by their rectangular coordinates. As 
the rcots of (1) never become zero or intinite, a change of 
sign of the roots occurs only when we pass twice the locus 6 
of the points (X, Y), for which (1) has equal roots. 

This locus 8, represented by the equation 


6 = X?Y?—4XN9—4Y9418XY-27=0, . . (2) 


has been drawn in fig. 1. It divides the plane in three 
regions, viz. the region a of three negative roots, the 
region 6 of one negative and two imaginary roots, and the 
region c with one negative and two positive roots. 

The equation (1). represents a system of straight lines 
containing a parameter u ; —u is the parameter of direction 
of such a line; 8 is the envelope of the system. Through 
any point of the plane three tangents at 6 pass. For a 
ae in a tha three tangents have a positive slope; for 

a point in & there is only one real tangent which has a 
positive slope; for a point in c there are two tangents with 
negative and one with positive slopes. 
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a is the region of the stable positions of equilibrium. 
The irrotational equilibrium being instable, its image-point 


in the XY-plane is a point Qirr.(Xo, Yo) in c, and 


By the means of gyroscopic forces, the position of equi- 
librium passes into 


2 3 
X= Ran, Y= go oe ee 


The image- point moves in the direction : 


= Y-Y, 2 1 Zag = L111, 23" 
rax- P Spat Set 


v 


where nis u2, and u, are the roots u corresponding with the 
point Qirr.. 

From this it follows that the directions in which the 
image-point may move by reason of the gyroscopic force 
are limited by those two magnitudes of = tui,» —te,, and 
— uz, Which include the third, and that any direction within 
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the angle determined by the two corresponding tangents 
at 6 is a possible one. 

We therefore draw from Qim. at & the two tangents 
having the greatest and the smallest coefticient of direction. 
Of the tangents we take the half-lines with positive X- 
components (according to (3) X—X, is always positive). 
The angle within these two half-lines contains all image- 
points which may be reached by the means of gyroscopic 
forces. The result may be stated in still simpler terms: 
we draw from Qir. the tangent at the border of region a; 
the part of a below this tangent contains the points we may 
reach, 

From this we conclude again that it is always possible to 
stabilitate the two irrotational instabilities ; moreover, we 
observe that from fig. 1 it follows at once that by means of 
gyroscopic forces stability may never be disturbed (when 
the irrotational equilibrium is stable, its image-point is in a 
and the angle between the limiting tangents is also entitely 
within a). 

Returning to the case of instable irrotational equilibrium, 
we have still two different cases to consider, viz. 1° Qin, is 
below the line Y = X, 2° Qir. is above the line Y=X. Inthe 
second case the part of region a we may reach consists 
of two different parts, a and a’, of different character. 
When in this case a direction of motion for the image-puint 
is given in order to enter into a it will for the first time 
enter into a in a point of a’, but it will leave the region a 
again and enter into it for the second time in a point of a’. 
We will neglect the part a’ and occupy ourselves only 
with a”, We therefore speak only of stabilization by the 
means of gyroscopic forces when the equilibrium remains 
stable as long as the angular velocity of the flywheels is 
beyond a minimum value (figs. 2a and 2 b). 

If E n, and € are the principal coordinates of the 
mechanical system, we may introduce a representative 
point of which the rectangular coordinates are £, n, and ¢. 
The components of the gyroscopic force along the axes are 
given by . 

Kg = 9197 + 9138; 
K, = —g9a% + 913%, 
Ky = —anf + gan. 
The gyroscopic force is the vectur-product of the velocity 


of the representative point and the vector G, of which the 
E-, n-, and {-components are 933; 31, and gig 
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Fig. 2a. 


y 


Fig. 2b. 
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We first consider this vector G(g93, 931) 912). Its direction 
in space is not determined by the direction of motion 


in the plane of 6. From (4) we deduce that the direction 


of G belonging to a given J is an arbitrary yeneratrix of the 
quadratic cone 


ACE + mF + 7) + Cuk? + un + ug?) = 0, 
AHULEAN + Atua)? = 0. 


We suppose u, to be the negative root for Qir.. Then 
the directions A that may bring the image-point in the 
XY-plane into the region of stability a are between the 
limits —ug, and zero (when Pirr. is above the line Y=X, we 
consider only the part a”). 

For A= —u, the cone has contracted into the ¢-axis (axis 
of stability). All cones of the pencil for O0<A< — u, have 
the'r real axis along the ¢-axis, do not intersect each other, 
and fill up the space within the cone V : 


or 


uE + U2" + 13,07 = 0, 
V= aÉ? + gn? + 336? = 0, 


where V represents the potential function of the positional 
forces. Any line passing through O and at the inside of V 
represents a possible position of the vector G (g9, I M12) 3 
the generatrices G of a similar cone of the pencil correspond 
to a similar direction A in the plane of ô. 


The magnitude of G is given by (3), 
1 r 
V (Son) = q / p (XX). 


As P is a constant (for the same irrotational equilibrium), 
the magnitude of the vector G is proportional to the square 
root of the X-component of the displacement in the plane 
of 6. With the help of fig. 2 (or by the solution of a 
biquadratic equation) we are able tu find the minimal 
value of G with any possible direction A; the minimum 
minimorum we have for A=—vw3, for which value of A 
G has the ¢-direction. 

We now proceed to the gyroscopic force F itself. As 
G is a fixed line during the motion, the force F remains 
parallel with a fixed plane U normal to G. From the 


or 
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possible directions of G we deduce that all planes U are 
possible which have with the supplementary cone C' of 
cone V: e p e 

C= > +—+2-=0 


Uil Gee 33 


an elliptical intersection. With any possible plane U is 
associated a value of A. When the motion of the repre- 
sentative point is projected on a plane U, the gyroscopic 
foice in any point is normal to the velocity of the projection 
and equal to the product of this velocity and a constant 
factor G which has for any plane U a minimum value. This 
constant has the smallest value if U is the plane of the 
instabilities. 


Four degrees of freedom. 


For this case the determinantal equation A =0 has the 
form 


uf+ Xue + Yu?+Zu+l=0, ... (5) 


where i 
m 
P= V 111029833044, u = P” 
13 
X = =e 
Y= eee aes (2g oe 


3 
Z= 211122433 211199 “Ji2 


(2919-4 is written instead of 912934— 9139040 +91423-) 


We have to consider two cases: 1° two of the coefficients 
Qity a223, A33, and ayy are negative, and 2° the four coefficients 
are negative. 

We may associate the equations (5) corresponding to 
different values of X, Y, and Z with the points of space. As 
no root of (5) may become zero or infinite, a change of the 
sign of the roots occurs only by passing twice the locus of 
the points, where (5) has equal roots. This locus or dis- 
criminantal surface is the developable ruled surface which is 
enveloped by the variable plane (5). | 

A discriminantal surface for the biquadratic equation has 
been introduced by Kronecker *; however, his equation 


3 
has not the form of (5): the number of parameters has 


* Monatslerichte der Berliner Akademie, 14 February, 1878. 
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been reluced by him by expelling the term with «; the 
surface arising in this way is not applicable for the present 
investigation, A description of the discriminantal surface 
for the equation (5) is to be found elsewhere *, and the 
regions are indicated in which the surface divides space. 
There are six regions corresponding with the nature and 
the sign of the roots of (5): 4 imaginary roots, 2 positive 
2 negitive roots, 2 imaginary 2 positive roots, 2 imaginary 
2 nevative roots, 4 positive roots, 4 negative roots. 

Tne image-point Qirr. for the irrotational equilibrium 1s 
lying either in the region of 4 positive roots or in the region 
of 2 positive and 2 negative roots. We have to inquire 
whether in both cases it is possible to displace the image- 
point into the region of stability, viz. the region of 4 negative 
roots. 

For this aim we have to investigate the displacements : 


> 2 

X-X, = “os : 

Y-Y, = Steni y Sra 
211422919" 


Z-Z = “p 


which may be executed with the help of the gyroscopic 
forces. We see at once that the question is much more 
intricate than for the case of three degrees of freedom, 
be:ause the expressions for the displacement of the image- 
point are no longer homogenevus with respect to the 
coefticients g. For small values of the g we first can 
neglect the term which disturbs the homogeneity, and we 
may find that the points we are able to reach lie inside 
a three-sided pyramid. For large values of the g, the 
neglected term becomes predominant when the inequality 


is fulfilled, Sgu FO 0 


These considerations, in connexion with an inspection of 
the discriminantal surface, will show that stabilization may 
always be obtained by sufficient values of the g, provided 
(6) be obeyed, for two and four instabilities. 


* Christiaan Huygens, 1925. 
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CXIX. The Mass-Spectra of Chemical Elements.—Part VI. 
Accelerated Anode Rays Continued. By F. W. Aston, 
Sc.D., F.R.S., Fellow of Trinity College, Cambridge”. 


N Part V. of this series of communications f the method 
of accelerated anode rays was described by which the 
mass-rays of a large number of metallic elements were 
produced in a form suitable for analysis by the mass- 
spectrograph. The present paper contains the results 
of further investigations by the same method during the 
year 1924. Although the anode ray discharge tube had 
to be repeatedly rebuilt during this period for purposes 
of cleaning and replacement its general design has not been 
altered substantially from that already illustrated t. The 
only change in detail worthy of note consists of setting 
back the surface of the compo ite anode several millimetres 
from the mouth of the pyrex tube containing it. This 
appears to result in a thinner but more concentrated 
beam of rays, but can only be advantageously applied 
in the fortunate circumstance of the beam being truly 
axially directed down the slit system of the spectrograph. 
As before, the extension of the method to new, and gener- 
ally heavier, elements becomes increasingly difficult and 
the advances recorded here are nearly all dependent on the 
use of highly sensitive plates made by a schnmannizing 
process recently described §. The successes obtained by 
incorporating the elements themselves into the anode, in 
the cases of tellurium and bismuth were to some extent 
unexpected and are probably due to the particular range of 
boiling points exhibited by these elements. 

During the experiments on lead which only gave incon- 
clusive results it was realized that the useful limit of work 
with the mass-spectrograph in use had been reached and it 
las now been dismantled to make room for a new one. The 
latter has been designed to give higher resolution and, more 
particularly, greater accuracy of measurement. If successful 
it will be used rather for the more exact comparison of the 
masses of known lines, with a view to determining their 
divergencies from the whole number rule, than for the 
analysis of more elements. This paper is therefore the last 
of the series and for that reason a complete list of all non- 
radioactive isotopes so far discovered is included in it. 

* Communicated by the Author. 

t Phil. Mag. xlvii. p. 386. 

t Lec. cit. p. 387. 

§ F. W. Aston, Proc. Camb. Phil. Soc. xxii. p. 548 (1925). 
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Indium (At. Wt. 114:8). 


Indium is chemically very similar to gallium. It was 
therefore expected to yield to the same treatment. The 
fluoride was prepared from a sample of the metal kindly 
supplied by Professor T. W. Richards of Harvard, by 
solution in hydrofluoric acid. This incorporated into the 
anode gave a mass-spectrum showing one line only at 115, 
The mass of this appeared integral when compared with the 
lines of iodine and cæsium. No great accuracy is claimed 
for these measurements and the line is too faint to exclude the 
possible presence of another iso‘ope. Until further evidence 
is available on this point, indium is best regarded as a simple 
element of mass number 115. 


Further experiments with Strontium. 


The very bright anode beam given by this element * 
puts it next to lithium in value as a component of 
unude mixtures used in testing the setting of the discharge 
tube. In conseyuence many mass-spectra of it have been 
obtained. The more recent of these, though they contirm 
the previous conclusion that this element consists almost 
entirely of atoms of mass number 88, explain to a large 
extent the low value of its chemical atomic weight. In the 
first place the best plates give evidence of an extremely 
faint isotope 86 which appears to be present to the extent ot 
about 3 or 4 percent. In the second place the most accurate 
determinations of the mass of its principal constituent 
suggest that it is decidedly less than a whole number. For 
this purpose the lines of iodine and bromine were employed 
for reference. The chemical atomic weights of these 
elements (79°916 and 126°932) are used as substandards 
and have been determined with exceptional accuracy. ‘Ihe 
results of the maxs-spectrograph indicate that we may 
confidently regard iodine as a simple element so that its line 
is taken as representing a mass of 12693. The doublet of 
bromine has been recorded in all degrees of intensity on 4 
Jarge number of plates and, although the eye is particularly 
critical in judging the relative intensities of two similar 
images close together, no difference in intensity between the 
two components has been observed. It follows that its 
heavier isotope can be taken as of mass 80°92 with an 
accuracy at least exceeding one part in one thousand. 
Accepting these two values the strontium line gives the 


* Loc. cit. p. 395. 
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same mean figure 87°8 for each comparison. The presence 
of Sr® will bring this down a further fraction so that the 
discrepancy between the mean atomic weight calculated from 
the mass spectra and that accepted from chemical work 
87:65 is no longer very serious. 


Barium (At. Wt. 137°37). 


The first successful experiments with barium were per- 
formed with anodes containing iodides and although they 
showed clearly that the mass number of its principal isotope 
was 138 the penumbra of the enormously strong and over- 
exposed iodine line prevented a critical search for lighter 
isotopes which its chemical atomic weight suggests. | Work 
with other elements was therefore continued with lithium 
bromide replacing the iodide previously used for testing. 
By cleaning operations and continuous running with anodes 
free from iodine, this element was gradually eliminated from 
the apparatus until its line became sufficiently weak to 
warrant a further investigation of barium. In these experi- 
ments the anode consisted of a mixture of barium chloride 
and lithium bromide. Schumannized plates were used and 
the line Ba”? was obtained of very great intensity. Exam- 
ination of the mass spectra showed that no mass number less 
than 136 could possibly be present to an appreciable extent. 
Slight asymmetry of the strong line suggested the possible 
presence, in very minute proportion, of 136, aud since 
resolution in the neighbourhood of so strong a line is 
impossible on the instrument used, 137 may also be present. 
But even if both are present they cannot be so to an extent 
adequate to explain the chemical atomic weight now in use 
which appears therefore to be too low. In mitigation of this 
discrepancy, but not sufficient to explain it entirely, the 
principal line of barium, like that of strontium, appears to 
show a slight defect from a whole number mass, 


Lanthanum (At. Wt. 138°91). 


This rare earth element was investigated by means of its 
bromide which was prepared from a very pure specimen of 
the oxalate. A mixture of this with lithium bromide worked 
smoothly as an anode, but the results were not very intense. 
With an exposure of half an hour, however, a single line at 
139 was obtained of such a strength as to make it reasonably 
certain that lanthanum is a simple element of mass number 
139, as its chemical atomic weight would lead us to expect. 


Phil. Mag. S. 6. Vol. 49. No. 294. June 1925. 4H 
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The plate was not suited to measurements of high accuracy 
but comparison with the iodine line showed no deviation 
from the whole number rule greater than that suggested by 
its atomic weight. 


Praseolymium (At. Wt. 140°92). 


The first experiments with this element using its fluoride 
were unsuccessful. Later, under better experimental con- 
ditions, results were obtained from the bromide made froma 
commercial sample (Schuchardt) of the cxide. The appear- 
ance of a line at 139 in addition to the one expected at 141 
indicated that this was contaminated with lanthanum. 
Owing to the kindness of Dr. Auer von Welsbach, to whom 
the author is deeply indebted for a valuable collection of 
samples of rare earth salts, a specimen of the sulphate of 
praseodymium of exceptional purity was available. This 
was transformed into the bromide by treatment with 
strontium bromide and gave a single line at 141. It is 
therefore reasonably certain that praseodymium is a simple 
element of mass number 141. The chemical atomic weight, 
like that of lanthanum, suggests a mass slightly less than a 
whole number. 


Neodymium (At. Wt. 14427). 


Neodymium bromide was prepared from a commercial 
sample (Drossbach) of the oxalate which, as results showed, 
was free from any serious contamination by neighbouring 
rare earth elements. The first attempts only yielded an 
indistinct band suggesting that the element was complex. 
Later, under particularly good experimental conditions with 
highly sensitive schumannized plates more definite effects 
were obtained. These indicated that neodymium certainly 
contains mass numbers 142, 144, and 146 not differing much 
in relative proportion, and possibly in addition (145) in 
smaller quantity. The latter must be regarded as doubtful 
for the present. 


Cerium (At. Wt. 140°25). 


Results from cerium were obtained by the use of the 
bromide prepared from a highly purified sample of the 
oxalate. Its most important mass line is 140 and shows no 
measurable deviation from a whole nun:ber. On the best 
mass spectra obtained a second fainter component 142 could 
be seen. The intensity of this line was in fair accord with 
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the. chemical atomic weight given above. Cerium may 
therefore be taken as a complex element with mass numbers 
140 and 142, The latter is isobaric with the lighter com- 
ponent of its neighbouring element neodymium. 


Zirconium (At. Wt. 91). 


A very large number of abortive attempts have been made 
to obtain the mass spectrum of this element. Some of these 
have been mentioned in previous papers in this series. One 
of the points of special interest in connexion with zirconium 
is the uncertainty of its atomic weight owing to the 
discovery of hafnium. The integer 91 has been adopted by 
the International Committee pending accurate determin- 
ations by chemical methods, work on which is still in 
progress. Success with the mass spectrograph was only 
obtained by the fortunate combination of an exceptionally 
favourable setting of the anode ray generator and a remark- 
ably sensitive plate. The anode contained a mixture of 
zirconium fluor.de and lithium fluoride, but a considerable 
quantity of bromine was left in the apparatus from previous 
experiments, Three of the lines appearing, 90, 92, 94, can 
be ascribed with confidence to zirconium. A fourth faint 
one at (96) is doubtful, but may be another isotope. As 
regards the relative intensities of the lines there is little to 
rely on, a very rough estimate is 10, 2, 4, (1), respectively. 
The masses corresponding to the first three can be determined 
with unusually high accuracy owing to the incidental 
appearance among them of a faint doublet 91, 93 due to 
CBr. There is no indication of any asymmetry in the 
spacing of the five lines 90-94 so that the masses of the 
isotopes of zirconium must be very closely integral with those 
of bromine. This by the argument already used on p. 1192 
makes them less than whole numbers by about one tenth of 
a unit. Putting in these values and the relative intensities 
estimated above, we get for the mean atomic weight 91°2 or 
91-4 according as we exclude or admit the presence of the 
doubtful (96), but little reliance is to be put on these figures. 


Cadmium (At. Wt. 11241). 


This element, unsuccessfully attacked before, has now 
yielded to improved experimental conditions, Using an 
anode containing a mixture of cadmium fluoride and lithium 
fluoride prolonged exposure yielded a mags-spectrum showin 
satisfactory intensity and detail. This was fortunate, for 


4H2 
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cadmium is so complex an element and its lines so near the 
limit of resolution that without the enhanced resolving 
power given by the peculiar properties of the schumannized 
plates* it is doubtful if any reliable interpret.tion 
could have been made. (Cadmium has six isotopes 110 (c), 
111 (e), 112 (6) 113 (d), 114 (a), 116 (7). The relative 
intensities of the lines are indicated by the letters in alpha- 
betical order, and agree reasonably well with the chemical 
atomic weight. The plates were not favourable for accurate 
determination of masses but these appear to be integral with 
that of iodine. It will be seen that the heaviest isotope is 
isobaric with the lightest isotope of tin the next higher 
element of even atomic number, but. tlhe most remarkable 
phenomenon observed is the extraordinary similarity between 
the vroups of lines given by these two elements. If we 
except the still doubtful (Sn!) and the heaviest isotope 
Sn!*4, which does not appear to have its counterpart in the 
cadmium group, the intensity relations between the isotopes 
appear almost identical. The difference in mass number is 
6, and if we place the lightest isotope at zero on the scale of 
mass number, each group will be found to consist of three 
strong even numbers 4, 2, 0 in descending order of intensity : 
then two nearly equal odd numbers 3, 1, and finally a fainter 
even number 6. This sequence of intensity relations is 
imitated, but less exactly, by selenium and krypton, anil, 
quite possibly, by mercury. Such exact similarity as that 
exhibited by cadmium and tin is very significant and 
suggests that once the inner core of the nucleus, supposed 
the same for isotopes of the same element f, is formed the 
stability of nuclei produced by further additions to this core 
will be controlled by considerations which may be the same 
for cadmium as for tin. 


Tellurium (At. Wt. 127:5). 


Previous attempts to analyse this element by the use of its 
ethyl compound f, and by volatilizing the chloride and the 
element itself§ had failed. Also during all the earlier 
work on accelerated anode rays any chance of success was 
improbable owing to the overwhelming strength of the 
iodine line the masking effect of which has already been 
referred to under harium. By the time the experiments on 


* Loc. cit. p. 653. 

t F. W. Aston, ‘Nature,’ 113, p. 395 (1924). 
1 Phil. Mag. xlii. p. 140 (1921). 

§ Phil. Mag. xlv. p. 942 (1923). 
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cadmium were complete iodine had been rigorously excluded 
from the apparatus for a long time, and although its line 
could still be seen and used for reference ils intensity was 
sufhciently reduced to warrant a further attack on tellurium. 
A fragment of pure redistilled tellurium was pulverized and 
incorporated into the anode paste used in the experiments on 
cadmium, The lines of tellurium were at once obtained and 
the result was repeated and confirmed with an anode of 
tellurium, lithium fluoride, and graphite only. The effects 
were not strong but sufficient for identification and measure- 
ment, Tellurium gives three lines of even mass number 
126, 128, 130. The intensities of the two latter appear 
about equal and double that of the first. The iodine line 
was too faint to be distinguished on these plates but com- 
parative measurements could be made against the lines of 
bromine. These indicate that the masses may be a little less 
than whole numbers but there is no reason to suppose that 
the defect is abnormally great. Hence from the intensities 
of the lines it seems probable that the mean atomic weight 
is at least as high as 128. Owing to its anomalous position 
with regard to that of iodine (of which these results supply 
the obvious explanation) the atomic weight of tellurium tas 
received an exceptional amount of attention from chemists 
and all their later determinations give a value considerably 
less than this. The discrepancy is of about the same order 
as that noted in the case of barium, but of the opposite 
sign. No explanation can be suggested in either case at 
present. 

Tellurium is unique among the elements so far analysed 
as it seems probable that all its mass numbers form members 
of isobaric pairs. They are shared by xenon, the element of 
next higher even atomic number. 


Bismuth (At. Wt. 209-00). 


The boiling point of bismuth is not much higher than that 
of tellurium so that there was some reasonable hope that it 
would yicld to corresponding treatment. Metallic bismuth 
was ground into the anode paste and after a long exposure 
with the anode worked at a white heat it gave a single line 
in the position expected from its atomic weight. This line 
was very faint, and owing to the great mass lay in a part of 
the plate unfavourable for measurement, but comparisons 
with the lines of mercury leave little reason to doubt that 
bismuth is a simple element of mass number 209. Its atom 
is therefote the heaviest weighed on the mass spectrograph. 
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Further experiments on Silicon, Iron, and Lead. 


Silicon.—In the first analysis of silicon * some evidence 
was adduced for the existence of an isotope Si” but owing 
to the possibility of hydrides this could not be regarded as 
conclusive at the time. Later valuable support was obtained 
in the study of the band spectra of silicon compounds by 
Mulliken t. During one of the experiments on zirconium 
fluoride described in this paper the mass lines of silicon 
were obtained under conditions which precluded the 
presence of hydrides. In addition to the very strong 
line Si?8 its two fainter companions Si? and Si% were 
clearly shown, the latter being rather less intense than the 
former in excellent agreement with the conclusions of 
Mulliken. Silicon may therefore be accepted as consisting 
of three isotopes. It is difficult to estimate the relative 
proportions accurately but the evidence of the mass-spectro- 
graph is generally in favour of a mean atomic weight slightly 
higher than the one 28:06, recently adopted by the Inter- 
national Committee. The earlier value was 28°3. 

Iron.—During some tests of a setting of the anode ray 
tube for efficiency, an anode containing bromide of iron was 
employed in the hope of obtaining the principal line Fe* so 
strong that the question of the presence of the doubtful faint 
component Fe** could be settled. Under such conditions 
the presence of a line at 54 could not be ascribed to adven- 
titious organic or other molecules. On one occasion an 
exceptionally strong beam of rays was obtained and both 
lines appeared in an entirely satisfactory manner. The ratio 
of the line 54 to the predominant 56 could be roughly 
estimated at about 1 to 20. The most probable value of the 
mass of the latter has been given f as 55°94. The presence 
of 5 per cent. of an isotope two units lighter will shift 
the atomic weight back by one tenth of a unit so that the 
results of the mass-spectrograph are in good agreement with 
tle accepted atomic weight of 55°84. 

Lead.—This element, which is of peculiar interest owing to 
our knowledge of its isotopes formed in radioactive disinte- 
grations, has a boiling point not very much higher than that 
of bismuth and so might be expected to yield, though less 
easily, to the same treatment. Finely divided metallic lead 
scraped from a reduced negative accumulator plate incor- 
porated into the anode mixture has given faint but positive 


* Phil. Mag. xl. p. 630 (1920), 
t R.S. Mulliken,‘ Nature,’ 113, pp, 423, 489 (1924). 
t Phil. Mag. xlv. p. 941 (1923). 


Table of Elements and Isotopes *. 


a i 
Element. | S ae pen ine” war edad re s nh si 
| number. i weight. isotupes. in order of intensity. 
G: CR | 1 1-008 1 1 
pees 2 400 | 1 j4 | 
i ee 3 694 | 2 7,6 
See 4 9:02 L 9 | 
| Ae 5 10:82 2° 112.16 | 
ee 6 120 | 1 | 12 | 
eee 7 401 | 1 14 | 
OP meats 8 16-00 1 |16 
| Seine 9 19-00 1 | 19 
Ne. 10 20-20 2 20, 22 
E DN ll 23 00 | 1 |23 
Mg ...... 12 2432 | 3 | 24,25,26 
Al 13 26°96 l 27 
PA 14 28-06 3 | 28, 29, 30 
See 15 31°02 l 3! 
TD 16 32:06 l 32 
ane 17 35°46 9 35, 37 
ene 18 39°88 2 40, 36 
ee 19 39°10 2 39, 41 
TA 20 40°07 2 40, 44 
Bi sade, 2] 45°1 1 45 
r Ae | 2 48-1 i be 
V 23 51-0 l 5l 
O02 socks 24 52-0 l | 52 
Mn ...... 25 54:93 l 55 
eee l 36 55°84 2 56, 54 
se 27 58°97 l 59 
E eiei 28 58-68 2  |58,60 
4 TORE | 29 63:57 | 2 | 63, 65 
ie 30 65°38 4 |64, 66, 68, 70 
attics 31 69:72 2 | 69, 71 
TE ee | 82 72:38 74, 72, 70 
Bic. occ | $3 74:96 | 1 | 75 
ES $4 79-2 6 80, 78, 76, 82, 77, 74 
We enc, I 85 79°92 2 79, 81 
iii 36 82:92 | 6 84, 86, 82, 83, 80, 78 
TIRE p 8 85:44 2 85, 87 
AG cecal © 838 87:63 2 88, 86 
a 39 88:9 l 89 
E ta: 40 (91) 3(4) |90, 94, 92, (96) 
i 47 10788 2 107, 109 
C 48 11241 6 114, 112, 110, 113, 111, 116 
ENO 49 1148 1 [is | 
Be, | 50 11870 | 7(8) |120, 118, 166, 124, 119, 117, 
| 122, (121) 
-TARN | bl 121-77 2 121, 123 
aao 52 127:5 3 128, 130, 126 | 
De ee ehies: «BB 12692 | 1 127 | 
ea | 64 130:2 7(9) |129, 132, 131, 134, 136, 128, | 
| | 130, (126), (124) 
2 EEA | 5S 132-81 l 133 
Beis: ents | 56 13737 | (1) ‘| 138 
A R 57 13891 | 139 
T PRR | 58 14025 ` 2 140, 142 
Pemes 59 14092 | 1 141 
ee | 60 14427 3 (4) |142, 144, 146, (145) 
Hes N 80 200°6 | (6) | (197), 202, 204, 198, 199, 200 
OTN | 83 209°00 1 209 


* Including Dempster’s results. 
Digitized by Google 
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results. These indicate that common lead is a complex 
element, as was to be expected, but since there is little hope 
of obtaining definite information on its constitution with the 
apparatus used it has been decided to defer further investi- 
gation until a mass-spectrograph of higher resolving power 
is available. 


Survey of Elements yet to be analysed. 


Tt will be seen from the table that of the 80 non-ra:ioac- 
tive alements known to exist, 56 have yielded fairly definite 
analyses. The experience gained during the work enables 
the probabilities of further progress to be estimated as 
follows :— 

Niobium, molybdenum, rhodium, ruthenium, and palladium 
present great difficulties. All seem very unsuitable to the 
method of anode rays on account of their chemical properties. 
The first two might be attacked by the ordinary method by 
means of their volatile fluorides. Exactly the same reasoning 
applies to the corresponding elements tantalum, tungsten, 
osmium, iridium, and platinum but still greater difficulty is 
to be expected owing to their higher atomic weights. Ele- 
ments 62-71 of the rare earths are all quite hopeful, faint 
effects have already been obtained from erbium (68), buta 
mass-spectrograph more suitable to rays of high mass nul er 
is desirable for their satisfactory analysis, just as for lead. 
Hafnium should be amenable to the form of treatment which 
succeeded with zirconium but some method of increasing 
the strength of the rays will have to be devised to overcome 
the adverse effect of greater mass, to which past failures are 
ascribed. A sarious obstacle to the analysis of gold and 
thallium, which belong to groups reasonably favourable to 
anole ray production, is the purely technica] one of elimin- 
ating mercury completely. Further difficulties in the case 
of gold are its inability to form compounds stable at high 
temperatures and its very high boiling point. 

With regard to those elements only known in radioactive 
forms the majority cannot be directly investigated owing to 
the impossibility of obtaining sufficient material. Of the 
emanations, which being inert gases are particularly favour- 
able to treatment in the discharge tube, radon only could be 
obtained in suitable quantity. The indirect evidence obtained 
from the study of radioactivity leaves very little doubt that 
it is simple of mass number 222 so that considering the 
disastrous after effects of the substance on the apparatus it is 
questionable if the experiment is worth while. Mach the 
saine arguments apply to radium itself which could be 
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attacked on the same lines as barium, though probably with 
greater difficulty. 

The parent elements thorium and uranium appear most 
hopeless of all for each is the heaviest member of a chemical 
group already found highly unfavourable to mass spectrum 
analysis. ‘This is unfortunate for chemical evidence suggests 
that both are complex and a direct identification of their more 
Important isotopes might be of the greatest value in explaining 
difficulties connected with the radioactive disintegration 
series, 

ln concluding this series of papers the author wishes 
again to express his cordial thanks to all who so kindly 
supplied materials for the analyses and to the Government 
Grant Committee of the Royal Society for some of the 
apparatus employed. 


Summary. 


Further investigations by the method of accelerated anode 
rays are described by which the constitutions of ten more 
elements Indium, Barium, Lanthanum, Praseodymium, 
Neodymium, Cerium, Zirconium, Cadmium, Tellurinm, and 
Bismuth have been determined. 

Evidence is given for an additional isotope of Stroutium 
and isotopes of Silicon and Iron previously doubtful have 
been satisfactorily confirmed. 

Some results have been obtained from lead but are not 
considered conclusive. 

A general survey of the remaining elements is made and 
the possibility of their analysis discussed. 

A complete list of all isotopes so far determined is given. 


Cavendish Laboratory, Cambridge. 
February, 1925. 


CXX. On the use of Monochromatic X-Rays in the production 
of Laue Diagrams, and on the Structure of Mother-of- Peart. 


By J. H. Suaxsy, D.Se., FInst.P.* 
[Plate XII} 


f PXHE usual pattern of Laue spots, produced by a high- 

tension source generating a continuous A-ray spectrum, 
presents certain difficulties of interpretation, as the position 
of a given spot depends on two unknown quantities, the 
architecture of the crystal and the wave-length of the ray 


* Communicated by the Author. 
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forming the spot. If, on the other hand, monochromatic 
X-rays are employed, of known wave-length, the number of 
spots is so much reduced that in many cases little information 
can be drawn from the pattern as to the crystal structure. 
In some cases, however, the number of spots is sufficient and 
interpretation then becomes simple, because the wave-length 
is definite and known. If the tension across the tube is not 
too great, and if the crystal is thin or its atoms are of 
comparatively low atomic number, its transparency to the 
K-rays of the anticathode renders the effective wave-length 
that of the K doublet; the continuous spectrum plays a 
negligible part. If, on the other hand, the crystal is strongly 
absorptive or a subsidiary filter is introduced, the K rays 
become quite subordinate to the filtered residue of the 
continuous spectrum. The transmitted beam in this case is 
still approximately monochromatic and is of wave-length a 
little longer than the quantum limit corresponding to the 
tension employed. Its effective value can be determined 
spectrographically or by calculation from the known 
absorption coefficients of the crystal (or subsidiary filter). 
This wave-length is now independent of the material of the 
anticathode, for instance, in the experiments described below 
the pattern obtained was the same with anticathodes of silver 
and of tantalum, under the same tension, 40 kilovolts. 

I have carried out experiments of this nature in deter- 
mining the structure of mother-of-pearl (nacre), usiug the 
apparatus excited at constant tension described by Dr. A. 
Dauvillier *, consisting of a motor-generator supplying 
alternating current of 600 cycles per second, used in con- 
nexion with a high tension transformer and pairs of 
condensers and kenotrons. The apparatus thus provides 
current which, at a tension of 40 kilovolts, is constant to 
within 1 per cent. 

The tube is of quartz and is about 2 inches in diameter : 
the anticathode, fitted with a screwed-in and readily changed 
target, is water-cooled, and the thin celluloid window is 
likewise cooled by an air blast. The cathode hot wire of 
tungsten is supplied with 3°0 to 3°75 amperes, and the 
cathode is earthed through a high-frequency choke. The tube 
when in operation was connected to a glass condensation 
pump, backed by a Gaede pump, the initial vacuum being 
obtained by a rotary oil-pump. 

In most of the experiments with mother-of-pearl the tube 
was fitted with a silver target and was run at a tension of 40 


* Jour. de Physique, iii. pe 154 (1922). 
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kilovolts ; with about 20 milliamperes an exposure of £ hours 
was sufficient for specimens 1 cm. thick. 

In investigating a method of differentiating natural pearls 
(perles accidentelles) from the Japanese artificial pearls 
(perles de culture Japonaise), Dauvillier * found that 
mother-of-pearl gave diffuse Laue spots. With certain 
orientations of the specimen (incident beam normal to the 
laminations of the substance) 6 spots appear in a more or 
less regular hexagonal pattern, while with others (beam 
parallel to laminations) a considerable number of spots 
appear, approximately in a rectangular formation. 

To improve the definition of the spots as far as possible in 
the present series of measurements, a tubular collimator was 
mounted inside the X-ray bulb f and a lead block pierced 
with a small hole was mounted a few centimetres in front of 
the window. The specimens were affixed to this block over 
the aperture and the narrow pencil of ravs thus defined 
produced the Laue pattern upon a photographic plate set up 
about 11 cm. beyond the nacre. The spots were sufficiently 
sharp to permit their distances from the central spot to be 
measured with an accuracy of about 2 per cent. 


(2) Let AO be the narrow incident pencil of X-rays 
falling upon a diffracting crystal placed at O, the origin. 
ot coordinates. Let C be the position of the central 
undiffracted spot, P that of a Laue spot. Let OC =D, and 
let 0 be the grazing angle for the set of atomic planes which 
give rise to the spot P, so that tho angle COP =20. Let 
angle PUZ=¢. 

Then, if l, m, n, are the direction cosines of the normal to 
the planes of atoms considered, it is clear that 

l =— sin; m = cos Ô sin ġ : n = cos 0 cos ¢. 
* C. R. elxxix. p. 819 (1924); Jour. de Physique, P; 123 (1924). 
+ The tube is essentially that figured at p. 8&5 of ‘ La Technique des 


v 


Rayons X’: Dauvillier (Conf. Rapp. sur la Physique, Paris, 1925). 
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If we call I’, m’, n' the direction cosines of the normal to 
the planes producing a second spot, and the angle between 
the two normals, 


cosy = ll! + mm! + nn'= sin @sin Gd 
+cos@cos 6'(singsin gd’ + cosdcos¢') 
= cosOcos@' cos (¢—¢’) + sinô sin &. 


Hence if the Laue spots are near ©, so that 0 and @ are 
small, y=(¢—9’), or the angle between the radii drawn 
from C to the two spots is equal to the angle between the 
two sets of planes responsible for the two spots. 

Also the distance d between consecutive atomic planes 
giving rise to a Laue spot is equal to A/2sin@ (0 being 
known from the equation r= D tan 26, where v is the distance 
of the spot from CU), and dis practically the distance between 
the neighbouring principal planes perpendicular to plane y: 
in the direction specified by @. Thus the distribution of 
atoms in the yz plane is known. 

Plate AIIT. shows the general form of the Laue pattern 
when the incident X-rays are parallel to the laminations of 
the specimen of mother-of-pearl. Inthe case shown the plane 
perpendicular to the rays is the (100) plane, the diagram 
when they are normal to the (010) plane is essentially similar, 
with altered values of ġ and r. When the rays are incident 
normally to the laminations the symmetry is sixfold, and the 
spots are very diffuse *. 

3. Chemical analyses of nacre ț show that it consists of 
calcium carbonate (75 per cent. to 90 per cent.), organic 
material, chiefly conchyolin, and water. The relative pro- 
portions of the two latter constituents are very variously 
stated. This composition is thus very similar to that of true 
pearl, which contains about 92 per cent. of calcium carbonate 
and 4 per cent. or 5 per cent. of conchyolin ¢. The organic 
matter appears to form a meshed or honeycomb structure, in 
the cells of which the mineral substance is deposited as 
minute crystals, by migratory calciferous cells §. In the 
pearl the conchyolin alveoli form a radial framework, so the 
pearl is built up of concentric shells, like the coats of an 
onion. 

The cells in which the calcium carbonate is deposited are 
of optical dimensions, of the order of 1 p, and this structure 

* C. R. clxxix. p. 1602 (1924). , 
t L. Boutan, Bull. de la Station biol. d Arcachon (1921). 


t G. & H. Harley, Proc. R. S. xxiii. p. 461 (1888). 
§ R. Dubois, C. R. exxxviii. p. 710 (1904). 
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is responsible for the lustre and iridescence of pearls and 
nacre. 

The calcium carbonate is in the form of aragonite. The 
atomic structure of this mineral has been the subject of an 
a priori study by Huggins *, and radiometric measurement 
by W. L. Bragg t+.  Aragonite crystallizes in the ortho- 
rhombic system and possesses a quasi-hexagonal symmetry 
about the c-axis. The three axes are in the ratios,a:b:¢ = 
0°623:1:0°720 f. 

Huggins concluded that a = 3°930 A, b = 6-310 A, ‘and 
e = 4546 A, and that the unit of crystalline structure 
contains 2(CaCQ;). Bragg’s experiments led him to ascribe 
aragonite to the holosymmetric class of the orthorhombic 
system, with a crystalline unit containing 4(CaCQO 3). The 
three axes are of lengths 4:94 A, 7°94 A, and 5°72 A, and the 
arrangement of atoms is quite different from that supposed 
by Huggins. 

4. The measurements I have made with mother-of-pearl 
entirely confirm Brage’s model. It will suffice to quote the 
results of the measurements of plates furnished by rays 
parallel to the laminations of the nacre and approximately in 
the (100) and in the (010) directions. (Tables I and IT.) 


TaBLeE I. 
Effective wave-length 0°40 A. 
Observed 9°. Calculated. Observed dA). Calculated. 
0 0 2:42 249 
22:5 23°4 2°26 2:265 
38 40:9 3°53 3°385 
57 60-0 2°41 2°47 
68 68:9 1:76 1-77 
90 90 2°90 "26 
TABLE II. 
Observed 9°. Calculated. Observed d( A ). Calculated. 
0 0 3°89 3:97 
36 34°8 2:84 pip ape 
54°5 5+3 4:04 4-11 
70 70-2 241 2°36 


Bragg gives an interesting description and diagram of the 


* Phys. Rev. xix. p. 354 (1922). 
t Proc. R. S., A. ev. p. 16 (1924). 
t Groth, Chem, Arystallographie, ii. p. 200. 
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common mode of twinning, across the 110 planes. {t will be 
seen that this twinning and the fact that the symmetry about 
the c-axis is pseudo-hexagonal and not perfect—the angles 
are 58° 8’ and 60° 56’—lead to a changing orientation of those 
faces which are parallel to the c-axis. This produces a 
sufficient variation in the angle of incidence of the X-ravs 
upon the planes rich in atoms to permit a narrow range of 
wave-lengths to produce a considerable number of spots. The 
correct incidence is attained much as in the case of rotating 
ervstals. The quasi-hexagonal c-axis retains its direction, 
hence the effect is not like that of a heterogeneous crystalline 
powder : the heterogeneity is partial and is further only two- 
dimensional. With photographs taken by means of rays 
travelling in the direction of the c-axis this change of 
orientation makes itself felt in the greater diffusene:s of the 
spots and in some cases in their almost complete fusion into 
a ring, somewhat resembling a solar halo with six mock-suns. 

Mother-of-pearl thus consists, so far as its mineral con- 
stituents are concerned, of aragonite crystals whose quasi- 
hexagonal axes are perpendicular to the planes of lamination. 


I wish to express my sincere thanks to M. le Due de 
Broglie, in whose laboratory the work was carried out. and 
to Dr. A. Dauvillier, for much advice and assistance. 


Welsh National Schoo] of Medicine, 
Cardiff. 
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CXXI. Emission Band Spectra of Aromatic Compounds. 
Part II.— Their Origin. By JOSEPH KENNETH MARSH, 


D.Sc. * 


N the previous paper f it has been shown that in every case 
which has come under notice of multiple banding in 
emission spectra there is evident a difference between the 
successive frequencies amounting to the absolute frequency 
of a band in the near infra-red absorption spectrum. It 
therefore seems obvious that the physical significance of the 
bands in both instances will be similar, and as in the case 
of the infra-red bands a fairly complete and satisfactory 
explanation has been arrived at, the way seems open for an 
extension of the same principles to the regions of higher 
frequency. 
Briefly it may be stated that these infra-red bands are 
supposed to be due to the quantized vibration of groups of 


* Communicated by the Author. 
t Supra, p. 971. 
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atoms, or molecules. If a disturbance is taking place in a 
molecule it follows that the forces existing between the 
atoms are ina state of change. Inthe case of a diatomic 
molecule the equilibrium existing between the electrostatic 
and gravitational forces is disturbed and there results a 
_vibration of the atoms in their line of junction. Absorption 
bands of the quantum frequency of this vibration are seen in 
the near infra-red. These, however, are not simple bands 
but under high dispersion are capable of resolution into 
series of finer bands at approximately equal intervals, these 
bands being due to the changes in the rotational energy of 
the molecule. Further, the pure rotation spectrum may be 
observed in the far infra-red (A> 100p). If v, is a vibration 
frequency and v, a rotation frequency, in the near infra- 
red spectrum bands expressible by the formula v, +v, will 
be found. Such bands are known as rotation-vibration 
bands. The best examples are found in the case of the 
halogen acids which have been examined by Imes (Astro- 
physical J. l. p. 251 (1919)). Due to the changes in the 
moment of inertia during vibration and changes of centrifugal 
forces during rotation these two motions have mutual effects, 
which may be observed in the spectra. The rotation- 
vibration bands are caused to be bunched together towards 
the high frequency end instead of being evenly distributed, 
whilst the overtone vibration bands become shifted to 
positions rather less than exact whole number multiples 
of their fundamentals. 

Due to the movements of tle electrons in their orbits we 
obtain in the ultra-violet or visible regions absorption or 
fluorescence spectra of organic compounds. If the fre- 
quency due to the electronic jump is ve and the molecule is 
simultaneously emitting or absorbing vibrational and rota- 
tional energy at frequencies v, and v, we may find in the 
spectrum all the frequencies v, + mv. tnv, where m and n 
are small whole numbers. Further, in a complex molecule 
there may be more than one type of vibrational motion 
between the atoms, ¿.e., there may be more than one term 
represented by mur. 

If the electronic energy is undergoing an increase v, 
should be observed as an absorption band ; if a decrease, as 
an emission band. From the experimental fact that as a 
general rule absorption and emission do not overlap extens- 
ively in the case of organic compounds, but are contiguous, 
the emission being of lower frequency than the absorption, 
we may infer that both emission and absorption cannot 
occur at v +mv, but only the former, and at ve—my, only 
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the latter. On this basis the electronic frequency may be 
suid to occur at the boundary between the emission and 
absorption regions. Further, we may infer that whilst 
electronic energy is both absorbed and emitted we only 
have evidence of the absorption of atomic vibrational energy. 
This is true also in the infra-red, banded emission spectra 
never having been observed. 

We may now turn to a consideration of some individual 
spectra. 

The Spectra of Benzene. 


The absorption bands of benzene have been measured with 
the greatest accuracy by Henri (J. Phys. Rad. iii. 181 (1922)), 
who found that they could be represented by a furmula 
derived from a consideration of the energy contents of the 
molecule. In two states the electronic, atomic, and 
molecular energy will be represented by 

EE 
W.+ Wat Wa Bh phb + 1 (1) 
hm?’ 
os ` 
The formula representing the observed band systems is 
v=A—B+na—(pb4 pb’) + a(m?—g?), . . (3) 
which is derivable from 1 and 2 with the exception of the 
term p?U', the value of which, however, is very small. The 
high frequency term A-—B in 3 which determines the 
general region of absorption is electronic in origin. The 
large band systems such as persist in solution as well as the 
finer band systems (terms in a and b in 3) are atomic, whilst 
the finest structure is molecular. 

A formula similar to that deduced by Henri is found to 
fit the fluorescence bands. He divided all the bands 
observed into four series having different values for the 
term A—Bin3. Three of these series had a = 921:4, L=15?, 
b’=2, but the fourth had J=166. b'=0. The electronic 
and atomic terms of the second of these series are given by 
the formula 


Wet Wat W,=Ah+nhat 


v=37494 + 921-4 n— (159p + 2p°). 
(Note.—these figures represent waves/cms., whereas in the 
previous paper we have used a unit ten times this size i.e., 
waves/mm.) This may be written 


y= 374944 6n159(1 —°0358) — 159: 2p(1 + 01257) ~ . (4) 
All the chief bands in the fluorescence spectrum are vell 
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represented by the formula 

y= 37494 —62n159(1 + 0358) —159°2p(14+°01257p), . (5) 
which differs ae from the absorption formula in the 
matter of signs. In the table below the calculated positions 


of the chief bands, according to the above formula, are 
confronted with the observed frequencies. 


Cale. Obs. Cale, Obs. Cale. Obs. 

n=0. n=l. n=2?, 
37494 37490 3650+ 36510 35514 35520 
37335 37340 36345 36350 39355 35360 
37174 37170 36184 36180 35194 35200 
37007 37000 36017 — 35027 35040 
86830 36830 35840 35860 34850 348707 
3639 36630 35749 35750 

n=3. n= 4, n= 5, 
34524 34530 33534 83540 32544 32540 
34365 34360 33373 33370 32385 32370 
34204 — 33214 — 32224 32220 
34037 834050 33047 — 32057 32040 
34860 34890-770 32880 32880 


The correcting factors *01257p in the last term of 4 
and 5 corresponds to what is found to be required for the 
expression of the successive overtone bands of a rotation- 
vibration spectrum to make allowance for the effect of the 
rotation on the vibration. This points to the benzene bands 
being successive overtones of a band of frequency 159, and 
to their having the same physical significance as rotation- 
vibration spectra. 

The features of the benzene spectrum which it is desirable 
to explain are (1) the recurrence of bands at intervals of 
159 units; (2) the recurrence of bands at intervals of 
921°4 or 987 units; (3) the cause of the difference of this 
interval in the case of absorption and emission ; (4) the 
cause of the difference of the most refrangible band from 
the others, and of the double or triple heads observed in the 
other bands. 

The Kekulé formula for benzene represents it as a 
condensation of three molecules of ethylene, and as the 
infra-red spectrum will have to be considered parallel with 
the ultra-violet, we shall start by examining the infra-red 
spectrum of ethylene. (See diagram in previous paper.) 
The four outstanding bands are :— 


NO: 208 1 2 3 4 5 

a EAEN 3°28 5:3 6:98 10:5 (2 0) 
en 3049 1887 1433 952:4 476 
Diff...... — 454 481 476 476 


Nos. 2, 3, and 4 are obviously overtones of a band 
(No. 5) at about 21y,v476 which is beyond the limit to 


Phil. Mag. S. 6. Vol. 49. No. 294. June 1925. 4] 
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which measurements have been carried. No. 1 does not 
belong to the same series. Thus characteristic of ethylene 
are bands at intervals of 476 units, multiples of an 
hypothetical fundamental of this frequency. Now this 
value is just three times the interval 159 found for the 
absorption and emission bands of benzene. It appears 
then that the spectrum of benzene is derived from that of 
ethylene, but concurrently with the condensation of the 
three ethylene bands together a diminution of the ethylene 
frequency to $ of its normal value takes place. The 
frequency of the ethylene band No. 1 will likely be affected 
similarly, and we must therefore look for a strong benzene 
band at 3°28 x3, i.e., 9°84. Actually the strongest band of 
benzene is found at 9:8a. Thus we find ethylene has two 
characteristic frequencies 3049 and 476, and in benzene both 
these are reduced to 4 the value, 1020 and 159. The 
question now arises as to what influence the frequency 1020 
has on the absorption and emission spectra of benzene. 
Considering first the emission spectrum we have regarded 
the position v=3749+4 as the zero point, i. e., the electronic 
frequency. By subtracting from this successive multiples of 
159 we get the series of bands forming the first (F) group 
(See Pl. X.*). At 36474 we might expect a band due to 
the frequency 1020 and at 37540 the sixth multiple of the 
159 series. There might also be a third band mid-way 
between these two due to their cooperative effect, Actually 
all three are seen. A faint band corresponding to the ôt 

multiple of 159 occurs in front of the head of band E. 
The strong head is double, consisting of two components 


9 
37494— Glee and 37494— 1020. Subsequent bands 


of group E have frequencies approximately 1592 less than 
one or other of these two bands. Taking the head of E asa 
new zero point we should have for the head of D frequencies 
(1020 + 954)/2 and 1020 less, but the head of Group E 
being itself double we obtain three strong bands in Group 
D for every one seen in F. Further, the multiples of 159 
have successively less influence with the 2nd, 3rd, and 4th 
multiples of 1020, so that there is a gradual transition of the 
interval between the strongest bands to 1020 units, but 
meanwhile the spectrum becomes very indistinct. A sub- 
sidiary system of bands occurs at intervals of 1/92. In 
the benzene emission spectrum we have usually taken the 
larger periodicity as 987, which is a mean between 954 and 
1020, and the whole spectrum is explicable as a resultant of 
two vibrations 1020 and 159. In the absorption spectrum 
the periodicity is decreased below 954 by exactly the same 
* Phil, Mag. May 1925, 
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amount as in emission it is increased above this figure, and 
p:rio.licities of 921 and 159 are found (Henri, loc. cit.) ; 954 
or § x 159 is therefore the mean of the absorption and fluore- 
scence values. 

The main features of the benzene spectra are explicable as 
resulting from the compounding of two infra-red frequencies. 
Of these the smaller appears to be characteristic of 
ethylenic compounds i.e., of the C=C linkage, but the 
larger differs but slightly from the ordinary value of a 
vibration common to all compounds with CH groups. 
Benzene and its derivatives have a band at about 3°25 p, 
whilst in aliphatic compounds it is found at about 3°43 p. 
To obtain the interval found in the benzene spectrum 
(1020) the frequency of this band (3077) must be divided 
by the factor 3. With other substances other factors may 
be required. Thus the intervals of about 400, 750—800, 
or 1600 units found in the aliphatic substituted type of 
spectrum may be regarded as eighths, quarters, or halves 
of the 3°25 region frequency. This band should therefore 
be at least the 24th multiple of a fundamental which will 
have a frequency of 12825. Most of the infra-red 
absorption maxima considered by Coblentz as characteristic 
of benzene are found to be accurately expressed as multiples 
of such a frequency. This will be seen from columns 2 and 
3 of the following table, though the correspondence of the 
higher multiples is less exact than of the lower, probably due 
to the accumulation of the small rotational effects previously 
mentioned. The band at 11°8y is seen to have an 
independent origin. In the last column the positions of the 
bands which Coblentz considered characteristic of CH; or 
CH, groups are given for the purpose of comparison with 
the position of a parallel series in benzene. There can be 
little doubt that both these series have their origin in CH 
vibrations but that the frequency is somewhat raised in 
benzene and derivatives. The raising of the frequency 
means that there is more energy in the GH bond or that the 
H is bound tighter when the carbon atom to which it is 
attached has a large amount of unsatisfied valency. From 
the study of the infra-red absorption spectrum of acetylene 
made by Coblentz it can be seen that a triple bond has an 
even more pronounced effect. He found the corresponding 
band at 3°08 in this case. The following examples 
demonstrate the effect admirably. 

Acetylene HC =CH 308p. 
Ethylene H,C=CH, 328p. 
Ethane H,C—CH; 3°39 p. 

412 
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The value for higher aliphatic hydrocarbons further rises 
slightly to a constant value of 3°43 or 3°44y with chains of 
five or six carbon atoms, suggesting that with the completion 
of an open ring a satisfaction of part of the residual affinity 
of carbon is attained. In the case of the isomeric xylenes it 
is found that when the CH; groups are far apart the benzene 
band at 13y is not disturbed, but when they approach to the 
ortho position the band is found at 13°6y, or nearly the 
normal position for aliphatic compounds. 


Characteristic Infra-Red bands of Benzene Characteristic 
as multiples of » 128-25, Alphatie CH Bands. 
Multiple. Calculated, Observed. 
v v v 
6 13:0 12°95 13:6-13 8 
11°8 
8 975 9:78 
9 8:67 8:67 
12 6:50 6:75 6-86 
24 3:25 3°25 3°43 
32 2°44 2°49 
36 217 2718 
48 1:63 1:68 171 
96 ‘813 "84 “86 


From the point of view of the mechanism of the benzene 
molecule it is interesting, now that we have established 
the connexion of the benzene bands at intervals of 159 units 
with the vibiation between carbon atoms, to note again that 
these bands show evidence that the atoms originating them 
are in a state of rotation with regard to one another. This 
must mean that the carbon atoms in the molecule circulate 
in orbits so that their distances from the centre of the 
molecule will vary. Carbon atoms 1 and 2 are at extreme 
phases of such orbits in the accompanying diagram (p. 1213). 

The recent analysis of the band at 3:25, in benzene by 
Meyer and Bronk (Phys. Rev. 1923, xxi. p. 712) into bands at 
1/A 3093 0, 3050°3 and 2965-4, showing intervals of 42-7 and 
84:9, suggests that here we have direct evidence of the 
rotation of CH groups. The moment of inertia of a system 
giving an interval of 42:5, assuming it to have one 
quantum of rotational energy, will be 1:31 x 10740, which is 
very near the values found for HF or H,O on the same 
assumption. The CH vibration in the case of the benzene 
molecule appears to be an integral multiple of the CH 
rotation frequency. Thus the rotation bands of Mever and 
Bronk are at intervals almost exactly 4 and % the magnitude 
of the fundamental vibration 128-25, but for the character- 
istic CH bands six times this fundamental would be a small 
enough basic unit, and the rotation frequency woul.| then be 
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a correspondingly smaller fraction of the vibration frequency. 
That such a relationship should exist seems not at all 
unlikely. All we have to postulate is that when the carbon 
atoms are in one or other of their extreme phases as 
regards distance from the centre of the molecule the CH 
rotation and vibration are also in extreme phases. We have 
tried to represent a possible system of this sort in the 
diagram. The hydrogen of atom 1 is shown at extreme 
proximity to carbon, and in atom 2 at extreme remoteness, 
while the CH rotation has undergone half a revolution. 
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There may have been several CH rotations or vibrations 
during the epoch in which the carbon atom has undergone 
the translational change of phase indicated, but at least it 
seems only reasonable, if symmetry is to be preserved, to 
suppose that a whole number and one-half of such rotations 
and vibrations have taken place. There must then be a simple 
numerical relationsbip between the two frequencies. 

It will not be necessary to deal in detail with the aliphatic 
hydrocarbon derivatives of benzene. In the preceeding 
paper it have been shown that the spectra are generally a 
mixture of types which we may now term the C=C and 
C-H varieties. 


Naphthalene and Anthracene Spectra. 


Both ultra-violet absorption and fluorescence of naph- 
thalene exhibit long series of bands at 474 unit intervals. 
This shows that the spectrum is of the C=C or ethylene 
type, and little trace of CH influence can be found. 
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Anthracene bands are at intervals of 1420 or 3 x 473 and 
therefore of the same type, but the spectrum is much less 
sharp than with benzene or naphthalene. It will be noticed 
that each stage in the condensation of nuclei has produced 
a three-fold increase in the frequency connected with the 
double bond. In condensing ethylenic groups to benzene a 
three-fold decrease occurs. This may be paralleled with the 
chemical reactivity of the double bond which is of course 
greatly modified in the case of benzene. But on increasing 
the number of conjugated bonds as in naphthalene and 
anthracene the frequency again rises, and to some extent 
the character of the ethylene bond is restored, e.s“. naph- 
thalene and anthracene are more readily hydrogenated or 
halogenated than benzene. 


The C=O Vibration. 


Tt has been found that snbstances which give the strongest 
“blue bands” contain a CO group, though the converse is 
not true. No emission spectrum has been detected from 
salicylic or cinnamyl aldehydes whilst methyl salicylate gave 
a perfectly continuous spectrum. The view of Coblentz 
with regard to the origin of the corresponding infra-red 
band at or about 5°8u is that “it is not to be found except 
in those substances containing a CH; group and in Lenzalde- 
hyde. Whether this band is due to CH; or some other 
group vibrating like a CH, group is a pertinent question.” 
Examination of the work of Coblentz, however, will show 
that it is entirely absent in ethane, and it is never strong in 
aliphatic hydrocarbons, though it certainly does often appear 
asa minor band. Onthe other hand it is the strongest band 
in the acetone spectrum, and is always strong in the aliphatic 
acids of which a considerable number were examined, and 
is strong also in the two esters investigated. Among 
aromatic substances it is very strong in benzaldehyde and 
cuminol, the only two aldehydes examined. It is also strong 
in benzoic acid (Spence, Astrophysical Jour. xxxix. p. 2453. 
(1914)) and in phenyl acetic acid. Traces of it were found 
in other aromatic substances, notably eucalyptol and safrol. 
It will be seen that whilst Coblentz’ statement is correct it 
appears more reasonable to consider the carbonyl group as 
the most powerful influence making for the production of 
this band. Further evidence pointing to this conclusion 
may be drawn from the work of Spence (loc. cit.), who made 
a study of the infra-red absorption spectra of certain 
alkatouls. He found this 5°84 band in a number of 
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instances, whilst it was definitely absent in others. Examples 
of these classes are given below. 


Strong infra-red band at 5'8p. No Infra-red band at 5'8p. 
Pilocarpine. Nicotine. 
Atropine. Quinine. 
Cocaine. Quinoline. 
Homatropine. Codeine. 
Narcotine. Cinchonidine. 


All the alkaloids in the list showing the band contain a 
CO group, whilst none of the substances in the other list 
have sucha group. ‘This is strong evidence that this band 
in the infra-red is closely connected with the presence of a 
CO group. | 

An observation made in an experiment on benzene is also 
of interest in this connexion. When the vapour of benzene- 
alcohol mixtures was submitted to the Tesla discharge blue- 
bands were observed, but benzene alone did not give them. 
The explanation would seemingly be that with alcohol 
present there is introduced a source of oxygen which under 
the influence of the ‘lesla discharge may react to give 
compounds having a blue band spectrum. 

As both in the infra-red and Tesla spectra substances 
which should contain no oxygen have been found to give to 
a greater or less extent the 5-8 or “blue bands” it is, 
perhaps, premature to state dogmatically that these bands 
have a CO origin, though this is the belief of the writer *. 
Three classes of vibrations producing banded spectra will 
then be recognised, due respectively to CH, C=C, and 
CO bonds. 


In conclusion I desire to express my best thanks to all 
those with whom I have been in collaboration in the previous 
work, which has here been under review, and more especially 
to Prof. A. W. Stewart and Mr. W. H. McVicker, whose 
initiative and skill have been larger contributions to it than 
my own. 

Abstract. 


From a consideration of a parallel between the infra-red 
band intervals of ethylene and the ultra-violet band intervals 
of benzene, naphthalene, and anthracene, the bands exhibited 
by these substances are considered to originate in a C=C 
bond. Similarly the band intervals of type (2) of the 
preceding paper are shown to originate in a CH bond. 


* After very careful purification several of the anomalous substances 
have now been found to lose all trace of a blue band spectrum. 
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Benzene also shows vibrations having this origin, and the 
spectrum is accounted for as a combination of C=C and 
CH vibrations. It is considered most probable that the 
“blue band” type of spectrum originates from a carbon- 
oxygen bond and evidence on this point is brought forward. 
A view of the benzene molecule is taken accounting for the 
fact that the bands originating from the two carbon atoms 
of the C=C bonds show evidence of their being in a state of 
mutual rotation, whilst the CH groups appear to have a 
rotation frequency of which their vibration frequency 1s 
an exact multiple. This is necessitated if the symmetry of 
the molecule is to be preserved. 


CXXII. On the Polarization of the Light scattered by 
Organice Vapours. By A. N. Ganesan, VA." 


1. Introduction. 


T is well known that the imperfection of polarization of 
the light scattered by gases and vapours observed in a 
direction perpendicular to the incident beam largely depends 
on the nature of the scattering substance. For example, in 
the case of the monatomic gases, argon and mercury vapour, 
the transversely scattered light is almost perfectly polarized t; 
in the case of hydrogen the imperfection of polarization, as 
measured by p, the ratio of the weak component to the strong 
component in the scattered light, is 3°8 per cent., and for 
carbon dioxide it is 11 per cent.f. It is not, however, in 
general, true that the imperfection would increase with the 
number of atoms in the molecule; for it is found that in the 
vapour of ether or pentane, whose molecules contain 15 and 
17 atoms respectively, p is only about 3 per cent., while in 
the case of the tri-atomic carbon disulphide it is as great as 
167 per cent. in order to clear up the problem of the 
relation that exists between the polarization of the scattered 
light and the structure of the molecule, it was felt that it 
would be useful to make a systematic study of the scattering 
by a series of closely related compounds. In this paper are 
given the results of experiments made on the vapours of the 
following series of organic compounds :—the paraftins, some 


* Communicated by Prof. C. V. Raman, F.R.S. 

t Lord Rayleigh, Proe. Roy. Sec. xeviii. p. 64 ; cii. p. 190. 

ł Ibid. Raman & Rav, Phil. Mag. xlvi. p. 483 (1923). Cabannes & 
Granier, Juvurn. de Phys. iv. No. 12, p. 429. 
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monohydric alcohols, the chlorine substitution products of 
methane, benzene and its derivatives, some esters like formates 
and acetates, and the ketones. 


2. Experimental Arrangements. 


The vapour was contained in an iron cross-tube similar to 
the one used by Lord Rayleigh and subsequent experimenters, 
but of more ample dimensions, the inner diameter of the tube 
being 8 cm. The three short arms, measuring 30 cm. each, 
were fitted with plane glass windows placed between asbestos 
rings and held tight by screw-caps. The fourth arm, which 
was 60 cm. long, was closed at the farther end and contained 
an obliquely placed green-glass bottle (with its bottom 
cut off) which formed an efficient background reflecting no 
light towards the centre of the cross. Sunlight concentrated 
as described below was admitted through one of the windows, 
and the scattered light was observed in a perpendicular 
direction through the other against the black background. 
At the end of the exit arm was placed a black combination 
of several colour-filters inclined at 45° so that no light was 
reflected back. This combination though black was trans- 
parent enough to show the direction of the incident beam, 
which was alee s kept steady. Apertures of about 3 cm. 
diameter were sliced along the arms at convenient places so 
as to cut off all stray light. The tube was fairly air-tight, and 
since in the experiment a continuous stream of vapour was 
kept passing, it was not found necessary that it should be 
perfectly air-tight. The cross-tube was wrapped up in a 
layer of asbestos sheet over which was uniformly wound 
a coil of nichrome wire which carried a current. The tube 
could thus be electrically heated and maintained at any 
desired teimperature. 

ga gts out by Lord Rayleigh, there was some difficulty 
regarding the blackening of the interior of the cross-tube. 
A preliminary experiment was conducted with no painting, 
but the track was so unsatisfactory that reliable measurements 
could not be made. Several paints were tried, but some of 
them were acted upon by the organic vapours, while the 
others did not stand a high temperature. Finally, the 
following method was found to satisfy the requirements. 
The inside of the tube was coated with a solution of sulphur 
in turpentine and heated with the burner till all the turpentine 
had evaporated. A smooth black coating of iron sulphide 
was formed which was not acted upon by the organic vapours. 

The three conditions that are necessary to make the 
scattering by gases and vapours a conspicuous phenomenon, 
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and to render visual observations to be made accurately, are: 
(1) an intense source of illumination, (2) a perfectly black 
background, and (3) an arrangement to shield the observer's 
eyes from all extraneous light. 

The objective of an astronomical telescope of 18 em. 
aperture and 200 cm. focal length was fed with sunlight 
reflected from a large plate-glass mirror. An auxiliary 
lens of 30 cm. focal length, placed beyond the focus of the 
object-glass and close to the entrance arm of the cross-tube, 
focussed the light at the centre of the tube. An intense 
beam of illumination was thus secured. The observer located 
himself in a light-tight wooden cage of 4 feet square and 
8 feet high. In one of the walls of the cage and at the 
same vertical height as the centre of the cross-tube was an 
aperture of about 4 cm. diameter through which the illumi- 
nated track could be viewed. 

The imperfection of polarization was measured with a 
double-image prism and nicol. The prism was placed 
between the observation window of the cross-tube and the 
aperture of the cage, and adjusted to give two images of 
the illuminated track in the same horizontal line and just 
side by side with each other. The stronger „track corre- 
sponds to vibrations perpendicular to both the incident and 
scattered beams, while the weaker track corresponds to 
vibrations parallel to the incident beam. The ratio (p) 
between the intensities of these two components (which is a 
measure of the polarization of the scattered light) was deter- 
mined by means of a nicol which could be rotated and 
whose position could be read on a graduated circle. The 
combination of the nicol and the graduated circle was fixed 
inside the observer's cage at the aperture in the wall. The 
two positions of the nicol for which the two tracks were of the 
same intensity were found, and if the angle between these 
two positions be denoted by 26 then p is given by tan’@. 
The double-image prism was enclosed in a long black 
cylindrical tube leading from the cross-tube to the aperture. 
The tube was covered with several layers of black cloth to 
make it light-tight. With these arrangements the observer 
could see only the two tracks and visual observations could 
be made with a high degree of accuracy. 


3. Supply of Vapour and Procedure. 

For accurate work it is essential that the vapour must be 
pure and free from dust. In all cases Kahlbaum’s chemicals 
were usa3d. The liquid was evaporated from a glass retort 
and the vapour was made dust-free by passage through 8 
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tube packed with clean, dry cotton-wool. The tube was 
electrically heated and maintained at the temperature of the 
cross-tube by passing a current through a coilof nichrome wire 
wound round it. ‘The cross-tube was previously madedust-free 
and heated to a temperature slightly above the bviling-point 
of the liquid whose vapour was under investigation. When 
the vapour had passed through for about fifteen minutes it 
drove away al] the air, and the scattering by the pure vapour 
was observed. The track was well-defined and intense, and 
measurements were made only when it had been ascertained 
that there was no dustor formation of clouds. Any tendency 
to develop a cloud under the action of light could easily be 
detected. The track instead of being blue became distinctly 
white, and in some cases was of a streaky nature; the readings 
showed wide variations with time. In such cases the dift- 
culty was overcome by limiting the illumination to just the 
time necessary to take a reading. In each case more than 
30 readings were taken. After experimenting with each 
vapour, the cross-tube was heated to a high temperature and 
a strong blast of filtered air was passed through for about 
half an hour till all the vapour had been removed. The 
retort was thoroughly cleaned and dried and the cotton plug 
was renewed. 
4. Keperimental Results. 


Intensity of weak 
Substance. Formula. lntensity of strong 


com- 


ponent in per cent. 


tid eee a 2 = — ee eg octet ee ee 


Lhe Paraffins and unsaturated [1ydro-carbons. 


a T E CH, . CH, . CH, .CH,. CHp. 34 
Ma en CH,.CH,.CH,.CH,.CH,.CH, «cc... 33 
Iep iiien CH, . CH, .CH, .CH,. CH, . CH, . CH,......... 31 
Octane......CH, . CH, . CH, .CH,. CH,. CH2. CH, .CH,...... 27 
83- iso-amylene } CHy\a_ 
ee eee Si OS CMC autre 61 
Alcohols. 
Methyl alcohol ........c...ccceeeee eee CH OU eso theives ST 
Ethyl alcohol .......ccccecereneee CHCH OH eeose 17 
n. Propyl alcohol] ......... CH, -CH CH SOM ccs ek 2-0 
Iso-Propyl alcohol ogia: ony cH 50): eee een 19 
J 
n. Butyl alcohol =|... CH,.CH,.CH,. CH,.O......... 2°8 
Isu-Buty] alcohol sah GCH CH, OH vececseeesesesees 18 


Allyl alcoliol ............cceeceees CH=CH . CH, OR. cdi: 52 
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Benzene and its derivatives. 


Benzene oo... eee cece eceeeeceees Ne > E E aie paket 66 
NY CH 
Tolnena adire rarei eraa e E EA 64 
ci \/ 
aT e E è ETT AS 67 
N/C ci 
Chloro-benzene  .....-.......0c cee eee ee enced E E ETN T8 
Br \4 
Bromo-benzene ..... AEE ere d ) PETE EE A A E 78 
N 


ca ee SC ee ee. a 


H 
Methyl-formate ........ ....0.... 0=C-O- CH onna . £6 
H 
Ethyl-formate ..................60 O=C-O0-C,H, rer ce 33 
H 
Propyl-formate .......cssesssseeeee. O=0—O-C,H, E 3:5 
Methyl-acetate ...........0...06- CH,.CO.O.CH, cess teecsant 48 
Ethyl-acetate .........-sscceseeeee CH, «CO. 0.0 We odor conjus 34 
Propyl-acetate ..........0..2.06. CH,.C0.0.C,H,; sicsisievsscus 3-2 


Chlorine substitution products of Methane. 


Chlarotormsisctscsinicessscessace cent. CHCli piris eee 3:2 
Carbon tetrachloride .............+6+ POC 19 
Ketones. 

Dimethyl ketone ................-.00. O= on aas EEEa 48 
3 

Methyl-ethy] ketone ....cscscseees. O20 Se wntndaties 44 
bial a 

Methyl-propyl ketone ............... O= aa EEEE 3:2 
3 7 

Carbon disulphide ...............00000 SCS eset 167 


Ethefon saacecevuns CH, —O—C H, scsisinsiccccct 32 
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5. Comparison with previous measurements. 


p expressed as a percentage. 


Substance. Rayleigh *. Raman and Raot. Author. 
Pentane t enee. 1:2 2'8 34 
Benzene ......... 20000. 6-0 6:8 6:6 
Chloroform ............ 30 3°0 32 
Ourbon tetrachloride. 35 32 1:9 
Carbon disulphide ... 12-0 — 16:7 
Ethér sieriricongaes 1:7 30 32 


6. Discussion of Results. 


At this stage it is perhaps premature to attempt a detailed 
discussion of the relation between the structure of the mole- 
cule and the polarization of the light scattered by it. 
Experiments have also been made on the scattering of light 
in organic liquids by Mr. K. S. Krishnan in this laboratory, 
and when these data have been published it is proposed, in 
a joint paper, to discuss the problem in detail. But based 
on the experimental values quoted above, some outstanding 
facts may be mentioned. 

In the paraffin series of compounds, as we pass from 
pentane to octane, the molecules become longer, and if we 
associate optical anisotropy with anisotropy of shape, we 
might expect an increasing optical anisotropy as we go up 
the series. But from the values given above, it is clear 
that there is no such increase in the depolarization ; if 
anything, there is a tendency for an actual decrease in the 
value. 

Another interesting fact is that whenever we have a 
« double bond ” in the structure of the molecule, we have a 
high value for the “ factor of depolarization.” This is to be 
seen in the case of the unsaturated hydro-carbon amylene, 
which has a value nearly twice that for the paraffin series ; 
and also in the case of allyl alcohol, where the depolarization 
is much greater than for the mono-hydric alcohols. The 
iso-compounds show a smaller optical anisotropy than the 
normal ones. 

The benzene series affords a very interesting study. The 
three homologues benzene, toluene, and xylene show the 


* Strutt, Proc. Roy. Soc. xev. p. 155. 
t Phil. Mag. xlv. (March 1923); xlvi. (Sept. 1923), 
t R. Venkateswaran, Trans. Chem. Soc. exxi. p. 2655 (1922). 
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same degree of imperfection, namely 6°5 per cent. This 
may be explained as due to the predominating influence of 
the closed chain of the six carbon atoms, the hydrogen or its 
substitution by an alkyl radicle exerting little or no influence 
on the optical anisotropy of the molecule. 

The methyl compounds always show a greater imperfection 
of polarization than the ethyl ones. This is to be seen not 
only with the formates, acetates, and alcohols but also 
with the ketones, where dimethyl ketone containing two 
methyl radicles shows a greater value for p than the other 
two compounds. 

As is to be expected, the more symmetrical molecule 
CC], shows a smaller value for p than chloroform CHCI. 
Experiments are in per to investigate the effect of 
successive replacements of H by Cl in CH,. 


In conelusion, I have much pleasure in recording my in- 
debtedness to Professor C. V. Raman for the great interest he 
took in the experiments, which were conducted at the Physical 
Laboratory of the Indian Association for the Cultivation of 
Science. 


Calcutta, 
26th June, 1924. 


CXXIII. On some Chemical Deposits of a Regular Form. 
By J. M. Mutiary, B.A., War Memorial Student in 
Natural Science, Balliol College, Oxford *. 


TENHE deposits are those of the salt ammonium chloride 
obtained by the steady diffusion through one another 
of ammonia and hydrogen chloride in a glass tube of uniform 
bore. A medium of air was present in the tube. 
The object has been to find experimentally the law of 
distribution of deposit along the axis of the tube, that is, to 
find the curve representing the mass of salt condensed ina 
given time per unit area of the tube wall at different points. 
The means employed was the direct estimation of thickness 
by means of a travelling microscope focussed on the crystals 
from the exterior, and radially to the walls, which have been 
cleared of deposit on the nearer side. Refraction by the 
glass did not, of course, distort the deposits in the line of the 
axis. The precision attained was sufficient on a thickness 
of 0-1 to 2 mm. 


* Communicated by the Author. 
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It would seem that the distribution may be represented 
by the combination of two error curves, with a common 
origin at the point on the axis where the deposit is thickest. 

Let the axis be regarded as positive on the side from 
which ammonia diffuses, and negative on that from which 
the hydrogen chloride diffuses. 


— -L 
Then the curves are 


m/my=e-"" in the positive region, 
and m/mg=e-""" in the negative region. 


k and k’ are constants in a given tube. m, is the maximum 
value of m where /=0. 

The curves terminate at the sources of the two combining 
gases, and thus extend over a region fixed arbitrarily by the 
positions of these sources upon the axis. 

The experiments were as follows :— 


2-303 m 

l l. Thickness arr logo m, 
in mm. in mim, in mim. 72, 

0 1:20 (m) 

0:25 1:13 0°50 

0:50 1:08 0:45 

0:75 0:89 0:53 

1:00 0:73 0:50 

1°30 0:37 0-46 


200 0:19 0:53 
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To determine k (or similarly k^) it is most convenient to 
locate upon the axis of the tube the corresponding point 


l; of inflexion at which 


2 
dm —Imokte tn (L— 22) =0. 


dl 
Hence 1—2/7/7=0, 
1 
k=; 
or Ly? 
similarly ae 
l! f2° 


where J,’ locates the point of inflexion in the negative 
region. Negative values of k and k' are inadmissible. 


The points of inflexion can readily be seen without 
r . : Mo _ Mo 
optical aid ; and occur where m= aio a 


As the deposit grows from moment to moment, the values 
of k and kK’ do not change. Again, other things being equal, 
these constants are unchanged whether the tube be narrow 
or whether it be wider, if not much exceeding the usual 
quill size. 

The magnitudes of k and &’ for a given length of tube may 
vary within extremely wide limits according to the temper- 
ature and other circumstances, e. g. the nature of the sources 
of the vapours. But such circumstances are here considered 
alike for all the tubes. 

For comparison of various tubes, k and &' may well be 
referred to the respective distances L and L of the two 
sources (ammonia and hydrogen chloride) from the origin. 


Tube. L. I a k. k'o Io ORL, KL. 
in mm. in mm.”!, | 

in 770 -236 | OF 10 ` 540 -25 

A 369 -17 — 16 2l 590 —2t6 

ee 670 218, 09 12 | 6&0 -22 


It is evident that kL and —k'L' are numerical constants 
having the values 560 and 260 under the chosen circum- 
stances. This indicates the fact that F and 7 are con- 

4 
stants under the given conditions, which is easily imagined 
since the diffusion occurs in a steady state. 

As sources of the gases aqueous hydrochloric acid of 
7°7 N strength, and ammonium hydroxide of 0°49 N strength, 
were used, being chosen somewhat at random. The tules 
were kept at a temperature of 25°-0 C. in a thermostat. 
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A stream of water vapour diffused through these tubes 
from the side containing ammonia to that containing the 
acid. This does not cause a change in the form of the law, 
though it influences the values of the constants. 

It might be mentioned that in the outer fringes of the 
deposits were sometimes to be seen faint rings and bands of 
the salt. 


I desire to record my indebtedness to Dr. J. W. Nicholson 
for proposing to me the problem. 
31 Linton Road, 


Oxford. 
llth February, 1925. 


CXXIV. The Crystal Structure of Lithium Potassium Sul- 
phate. By A. J. BRADLEY, M.Sc., Ph.L?., The Physical 


Laboratories, University of Manchester *. 
1. The Marshalling of the Structure. 
Eo potassium sulphate and the isomorphous 


lithium rubidium sulphate are the only two simple 
hexagonal sulphates known, and it therefore sce ned possible 
that an investigation of their structure might be compara- 
tively easy and would yield valuable information. LiKSO, 
has an axial ratio c:a= 160755: l and a density 2°393 ł. Its 
symmetry is hexagonal polar Cy, and is very well established 
by the general physical properties of the crystal and, in 
particular, by etch figures. 

The method of investigation was originally the powder 
photograph, only very small crystals being then available. 
The apparatus and experimental methods have been described 
previously į. The spacings calculated from mean measure- 
ments of two films (Table I., Col. I.) fit on Hull and Davey’s 
graph for a simple hexagonal lattice of axial ratio 1°675: 1, 
in good agreement with the crystallographic data. From 
these measurements, the volume of the unit cell which is a 
rhombic prism is 195°5x 107% c.e. From the erystallo- 
graphic data, the volume containing one molecule Lil SO; is 
g0 x 10774 c.c., so that there are two molecules to the unit 
cell. The theoretical spacings for a structure consisting of 
a simple hexagonal lattice with two molecules to the unit 
cell are given in Col. IT. 

* Communicated by Prof. W. L. Brage, M.A., F.R.S. 
t Groth, Chemische Krystallographie, i. p. 829, 
t Phil. Mag. xlvii. p. 657 (1924). 
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TABLE I, 
I. II. III. IV. V. 
'd ; Intensity Intensity 
? (ubs.). î (cale.) kil, ae be 
8:60 0001 aa 
4-445 1010 5 
it 4-300 0002 26 ~~ 
394 3-950 1011 217 v.s. 
3:09 3-090 1012 216 y.a. 
~~ 2-867 0003 - tie 
2556 2565 1120 120 v.s. 
oe 9-458 1121 73) 
a 2-408 1013 is} ii 
2-229 2020 17 
2-204 1122 158] 
2-186 2-150 004 70 | v.s. 
2148 | 16 
1970 1:973 22 56 
| | 1:936 1014 31 f.s. 
1912 1-912 1133 oy 
a 1:754 2023 1 
oat 1-720 0005 Sis 
1:679 2130 ll 
5 1'649 1124 at 
oes 1-648 2131 U8 = 
1:595 1:604 1015 21 Ww 
1:560 1:563 2132 130 e 
Sn 1:544 2024 35 
1-481 1:481 3030 &9 e 
1:460 3031 0 
1-450 2133 3 
1:433 0006 3 
1:429 1125 9 
we 1-401 3032 9 
i f 1-364 1016 29 
vos 1-361 2035 a os 
1:324 1:323 2134 30 vv. 
a 1-315 3133 0 i 
1-286 1:282 2240 32 yW, 
s 1-268 2049] 1 
1-253 1:25] 1126 66 m 
1:232 3140 9 
‘ }°229 0007 
de 1-229 2242 22 
99 1-220 3034 59 
pee a sil 18 fa 
$ 1:203 2026 17 
i | 1-201 2135 i7) eE 
, 1:185 1017 4 
tee (a 183 3142 at a: 


v.s. = very strong; s. = strong; f.s. = fairly strong; 
m. = medium ; w. = weak ; v.w. = very weak. 
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The powder photograph shows that there is no reflexion 
corresponding to (0001), (0003), or (0005), and this was 
confirmed by measurements made later on a single crystal by 
the spectrometer. A definite reflexion from (0002) can be 
observed by the spectrometer, though nothing is visible on 
the photograph. 

The only space-group of symmetry C, for which the 
spacing (0001). is halved is C$. There are also two other 
space-groups of higher symmetry which fulfil the same 
condition, namely (2, and D. These possess all the 
symmetry elements of Cê in addition to certain extra 
elements, and therefore any space-group to which LiKSO, 
belongs must possess at least all the symmetry elemeuts of 
C which are shown in fig. 1. 


Fig. 1. 
A 


D H K 
hex l is of t lation © 
—-Q- represents a hexagonal screw axis of translation 5, 


A a threefold rotatory axis, and -e- a twofold screw axis. 
These are the only elements of symmetry of Ce ABCD 
represents a projection of the unit cell perpendicular to the 
hexagonal axes. Within this cell we have to place six ions, 
namely two each of K, Li, and SQ,. In order to preserve the 
symmetry these ions must goat the four corners A, B, C, D or 
at E and F, the centres of triangles ABD, DBC respectively. 
If any ion is placed at A, the other ion of the same type will 
also be placed at A. If any ion is placed at E, the corre- 
sponding ion will be placed at I, and vice versd. 

The arrangement of the oxygen atoms in the sulphate ion 
is determined by the symmetry of the crystal. Three of 

4K 2 
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these atoms must be equidistant from the sulphur atom, and 
must lie in a plane perpendicular to the hexagonal axes of 
the structure. The fourth will lie so that the same hexagonal 
or trigonal axis passes through both it and the suiphur atom. 
Its distance from the sulphur atom will probably be different 
from that of the other three oxygen atoms, as its environ- 
ment will be quite different ; but, as will be shown later, the 
difference is too small to measure. 

There are two possible positions for these sulphate ions: 
they may both be placed at A, or one may be placed at E 
and one at F. Intensity considerations alone can decide 
b-tween these twostructures. An examination of the powder 
photograph shows that the (1010) plane gives no visible first- 
order reflexion, but a large third order. This must mean 
that the reflecting atoms are concentrated on planes AD, 
GH, JK, so that the reflecting power of each plane is almost 
the same; and hence if the sulphate ions are at A, the 
potassium ions are at E and F, and vice versd. The strongest 
line on the film is due to the plane (1012). It is therefore 
necessary to find a structure which gives only a minute 
(1010) reflexion and a strong (1012) reflexion. 

It can easily be shown that any arrangement in which the 
sulphate ions are situated at A is impossible. They would 
completely outweigh the K and Li atoms at E and F, unless 
their oxygen atoms were so far from the sulphur atoms that 
the former reinforced the planes GH and JK, and were 
quite out of phase with the plane AD. On the other hand, 
if the sulphate groups are at A, a strong (1012) reflexion 
will only be obtained if the oxygen atoms are crowded close 
to the centre of the sulphate ion. This is impossible, and 
therefore the sulphate ions are placed at E and F. In order 
to compensate these ions, it is necessary to put heavy atoms 
in the plane AD. The potassium atoms are therefore 
situated at A. The position of the lithium atoms cannot be 
fixed by X-rays, as they have an almost negligible effect on 
the intensity of the spectra; considerations of space and 
the distribution of positively- and negatively-charged ions 
indicate that they are situated at E and F. 

The structure is shown in fig. 2, which is a projection 
perpendicular to the bexagonal axis. Potassium atoms are 
situated at A, and sulphur, lithium, and one oxygen atom at 
each of E and F. The remaining six oxygen atoms are at 
v, Y, 27, q, re So far there are two parameters—the 
distance Ex and the angle FEy. The orientation of the 
second sulphate ion F pyr is then fixed by symmetry. The 
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angle Liq is equal to the angle FEy, and FP is equal to Ee. 
This structure possesses no planes of symmetry parallel to 
the hexagonal axis unless F Ey =0° or 60°. 


(@« ei Os Qo ©) 


2. The Evaluation of the Parameters. 


A. Two parameters at right angles to the hexagonal axis. 
The two parameters which fix the angle FEy (tig. 2) and 
the distance Ee can be found approximately by a study of 
planes parallel to the hexagonal axis. ‘The angle ¢ (F Ey) 
may vary between 0° and 120°, but values 60° and 120° are 
indistinguishable by X-rays from those between 60° and 0°. 
As the structure of a sulphate had never been completely 
elucidated, there was no estimate obtainable of size of the 
SO, group ; but it may be possible to get some idea of what 
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is a likely value for Ex by a consideration of the CQ; group, 
which is one of the few complex acid radicles which have been 
fully investigated hitherto. In calcite the distance carbon to 
oxygen is 1'3 A. The mutual repulsion of the oxygen atoms 
is overcome by the big charge on the carbon atom. It is 
probable that the oxygen atoms are drawn practically as 
close together as they can ever be. In the present instance 
they will tend to be pulled in further by the greater charge 
on the sulphur atom, but the greater size of the sulphur ion 
and the increased repulsion due to the extra oxvgen atom 
will act in a reverse manner. It is therefore reasonable to 
suppose that the distance Ew lies between 1:2 A and 17 A. 
For the purpose of evaluating these parameters, reflexions 
were obtained from the face (1010) of a single crystal, uing 
the X-ray spectrometer, with molybdenum radiation, The 
values obtained for the various orders of reflexion are given 


in Table II., Col. II. 


TABLE II. 


1. JI. JII. IV. F. 
Why Observed Structure Scattering power 
t intensities. factor. I of oxygen. 
A. rG 

1U1U 95 21 215 10:0 
0002 65:5 83 0:95 100 
0103 bins gas oe sis 
1129 874 17-4 29 73 
1171 275 10:0 275 70 
2020 18:5 7:5 33 65 
0004 167-0 27:5 "29 63 
1123 74 8:2 “ll 57 
3050 62:5 . 260 “002 43 
0006 8:8 9-2 10 40 
1125 3:9 59 "11 40 
4040 1:8 5:3 064 2-0 
1127 0'3 2-8 o4 20 
5020 0°45 76 008 
6060 35 19-0 010 
YUI 05 19:0 -Ul 


The relative values of the observed intensities for (1010) 


and (3030) confirm the deductions made from the powder 
photograph for the marshalling of atoms in planes parallel to 


(1010). Structure factors for the various orders of reflexion 
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from (1010) were calculated for various values of ¢ between 
0° and 60°, and of Ex between 1°2 and 1:7. Whatever 
reasonable assumptions be made as to the relative scattering 
powers of the different atoms, calculation shows that for 
almost any values of the parameters within the above limits 
the reflexion from (1010) will be weak, but that from (3030) 
will be strong. From the observations made by the spectro- 
meter it is cleat that the structure factor of (2020), which 
alters rapidly with a change in ¢, must be of an intermediate 
size. This can only be the case if ¢@ has a value round about 
30°, say between 25° nnd 35°, and its precise value can be 
fixed very ac ‘urately if we know the exact value of Ez. A 


comparison of the intensities (1010), (2020), and (3030) with 
that of (1120) shows that the plane (1120) must have a 
structure factor intermediate between that of (2020) 


and (3030). This is actually the case if @ is about 30°, 
unless Ew is very small. Any value greater than about 
1:3 Å is admissible. If Er= L4 À, @ must be almost 
exactly 30° ; and this seems to be the most reasonable value 
to choose for Ex, for any appreciably larger value brings 
oxygen atoms of neighbouring SO, groups too close together. 
The positions of the oxygen atoms in fiz. 2 have now been 
determined. From a consideration of the reflexions from 
planes parallel to the hexagonal axis, the angle FEy is about 
30°, and the distance Ew is not less than 1°3 Å. eae al 
considerations indicate that it is not greater than about 15 ¢ 


B. Parameters parallel to the hexagonal axis. 


The distribution of atoms along the hexagonal axis can be 
partially determined by a study of the spectra from planes 
(0001). All odd orders of reflexion are absent ; the ions are 
therefore arranged in pairs along the hexagonal axis, so that 
the (0001) spacing is halved. The atoms are arranged in 
the manner shown in fig. 3. This is a projection of the pa 
cell through AC parallel to the hexagonal axis. a, B, y, 6 
are potassium, lithium, sulphur, and oxygen atoms respectively, 

If we regard the positions of the potassium atoms as fixed, 
the positions of the lithium and sulphur atoms are deter- 
mined by the parameters E8,;=M, and Fy, = Ly: respec- 
tively. In order to fix the positions of all the oxygen atoms 
four independent parameters must be determined. Two of 
these have already been fixed. The two remaining para- 
meters are yı 6,= 7269. which fixes the position of the 
oxygen atom at 6,, and the distance y; P of y, from the line 
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8, 8, 5;, which fixes the position of the other three oxygen 
atoms. 7 

OE the even orders from (0001), which alone occur, 
the only strong reflexions are (0002) and (0004), and the 
second of these is nearly three times as strong as the first. 
The phase factor for (0004) like that for (3030) is therefore 


Fig. 3. 


© 


very nearly normal. (0006) is quite small. This shows 
that the atoms are concentrated in planes AC and LM, and 
also in planes haif-way between, NO (fig. 3). The compara- 
tively small reflexion from (0002) requires planes AC and 
NO to be almest equal in reflecting power. This will be the 
case if yi, 53, 65, êz are situated close to NO, and ô, as weli 
as æy is on or near AC. Very little variation in these 
positions is allowable. f 
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It is reasonable to suppose that the sulphur atom is 
approximately at the centre of the tetraliedron formed by the 
surrounding oxygen atoms. In this case y, P=} y, ôi. 
Since 6, is almost in the plane AC, and P is almost in the 
plane NO, y, P is approximately one-quarter AN, i.e. 0'9 A. 
The distance of the odd oxygen atom of the S0, group from 


the central S atom (6, yı) must be about 1°5-1°6 A; for if it 
were more, this oxygen atom would approach too close to the 
nearest oxygen atoms of the next SO, groups (e. g. ô would 
be too near 6;), and if it were less, ô would be too far from the 
plane AC. ‘This value is exactly the same as the distance 
of the other oxygen atoms calculated from E.v=1°4 and 
yı P=0:5 ; so that, as nearly as one can estimate, the four 
oxygens of the SO, group are situated at the corners of a 
regular tetrahedron. The position of the lithium atom is 
somewhat uncertain. 8, may be anywhere along the line 
EL. ln any case it is likely to be fairly close to the three 
oxygen atoms such as ô, but it may be either above or 
below ô, As there is quite a big space in the structure 
above ô; and very little room below, it very likely goes 
above. 

The approximate position of all the atoms in the structure 
has thus been determined independently of any assumption 
with regard to the relative extent to which the atoms of 
different elements scatter radiation at different angles of 
reflexion. In order to obtain any more precise definition of 
the parameters and to check the agreement between observed 
intensities of reflexion and calculated values, it is necessary 
to make some assumptions. Some information can actually 
be obtained as to the relative scattering power of oxygen. 
Planes (1121), (1123), (1125), (1127) have exactly the same 
phase factor ; the Li, K, and S atoms are spaced in pairs in 
such a way that each atom is exactly out of phase with the 
other of the same kind. We are therefore dealing with 
oxygen atoms only, and these are arranged in precisely the 
same way in each of the four planes. | 

Reflexions from these planes were obtained by means of 
the spectrometer (see Table II.). The intensity of reflexion 
diminishes very rapidly with increasing glancing angle, which 
shows that the oxygen atoms are very inefficient reflectors at 
large glancing angles. As a rough approximation, the 
relative scattering powers of K and S have been assumed to 
be proportional to the number of electrons in each atom 
when fully ionized; thus K=18,S=10. This is probably 
not far from the truth over most of the range of angles 
considered here. Perhaps the value of S is rather low, 
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particularly for large angles. On the other hand, it is clear 
that the scattering power of oxygen falls off so much more 
rapidly that it cannot be represented by a constant in the 
same way. _ A comparison of the reflexious (1121), (1123), 
(1125), (1127) with that of (3033) has led to the figures 
for the scattering power of O relative to S and K, which are 
given in Table IL., Col. V., though of course these are 
only to be regarded as approximate. ‘These figures have 
been used to calculate structure factors for all the other 
planes. 

Some allowance has been made for the lithium atoms, but 
in any case the effect of the lithium atoms is so small as to 
make no appreciable difference. ‘The uncertainty as to the 
relative scattering powers of the other three kinds of atom 
is much more serious, and will certainly give rise to quite 
large errors. 

In consequence, too much reliance cannot be placed on 
individual agreement or divergences between observed and 
calculated intensities. Moreover, there is as yet no 
knowledge of the part played by “ extinction” * in reducing 
the intensity of the stronger reflexions. One can theretore 
only hope for a rough general agreement between the 
observed and calculated intensities. The comparison is made 
the most easily by arranging the planes in descending order 
of magnitude of spacing. The intensity of reflexion I should 
be proportional to the product of the square of the structure 
factor A and a factor which falls off steadily as the glancing 
angle increases. The quotient <; should therefore show a 
gradual decrease as we pass from planes with large spacings 
to those with small spacings. Column IV. shows that this 
is the case. 

This method of comparison was first used by W. L. Bragg t 
for the case of aragonite, except that he found that the 
intensity was more nearly proportional to the structure 
factor itself. This is certainly not the case in the present 
instance t. 

The precise value of the parameter y,F used for caleulat‘ng 
the values of A shown in the table was obtained in the ` 
following way. The spectrum from (0906) was quite small, 
whilst that from (1126) as observed on the powder photograph 


* W. L. Bragg, R. W. James, and C. H. Bosangnet, Phil. Mag. xlii. 
p. 1 (1921); C. Q. Darwin, Phil. Mag. xliii. p. 800 (1922), 

+ W. L. Bragg, Proe. Koy, Soc. A. ev. p. 16 (1924). 

t Compare G. Greenwood, Phil. Mag. xlviii. p. 654 (1924). 
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was quite appreciable. This is only the case if y,F lies about 
1:7 å. The other values employed were @ = 30°, Ex = 1-4A, 
yi P = 05 A, y, = 1:5 A, L8;=3-0 A. 

In order to check by the powder photograph the values 
allotted to the various parameters, a complete deterinination 
was made of the calculated intensities of all the planes down 


to (3142). The structure factors were calculated in the 
usual manner; and in each case the square of the structure 
factor was multiplied by a factor N, which is the number of 
co-operating sets of planes, and by the angular factors for 
the powder method. The latter was assumed to be propor- 
tional to the square of the cosecant, as in the case of arsenic*. 
The values calculated by this means are shown in Table 1., 
Col. 1V. They may be compared with the observed intensities 
for the powder photograph shown in Table I., Col. V. 

On the whole the agreement is reasonably good, and 
provides a satisfactory confirmation of the values allotted to 
the various parameters, which were fixed by the spectrometer 
method. The factor allowing for the change of the relative 
scattering power of oxygen was assumed to have the values 
calculated very approximately from the spectrometer measure- 
ments. A large error may be introduced in the calculations 
of certain reflexions on this assumption. The plane (1121) 
in particular seems to show this effect. 


The Results of X-Ray Analysis. 


The structure of LiKSO, is shown in projection in 
figs. 2 and 3. The unit cell is a hexagonal prism of base 
AB = 5:13 A and height EQ = 8'60 Å. The potassium ions 
are siluated on a simple hexagonal lattice of axial ratio 
a:¢=1:0°838. The sulphate ions comprise two simple 
hexagonal lattices of axial ratio a: c=1 : 1:6755, which fit 
together as if the sulphate ions were spheres in hexagonal 
close-packing., Lithium ions alternate with sulphate ions. 
Each sulphate ion has six potassium ions as neighbours, and 
each potassium ion is surrounded by six sulphate ions. 

The oxygen atoms are arranged around the sulphur atom 
of the sulphate group in tetrahedral fashion. Three oxygen 
atoms must be equidistant from the central sulphur atom, 
and the distance of the fourth cannot be much different. 
The actual distance is found to be 15-10 A. A model of 
the structure was made on a scale of 1 A to 1 cm., the 
atoms being represented as spheres with the following 
radii:—K = 1:34, Li = 0°79, O = 1°36. These values were 


* Phil. Mag. loc, cit. 
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suggested by Prof. Bragg, the values originally proposed 
by him* being modified in the manner suggested by 
Wasastjerna f. The model shows oxygen atoms belonging 
to neighbouring sulphate groups in contact, but there is more 
space for the potassium and lithium atoms than is actually 
filled by them. 

A remarkable fact is the closeness between the axial ratio 
of LiKSO, (1°6755) and the theoretical value for a system 
of spheres in close-packing (1°633). In the case of the 
isomorphous LiRbSO,, the value is still closer (1°6472). 
This suggests that the sulphate group, which is by far the 
largest entity in the crystal, is the chief factor in deciding 
the nature and dimensions of the crystal. Viewed in ths 
light, the structure is formed by the, closest hexagonal 
packing of sulphate ions, the latter being roughly spherical 
in shape. 

The size of the unit is thus determined almost solely by 
the size of the sulphate ions, the metallic ions filing up as 
far as possible the interstices of the structure. The rubidium 
or potassium and lithium atoms appear to be nearly the right 
size for this purpose, the structure being scarcely distorted 
from the ideal axial ratio. The loose packing of the potassium 
atoms as shown by the model may arise from the possibility 
that the sulphate group is not best represented as four 
separate spheres of oxygen, but that there is, in addition, a 
sphere of influence due to the sulphate ion as a whole, so 
that metallic ions are driven away from the hollows between 
neighbouring oxygen atoms. Such a supposition would 
explain the remarkable value of the axial ratio, and would 
show that the metallic atoms are actually packed quite 
tivhtly into the structure. 

It should be noted that the space-groups C?, and D$ are 


ruled out by the absence of planes of symmetry in the 
structure, so that the space-group of the complete arrange- 
ment is (C$, in complete correspondence with the crystallo- 
graphic evidence. The structure possesses enantiomorphism, 
owing to the asymmetrical arrangement of the oxygen atoms 
about the hexagonal axes. Thus the parameter ¢ (FEy, 
fig. 2) may be either 30° or 90°, the difference between the-e 
two arrangements being due to the lack of an equatorial 
planeof symmetry ; but thereis no possibility of distinguishing 
hetween the two enantiomorphous arrangements by means of 
X-rays. Wulff and others have, however, found that there 
ure two distinct types of crystal, one of which is levo- and 
* W. L. Bragg, Phil. Mag. xli. p. 169 (1920). 


ot J. A. Wasastjerna, On the Radii of Ions,” Soc. Scient. Fenn., 
Comm. Phys.-Math. i. p. 38 (1923), 
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the other dextro-rotary, and this would appear to show that 
crystals exist with either of the two possible values of ¢. 
Normally, as Wulff has shown, a lamellar twin is formed by 
layers of the two types alternating along the optic axis, so 
that no rotary polarization can be observed. Thisis precisely 
what might be expected from the structure. A new layer of 
SO, groups which is deposited on a (0001) face may either 
fall into the same position as the layer next but one previously, 
and so make a normal repetition of the structure, or it may 
commence an enantiomorphous crystal without the slightest 
distortion of the lattice. In this case a layer of K atoms 
(e.g. a, a in fig. 3) is common to both twins. In fig. 2 we 
shall have EFg = 120°—FEy=90°, but fig. 3 will be 


unaltered. 


Summary. 


The crystal structure of LiKSQ, consists of a system of 
sulphate ions in hexagonal close-packing, alternating with 
metallic ions. The potassium ions form a simple hexagonal 
lattice, while the lithium ions are arranged like the sulphate 
groups. 

The lattice dimensions were fixed from a powder photo- 
graph, the unit cell being a prism of base 513A and height 
3:60 A and containing two molecules of LiKSO,. The space- 
group is C$. 

The parameters fixing the relutive positions of the different 
kinds of atoms were evaluated from intensity measurements 
made by the X-ray spectrometer. The position of all except 
the lithium atoms was fixed by this means, the position of 
the letter being determined by spatial considerations. The 
sulphate ion is a tetrahedron of oxygen atoms surrounding a 
central sulphur atom, the distance S-O being 1°5-1°6 A. 
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I desire to thank Prof. W. L. Bragg, F.R.S.,and Mr. James 
for the great interest they have taken in this work and for 
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tory by the Government Grant Committee of the Royal 
Society and by Messrs. Brunner, Mond. During all except 
the concluding stages of the work the Author was in receipt 
of a grant from the Board of Scientific and Industrial 
Research. I wish to thank Messrs. Metropolitan-Vickers 
for the opportunity of concluding this work. 


CXXV. The Behariour of Hydrogen in the Discharge due 
to Alternating Electric Fields of High Frequency. By 
R. Winstantey Lent, M.Sc., Ph.D., 1851 Exhibition 


Senior Student *. 


INTRODUCTION, 


RISING out of a research about to be published else- 
where (Proe. Roy. Soc. May 1925) on the chemical 
effects in gases produced by coronas Jue to alternating electrie 
fields of frequency of the order of 10‘ cycles per second, 
is the question of the incidence of the ionization produced 
by such fields on the chemical changes which have been 
observed. 

An attempt has now been made to carry out a preliminary 
Investigation of the ionization produced in hydrogen at the 
frequency 1°5 x 107. 

An analysis of the current voltage relationships occurring 
in an ozonizer or ionization vessel is put forward, in the light 
of which, as far as possible, all results will be discussed. Its 
chief claim to consideration lies in its simplicity compared 
with that of the only analysis of consequence extant, namely 
that of Warburg t. 

A complete description of the apparatus and of the experi- 
mental technique is to be found in the cominunication to 
which reference has been made already. 


The Current Voltage Relationships occurring in an 
Ozonizer or Ionization Vessel. 


The problem is conveniently restricted to the standardized 
type of vessel consisting essentially of two concentric glass 
or quartz tubes, the outer surface of the outer tube and the 
inner surface of the inner tube being arranged to serve as 
electrodes. 

This arrangement constitutes a system of three condensers 
in series : the capacity C, of the outer wall, the capacity Cs 
between the inner surface of the outer tube and the outer 
surface of the inner tube, and the capacity C3 of the inner 
wall. It may therefore be represented in the conventional 
symbols as in fig. a, where it is assumed that for all practical 
purposes the power factors of C; and C; are negligibly smail. 

When the gas in the ozonizer is ionized, it is seen that this 
is equivalent, for any given value of the ionization, to a 


* Communic ted by Professor F. G. Donnan, F.R.S. 
t Warburg, Ann. d. Phys. xxviii. pp. 1-17 (1909). 
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resistance R shunting the condenser C,. The system now 
becomes as in fig. b, which is itself electrically equivalent to 


Yous ede A 
fig. c, where g7 GtG 


Figs. a, b, c. 
C, Cc Cc 
HHE 
ae IF. pr a . 
R 
b. 
a £ | a 
R 
C. 


Now let V be the total voltage applied to the system, 
and I the total current, and let these be out of phase by 
an angle ¢. 


Let j= be the frequency, and let V, be the voltage 


across the condenser C4. 


Then I = joC,V,, k ee So Se te. Se ACD 


where j= ¥—1. 


Let I, be the current through Cj 
and Ir be the eurrent through R, 
and V be the voltage across R and C3. 
l; = j@C: Va. e oe e 8 © œ (2) 
Let W be the power consumed in the system in watts, 


wun W = VI cos ¢. 
Consider the vector diagram of V and I (fig. d). 


There is an associated voltage V, given by equation (1) in 
quadrature with I. Subtraction of vectors gives the voltage 
V, across the ionization space. The current in phase with V, 
and responsible for the energy generated in the system is 


given by W 


Then 
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And bv subtraction of vectors the displacement current I; 
across the ionization space is obtained. 

Thus having determined experimentally V, I, and W, and 
knowing ©,, Cz and C; by direct measurement, it is possible 
to evaluate V and Ir. Further, since W is constant for any 
given value of I, it seems reasonable to consider that the 
corresponding intensity of the ionization is of a constant 
mean value, which is attained when the rate of formation of 
new ions by collisions is equal to the rate of de-ionization. 
It follows then that R has a consta t mean value, and that 
Ir may be identified with the current carried by the ions. 


Fig. d. 


This procedure is open to two objections. Firstly, that 
surface charges may arise on the quartz walls which will 
result in the potential gradient in the ionization space being 
different from that due to V, alone, and consequently the 
value of Ig as given by 


would be in error. While it is somewhat difficult to see in 
what way such charges could arise in an alternating field, 
experiments are being devised to investigate the point, and 
will form the subject of another communication. 

Secondly, it may be contended that the current carried by 
the ions may be zero except during the short intervals of time 
during which the potential is near its maximum value. This 
is equivalent to the contention that the ionization is not 
continuous. It has been fuund that the potential across the 
whole system V necessary to produce ionization by collision 
for any given gas-pressure ix from three to six times greater 
than the maximum value of V applied when ionization has 
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been established. And that when the ionization, as evi- 
denced by visual corona, has been destroyed by a momentary 
diminution in V, it is never possible to re-establish the ioni- 
zation unless V be increased to the value initially requisite 
to produce ionization. It may be concluded, therefore, that 
the ionization and the current carried by the ions are con- 
tinuous. 

When the values of V are too low to be read directly, it 
is possible to proceed to an approximate evaluation of V; ani 
Ir in the following way. 

Consider the vector diagram when j z0? ; that is, 


when aob lies between 0°-0 and 11%2. 
Since aoh =coe, we have the approximate relation 
V = V, cos (avb) + V, cos 4(aob) 
= 0'995V,+0°995V, ; 


that is, within the experimental error in determining V, 


V = V+ V, 
A first approximation to V; is given by 
E 
2 ja,’ 
and to Ip by W 
R= Wa 
by a 
and to I; by PR S 
A second approximation to V; is given by 
ti I, 
= oe ja, 
and to Ip by Ww 
Ip == V” 


From the values obtained for Ip, au approximate deter- 
mination of the intensity of ionization can be obtained by an 
extension of the analysis obtaining for liquid electrolytes, 
which is expressed in the following way : 


i = (Upt+V,)ANXe, . 2... . (3) 


where 7 is the total current carried by the ions, A the cross- 
sectional area through which it flows, N the number of pairs 


Phil. May. X. 6. Vol. 49. No. 294. June 1925 4 J, 
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of ions per c.c. (in an enclosed mass of gas the number 
of negative and of positive ions must be identical), e the 
electronic charge, X the voltage gradient, and (U,+V,) 
the sum of the mobilities of the ions. Asa first approxi- 
mation it may be assumed that the positive ions bear a single 
charge, which is known to be very nearly true since the 
fraction of ions bearing a higher charge is extremely small® 
The experimental values obtaining for the quantity X/p 
indicate that the negative ions are electrons t. 

If Un represents the mobility of the positive ion in 
hydrogen at 760 mm. and 15°C., W the velocity of the 
negative ion, and p the hydrogen pressure in mms. Hg, the 
above equation becomes 


i= (SATa w) ANG, tee 


since it is known that the velocity of the positive ions in 
hydrogen varies directly as X/p ; the value chosen for the 
calculations in this communication is that of Lattey and 
Tizard ¢. W is known as a function of X;p within the 
range of values of this quantity obtaining in the experiments 
now to be described §, and the mean value has been calculated 
by assuming the applied voltage to be sinusoidal. The values 
of i= Íg and of X (r.m.s.) being known trom the preceding 
analysis, it becomes a matter of simple arithmetic to evaluate 
to a first approximation the mean value N of the equilibrium 
ionization. 


- 


EXPERIMENTAL. 
Preparation of Gas. 


Hydrogen, obtained from a cylinder, was scrubbed through 
concentrated sulphuric acid and dried by passing over 3 feet 
of phosphoric anhydride. It was found to contain about 
0:2 per cent. of oxygen. 


Tonization. 


Five series of experiments were carried out with the gas 
at 12°5, 19°5, 26, 35, and 47 cm. at 20°C. respectively, and 
in each the frequency 1°5 x 10’ was applied. 


æ J. S. Townsend, ‘Electricity in Gases,’ Oxford, 1915. 

t Lattey & Tizard, Proc. Roy. Soc. A. Ixxxvi. p. 349 (1912). 

t Lattey & Tizard, loc. cit. 

§ Lattey & Tizard, loc. cit. Townsend & Bailey, Phil. Mag. (8) xli. 
8 


p. 873 (1921). 
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At each of these pressures and for input wattages to the 
oscillating circuit over the range 150-400 the following 
quantities were determined :— 


(1) The rate of generation of heat in watts, W, in the 
- reaction vessel. 
(2) The current, I, flowing through the ionization 
vessel. 
(3) The voltage, V, maintaining this current through 
the vessel. 


The values obtained are given in figs. 1, 2, and 3 re- 
spectively. 


Fig. 1.—Current flowing through Ionization Circuit. 
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I5O 200 250 300 350 400 Watts. 
Input to Circuit. 


In order to obtain strictly comparative readings, it was 
found essential to maintain the filament current of the valve 
at a constant value, which was fixed at 6°5 amperes. 


47,2 
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Voltage on tonisation Vessel. ‘V’. 
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Fig. 2.--Heat generated in Ionization Vessel. 


W. Watts. 


Heat Generated in lonisation Vessel. 


I50 200 250 300 350 400 Watts. 
Input to Circuit 
Fig. 3.—Voltage on Ionization Vessel 
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Owing to the low value of the voltage across the ionization 
vessel over the lower end of the pressure range, this was 
determined for the pressures 35 and 47 cm. only. Also due 
to the fact that over the lower portion of the pressure range 
the valve efficiency is low and the anode dissipation corre- 
spondingly high, it was impracticable to operate with input 
watts above about 300. 

From the above values, in the manner already indicated, 
the corresponding values of the following quantities have 
been calculated :— 


(1) The ionization current Ip (fig. 4). 

(2) The ratio of the r.m.s. voltage gradient, X, in volts 
per cm. in the gas to the gas-pressure, p, expressed 
in mm. Hg at 15°C. (fig. 5). 

(3) The ratio of the mean intensity of ionization, N, to 
the number of molecules per c.c., Nog, at the given 
pressure and at 15° C. (fig. 6). 


Fig. 4.—Ionization Current. 
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For the sake of convenience and simplicity, the above- 
mentioned quantities have been expressed as functions of 
the hydrogen pressure over the range 10 to 50 cm. the input 
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watts being treated as a parameter varying over the range 
150 to 400 watts. 


Fig. 5.-—Voltage Gradient in the Ionized Hydrogen. 


100 150 200 250 300 350 400 450 500 
Hydrogen Pressure. ' 


Fig. 6.—Mean Intensity of Ionization. 
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Hydrogen Pressure. 


It is of some interest to consider the “equivalent tempe- 
rature’ of the ionized hydrogen—i. e., that temperature at 
which the same density of ionization would be produced by 
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thermal dissociation as that observed in the ionization vessel 
under any given conditions. 

In the followings attempt to estimate the equivalent 
temperature, which is advanced very tentatively, it is 
assumed that the amount of monatomic hydrogen in 
existence during the discharge is negligible, and not greater 
than 1 or 2 per cent. of the total hydrogen. This assumption 
appears to be warranted by experiment. No appreciable 
Increase in pressure has been observed when the hydrogen is 
ionized, except that due to a slight increass in temperature. 

Consider the equations : 


+H, = H, . . . . ° ° e ° (1) 


K, = Pu 
l Pa? 


F, = 81000 —3-5T loge T+ 0°00045T? + 1-17T *; 


F, 


Hs A te. oc a se a 4 EQ 


K, = Pat X Pe _ pat 


_——— 9} 


Pu Pu 


23070 5 


Rr 


r_(2.3 X 
Vi -3 loge r-(5-5 loge Me- Ft, 


where p denotes the partial pressure of the material indicated 


K, 
F, 


M, 


993 


33 


by its suffix, 

the equilibrium constant of the reaction re- 
presented by equation (1), 

the decrease in free energy of the reaction 
represented by equation (1), 

an electron, 

a positive hydrogen ion, 

the equilibrium constant of the reaction re- 
presented by equation (2), 

the decrease in free energy of the reaction 
represented in equation (2), 

the absolute temperature, 

the ionization potential in volts (Hydrogen 
= 13°3 volts), 

the molecular weight of an electron ; 


and S; is given by 


S,=—3:2 cal. deg.~! H. 


* Lewis & Randall, ‘ Thermodynamics’ (New York, 1023). 

t Foote & Mohler, ‘ Origin of Spectra’ (New York, 1923). 

t Tollman, Journ. Amer, Chem. Soc. xlii. p. 1185 (1920); xlii, 
p. 1492 (1921). 
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Then | pnt pees 
Koc Pan and pyt=V7K, Kry, 


on the above assumptions. 
K, and K, having been calculated from the foregoing free 


energy equations, the values of log Pat (equilibrium values) 
Pu, 

have been plotted against the absolute temperatures at which 

they are in equilibrium as abscisse for the following values 

of the hydrogen pressure:—py = 10, 20, 30, 40, 50 cm. 


Fig. 7.—Equivalent Temperature of Hydrogen 


Hydrogen Fressure. 


7 . In t ` z i 
The quantity fae provided the partial pressure ot 
Ha 


monatomic hydrogen can be neglected, is identical with 
T 


that represented by x Knowing x as a function of 
Pu, for various input watts, the corresponding values of the 
“equivalent temperature” for pu,=10, 20, 30, 40, 50 cm. 
Hg 15° C. ean be read off. The resulting values are given 
graphically in fig. 7. 
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It must be observed, however, that the thermal reaction at 
the “ equivalent temperature” would correspond toan almost 
complete dissociation into monatomic hydrogen. 


SUMMARY. 


(1) An analysis of the Siemen’s Ozonizer is put forward 
which affords a ready determination of the voltage gradient 
and of the current carried by the ions in the gas. 

(2) An attempt has been made to determine the approxi- 
mate mean intensity of ionization in hydrogen under any 
given electrical conditions by a simple equation relating the 
conduction current in the ionized gas to the known motions 
of ions and electrons in hydrogen and to the impressed 
electric force. 

(3) The two quantities, the impressed electric force and 
the resulting mean fractional intensity of ionization in 
hydrogen, have been determined at the frequency 1'5 x 10° 
over the pressure range 10 to 50 cm. and over the available 
range of electrical conditions. 

(4) The concept of “ equivalent temperature ” is discussed 
with reference to the discharge in hydrogen. 


Tn conclusion, the author wishes to express his indebtedness 
and thanks to the Royal Commissioners for the Exhibition of 
1851 for a Scholarship, and to the Trustees of the Ramsay 
Memorial Fellowship Trust for a Fellowship, which have 
enabled the above work to be carried out ; to Messrs. The 
Marconi Wireless Telegraph Company, and to Mr. E. Green, 
M.Sc., of that Company; to Messrs. Brunner, Mond & 
Company, for the loan of apparatus ; to his friend Mr. F. D. 
Smith, M.Sc., to whom he owes the vector solution of the 
Siemen’s Ozonizer ; to Professor C. L. Fortescue, of the 
City & Guilds’ Engineering College, South Kensington ; 
and especially to Professor F. G. Donnan, F.R.S., at whose 
suggestion the work was undertaken, for his deep interest 
and suggestive advice during the progress of the research. 
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Physical Chemistry Laboratories, 
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CXXVI. A Note on Musical Atmospheric Disturbances. By 
. L. Eckersvey, M.A., Research Department, Marcont’s 
Wireless Teleyraphy Co. *. 


T has been known to workers in “ Radio ” for some vears 

that if a telephone or any other audio-recorder system 

is placed directly in series with a large aerial, disturbances 
of a musical nature can be heard. 

These have a very peculiar character: the pitch of the 
note invariably starts above audibility, often with a click, 
and then rapidiy decreases, finally ending up with a low 
note of more or less constant frequency which may be of 
the order of 300 to 1000 a second. 

The duration of the complete disturbances varies very 
considerably ; at times it may be a very small fraction of a 
second, and at others it may be even 1/5 of a second. 

Some workers have noticed a regular diurnal variation in 
the character and frequency of these disturbances. In the 
early morning disturbances of this type are very infrequent 
and the duration is short. The frequeney and duration 
increase as the day advances, and may be very considerable 
towards the late afternoon and evening. They are greatest 
during the night. 

These disturbances are obviously of an external origin, 
and do not owe their character to the resonance of ‘the 
receiver system under “shock excitation.” The explanation 
offered here is based on Dr. Eccles’ theory of ionic refraction, 
und may be able to yield data of considerable importance 
relating to the physical constants of the “ upper conducting 
layer,” which plays such an important part in radio trans- 
mission. 

Briefly, the occurrence of these disturbances is attributed 
to the dispersion of an electrical impulse in a medium leaded 
with ions. 

For, as Dr. Eecles has shown, the presence of fiee ions 
has the effect of apparently decreasing the specitic inductive 
capacity vf the medium by an amount depending on the 
frequency of the waves travelling through it. 

The loading effected by the free i ions gives the medium 
a dispersive chamicter since the transu lon constants vary 
with the frequency of the impressed waves. Under these 
conditions we have, as is well known, to distinguish betw cen 
the “ Group velocity ” and the “ Phase velocity” of an 
individual wave in the group. 


* Communicated hy Prof. S. Chapman, F.R.S. 
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It is not difficult to calculate these. We can take as a 
basis the ordinary electromagnetic equations, and no loss 
of generality will be occasioned by the choice of a simple 
plane wave, since the solutions are linear (when we neglect 
the effect of the magnetic field in the wave front) and any 
system of wave motion can be built up out of these waves. 

We will take, therefore, 


Hou oF 
curl E = ve curl H = Koa, +! 
where p is the electrical densitv of the ions and v their 
velocity SYS. Weep 4 


Assume a nine wave propagated in the œ direction, 
B and Z only existing ; then 


OZ òg 

Qe Ot? 

dE dZ. 

3 = | at ete: 


or OL wK OZ Oy 
oe a DE Sp Nees © e oe oè œ (1) 


and the equation for v is given by 
m + fe = Ze; 
if we neglect effects due to collisions, then fv can be 
' ' ; v 
neglected in comparison with myg 
If the waves are periodic, p being 27 X frequency, the 
last equation may be put 
impu = Le 


(neglecting the term jr); on substituting for v in (1) 
we get V? the square of the phase velocity : 


1 : 
o vy Where pK=1, 
N er 
mp? 
a Amme? 
or V = e/t where A” = V2? 


=) ae 
K 
or y= T l, Where «= ?7 jÀ. 
E 
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The group velocity 


-0V _ E E ee 
~ ò y1 r 
and UV =ë. 


We can use an approximate method, due to Prof. Havelock, 
to determine the subsequent history of a sudden impulse 
or what he called a “limited initial disturbance.” But it 
is possible, without the aid of an elaborate mathematical 
analysis, to obtain an idea of this. 

Any impulse can be split up by the aid of Fourier’s 
analysis into a “band of spectrum of all frequencies A 


l ; a 
for an example, an impulse of the form A 


a 34e? 


as (esin ptdp, which shows that for all frequencies 
TTO 


i3 expressi ble 


which are small compared with 1/a the intensity in the 
spectrum is nearly constant. In a linear dispersive medium 
each component of the “spectrum” is transmitted with its 
appropriate velocity, and the result will be that after a 
suitable interval, long or short according to the amount 
of “dispersion ” in the medium, the various frequencies 
will be all separated out. Thus waves of length à will 
be found after a time ¢ in the neighbourhood of the 
distance ¢U), where U, is the appropriate group velocity 
for this wave-length. 

The group velocity is involved here, and not the phase 
velocity, because elementary analysis shows that a group 
of waves of the wave-length A moves as a whole with the 
velocity U,, although the individual waves in the group 
move with the velocity V,, i.e. are continually moving 
through the group. 

Now U, is small for large values of A and increases as 
A is decreased up to the limiting value c, the velocity of 
light, when A->0. The short wave-lengths travel fastest 
and arrive first, and the long wave-lengtlis last. 

To a stationary observer this appears as a note of rapidly 
decreasing frequency and bears a strong resemblance to the 
actual sounds heard, 

It must be left to actual measurements and theoretical 
calculation to decide how close this resemblance is. 

It is shown (Cambridge Tracts in Mathematics and 
Mathematical Physics, No. 17) by Prof. Havelock that 
the subsequent history of a limited initial disturbance ean 
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be caleuleted with a fair degree of accuracy from the 
formula : 


y= 5 ie | (a0), tT m MaeV) Ejh. (2) 
t( ax Jy 
where ko is expressed in terms of x and t by the formula 
2aUiH0, 4 & twee & « O) 


where U, in this case is 


U,= =: d Uo Le? 1 
A / 1+") Ons) êk (1 + y?/?)3?° 


Expressing these quantities in terms of æ and ¢ by 
relation rg we get the following expression for y: 


12 
A 


This expression represents: a disturbance of varying 
frequency, the high frequency starting first and tailing 
down to a low frequency as time elapses. 


Limiting Freguency. 
When ct is large compared with «æ, ¿.e. if we consider 
the tail-end of the disturbance, we get approximately 


1 ark, Ie 
Y= Pe | ot } cos (ct), 


which represents a disturbance of constant frequency Z- 


and of gradually decreasing amplitude. 
This constant limiting frequency is another point of 
resemblance with actual fact, the equation 


a, = fH (E 
Oar Qa 

gives values of N, the number of ions per c.c., for different 

tvpes of ions. 

If we assume for instance that the ions are electrons, and it 
will be seen that they contribute chiefly to the value of Ne, 
we get 1 i 
= 97 (1:7 x 10°) (eN)? ?; 


zo that if n=300 we get eN of the order 2°2 x 1072, which 
is of the order of 1 ion per c.c, 
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The attached curve, fig. 1, shows y as a function of ct/x=8 
with xv =3m approx., i.e. at a distance where the component 
frequencies have been well separated out. 

Fig. 1. 
Form of Disturbance computed from the Formula 
Ky 
Wa 


a x l 0-1) cos { x:2(1—8*)!?4-2/4 }- 


B= 5, «2 = 3x approx. 


- 


The part in the neighbourhood of x=ct, i. e. the head of 
the disturbance, is probably inaccurate and anyhow depends 
on the shape and thickness of the original impulse. Itis 
therefore shown dotted, and only the envelope of the waves 

iven. 
s An attempt to get a more accurate representation than the 
one given by the approximate formula (fig. 1) is developed 
here, and it will be found that when ct is large compared 
with æ the original formula is approximately correct. 

If V is the phase velocity corresponding to the wave- 
2a 
x’ 


2 
. a . 
history of a pulse are the form 


length A and «= then we can express the subsequent 


y = a real part of ł Eaa” oa © 
T'O 


Digitized by Google 
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where V is expressible in terms of « in the form 
VecVl tiie 
so that KV = y+; 
we have therefore to evaluate the integral 


LO duet tin-i NEF, 0.. (5) 
y = m \o 


or 1c” ; Aale? 
T \ pe TENETE, 
m No 


where 7} =2 +74. 


Let U=n/e, and U =sinhy, 
then y= “a (n sinhv —tx,ct cosh ahaaa 
Now let 
ct = Reoshd, R? = (ct#?—2,), . . (6) 
vI = R sinh d, , 
ix,(a, sinh v—ctcosh vr) = —iRx, cosh (r—¢@) ; 


so that if w=v— ġ 


Ky 
rT 


+o 
y = ( ane cosh! cosh (w+) dw 


i> $] 

K —i7«, R cosh w 

= af cosh ġe ae eae cosh wdw 
-% 


+o ; 
K ‘ _ cosh w . 
gl | sinh de seine cos sinh wdw. 
mT -0 
& 


The latter term can be integrated immediately ; it is 
sinh ir, Rcosho 
—,;" .e : 
wh 
and taking (6) into account this becomes 
low inet 
ree—arz 
It should be observed that the Real Part of —i is Negative. 
The other term, 


BE o) 
K —irk R cosh w 
mt cosh de ee cose” cosh w dw 


—o 
K —ix«, R cosh w 
= a coshde | cosh w duw 
T 


L 


K — ix, R cosh w 
E cosh ġe me cosh w dir, 
mT o 
e 
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This latter term is 7 cos $ K,(i«,R) where K, («) is the 


second Bessel Function of order 1 when the real part of 
—ix,R is negative; and if ¢ is small, i.e. ct >x, the first 
term is nearly zero. 

The total is therefore 


1 27K M 
Dar F = cos {n(n ety} 
a(1— “a ) 
et 


l x mt sea 
E (ci? a) cos x, ct + a eoh ge iB cosh e cosh wdie, 
on replacing K,(i«,R) by its asymptotic value. This reduces 
to the former value (2) when ct is large compared with «. 
When « is approximately equal to ct, is always a finite 
quantity when “a” is finite, for 


cosh ġ = sees approx. if ¢ = ptig; 
V laix 
then Jia 
tanh p = 1—— ee approx. and p->», a->(), 
T 
tang = 1+ ap s g>? A 


If we integrate from —ig—p to —p and from —p to 0 
e . wa 

when a is small, the latter part, i.e. |__ , becomes very 
nearly 


Ky K, (ix R) , 


and the former part is negligible except in the neighbour- 
hood of w = — ġ, and tends to zero when ct is large. 
The total when ct and z are large and nearly equal is 
2«,cosh ¢ l æ 
See? (K eR A Se AEA 
z (Ky(7«,R)) + net —z, cos «ct. 
This shows that the approximate form is only accurate 
when et is large compared with z, but the conclusion that a 


li iti o fr i Kye * r h l ° h . ly 
imiting frequency 9 1s reached is shown to be accurately 


true. A measurement of this frequency should therefore 
he of value in determining the constants of the conductive 


medium. 
The fact that these peculiar types of disturbance occur 
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almost entirely at night suggest that they have their 
origin in the permanent auroral conducting layer, and not 
in the lower layer ionized in the daytime. ‘The value of Ne 
should therefore apply to this low-pressure region, and not 
to the relatively high-pressure zone where the attenuation of 
radio waves is so high as to eliminate all types of disturbance 
originating above it. 

As we have seen, the approximate values of Ne for electrons 
are of the order 2 x 10-*! to 2x 10-72, and for a-particles 
2:7 x 10-'8to2°7 x 10-)% This is of the order of oneelectrified 
particle per c.c. It is very difficult to say in what region of 
the auroral layer these impulses originate. Jf we assume the 
outside, the waves have to pass right through the medium 
and the value of Ne is probably an average of the quantity 
throughout the layer. 

If, on the other hand, we assume that the impulses are 
produced by the sudden stoppage of groups of particles at 
the bottom edge of the layer, the value of Ne should be that 
corresponding to the lower fringe of the layer. 

If the conductivity is known, as well as Ne, we can 
estimate T, the mean free life of an electron in the region 
where the impulses originate. For the conductivity ø is 
Ne.— 

m 
deduced. The average conductivity has been estimated by 
Schuster (in his theory of the diurnal variations of the 
earth’s magnetism) to be of the order 107" c.g.s. units if 
the layer is assumed to be 300 km. thick. X. Chapman 
has estimated that the total conduction is equivalent to 
a layer of copper 1 metre thick, but the magnetic evidence 
is insufficient to give the actual conductivity at any point in 
the layer. The evidence afforded by the attenuation of 
radio waves at night is the most relevant. Unfortunately, 
the attenuation constant does not determine an unique value 
of the conductivity ; two values are possible, i.e. approx. 


a x 107" and 3x 10-!®, These values refer to the effective 
conductivities for high frequencies (x in the neighbourhood 
of 10‘), which are derived from the steady current con- 


ductivities according to the relation 


c= a (2) or o= oe A / 1+(77* f, 


where ¢ is the time period of the electromagnetic waves 
and T has the same significance as before. 


Phil. Mag. S. 6. Vol. 49. No, 294. June 1925. 4M 


e 
T, and when Ne, = and o are known, T can be 
? 
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Eqrating this to 4.107”, Ne to 2x107”, and ż to 
10-*e' m= 1-77 x 10’, we have 


QarT /1 ft = B 10-” x Qarx 107 
ae ( t T 3x1L77x10'x2x1l0-= 


erie) on 


or 


è. e. ge = 0:89, 
T= oe approx 
= 70,500 TPOS 


If, on the other hand, we use the other possible value ofe, 


—_——_ 


ne xc 107, the equation NeE T f4 / 14 (227) 
ie 77 x 1071, the equation Ne = T j 14+ (T) =o 


cannot be satisfied by any real value of T; for we get, 
2rT 
when æ =( } 


t 
at reese — 0-8 x 2a x 10% oe x08 A 
Vig¢at DIxlI7x10x?2x1072 LTxhi% 


and the relation cannot be satisfied by any real value of T. 
The calculation therefore suggests that p is of the order 


3x10" and T= and if we assume that the impulses, which 


give rise to the musical strays, originate in the lower 
fringe of the conducting layer which is responsible for 
the attenuation of radio waves at night. 

In confirmation of this we have further evidence derived 
from this source. With resistivities as high as this, tle 

2r 
. — —gz e . a . 

attenuation takes the form e pn» , where pz is the resistivity 


Dr TV? 
at the frequency n. Now fa= Po 1+ Fao. where 


po is the resistivity for sufficiently low frequencies, and T 
and ¢ have the same significance as before. The attenuation 
constant should therefore be of the form : 


___A 
V1+p*/po 
The curve (fig. 2). derived from approximate data, shows 
that this is roughly the case. Calculating T from the 


, Where p=2an, m= 


a 


Relative Attenuation Constant -¥. 
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curve we get T= which does not differ greatly 


1 
100,000’ 
from the previous y value, The analytical expression (fig. 2) 
takes no account of the attenuation which must occur in 
the dispersive medium by the intercollision of the free 
electrons and ions. 

I hope in a later paper to show that the attenuation 
introduced by this dissipation does not materially influence 
the results obtained here. The approximate results indicate 
that the tail-end of the disturbance is most attenuated, but 
the fact that the limiting frequency is approached fairly 
closely in practice cows: that this attenuation cannot be 
excessive, 


Fig. 2 


Approximate Relative Values of Night Attenuation, 


o 2 4 6 e 10 12 14 16 
Wave Length Km. 


This result should lead to an independent estimate of T, 
which should act as a check on the theory. 

Recently Sir Joseph Larmor has developed a theory of 
ralio transmission in which the observed bending of the 
rays round the earth is attributed to the same mechanism as 
is assumed in this paper, and the results he arrives at are in 
substantial agreement with those obtained here. 

In particular he arrives at the result that N, the number 
of electrons per c.c., need not exceed 1, which is in good 

agreement with the results obtained here. 

"Again, the value T=10~° is in agreement with Larmor’s 
value. 

For the value T, between actual encounters is estimated 
by him to be ., 107°, but from the mode of origin of T 
this quantity is obviously the time between encounters 


M 2 
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which involve a large dissipation of erergv, and, as he 
has pointed out, laboratory experience has shown that an 
electron can pass through an atom with but slight derange- 
ment of its motion in all but exceptional ca es, implying 
that T is large compared with To and may well be 30 tines 
as creat. 

This factor would bring the two determinations of T 
into agreement. 


CXXVII. Determination of the Minimum Plane in Four- 
Dimensional Space with respect to a System of Norn- 
Coplanar Points. By H. S. Unver, B.A. PhD, 
Associate Professor of Physics, Yale University * 


Synopsis.—The material presented after the introductory 
remarks will comprise in order the following items: (a) deri- 
vation of a general formula for the length of thé perpendicular 
dropped from a point to a plane in four-space ; (4) use of this 
distance formula in the Method of Least Squares; (c) proof of 
the significant fact that the complete sextic equation which 
arises in part (4) can always be reduced to a cubic; and (d) evalua- 
tion of a numerica! illustration, 

Lutroduction.—The primary object of this paper is to derive 
a set of exact formulas for the determination of the position 
of a plane in four-dimensional space, such that the sum of 
the squares of the lengths of the perpendiculars dropped from 
any (large enough) number of given points upon the plane shall 
be a minimum. In non-geometrical language, the problem may 
be interpreted as that of the determination of the most probable 
values of the coefticients in two appropriate linear equations 
involving four variables with respect to the observational data 
of a given system which does not satisfy any pair of linear 
equations, The error curve is assumed to be the normal dis- 
tribution of Gauss, and the variables are treated as having equal 
mathematical weights. The condition stated last does not limit 
the generality of the solution, since for unequal weights it is 
always possible to transform the coordinates to a new cet of 
variables having equal weights, to solve the transformed problem, 
and finally to return to the original set t. 


* Communicated by Prof. W. F. G. Swann. 

tH. S. Uhler. © Method of Least Squares and Curve Fitting.” 
Journ, Opt. Soc, Amer. and Rev. Sci. Insts., vol. vii. no. 11, p. lUt3 
(1923). 
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HE present paper supplements one written by Karl 
Pearson entitled “On Lines and Planes of Closest Fit 
to Systems of Points in Space” [this Magazine, 6th series, 
vol. ii. pp. 559--572 (1901)]. By the term “ plane” 
Pearson means a linear space having n—1 degrees of 
freedom in n-dimensional flat space. Hence, for n=4 he 
has solved the cases of the hyperplane (3-space) and the 
straight line. Both papers contain material which may be 
useful in the theory of correlation, Pearson’s “ standard- 
deviations” Ce, oz, Fy, oz, and the o’s first introduced below 
in equation (19) may be converted into one another by the 
relations 


_ Voy _ ¥a33 _ Voy 
=> Ta Oy = — -, —_ ° 


Co 
j K K K $ K 


Similarly his “correlation coefficients” or r’s may be cal- 
culated from the o’s of the present article by means of the 
generally irrational equations 

O12 _ 918 T34 
ee o 
VO }1F 29 N 01:03 


(a) Let the non-homogeneous equations of the hyper- 
planes which intersect in the plane and determine it be 


Ter = 


N 033044 


aw +Bet+yy +ê: +e = 0, i 
awt Barty y+hs+e = O, » 2 6 GU) 


where w, v, y, and zare the rectangular coordinates of any 
point in the plane. Let M denote the array or matrix 


a By 6 

a’ By! 8, 
the rank of which will be assumed to be two. Let A 
symbolize the distance between the point (w', 2’, y', 2') 


which does not lie in the plane represented by equations (1) 
and the point (w, æ, y, 2). Then 


(w—w')? + (=z + (y—y' PP +(z—2')*?—- AF= 0... (2) 


The coordinates w, x, y, and z are to be varied in such a 
manner as to make A a minimum subject to the conditions 
imposed by equations (1). In Euclidean space this process 
will adjust the straight line joining the points (w, a, y, z) 
and (w', <’, y’, =') to perpendicularity to the plane. Hence 
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differentiate equations (2) and (1), and put dA=0 to 
obtain 
(w—w')dwt+ (2— x )det (y—y')dy + (z—2’/)dz = 0, 
adw+ Bduet+ yidy+ ô dz = ? (3) 
a'dw + Bdzt+ yidy + é‘d: = 0. 

Following Lagrange’s method of undetermined factors, 
multiply the first, the second, and the third equation of 
set (3) respectively by m, —p, —p', then add, and equate 
to zero the resulting polynomial cocthcients of the dif- 
ferentials dic, de, dy, and dz to get 

(w—w')m—ap—aip = 0, 

(cz—az')m —Bu— B p = 0, (4) 
(=y) m —ypmy'w HU, 
(zs—2')m —dp—6'p' = 

Let F and F' denote the values obtained by substituting in 
equations (1) the fixed coordinates of the point (w’, 2’, y',<') 
for those of the variable point (w, z, y, 2) 3 that is 

F = uw + Be +y te: +e 
and F's a'w 4 Bx t+y'y' + 8 He. 

Now multiply the first equation of set (1), and the suc- 
cessive equations of set (4) read downward by m, —a«, - P, 
—y, —6 respectively, and add the products ihus formed to 
find the second equation of set (5) below. In like manner 
multiply the second equation of set (1) and equations (4) in 
order by m, —a', —8', —y’, —ô', and add the results to pet 
the third equation of group (5). The first equation of this 
group is the sum of the products obtained by multiplying 
equation (2) and equations (4) respectively by —m, w-w, 
w—z',y—y', and z—2' 

Amt let lp = 0, 

Fm + (27+ BP +9746 u t (ax t BA’ + yy’ + Sy’! =, 

F'm+4 (u'a +BB ty'y7 + 68) (a3 + B? + yy’? te) =0, 
. e (5) 

A necessary and sufficient condition that equations (5) 
may have a solution other than m=p=p'=0 is 


l A 9 K ? r’ | = 0, 
F, t Bt of + 8, axt BA tyy +55. (Ù) 
| F’, aat SP By y+, a? + BP ty? 4 8" , 


{ 
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where the subscript zero emphasizes the fact that the valuo 
of A derived from the solution of equation (6) is a minimum. 

For the present purposes it is necessary to expand the 
above bordered symmetrical determinant. This may be 
accomplished in the following manner. [et this deter- 
minant be written as DA — N. By compounding M with 
its conjugate 


it is seen at once that 
D= (aB'—a'B)? + (ay! —a'ry)? + (að —2'd)7) . 
+ (BY — B'A} + (B —B'3)? + (78! -y's 
By applying Cauchy’s theorem* for the expansion of a 


bordered determinant J) as a homogeneous function of the 
bordering constituents it is readily found that 


N = (a F'—a'F P +H (BE -B F y 
+ (yh! y E+ (SFSF). . (8) 
Let 
l = (aß'—«'ß) / N D, p = (8y'—B'y) / VL, 
m= (ey a'y) | VT, 4 = (88-88) | VT, 
n = (að —a ò) / Vv D, r= (yd — yà) / VD, 
Then equation (7) becomes 


Poemttie+p?+Ptr=1,. . . . (9) 


lll 


and the identity 
(28! —a'B) (75! — y) — (ay — a'y) (BÈ — B'S) 
+ (26'—a'd)(By'— B'y) = 0 
lr—mgtnp=9. . . . . . (10) 
Substitution in equation (8) of the expressions for F 
and Z" given just after equations (4) leads to 
Aj? =N/D= [le' + my + ns! + (ad —a'e)/ y D]? + [py +q2' le! 
+ (8e'—B'e)/ JD)? + [r — mu! — pe’ + (ye! —y'e)/ VL]? 
+ | nw —ge'—ry'+ (be —8'e)/YD]}?. . . (11) 


Expression (11) may be changed to the form best 
adapted to the main problem by letting the given point 


chanzes to 


* R. F. Seott & G. B. Mathews, ‘Theory of Determinants,’ 
p. 47, § 25. 
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(w, z, y, z) lie in the plane. Then 
(ae’—a'e) | V D =—lr—my—ni, 
(Be — fe) VD=— pi -97 + li, 
(ye! —y'e) | J D= —r24 met pa, 
(Se'—8'e) | VD= notgrtry. 
A= (nW'+qX'4+rVY')? (IX +m’ +n? 
+(p¥'+qZ'—-1W')?+(—rZ' +m W' + pX')*, (12) 
where 
Wew-w’, X'= z=, Y'=y-7', Z=i-7. 


Formula (12) gives directly the square of the length 
of the perpendicular dropped trom the point (w’, 2’, y', =) 
to the plane represented by any two of the equations of 
set (13). 


E, = le+my+nz—( [e+myt+nz) = 0, 

E, = —lw + py+q:—(—lw + py + 42) = 0, (13) 
E, = mw+ pe—rz —( m+ pe—rz) = 0, | ° 

E, = nw+ ge +ry—( nwt qetry) = 0. |} 


These equations may be looked upon as having been 
derived from equations (1) by the successive elimination 
of w, x, y, and = respectively. The four equations of 
set (13) are equivalent to only two independent equations 
as a consequence of condition (10). For example, 


nE, =qh,—-lE, and nE =—rE t mE, 


From a slightly different point of view, a necessary and 
sufficient condition that the following group of homogeneous 
linear equations (which are those of set (13) re-written) 


lX+mY+nZ = 0, 
—l1W + pY+qZ = 0, 
—mW—pX +rZ = 0, 
a nW-gX—rY = 0, 
shall have a solution other than W= X= Y=Z=0 is the 


vanishing of the determinant of the coefficients. This 
determinant is skew-symmetrical, its order is even, and it 


Plane in Four-Dimensional Space. 1265 


equals (Ir—mq+np)?. Hence equation (10) is the required 
condition. 

For sake of completeness attention should be called to 
the fact that, if desired, the coordinates w, x, y, 2 of the foot 
of the perpendicular dropped from the point (w’, x’, y', 2) 
upon the plane may be obtained by eliminating m, p, 
and p’ from the last two equations of set (5) and each of 
equations (4). The formule obtained may be written : 


w=w'+[ (BF —B'F) +m(yF'—y'F) +2(8F'-8F)] / vD, 
eae! +[(—l(ak'—a'F)+ p(y’ —yF)+9q(8F — SF )] IVD, (14) 
y =y' + [—m(al all) — p(BF'—f'F) +r(8F'—è'F)] | VD, 
z= 4 [— n(aF'—a'F)— q(BF'—B'F)-r(yF =y F) / VD, 
va w = w= lE’ mE + nE", 
x = e +E + pE tg Ea 
y = y +mE'+ pE'itrE', 
z = 2? + nE’ t gE .—rl’;, 


where E'n = IX'+mY'+nz', 
Ey =—lW'4+ pl'+qZ, 
E'n = mW'+ pN'—rZ, 
My= aW't+ qi'trh’. 


Obviously it should be possible to deduce formula (12) 
by substituting in equation (2) the expressions given by 
equations (15) for w—w’, w—a’, y—y', and :—:'. Asa 

"matter of fact, this substitution, followed by appropriate 
use of condition (9), leads to 


(E'H + (E's)? + (£4)? A? 
= (—pk'; + me". + DO T (=q E + nk", + Li)? 
+ (rE 4+ nb"; —mL",)? 4+ rL's+qb'3—pk',)*. (16) 


Replacing £°), F’;, E'g, and Æ’, in the parentheses of 
equation (16) by their respective values in terms of W, X, 
2’, and Z’, and then making use of condition (10), it 
is found that the right-hand member of equation (16) 
vanishes, thus leaving formula (12). Nevertheless, the 
method given first is to be preferred, since it leads directly 
to formula (6) and since it is susceptible of generalization 
to n-dimensional linear space. 
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(L) The ground is now prepared for the solution of the 
main problem of the paper, which belongs to the domain of 
the Method of Least Squares, namely : to determine a two- 
dimensional plane in four-space so as to make the sum 
of the squares of the lengths of the perpendiculars dropped 
upon the plane from any (sufficiently large) number of 
given points a minimum. 

Let the number of points outside the plane be æ (>3), 
and let the ith point be symbolized by (Wi, £i, Yi, zi), where 
i=1,2,...,. Also, let @ denote the sum of the squares 
of the perpendiculars in question. Then, by formula (12), 


d= SA? = $ [Wi tg Xi tr 05)? -HUN + mY +n) 
z Fa (PYitgi—l W: + (—rZi+ m Wit pA], 
where TER 
WS wcw, X= i-ar, V= J- yr, Eci. 


¢ is to be a minimum with respect to the ten quantities 
w, £, Y, 3, l, myn, pP, gs re 


oe = 0, of = 0, of = aa 0 lead to the following 
equations in the order given :— 

(17+ m+n?) W" (mpn) X” — (Ip—nr) fF” = (lg+mrjZ” ei 
(mp +nq) JW" +(e +p? + q") N+ (im + qr) yo + (In—pr)Z" =Ù, 
—(lp>nr) W+ (int gr) X” +(n? +p? +r?) Y” ++ (mn tpp" = j 

—(lgtmr)W ace = (du— pr)’ a= (mn + pq) Y " pë +g Hr), 
where ee YD 
W"si0— (Swy/s, X=- (2e)/e, Y'=), Z = Ee 
Equations (18) are always satisfied when 


H "= N= "= Z" =0, 


that is, when 
w=(Iu) e, e=(Se)/e, y=(Sy)/e, 3=(3:)'x 5 


hence the theorem : The minimum (or maximum) plane 
always passes through the centroid of the set of piven | 
points (1), is Mig Fa) F | 
Substituting the values of w, 2, y, < in equation (17), 
sqguariug the parenthetical expressions, and performing 
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the remaining summations with respect to the subscript 2 
gives 
0 = (on +022)? + (on + O33)? + (oy toy)? + (G22 + O33) p? 
+ (F22+ out (33+ oy)? + 2o2,1m + 2ozln 
— 20,3/p —2oylg + 2a3;mn + 2oygmp—2oymr 
+ 2oyyng + 2oisnr + 2osspq— 2o2spr+ 2oo3q7, » (19) 
where 
6=xd, oy =KX(w*) — (Zw, og = KY (2?) — (Z), os 
o =KE(w,2;) —(Lw)(Z2), --- 
os = KX (yizi) — (Ey) (22) 5 Tip =T ji 
A a having equal subscripts is essentially positive for 
real values of the cvordinates, since 
nS(02)—(St)? = S(t) i<j. 
Differentiating equations (19), (10), and (9), and putting 
d0 =0 leads to 
B,dl+ B,dm+ Bydu+ Bydp + Bsdq + Bedr = 9, ) 
rdl — gdm + pdn + ndp—mdq+ldr = 0, (20) 
idl + mdm + ndn + pdp + qdq + rdr = 2 


where 
Ti + o2,)l + Co3m + dan —)3p - 71495 
oanl + (C + osz m 4-342 + o)2p — O47, 
ol + o34m + (Ttun +129 +037, 
—o43! +m + (o ato 33)p + 0349 — Tl» 
—o1,l Honn +Hosaup + (T2 tau) + 0937", 
— 0m +n — 024p + oq (C33 + o44)r. 
» e (21) 


Multiply the first, second, and third equations of set (20) 
by 1, —&, and — n respectively, add the products, and equate 
to zero the complete coefficients of the six differentials to 
obtain 


—qé+mn= B,, —mE+ qn = B;, 


rE+ln =B, nE+pn = Ba 
} o e3 
p&t+ryn = Bs, lE +rn = Be 


Form the sum of the products obtained by multiplying 
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each equation of set (22) by the respective coefficient of & 
to find, by the aid of expressions (21), that 


(2? + m? + n? + py? + g? +97) E+ 2(lr—mg + np) 
= (lr—mq+np)(o1 + O29 + 733 + Fu) § 


hence, by virtue of conditions (9) and (10), &=0. 

Next form the sum of the products obtained by multiplying 
each equation of group (22) by the respective coetticient of n 
to find, by referring to (9), (19), and (21), that 7=@. Hence 
equations (22) reduce to 


B,—mé = 0, B;— 96 = 0, 


B,—l6é = 0, B,— p0 = 0, 
i . « (23) 
B—n0 = 0, B,—7r0 = 0. 


Equations (23) are homogeneous and linear in the s'x 
direction-ratios l, m, n, p, q, T, so that a necessary and 
sufficient condition for a non-trivial solution is 


Fi + F—9, 7 235 T2414 == 135 —= O14, 0 
0935 F11+033;—8, 734, O12; 0, -0u 
T 24, ou, OCutsu—ð, 0, C125 O13 
T03, O12) 0, Ts +03— 0, T343 -04 
— O14, 0, O12, T 345 Oz + O4,—9, 023 
0, a E 013, — 021; O33, o33+ 04-0 


When expanded condition (24) would be a complete 
equation of the sixth degree in 0. The solution of this 
equation, especially in numerical cases, is very greatly 
facilitated by the remarkable property that a certain linear 
transformation removes all the terms of odd degree and 
thus reduces the solution to that of an equation of the 
third degree. The way in which this reduction may le 
effected will now be explained. 


(c) Let + denote the mean value of all the trinomial 
elements constituting the principal diagonal of the deter 
minant in equation (24), that is: 


4 
ll 


1/2(0 + 69 +03, + un) —9. e o > (25) 


Also let ° sı 


So 


1/2 (011 — G99 + O33 — C44), 


1/2 (011 + 02—03 — Ou), 
H o (2H 
s3 Z 1; 2(011—093— 033+ O41), 
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Substitution of expressions (25) and (26) in the deter- 
minant of (24) gives 


a d, bU, c ce, d d, e ¢, TF 


Ss) +T, 23, O23, — 0 i3 =" O14 0 
T23, 83 + T, O34; i2 0, —O14 = U(r). 
T243 O34; $83 +T, 0, 7125 — 33 
— F713, F125 0, —S3+T, O34, T24 
=li; 0, T12) T343 =S +T, 023 
0, —O14 F135 ~~ O 24,5 O23, —sSsı +T 


In the last determinant substitute —7 for 7 and then 
multiply the second and fifth rows and the first, third, 
fourth, and sixth columns by —1 to find that L% — T) = UiT). 
Therefore U(7) is an even function of 7, that is, a function 
of t”, and U(T)=0 may be written as 


THa ta tags =O . . . . (27) 
Formule for the coefficients az, a,, and ag may be obtained 
in the following manner :—Imagine five zero constituents 


fon) 
written in eneh of the columns of the above determinant 
headed a’, b', e, d',e, and f”. Thus the columns of U(7) are 


to be considered as composed of binomial constituents, the 
second term in each sum being either 7 or zero. U(r) may 
now be developed as the sum of sixty-four (2%) determinants 
each of which comprises six of its monomial columns, 

The fifteen determinants involving t* may he indicated b 
the headings of the monomial columns in L (7) as abe'd'ef, 
ab'el'ef', ab’ cde pf, abled ef” » abe'd'e'f, abed'e'f’, a’be def 
a'he ‘def’, a'beldl'e'f, a'b'edef, a'b'ed'ef, aV'ed'e'f, a'b'eddéf', 
a'b'e'de'f, a'b'c'd'ef. The evaluation of these determinants 
leads to 


— Ag = S? +s + 857+ 2( 0127 + 0137 +044? 
Hoz? + aT +0347). A (25) 
Hence, a, is essentially negative for real values of the co- 
ordinates of the given points. 

In the same notation, the fifteen determinants involving 7? 
are abede f’, abed' ef’, abed'e'f, abe'dej', abe'de'f, abe'd'ef, 
ub'edef’, ab'ede'f, ab'ed'ef, ab'c ‘def, a'bedef’, a'bede'f, a'bed’ef, 
a’ be! def, a'b’cdef. From these it will be found that 


a= (8182+ O14 ?— 9°)? + (SiS; Hor? —o.,")? + (S983 + Ti — F347)? 
2a 128) + CiT 23 + 014024)" + 2( — 348) + C3014 + Toxo, )3 
+ 2( 04389 + O 2023 + T1403)? + 2( — 2482+ F120 14 + O20) 
+ 2(01483 + Cdr + O1303 J)? +2 (—G2383 + G20 134+ Coos; ya 


ee (29) 


? 
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Accordingly, a, is essentially positive for real values of 
the coordinates. On changing signs throughout the fifth 
row and the fifth column of U(0) it becomes evident that 
the determinant is skew-symmetrical with respect to the 
negative diagonal. Hence ag must equal the negative of 
a perfect square ; in fact, 


9 a 


ag=— [sisess + (a2? — 0347) 8 T (T13 — O24 )S2 + (Tim T $3 
+ 2 (F129 13023 + 012014024 + O13040 g + O20404). (30) 
The conditions under which the preceding analysis “ fails” 
will not be investigated in this paper, because they depend 
upon very special distributions of the given points. Such 
cases afford no difficulty, for they mean simply that no 
minimum plane exists. Analogous conditions present them- 
selves in three-space, for illustration, when the associated 
ellipsoid having three unequal axes degenerates into a 
spheroid or a sphere, Cases of this kind would not arise 
when the residuals are small enough to justify emploving 
the Method of Least Squares for the determination of the 
parameters in the equations of the plane. 


(d) As a concrete illustration of the foregoing theory, 
the following data may be used :-—(0, 0, 0, 0), (1, 1, 1,—1), 
(2, 1, —l, 0), (1, —1, l, 2), (1, 2, —1, —1), (2, =], l. —l', 
(0, —1, —1,1). These seven points have been chosen so 
that no five of them lie in the same hyperp'ane. It follows 
that o = 28, Tog = 62, O33 42, O4 = 9, C19=7, OA, 
ow=— l4, O» = —21, Oo, = — 35, Ty = 0, &=—4, 
($8 24, s= — 10, x=7, w=1, tas y=z=0. Sub- 
stituling in formulas (28), (29), and (30), it will be found 
that 

(77)8 —46.12(7)? + 4438236(7?)' — 1177862400 = 0. 

Approximate values of the roots of this cubic are 

T = 3412 5046, or. Ti = +58 A174, 
= 720 0544, s. Ta = +26°8344, 
T3 = 4793210, .. T = +21°8904, 


with 6=94—7. The minimum value of @ obviously cor- 
responds to the positive value of m. Substitution of this 
value of @ in equations (23) led to the following tive 
ratios: 


T = 07826, 7 = 0 8041, Ẹ = 03213, = —0:3922, 


l = —0°5845, 
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Relation (9) now furnishes 
l =+0°58145, p = +0 1868, 
m = + 04550, q = — 0:2280, 
n = + 0:5024, r = — 0:3399. 


The following approximate values for the perpendicular 
distances between the seven given points and the minimum 
plane were computed by means of formula (12) :— 


A, = 08932, A, = 0:9638, 

A, = 0:8333, A; = 0:1540, 

A; = 1'1785, A, = 0:8505, 
A; = 0:7254. 

Incidentally the coordinates of the foot of the per- 
pendicular dropped from the origin upon the minimum 
plane were calculated by the aid of equations (15) to be 
approximately w= +0°79335, r= +0031], y=—0°2300, 
z= +0°3381. Finally, the equations of the minimum plane 
may be taken as 

4550w + 18682 + 3399z—4817 = 0 
58150 +4550 4 5024-— 831 = 

In conclusion, the writer desires to call attention to 
an interesting by-product of the preceding analysis. Since 
A =x«xġ and ¢ denotes the sum of the squares of the perpen- 
dicular distances from the « points of the given system 
to the plane, it follows that if all these points were to 
become co-planar then @ would equal zero and, conversely, 
if all the coordinates are real and @=0 all the points will 
lie in a single plane. [If the points become collinear they 
may still be considered co-planar, although the plane may 
be indeterminate.| Therefore a necessary and sufficient 
condition that any number of real points shall lie in a 
plane in four-space is the vanishing of the determinant 
obtained by putting @=0 in the left-hand side of equation 
(24). [For sake of elegance, change signs throughout the 
fifth row and the fitth column. | 

Obviously a complete set of criteria for the order of the 
linearity of a system of points in four-space is afforded 
by the constant terms in thie “ @-equations”” for the hyper- 
plane, the plane (vide supra), and the strai-zht line. The 
author is now engaged in the complete generalization of the 
preceding problem to a k-flat in an n-flat, $< n. 

Yale University, 

November 1024. 


[ 1272 ] 


CXXVIII. Applications of the Correspondence Principle to 
the Theory of Line-intensities in Band-spectra, By R. H. 
Fow er *. 

§ 1. Iw~rropucrion.—The object of this paper is to present 

‘the theoretical laws governing the intensities of the lines in 

any single band, so far as these can yet be based on applica- 

tions of the Correspondence Principle. It will be tound 
that certain quantitative deductions can be drawn with 
considerable certainty. The work consists in a natural 

extension to these spectra of the ideas of Heisenberg f, 

which have proved so successful in interpreting the quanti- 

tative intensity theory of atomic spectra of “ the first rank “$. 

The resulting formule are compared with the existing 

experimental material, and appear to be in satisfactory 

avreement, but the material for comparison is hardly yet 
quantitatively reliable. Certain subsidiary diserepancies 
remain which may be highly significant. 

By way of introduction it is convenient td summarize here 
those applications of the Correspondence Principle which 
have special reference to band-spectra, and to stress their 
typical resemblances. It is in this way perhaps easier to 
sce that they form a corporate whole. In the first instance, 
as is well known, the Correspondence Principle asserts, on 
uccount of the asymptotic equality of frequencies for large 
quantum numbers, a similar asymptotic equality between 
the intensities and polarizations of the light radiated by atoms 
(or molecules) according to the classical and the quantum 
theories. This assertion is unambiguous and quantitative. 
Outside the region of large quantum numbers the switches 
of the quantum theory can still be unambiguously related 
to terms in the Fourier development of the electrical moment 
of the atom (or molecule), and the frequencies of the light 
emitted according to the quantum theory can still be quanti- 
tatively described in terms of the mechanical motions. It 
is, howover, only possible in general to postulate a quali- 
tative correspondence between the probabilities of quantum 
switches and the Fourier coefficients, and so only a qualitative 
connexion between intensities and polarizations in the two 
theories. The lack of any more quantitative general corre- 
spondence is natural enough, and in fact essential, since the 
response of atoms to radiation, whether or not described in 


* Communicated by the Author. 
t Heisenberg, Zeit. für Phys. xxxi. p. 617 (1925). 
t Landé, “erster stufe” 
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terms of virtual oscillators, can only be connected in a 
symbolical way with the mechanical motions in the stationary 
states. 

One significant exception has been recognized from the 
first *—that the complete absence of particular terms of the 
Fourier series may be taken to imply that the corresponding 
switches of the quantum theory never occur with emission or 
absorption of radiation (or only with certain polarizations). 
Their probabilities (or some of their component probabilities) 
are exactly zero. Such an application—valid for all quantum 
numbers and not merely asymptotically—will be described 
as refined. This first refined application is of course of 
particular importance in band-spectra, for progress in their 
theory would have been entirely impossible without the 
resulting selection rule Am= +1 or Am=0, +1 for changes 
of the rotational quantum number m. The argument in this 
refined application may be stated thus :—On the classical 
theory the atom would never emit or absorb radiation of such 
and such frequencies. It must therefore be presumed that 
the corresponding quantum switches will never occur. 

Quite recently it has been shown, especially by Heisenberg, 
that other such refined applications can be made. The 
simplest and most certain of these is the one required in the 
present paper. On the classical theory an atom, of the 
usual tigehtly coupled core-series-electron type, will emit 
radiation of a total amount which does not depend on the 
angle between the plane of the orbit of the series electron 
and the axis of resultant angular momentum. [The in- 
tensities of the various components in the light will of course 
depend notably on this angle.] It must therefore be expected 
that the corresponding total emission in the quantum theory 
will not depend on this angle—i. e. not depend on the third 
quantum number j. [The independence in this case is not 
absolutely exact on the classical theory ; it would be in 
default by quantities of the extremely small order @,/, 
compared with 1, where w; is the precessional frequency of 
the orbital plane, and w, the frequency of the electron in 
its quasi-Keplerian orbit, but one must believe that this is 
trivial.] This refined application leads at once, as Heisen- 
berg has shown, to the exact Ornstein—Burger—Dorgelo + 
summation rules. In the hands of Kronig ¢ (in conjunction 


* Bohr, Danske Vid. Selsk. Skrifter, iv. p. 16 (1918). 

t Zeit. für Phys. xxiii. p. 258; xxiv. p. 24; xxviii. p. 180; xxix. p. 241 
(1924). 

t Kronig, Zeit, für Phys. xxxi. p. 885 (1925). 
Phil. Mag. 8. 6. Vol. 49. No. 294. June 1925. iN 
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with a normul asymptotic application) it has yielded com- 
plete exact rules for the intensity ratios of all the lines in 
any multiplet [other than intercombinations] in any spectrum 
of the first rank, and of all their Zeeman components in 
weak and strong ‘fields. Theory and experiment appear to 
be in full agreement, though a wider range of experimental 
material is required *, 

The common idea underlving these refined applications is 
that when classical theory demands unambiguously a certain 
null effect, then the quantum theory also must provide fora 
similar null effect ; whereas when there is a certain positive 
effect in the classical theory there will be some positive 
effect in the quantum theory which need only (and generally 
will only) be asymptotically the same for large quantum 
numbers. It is evident that a similar refined application can 
be made to the theory of line-intensities in band-spectra— 
put simply, that the Ornstein—Burger—Dorgelo summation 
rues must hold for the lines of a single band, other than a 
pure rotation band, just as for the lines of a single multiplet. 
The rest of this paper will be concerned with the formal 
development of these rules in various cases and their com- 
parison with observations, The rules themselves are pro- 
bably more reliable than our theoretical knowledge of the 
weights of the various molecular states, at least in certain 
cases, and a quantitative study of line intensities in a band 
may well throw light on these and other points in molecular 
structure. 

With regard to the experimental facts, the general 
symmetry of the observed intensities of the lines in the 
positive and negative branches of a band is well known. It 
is found both in infra-red absorption bands (e. u. HCI) and 
in the more complicated bands in the visible region (e. a. 
t Cyanogen ”? bands) f. The intensities of the lines: increase 
regularly from the bevinning of the branches, attain a 
maximum intensity and then fade away. The position of 
the maximum on the branch exhibits a well-recognized 
dependence on temperature, which has even been tentatively 
employed as an index of the temperature of stellar reversing 


* Besides the refined applications relevant here, two other such appli- 
cations, equally interesting, have been proposed by Heisenberg (loe. cit.) 
one to the problem of spectroscopic continuity, and the other to the state 
of polarization of scattered and resonance radiation, and the experiments 
of Wood and Ellett. These can only be mentioned in passing, but ther 
appear strongly to confirm the validity of the whole idea on whicb 
refined applications are based. 

t Sommerfeld, Atombau u. Spektrailinien, ed. 4, pp. 711, 722-4. 


Principle to Theory of Line-intensities in Band-spectra. 1275 


Jayers*. The theory of these intensities has recently been 
taken up by Kemblet+, who has pointed out the apparent 
difficulty that the first pair of lines in the positive and 
negative branches of a band are now normally classified as 
due to the (absorption) switches 4—>3 and 3->4 respectively 
in rotational quantum number f. It is not immediately 
obvious that there is any theoretical reason, purely on grounds 
of symmetry, for the equality in strength of these two lines. 
Kemble experiments with various solutions, and decides in 
favour of one which js in substantial agreement with experi- 
ment, and is based on a tentative application of the Corre- 
spondence Principle, in essentials the same as that established 
hy Heisenberg and described above. It will be one object 
of this paper to bring Kemble’s suggestion into its proper 
relationship with other refined applications of the Corre- 
spondence Principle, and to show that unambiguous results 
can be reached practically without calculation. 


§ 2. Bund structure.—An adequate model for the discussion 
of the structure of a simple band or set of bands is the 
oscillating-rotating dipole. It follows at once, by the old 
refined application of the Correspondence Principle, that 
the selection rule for mis Am=+1. A null branch, Am = 0, 
n only occur if the molecule has an electric moment 
along its axis of rotation. In no circumstances can this 
model or the generalizations of Kramers and Pauli § lead to 
any selection rule more general than Am=0, +1. For any 
model the structure of a simple band with no zero branch is 
now usually represented formally as under. The arrows 


mer 2 3 Ao ----- 
oe w, ina Da n 
i © s a ge - ,@ . 0 
$ B S 
+ ~ 
2 E 
(O) e e e 
ay = Ty, GIo Wy; GW, Pema 
mte= l 2 3 4: P 


represent the various absorption switches in m, and the B,+ 
against them the relative molecular absorption probabilities ||. 


* Birge, Astrophys. J. lv. p. 273 (1922). 

+ Kemble, Phys. Rev. xxv p. 1 (1925). 

t Sommerfeld, loc. cit. p. 712. 

§ Kramers & Pauli, Zeit. für Phys. xin. p. 851 (1923). 

| Ditterent suffix letters, n and m, will be deliberately used for lines 
‘and states. This may help to avoid confusion. 


4N? 
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It is assumed that the initial and final states can be paired 
in such a way that for any pair both m and @ are equal. 
This follows for any simple model from the principles of 
the quantum theory, and may be true in general. On any 
simple theory we must also expect that 


o,kLm+teta (a,x 1+, etc.), 


where æ is constant. [For simple dipoles æ is probally 
either —4 or 0. It can be left indefinite in the following 
ony . . 

arguments.] The relative numbers of molecules in the 
various initial states in statistical equilibrium will be 
proportional to 
—ôm? T 

9 e 


Es Som 3 d1 


where 6 is (roughly) constant and T is the absolute temper- 
ature. [This formula will be slightly modified on the theory 
of Kramers and Pauli.] 


T nE 


§ 3. The Summation Rules, and the relative Absorption 
Coeficients—To make the necessary further refined appli- 
cation of the Correspondence Principle, we have only to 
observe that on the classical theory the total reaction ot the 
oscillating-vibrating dipole (or similar model) to radiation 
must to a close approximation be independent of the 
rotational quantum number m. This will be true so long as 
the frequency of rotation ø is very small compared with the 
vibration frequency w, and so long as the centrifugal force 
does not appreciably affect the vibrational motion, which is 
secured by the same condition. The deviations from equality 
must be expected to be of the order o/@ compared with 1, 
so that the equality will hold so long as m is not too large. 
It follows at once, by a refined application, that, so long as 
we may ignore ditferences of wave-length among the 
switches, 

B,t = B +B: t =B + B,*=...... e (2) 

A second set of equations is obtained by the application 
of the same argument to the process of emission. Denote 
the corresponding molecular emission coefficients by A,*. 


Then 
AT =A t +A =A,t +A37 =...... * e (3) 


The A,*+ and B,+ are (or are proportional to) Einsteins 
probability coeficients, and according to his well-known 
analysis satisfy the equations 


Srhr? rhv? 


eo Ta Dat = a4 A, 7, ae: =~ 41B,7 =a, A, ï (i) 
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Again ignoring differences of wave-length, equation (4) 
indicates that for each switch 


Gp Bat /ongiAn? or Bat Bn T, no 


is constant. To put these equations in symmetrical form, 
let us write 


w, B, =b, Sry Ba =n. a E (5) 
The 4,4 then denote the product of the molecular absorption 
probabilities in any state by the weight of that state, and in 
terms of the b= the equations (2) and (3) can be written * 


iaa E Mg Zi F e on 
AU a E a E 


con] BD, 3 
b bt + 6.7 _ he + hs _ =. (T) 
5, — oy — Tg a a ae — . . 


Relative absorption coefficients for the different lines are 
given by the ratios of the b,+ multiplied by the exponential 
factors only from (1). 
Equations (6) and (7) suffice to determine all the 4,* in 
terms of X and Y, but do not immediately determine the 
ratio X/Y itself. If we solve (6) and (7) for h+ we find 


bt =(a,+ rot...) XL (Tr tH Tnt. T (x) 
ba =(T, + D2 +, ee JY —(@n-1+ @n-3t- ee JX 


Hence if any pair of ha are equal, then X=Y and all 
pairs of b, must be equal. That X and Y must in general 
be equal can be inferred in several ways, of which the most 
fundamental seems to rest on a further refined application 
of the Correspondence Principle. We have already seen m 
this way that the total radiative activity of any state of the 
molecule must not depend on the rotation. Suppose the 
molecule can be reduced to rest and possesses two vibrational 
states. There will be certain probabilities for the switehes 
to and from these states, connected by Binstein’s equations. 
Its total radiative activity must, however, be the same as if 
it were rotating, and the same relation must therefore hold 
between the probability coetticients, although in the rotating 
states these are no longer paired together, If we form 
Einstein's eyuation for the non-rotating states in the notation 
of equations (6) and (7), we find l'=b". By the refined 

* These arguments form of conrse the general basis for the inter- 
retation of the rules of Ornstein, Burger, and Dorgelo. They have 
ae repeated here in detail, particularly to stress the independence of 


(6) and (7) of temperature, which is far more important here than in 
the theory of atomie spectra. 
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application of the Correspondence Principle here in question, 
we must have §'=6,+ and b"=h,7, so that 6,+=6,7, and 
therefore X =Y etc., as above. 

This argument is somewhat unusual, and it is comforting 
to confirm it by other arguments, formally simpler but less 
direct. The asymptotic equality of pairs of b, in the limit 
of large n can be inferred from an ordinary application cf 
the Correspondence Principle. This implies X=Y. Again, 
using o,,=m+a, we find 


a ee ee 
boy =n(n+a)(Y—A)FrY., 
There is therefore an algebraic necessity for X=Y, for 
otherwise, for sufficiently large n, we arrive at impossible 
negative intensities. We conclude that 
his Sha =nX = (Sma) N, 


baat = ban- =(n + a) X = }( Tn-1 + a+ L)X. 


ee we (0 


i (o,=nt 2). 
(10) 


The actual relative absorption coefficients ant will be given 
by multiplying the b, of (10) by the temperature factor. 
Thus 


Big SNE. aia Guta) Ne en ene, (11) 
an ERAS SA a 1 (nba) Ne e 


$4. Jnjra-red bands, in particular of ITCL—If a= -3, 
and variations of wave-length are ignored (the theory can 
hardly be extended so far as to make their inclusion simi- 
ficant), formula (10) gives bt a sequence of values pro- 
portional to 2, 4, 6, 8,..... IE a=0 the sequence is 
4, 4.3, 3,12, 12,..... By an argument based as stated 
on the same fundamental idea, but differing in detailed 
development *, Kemble arrives at a formula [(21) of his 
paper] for the absorption coefficients, equivalent to (10) and 
(11) here if the b+ have the sequence of values 3, 5, 7, 9, ...- 
He has further shown that his formula is in substantial 
agreement with the observations on the main band of HCl 
at 3.5. The observations could hardly distinguish between 
KRemble’s sequence of 6,+ and the sequence 2, 4, 6, 8...- 
or perhaps even 4, 4, 8, 8,12, 12,.... The present theory 
may therefore the taken to be equally in agreement with 
experiment. There are no outstanding discrepancies, in 
particular none for the first pair of lines, and the positions 

* I do not think that Wemble’s development can be maintained 
again-t the more direct development of this paper. 
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of the lines of maximum intensity are properly predicted not 
only for this band but also for the overtone band at 1'7 p 
and for the bands of HF and HBr. It will be observed that 
the predicted line intensities are slightly asymmetrical owing 
to the temperature factor ; in cases of absorption such as 
these «a t >a. The absorption line of shorter wave-length 
should be stronger, by a factor depending on the temperature, 
than the corresponding line of longer wave-length in the other 
branch. In the usual terminology, in ab- sorption the positive 
branch should be stronger than the negative. 

It must not be for gotten, a point brought out by Kemble, 
that the observations. vive total percentage absorptions by a 
given length of absorbing gas, so that except when hess 
percentages are less than 20 or at most 30, they cannot be 
directly compared with atomic absorption coethicients. A 
detailed study of the temperature variation of the relative 
intensities of the HCI and other absorption bands, especially 
when the total absorption is never allowed to get too high, 
might provide information of interest. It hardly seems 
possibie i in view of the success of similar refined applications 
of the Correspondence Principle in other fields to doubt 
the correctness of equations (11) for not too large n if the 
assumed structure of § 2 is correct. 

When we attempt to compare the observations on other 
infra-red bands * with equations (11), especially in respect 
of the predicted asymmetry, we meet with grave anomalics, 
L. In the overtone band of HClat 1°75 D u, the total absorption 
lies between 20 per cent. and 30 per cent. and favours a 
comparison with theory. The first pair of lines appear 
equal, In all other pairs except the 3rd, the line of shorter 
wave-length (tha positive branch) is (apparently) the 
stronger, according to theory. The 3rd pair, of maximum 
intensity, is exceptional, II. In the band of HF at 25 
again the tirst pair are equal and the other pairs except the 
2nd (maximum pair) stronger in the positive branch, The 
absorptions here, however, are rather high, running up to 
90 per cent. IIT. In the band of HBr at 3°9 p the lines in 
the negative branch are nniformly stronger! If attention is 
paid only to the single maximum line, then in all these 
cases, including perhaps even the main band of HCI, one is 
tempted to say “that the negative branch is the stronger, but 
T believe this generalization to be quite unwarranted by the 
observations recorded. There is, however, clearly occasion 
here for further interesting experimental work for compariscn 


with theory. 
* Imes, Astrophys, J. 1. p. 261 (1919). 
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Quantitative comparisons beyond those worked out bv 
Kemble are hardly likely to be of value, except perhaps for 
the small absorptions in the overtone band of HCl. It 
fu'lows at once from equations (11) that 


a + 
R  (2n—2e+1).T 
Xn 


J... (FD 


[For simplicity the most probable case e=}3, a = —$ will 
alone be considered.) It follows further that if n* is the 
value of n (not necessarily integral) for which the po-itive 
branch attains its maximum intensity, then 

(nx) T =1. .. we CY) 
Therefore 


= ert”, 


oo at a ED 


an 


For HCl as recorded by Imes, n*=3. The com puted and 
observed intensity ratios are as follows :— 


| Ratios. 
be 2 i 
n. | Obs Cale. 
SS fee eet MeN Sa 
| Sareea | 1:0 | 1:1 
A EET TEES i 1:15 | 1:2 
Sees . O95 1-4 
! E 
r E E 1:3 1-5 
ENE T 12 7o 
| 1:25 1-8 | 
| 


The entries for the observed ratios are very rough, being 
obtained merely by reading off marimum ordinates. The 
greatest absorption is only 36 per cent. In spite of the 
deviations, which are of a type which must contain large 
experimental errors, there is no reason to believe in any 
systematic deviation from the theory. At least the some- 
times expressed opinion that the negative branch (of longer 
wave-length) is the stronger is not borne out by these 
observations. 

§5. Visible bands, and bands with zero branches. —Banas 
in the visible and ultra-violet regions are in general studied 
in emission, and in general the constant & in equation (1) ìs 
very small, The temperature factor can only be sensible 
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for small m if the molacule contains at most one atom 
heavier than He. Moreover, the effective temperature of 
the emitting material will normally be controlled by the 
mean energy of the bombarding electrons and so in general 
be very high. The intensities of the earlier emission lines 
should tie cclore be effectively proportional to 6,+. The 
intensities will bə cut down to zero by the temperature 
factors later in the sequences. We should therefore get 
full symmetry in the initial intensities of the positive and 
negative branches of a band with no zero branch, which at 
first increase steadily along the branches according to the 
law (10). The general features of this intensity distribution 
are precisely those observed, but it will be interesting to 
know in detail whether the law (10), and if so for what 
value of «, is quantitatively observed in the early lines. I£ 
a=—t4 the early intensities will be in arithmetical pro- 
gression. If a=0 they will be equal in pairs, and the pairs 
will be in such a progression, Such evidence as is aeai 
is discussed in § 6. 

We can write down in a similar way some of these 
equations for the intensities in the more usual type of bands 
which contain zero branches, corresponding to Am=0. 
Let 4,° have the same meaning oe the zero branch that bE 
have for the other branches. Then 
DP bye dy bP A bt dy hs tbat =X l 

— ammen — o e è o TT 4 9 


Wy Wo Ds 


by $d btb O DT tbs det Ea (12) 


Jı Wy D3 


From the sy rmmetry of these equations it is at once clear 
that if 4,7 =b, for any value of n, then X=Y and b, = 0,7 
for all values of u. We can again conclude by a refined 
application of the Correspondence Principle to a comparison 
of the rotating molecule with the molecule at rest that 
bt=b and therefore that X=Y cte., as before. The 
temperatare factors in such bands are usually unimportant 
for early n’s. The theory thus still predicts the observed 
symmetry, and in addition the relations 

O a = LO + hy? + b7 als + bt +b x 5 

i e a EN 


Gy Bo 3 


between the intensities of the zero and the positive (or 
negative) branch. 

It is clear that the equations above give the maximum 
inform ition possible without more detailed molecular models. 


1282 Mr. R. H. Fowler on Applications of Correspondence 


The pictorial value of these is still somewhat uncertain, but 
perhaps the use of a particular model, and an attempt to 
proceed bevond equations (13), similar to Kronig’s work, 
may not be entirely unfruitfal Let us consider the ‘following 
model :—a quasi-rigid diatomic molecule, moving like a 
spinning-top, with an electronic moment of momentum 
gh/2m about the line of nuclei, in steady precessional motion 
about its invariable axis with a total moment of momentum 
mhj?mr (m>)j). The rigid body contains an electric moment 
(expressed in multiple Fourier Series) with components 
along the line of nuclei and along axes at right angles. Let 
the electric moment, when the line of nuclei of the molecule 
is at rest, have components X, Y, Z along axes fixed in space 
given by i 

XSI Ne a a e a a H) 


ete., where X, i is a complex number and X_, its conjugate. 
The axis Z is the line of nuclei. Now suppose that the 
invariable axis R lies in the plane of Z and X and makes 
an angle @ with OZ, necessarily such that 

cos ĝ=jjm. o... a (19) 


Take a set of three instantaneous axes P, Q, R of which Q 
coincides with Y. Then the amplitudes of the electric 
moments along these axes are 


R,=Z, cos 0+ X, sin ð, 
Q,= ï 73 
P, = —Z,sin8 + X, cosð. 
These axes are, however, rotating about OR with frequency o. 
The electrig moments P,°, Qr°, Rr, referred to axes fixed in 
space, momentarily coinciding with P, Q, R, are therefore 
R,°=Z, cos + Xrsin 0, 
Pr9+ iQ L= (Pet iQ eris 
= {(— Zrsin ð+ Xr cos 0) +1Yr}e7-*™. 
It follows that the squares of the amplitudes of the com- 


ponents of frequencies (@7)+e@ in both P and Q are 
respectively 


1{(—Z; sin + X, cos 6) 7 iY} 
{—Z_,sin9+X_,cos9)-+iY_ry. . (lb) 
In evaluating this expression we must, however, remember 


that the vara hle axis R mav have any position whatever in 
the XY plane of the molecule and that the square of the 
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amplitude above must be averaged over all such positions to 
vive the mean square amplitude for a number of atoms. 
This means that we must replace X; and Yr by zero, X-;X_, 
and Yr¥_, by $(X,;X_7+Y,Y_,r), whilo X_-Y;—X,Y_-; 
is invariant. 

The mean value of the expression (16) is therefore 


3{Z;,Z_, sin? 0+ 4(X,;X_-+ Y-Y_,)(L + cos? @) 
+i(X_,Y;—XrY_,) cos 8}. (17): 


The mean square amplitude of the corresponding term of 
frequency (wt) in R is the mean value of 


(Zr cos 0 + X-sin @)(Z_, cos 64-X_,sin@), 
or 


ZrZ-r cos? 0 +4(X-X-r4 Y-Y-r)sin? ð. . (18) 


To the approximation which ignores the frequency differences 
between (wT)+e and (7), the rate of radiation of energy 
is proportional to the sum of the squared amplitudes, and is 
therefore independent, as it should be, of 8. 

It is a deduction therefore from classical theory that the 
intensities in the positive, negative, and zero branches of a 


classical band should all be expressible in the form 


Q(cos 0), 


where Q is a quadratic. Since cos 9=)/m, we are therefore 
entitled (following Kronig) to assume that the molecular 
emission coefhcients (Iinstein’s A’s) can be expressed in 


the torm 
QD: (m), 


where Q, and Q, are both quadratic Functions. We have, 
however, worked above in terms of b,, where each b is 
proportional to the corresponding wA, @ being the weight 
of the state from which the emission switch A starts. Thus 
we are entitled to assert that, in the quantum theory, we 


shall find 


Qi) 
Ta l 
b, OGL? 

ae Q (n) Q 
b, = 0, ° e e e e (1! ) 
| Omg Q”) 

n Fy Q: s(n)?’ 


all the Q’s being quadratics. Since we have already proved 
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that b t =b,7, we must have 


Siig n =a Tr Qy o (m =n+a). 


Tt follows that @, must be a factor of either Q, or Q,’ and 
similarly for wa415 all possibilities reduce to two, 


L(n) Q(n) 
P t = fee Se 
bs LEESI Qi) or L(a)’ 


where L(n) is a linear function. The form of L,° must be 
left veneral, as in (19) above. We have to satisfy equations 
(13) with functions of the form (20). In the first case the 
form of L(x) is determined by the initial condition that 6,7 
must vanish for the first state (4,7=0). We may suppose 
further that from the structure of the molecule and the 
Correspondence Principle we know the ratio b,?/b,* (sav «:4) 
for large n. We can therefore assume 


=  a(n+a+ I(n+a)n 3 | 
o +e) +A) By) (21) 
b,°= x(n -Fa) (n+, J+ Do) y ( spe et, “Meeks 


(20) 


~ (Le) (n+ A) (n+ By) 


There are then as many conditions to be satisfied as there 
are undetermined coethcients, and just two solutions of the 
equations (13) as an identity in n. This is easily verified. 
One of these is 


l 
Toa eee 


The other coincides with (22) when a=—Ł}. When 
a+ —ł neither solution is physically significant, since it is 
easily found that b,° does not vanish with æ. That it must 
so vanish follows at once from the usual refined application 
of the Correspondence Principle. This however is to he 
expected, since when a£— 4 our original solution for no 
zero branch cannot be put into the form (19), for odd and 
even bs must be represented by different formule. The 
second alternative in (20) requires us to assume that 


jeez n(n + Aj) X, 


(1+x)( ne; ) 
1,0 x(n + a(n + An + Be). 
= (delat Ept Dz) * 


oo. (22) 
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The form of the factor n is determined by the initial 
condition. In this case there is one more unknown than. 
condition, and there are two solutions, one of which is (22). 
and the other contains an arbitrary constant. This latter, 
however, reduces to (22) when a=—4, and again when. 
a% —} neither solution is physically significant. When 
ax—+ we must therefore assume different forms for bz, 
and banı. These can be treated in the same way and 
solutions obtained, but it does not seem desirable to pursue 
such speculations further until experimental material is. 
available. 


§6. Comparison with observation on visible bands.—(i.): 
lodine Bands. R. W. Wood’s * observations on the fluorescent 
spectrum of I; vapour under stimulus by the Hg green line 
provide a delicate test of part of the foregoing theory (when 
there is no zero band), tor atoms are present in a single- 
initial state and emit the lines (n)* and (n+1)~ with 
intensities proportional to A,* and A,4,7. There are no. 
statistical complications. The intensities emitted must 
therefore by (4) and (5) be proportional to 6,* and b,4,7.. 
The analysis of these observations by Lenz f shows that n 
lies between 8 and 10. The ratio of the intensities should. 
theoretically be 


ce goa, eae age IO as al 
by” aa 5 +a’ biy” 5 


(a=0, or — 3): 


Wood states that under conditions free from subsequent 
reabsorption in the I, vapour all the pairs of fluorescent 
lines show equal intensities in every one of the 20 to 30. 
bands. The observations are probably in accord with theory 
for either value of a. The theory might demand a difference. 
of as much as 10 per cent. in intensity in favour of the line: 
of the negative branch (longer wave-length), which would 
scarcely have been recorded, as the lines do not appear to. 
have been studied photometrically. 

(ii.) Other Emission Bands $. The experimental material. 


* R. W. Wood, Phil. Mag. xxxv. p. 236 (1918). 

t Lenz, Phys. Zeit. xxi. p. C91 (1920). 

t I believe that I have followed Sommerfeld and Kratzer (Sommer- 
feld, doe. cit.) in calling “positive” that branch whose corresponding 
lines are of shorter wave-length. This branch is, however, frequently 
called R, or negative. Danger of confusion will be avoided if the 
definition “ branch of shorter wave-lengths” is consistently borne in. 
mind. 
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available for discussion is as follow :—(A) An examination 
of intensities in the “ Cyanogen band” A3883 by Birge * 
He gives no details, but states that when n*= 30-4 the 
intensities in his spectrograms are well represented by the 
formula 

aj=Cv "eas, 
from n=5 to n=137, if cg is adjusted to give the correct 1” 
The intensity curves of the two branches are similar in 
shape, but the branch of longer wave-lengths (Heulinger’s P) 
is from 10 per cent. to 20 per cent. the more intense. The 
theoretical formula (ne~%"") is stated to give the position of 
the maximum correctly, but to give intensities five times 
too small at the end of the band. This band is difheult for 
intensity work owing to the close spacing of the lines. The 
intensity difference in the two branches is confirmed by 
Schwan t. 


(B) Intensities in the band-speectrum of copper (probably 
(‘uH) are recorded by Frerichs ł}. He gives intensity curves 
for the two branches of three bands with maxima at about 
n% =13, 14. The intensities of the early lines of the two 
branches in these bands are closely equal, and increase 
regularly and apparently linearly with n (not like »??), bat 
intensity differences develop towards the maxima, and there- 
after the branch of longer wave-lengths (Frerichs? P) is 
uniformly the more intense. At tho maxima the amounts 
as read from his figure 1 are 27 per cent., 13 per cent., and 
ll per cent. Bey ‘ond the maxima the percentage ditference 
seems to show a general tendency to go on increasing. 


(C) Some intensities, which do not claim to be more than 
‘fragmentary, are recorded by masevencer for two of the 
negative Nitrogen bands (43914, 42%). The initial linear 
increase in intensity seems well shown and the approximate 
initial equality in the branches. Maxima occur at about 
n*=10, and the branch of longer wave-lengths is the more 
intense. ‘The curves are not certain enough to give a 
quantitative intensity ratio. 

To compare these results with the theory (for simplicity 


* Dirge, loc. ect, 

+ M. Schwan, Diss. Bonn (1923). Not available for reference. 
‘Quoted by Frerichs, see below, 

t Frerichs, Zeit. fiir Phys. xx. p. 170 (19283-4). 

§ Fassbender, Zeit. für Phys. xxx. p. 73 (1924). 
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with a= —}, e=4) we have for emission 
ay = Xn gmlt T, Aa, = Xn e (n— 3)? ‘ (23) 
ay 


Am en) (24) 


On the whole it appears as if the early lines have the 
proper sort of increase of intensity demanded by (10 or (13), 
but this conclusion must be tentative. On the other hand, 
the theory does definitely predict that the branch of lonyer 
wave-length should be the more intense in emission according 
to (24), and this is qualitatively in agreement with obser- 
vation. For n=n*= 134, equation (24) gives 7% per cent. 
instead of the 27, 13, 11 per cent. recorded above. For 
Birge’s Cyanogen ‘band with n% = 30-4 it gives 3°3 per cent. 
at the maximum, rising to 15 per cent. at the end of the 
band (observed 10 per cent. to 20 per cent.). The shape of 
the observed and theoretical intensity curves would not be in 
good agreement, but much distortion is possible in emission 
bands purely from distortions of statistical equilibrium on 
which the temperature factor in (23) is based. 

One can rest fairly content with the generai agreement on 
existing data in the hope of confirmation or refutation to 
come, but one fundamental point must be made. According 
to the present theory the branch of longer wave-lengths must be 
stronger in emission, the branch of shorter wave-lengths in 
absorption, owing solely to statistical temperature factors. 
Both these requirements are confirmed by observation, if my 
interpretation of the infra-red absorptions is accepted, but 
this is admittedly doubtful and can be, and has been, 
questioned *. If one branch is to be the stronger both in 
emission and absorption, this can only be due to unequal 

values of bat and 6,7. 1 believe that it would then have to 
be concluded that the structure given in § 2 must be radically 
altered. If one branch really is stronger in emission and 
the other in absorption, then this must primarily be a 
statistical temperature effect, and must be investigated as 
such. Points such as these, however, cannot be usefull 
diseussed further at this stage. 


§ 7. Aratzer’s doublet theory. —Kratzer has proposed a 
theory of bands in which it is necessary to distinguish between 
positive and negative values of m. Cor responding positive 
and negative values form close doublets, except for the first 


* Frerichs, doc, cit. p. 178. 
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line of each branch which is single. It is at present doubtful 
what field of validity (if any) this theory has, but it may be 
noticed that the intensity theory of this paper has an 
immediate application to such bands. Equations (10) con- 
tinue to hold unaltered, but now all the /,+ except b+ must 
be regarded as the sum (b,£), + (4,4). of the contributions 
of Kratzer’s doublet. The theory however gives in addition 
the ratios (b,+),/(b.+)2, which must be practically unity 
except for small values of n. For small values they are 
slightly uncertain as they depend effectively on the precise 
distribution of the weight m between the equal positive and 
negative values of m. A study of such doublet intensities 


might throw further light on Kratzer’s theory, and perlay> 
on the weights themselves. 


§ 38. Summary.—A general summary of the Correspondence 
Principle and its “refined” applications is given, with 
special reference to band-spectra. It is shown that the 
intensities of the lines in a single band must be expected to 
obey summation rules similar to those first recognized by 
Ornstein, Burger, and Dorgelo in atomic spectra. Precise 
formule for the relative intensifies are given in terms of the 
weights for the lines of any band without a zero branch. 
With the help of particular molecular models the theory can 
probably be extended to include bands with zero branches. 
So far as the present rather meagre experimental data ean 
tuke us, the theory seems to be in agreement with fact. It 
promises, when better experimental data are availible, 10 
provide direct evidence as to the weights of the states of a 
rotating molecule, and thus fill up an important gap in 
existing theory. It therefore suggests lines for fruitful 
experimental work. 


In conclusion it is a pleasure to acknowledge the 
advantages I have derived trem opportunities of discussion 
of these points with Prof. Bohr and Drs. Kramers ani 
Heisenberg, and to tender my best tharks to the International 


Education Board for contributing so materially to these 
opportunities. 


"Ren 
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CXXIX. The Siuniticance of Spectroscopic Magneton Numbers. 
By Evuusp C. Stoner, PAD. 'ambridye), Lecturer in 
Physics at the University of Leeds * 


l. Introduction. 


(PXIE phenomena connected with the multiplet structure 

of spectral lines and the general Zeeman effect, while 
extraordinarily complicated, have been empirically co- 
ordinated in a very satisfactory and coherent manner by 
the work in particular of Landé and Sommerfeld. While 
assumed structures of the atom based on the usual quantum 
theory postulates have been of service in snggesting the 
kinds of relations to be anticipated, in detail it has proved 
impossible to deduce the experimentally correct relations as 
resulting from the properties which the atoms would natur- 
ally be supposed to possess. Independently of the fact that 
half quantum numbers have had to be introduced, the results 
have seemed to suggest that the ratio of the angular and 
magnetic atomic moments is by no means always ‘the same, 
as required by classical quantum theory. To the core of tho 
atom, for example, a double magnetic effect is ascribed. 
The experimental investigation of the gyromagnetic effect, 
moreover, has piven some ground for the belief that these 
aonais are fundamental ; “and this has led to: thie view that 
a basic alteration in the formulation of the quantum theory 
will be necessary before maygneto-spectral atomic effects can 
be explained. 

It seems, however, as though too complete a preoccupation 
with tue complexity of the domain as a whole has rather 
obscured some of the strikingly “normal” features which 
emerge froma direct consideration of simpler particular cases, 
It is these which it is proposed to discuss here. Many of the 
results are inherent in the treatments of Landé and Sommer- 
feld; but while they there appear as special cases of 
anomaly, here they are obtained directly from a more 
straightforward and natural application of ordinary quantum 
ideas. In so far as this is possible, it suggests that the 
general phenomena may eventually ke embodied in a scheme 
which is not purely artificial and formal. 


* Communicated by Prof. R. Whiddington, F.R.S 
Phil. Mag. S. 6. Vol. 49. No. 294. June 1925. 40 
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An outline of the Landé-Sommerfeld systems of classifi- 
cation, and the method of coordination of results based 
on them, is first given (2), the results being discussed 
with reference to the formal physical model interpretations 
which have been used (3). It is shown that an assumption 
that has hitherto been made tacitly—that ma values 
correspond to magnetic moments—is Justified (4). The 
simplor cases are then considered, leading to results which 
avree with what would be expected theoreticaily (5). 
These results are applied to the elucidation of the signit- 
cance of the variation of spectral types across the periodic 
table (5); and core magnetic moments deduced are cor- 
related with those obtained for ions in solution (6). Atter 
some general remarks concerning the occurrence of different 
relative orientations of the magnetic moments of a core 
and electron orbit (7), the question of angular momenta 
and the assignment of inner quantum numbers is briefly 
discussed (8). Finally the possibility of a magnetic inter- 
pretation of multiplet separations is considered, a qualitative 
explanation being given of the significance of “inverted ” 
terms (9). The paper concludes with a summary (10). 


2. The Correlation of the Experimental Observations *. 


Spectral terms may be classified by assigning to them 
a total quantum number, n, an azimuthal number, k, and an 
inner quantum number, j. For s, p, d...terms, k has the 
values 1,2,3..., and normally transitions only occur for 
which & changes by unity. When there is more than 
one energy level corresponding to a given nk, the terms are 
differentiated by the inner quantum numbers. Jn the assign- 
ment of these, there is a considerable amount of arbitrari- 
ness ; but relative numbers may be given quite uniquely 
if it is assumed, as a fundamental postulate, that transitions 
only occur (normally) for which Aj=0 or +1. The 
number r will be used to indicate the “ permanent” term 
multiplicity (r=1, 2, 3... for singlets, doublets, triplets 
...)—the terms with the smaller 4’s usually not having the 
full number of components. In the following table are 
given the j values assigned by Sommerfeld on this basis :— 


æ For fuller details reference may be made to Sommerfeld : Atomhas 
und Spektrallinien, Ch. 8 (4tb Ed., 1924), and to Back and Laude: 
Leemancfiekt und Maultiplettstruktur (Springer, 1925). Probably the 
most important papers are:—Landé, Zeit. für Phys. xv. p. 159; xix. 
p. 112 (1923). Sommerfeld, Aun. der Phys. lxxiii. p- 209 (1924). 
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Tasie I.—) values (Sommerfeld). 


i | 

| Type | ? Aa | 

| of Term. "REN | 1 3 5 | 2 4 

| a i i. a 

| Pauia 1l | 0 | 1 | 2 | J 3 
| 

r Ppa 2 fa | 210 321 | 34| 833 

| ae fe | 321 t3210 $4 153] 


The terin components may then be distinguished by writing 
the inner quantum numbers as subscripts, triplet p terms 
being indicated by py, pis, pa For even series, 4 is added to 
the j value for convenience, giving pı and p for the p 
doublet terms. 

In a magnetic field each nkj term splits up into 2741 
equidistant components ; and the separation of these from 
the original position expressed in wave numbers is given by 


Av=mgAy, e e a.. (D) 


Here Ay, is the “normal” Larmor separation (eH/4ame), 
m thp magnetic quantum number which takes the values 
J, ial, j—2,...—j for each 7 term (and hence is integral 
for old multiplets, and half-integral for even multiplets), and 
g the Landé “ splitting factor” which may be written as 


s {a-@-Pp tate vf 
2 2j(j+ 1) 


The expression then covers completely the observations on 
the Zeeman effect in a weak magnetic field for ordinary 
spectra. (Second degree spectra of the neon type are more 
complicated and need not be considered at present.) 


g e w ee 2) 


3. Altempted Physical Interpretations. 


Several attempts have been made to interpret the formulæ 
by picture models of the atom. These differ in detail, butin 
general type they are similar; all present artificial and 
formal features, and indicate remarkable anomalies. Som- 
merfeld’s treatment will be briefly outlined. 

j is taken as the angular momentum of the atom as a 


402 
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whole (as a multiple of the unit 4/27), and is supposed tobe 
the resultant of the vector addition of the moment of the 
core js, and that added by the series electron ja, these being 
given hy | 
R= r—-)), ja=k—1, r=27.+ l: a w (3) 
Possible j values are then given by possible vector combkin- 
ations of js and ja giving values which are integral or half- 
integral according to js; the maximum and minimum values 
being 
Jai: = je tJa Jmin. = lJs—Ja , >. oe e œ (4) 
while for s terms it may he noted that j=).. 
When a magnetic field is applied, m is taken as the 


resultant angular momentum in the direction of the field. 
If pis the magnetic moment of the atom, then 


mij=cos(u,H).. ©... o (5) 
The change in energy of the configuration in the field is 
taken as 
AW=pH cos(u,H), ©... + @) 
m 
j? 


or, expressing Av as a multiple of Av,, and y and jas 
multiples of the Bohr units, 


so that Av =] .uH. 


Av=É.m ©... i) 


If the ratio between the magnetic and angular moments was 
constant—that is if Loth possessed the theoretical values and 
p was equal to j— then (7) would be equivalent to Av=m. 
Actually Av=mg, and therefore, on the basis of the above 
treatment, 


g=plj o o e © 6 oe (8) 


The splitting factor is therefore taken as giving the actual 
ratio of the magnetic to the angular moment of the atom, as 
opposed to the theoretical value 1. 

Knowing the type of spectrum (and hence} the value 
of r) to which an atom gives rise, it is clear that on the basis 
of the above equations, using the generalized and empirically 
correct value of g, the value for p for an atom in any Aj state 
may be determined, and also its component in the field 
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direction. In particular, for s terms 4=2),, while the 
maximum y is given by 


fie = 2 jetja e w e & a ee AY) 


In the attempts that have been made to deduce the g 
formula from the model (taking into account the j, and ja 
precessions about j), it has been taken as an empirical 
postulate that the core has a double magnetic effect. 
Working from this Sommerfeld, for example, deduces 


9, '°2  °2 
gag) tee. (10) 


This may be compared with the empirically correct expres- 
sion which may be written in the form 

yap HUD AGED miele D 
27 +1) 

It will be seen that, even assuming the core anomaly, the 
result arrived at is incorrect ; which is taken to indicate that 
two terms (jand j+1) must always be considered in 
deducing the spiitting factor for one of them. 

In a strong field the separations are always integral 
multiples of Avn, being given, in terms of this unit, tullow- 
ing Pauli, by 


m+j—ja for m>js—ja 
Ay= 
2m+j—je for m< j,—ju 


(11) 


|... 


An important generalization due to Pauli, which enables 
corresponding weak and strong mg values to be deduced, and 
which has been applied and extended by Landé, is the 
principle of the permanence of the g sums; Ly or Ying 
taken over all the j’s, for fixed values of r, k, and m, being 
the same for any field strength. Theseparations in a strong 
field, it should be noted, are measured not from each energy 
level, but from the “ centre of gravity ” of the whole set of 
J components of the nk term considered. 

From a model point of view, the core and series electron 
may be supposed to orientate independently, The virtually 
direct experimental fact that the mg values are integral in 
itself suggests strongly that the assignment of half quantam 
numbers to the core and electron has little physical signifi- 
cance. In attempting to derive the formula, dithculties 
similar to those for weak fields are encountered ; in particular 
it seems necessary to attribute double magnetic energy to 
the core. 
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4. The Gerlach and Stern Experiments. 


In the methods of treatment which have been summarized 
above it has been tacitly assumed that the mg values give a 
measure of the magnetic moment, and not of the mechanical 
moment, of the atom in the field direction. Now the change 
in energy due to the Larmor precession may be written 


AW = imr’[ (w+ 0)?—o’] 


= mrjwo, . 2. . « 2 6 « © (13) 


where o=" . Writing 7’=mr*e for the actual mechanical 
2me 


2 
erw 
moment, and p= 3 


for the corresponding magnetic 


moment, 
r y Mme, 
f AW a ea Pe lac ©. ee © o >o oœ (14) 
Using j and p for the values as multiples of Bolir units, 
writing AW/h = Av, and expressing this in terms of 
Av, (=0l iT), ie 
Âvs j=j aos 2 2 2 « a (19) 
Av is actually given by mg; but there is no a priori reason 
whatever for supposing that mg gives the magnetic rather 
than the angular moment, if these do not have their 
theoretical ratio. 

The Gerlach and Stern experiments *, however, justify 
the assumption made ; for in them the magnetic moment of 
atoms in the field direction is directly measured from the 
deflexion of a stream of atoms in a non-homogeneous mag- 
netic field. For Ag, Cu, Au, p= +1, corresponding to the 
normal s state with mg=+l1. For Zn, Cd, Hg p=, 
corresponding to the singlet S state (mg=0). For TI tie 
separation is much smaller, and in approximate agreement 
with the vilue to be expected of the normal state is the p 
with mg= + 1/3. 

There is thus experimental evidence that the mg values 
do give the actual magnetic moments of tle atoms. Now 
the j values cannot be found directly : they are assigned 
primarily in such a way as to provide a simple selection 
principle for allowable transitions (Aj 1); and so may have 
no direct physical significance. 

The gyromagnetic effect may be investigated by measuring 
the angular momentum of reaction due to magnetization 
of a (ferromagnetic) rod or wire. The ratio between the 
magnetic moment (M) and the angular moment (J) ant- 
cipated is 

J/M = mele. o... © « (16) 
* Ann. d. Phys. Ixxiv. p. 673 (1924) ; lxavi. p. 163 (1925). 
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The ratio is found to be constant, and the directions are in 
agreement with the view that the elementary magnets 
consist of rotating electrons ; but the value of the ratio 
is exactly half that expected, suggesting that for the atoms 
or units concerned 

PS de es ow oe we GD 


For atoms in an s state this would be anticipated, if 
Sommerfeld’s formulation had definite physical signi- 
ficance ; but there is no reason to suppose that the units 
concerned in Fe, Ni, Co, and Heusler alloys—all of which 
have been tried—should all be in an s state. Actually 
various values of the ratio, differing from each other, would 
be expected. At present the gyromagnetic anomaly can 
hardly be said to justify experimentally the artificial 
j schemes, or to be explained by them; the explanation 
is probably more straightforward. The anomaly is un- 
doubtedly connected with the fact that atoms with definite 
magnetic moments exist, and orientation does occur (in 
accordance with the quantum theory), both of which do 
not allow of simple explanation on the classical theory. 


5. The Simple Cases. 


The simpler cases will now be considered, “ simple ” 
cases being taken as those in which, from a model point 
of view, the magnetic moments of the core and _ serigs 
electron are in the same direction, so that the resultant 
moment of the atom is obtained by the addition of the 
two constituent moments. For the atoms in the corre- 
sponding states, the moments in the field direction will 
be given by the mg values ; and these, for the maximum 
values, are the same whether the core and electron are 
relatively strongly coupled (weak field) or independent 
(strong field). 

The following table gives the maximum magnetic 
moments of the atoms in s, p, d states for ditterent 
multiplicities. 


TABLE II. 


Maximum magnetic moments. 


Multiplicity, r. 


s (k=1) 0 1 2 3 4 5 6 
Term - — 

p(k=2)..] 1 2 8 4 5 6 7 
type ——-—— DPO 

d (k =3) 2 3 4 5 ü 7 8 
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Now the natural supposition to make is that the magnetic 
moment of the series electron in a $ orbit is actually given 
by k: a view which the table supports in that p inereases 
by Lin passing from s to p to d terms, This assumption 
enables the magnetic moment of the core (ue) to be at once 
deduced, with the following result :— 


Magnetic moment of core. 


r... 1 2 3 4 5 
Mewes ml 0 1 2 3 


pe is in fact given by 
Me = r=? sa s s we O3) 


For an atom in any & state the maximum momeut is 
given by 
D 

Hmax. = Poth =r+k—2. .... (19) 


It is this simple and intelligible feature of the Zeeman effect 
which it is desired E to emphasize. 

The deductions expressed in (18) and (19) fit in co- 
herently with the known experimental facts, not only for 
atoms whose magnetice moments in the normal s state have 
been directly determined, but also for atom cores whose 
constitution is known. Doublets occur for Li, Na, K, ete., 
whieh consist of a series electron rotating round an inert 
gas core. Now the inert gases are di: amagnetic, and of this 
the only natural interpretation is that they have no resultant 
mayitetic moment. For Cu, Ag, Au the core, though not 
of the inert gas type, is a completed configuration in that 
the M, N, amd O 1V and V levels respectively are filled 
up *. Pas-ing on to triplets (Mg, Ca, Sr, etc.) the core has 
a constitution similar to that of a doublet atom in the s state, 
so that w=. If, however, the outermost core electron 
rotates in the opposite sense to the series Piraon, the 
masimum my values will all be smaller by 2, this corre- 
sponding to the singlet series. 


* The upbuilding of atoms is considered with reference to the scheme 
reviously put forward for the distribution of electrons among atomic 
feels (Stoner, Phil. Mag. xlviii. p 719, 1924), which has been discussed 
and develoved by Somumerteld, particularly in its spectroscopic bearings 
(Phus. Zeit. xxvi. p T0, 1925). L have since found that the distribution 
had already been proposed, primarily on the basis of chemical arguments, 
by Main-SïSmiti. (See ‘Chemistry and Atomie Structure, 1924.) Itis 
very satistactory that two dillerent lines of atiuck should have led to the 
Saine couclusionus. 


of Spectroscopic Magneton Numbers. 1297 


It thus appears quite natural that an atom consisting of a 
series electron and a doublet s type core should give rise to 
singlet and triplet series 


corresponding to p; = 0% 
Np = has = —] 


r=?2/ 
N 


In proceeding across the periodic table, three remarkable 
experimental facts emerge :— 


I. The multiplicities are alternately odd and even. 
II. The multiplicities corresponding to any atom are all 
odd or all even. 
III. The maximum multiplicity observed corresponds to 
a value of we which is not greater than the number 
of electrons the core contains in addition to those 
in the closed configuration with which the period 
begins. 
This may be illustrated by the K-Ni period, for which the 
spectra have been most fully analysed. 


Taste IIT.--Observed Multiplicitics. 


(The most strongly developed are underliued.) 


Element ssnin | K Ca Sc Ti V Cr Mn Fe 
Atomic Number Z... 49 2 21 2 23 24 25 26 
Z—18—1 oa... | 0 1 2 3 4 5 7 
1 1 
2 2 

Observed : 2 : 

Multiplicities, i : 4 
5 5 5 

6 G 
cf 7 

8 


For other periods the details are less complete, but there 
is no disagreement observed with the rules given. 
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The results then suggest the rather surprising conclusion 
that the maximum contribution of a core electron to the 
magnetic moment of the core is 1 ; this would be expected 
for electrons added, for example, in s, or p, levels (that is in 
K, L, M,... I or II levels), but not for those added in other 
levels for which 7> 1. 

This difficulty, however, partly arises from a too naive 
extrapolated application of the doublet level classification 
scheme to the whole process of upbuilding of atoms. That 
the scheme adopted * for completed configurations is the 
same as that which applies to doublet systems, rather than 
any other, has been regarded as somewhat formal and 
arbitrary ; from the point of view of symmetry, however, 
it seems quite natural. In a doublet atom there is a 
completed core, and the series electron can occupy any of 
the levels constituting the next group; energy changes 
involve transitions of this one electron from any of the 
possible levels. In a completed configuration all the 
possible levels are occupied, and energy changes involve 
transitions of any of the electrons. When atoms are being 
built up by the gradual addition of electrons, the simple 
classification of orbits would no longer be expected to apply 
in its entirety. It isa matter for experiment to decide what 
scheme will work. The result is the Landé-Sommerfeld 
system for triplets and multiplets generally. These schemes 
apply to the atoms as wholes, and give a conspectus of the 
possible states they can assume. For the classification of 
orbits in “ uncompleted” cores, however, there is as vet 
no direct evidence ; it must be sought on the basis of the 
experimental rules given above, and by taking into account 
also phenomena connected with spectra showing different 
series of k terms with the same multiplicity (normal and 
“dashed” terms), corresponding to heteromorphic con- 
stitutions of the core. 

From the observed regularities, ıt may be said that, for 
normal spectra, the addition of an electron to the core hus 
the effect of increasing or decreasing its magnetic moment 
by unity. Further, the fact that atoms may give series with 
multiplicities differing by two, that is all odd or all even, 
is due, on the present view, as a first approximation, to a dif- 
ference in the sense of rotation of one of the core electrons. 
Thus a core with three electrons in the outer incomplete 
group would have a magnetic moment of 3,1, or —1 with 
r=5,3,or1. In general it would appear that a core with 


* Stoner, } e. 
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2n outer electrons can have as possible magnetic moments 
0, 2,4....2n (giving multiplicities 2, 4, 6....2n+42), 
and a core with 2a + 1 outer electrons —1,1,3....2n+1 
(giving multiplicities 1, 3,5 .... 20+3). The different 
core configurations will correspond to different energies and 
degrees of stability, and so all are not equally probable. 
Table ITI., for example, vives an indication of the magneton 
number of the core corresponding to the most stable con- 
figuration for the conditions under which the spectra are 
observed, namely, Ca~1, Sc 0, Til, V 2, Crd, Mn 4, 
and Fe 3. 

The possible multiplicities on this view depend solely on 
the number of “outer” electrons in the core, ‘ outer” 
electrons being those the core possesses in addition to those 
forming a completed configuration. The maximum core 
magnetic moment is equal to this number, and the maximum 
multiplicity is greater by two. This statement covers both 
the displacement and branching rules * of Sommerfeld and 
Landé. It seems to apply not only to “normal” spectra, 
but also to those of the ‘second degree,” for although the 
difficulties of the neon spectrum are formidable, in some 
ways it falls in simply with the above views. Of the 7 
outer electrons of the core, the 3 more loosely bound form a 
secondary outermost group. Multiplicities of 5, 3, and 1, as 
observed, would be expected. The spectrum thus fits in 
coherently with the physically significant consequences of 
the unit magnetic moment idea. 


6. Ionio Magnetic Moments. 


It seems quite certain that not only atoms or molecules 
in gases, but also ions in solution tend to take up definite 
orientations which are determined by quantum conditions. 
Assuming orientation, the apparent Weiss magneton number 
(p) which would be deduced for an ion in solution, using the 
ordinary Langevin formula, corresponding to whole number 
Bohr magneton values, may be calculated. The results show 
that many ions may definitely be characterized by integral 
magnetic moments; and there are striking regularities in 
passing across the periodic table, the moment increasing 
from 0 to 5 in passing from an ion with 18 to one with 
23 electrons, and then decreasing to zero for 28 electrons t. 


* Back and Landé, l. e. p. 55. 
t+ Atombanu, Ch. viii. p. 637 ff, or Sommerfeld, Zett. für Phys. 
xix. p. 221 (1924), 
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(This corresponds to the filling up of the MIV and V sul- 
levels.) Both in this, and the rare earth group, however, 
there are anomalies, in that values departing considerably 
from those cor responding to whole numbers are frequently 
obtained. Sommerfeld * attributes this to the fact that the 
calculations are carried out on the assumpticn that the ions 
are in an s state, which (apart from the vagueness of 
the phrase applied to ions) is by no means necessarily true. 

The considerations put forward above make it possible to 
corre‘ate the spectroscopic and ionic moments in a very simple 
manner ; and it seems worth while to do this, although some 
of the material is familiar. 

An ion may be assumed to have approximately the same 
electronic configuration as an atomic core with the same 
number of electrons, provided that its resultant charge is 
the same. Now the fact that atoms can give rise to series 
with differing multiplicities indicates that the core can 
assume different magnetic moments ; these are not neces- 

sarily equally stable, 2 as is shown by the varying prominence 

of the series of different multiplicities (Table Ill.). So for 
an ion there may be different stable configurations ; the most 
stable configuration need not be the same as that of the 
core with the same number of electrons, firstly because 
the nuclear charge is in general not the same, and secondly 
because temperature and other conditions may be widely 
different. Even if the ionic moments are all integral, there 
may be an equilibrium distribution between two or more 
types of ions resulting in apparent non-integral values. 

The above remarks will probably serve as sufficient com- 
mentary to fig. 1, in which the circles give the possible core 
magnetic moments deduced as above from the spectra, the 
crosses the values obtained for ions in solution. 

The ionic values ¢ for which the crosses are drawn are 
given in Table IV., the subscript denoting the charge on 
the ion. 

Particularly interesting is the case of V; and Cr; ; these 
ions have the same number of electrons, but the stable 
configurations correspond to different magneton values— 
very closely to Land 3. The fact that Co, Nig, and Cu, 
do not give whole number values suggests that an equilibrium 
is here concerned. 


+ Atombau, p. G44. 

+ The data are collected by Dorfmann, Zeit. fiir Phys. xxiii. p. 256 
(1924). Papers by Cabrera, Journ. de Phys. iii, p. 443 (1922), sud 
Weiss, did. v. p. 129 (i924), have alev been consulted. 
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A corresponding figure for the rare earths is given. Most À 
of the conclusions which can be drawn from it will be clear 
on inspection of the curves, and further discussion is of 
little value until more is known about the spectra. It is 


Fig. 1.—Magnetic Moments of Cores and Ions. 


A AR ASEAN 
A A 


Ea 
- A 
Ed 


$ 


rs 
rs 


5 


Nelons. 


> 


ls lun D N [> 
N 
Ip 


89. 


awe. 

Weiss M 
|2 

> ih 


(e 


| 


for Atom with Nel electrons. 


Bohr Magnetons. 


18 ZQ 22 24 26 28 
N. Number of Electrons in Core or ton. 


Multiplicity 
eS 


© Magnetic moment of core from spectra. 
+ Magnetic mon ent 0° ion from solution susceptibilities, 


TABLE LV.—Ionic Moments. 


(Expressed in terms of Weiss magnetons.) 


ae aes i 
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Wake | 0186... | 92] 24 292265 25 16 96 0 | 
| | ! 
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Lon... Ti | Cr, Mn, Fe, | | oe 
| { H 

i } a ee aay 

VETEN | ol. o. ws 245 289) l. eA . | 0 

3 | | 
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rather remarkable that Gd; (N=61), which has been most 
carefully investigated, with 7 electrons outside a closed con- 
figuration, has a magnetic moment very closely corresponding 
to 7 units (38°65 and 39°82 are values which have been 
obtained for p). 
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The straight lines are drawn to bring out clearly the 
relation of the observed ionic moments with those which 
might be anticipated, by analogy, for the cores. Since all 
the ions have the same resultant charge (3), the curve 
for the ionic moments suggests that the energy values of 
the NVI and N VII levels, which are being filled with 
6 and 8 electrons respectively, are sufficiently. far apart to 
reveal a double process of building up. In the A—Ni 
curve, however, there is no indication that two different 
levels (M IV and V) are involved *. 


F psa 2.—Rare Earth Ionic Moments. 
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The spectra of the rare earths undoubtedly offer an almost 
inexhaustible field for investigation. It may be noticed 
that from the ionic moments multiplicities as high as 12 
may be anticipated. 


7. Some General Considerations. 


Except in the cases which have been considered, the 
magnetic moments of the core and orbit are not in the same 
direction ; in the absence of a magnetic field they are 
orientated with respect to each other in a manner which 


* Cf. Sommerfeld, Aun. der Phys. lxxvi. p. 200 (1925). 
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must be governed by atomic symmetry demands, which are 
a consequence of the electric and magnetic properties of 
electrons rotating in orbits. The core and orbit can take 
up a discrete number of relative orientations, resulting in a 
discrete number of values for the magnetic moment of the 
atom asa whole. These are not necessarily integral. When 
a magnetic field is applied there are a discrete number of 
possible orientations of the atom as a whole in the field, 
the number again determined by the symmetry demands 
characteristic of the configuration involved. The resolved 
magnetic moments in the field direction are again not 
necessarily integral, as is proved by direct experiment. 

The attempt to force the phenomena into an artificial 
whole-number scheme seems merely to have added to the 
difficulties in understanding them.’ It must be remembered 
that the idea that the magnetic moment of an orbit in tl.e 
tield direction should be integral was rather a happy guess 
which enabled an idealized “normal” Zeeman effect to be 
explained on a quantum theory basis. The normal Zeeman 
effect observed for singlets involves a core and electron, both 
with magnetic moments, so that the mechanism concerned 
is much more complicated than a simple electron orbit. 
The actual phenomena seem better approached from an 
experimental standpoint rather than from a theoretical one 
which is based on a quite arbitrary, even if probable, 
hy pothesis. 

From the fact that the difference in energy value of the 
different magnetic components of a given kj term vanishes 
with the field, it must be supposed that the relative orienta- 
tion of the core and orbit is the same for all of them. The 
triplet pe term, for example, in a magnetic field, is charac- 
terized by mg values — 3, — 3/2, 0, +3/2, +3; these must 
‘be regarded as giving the component of the magnetic 
moment, 8, in the field direction. For odd multiplicities 
the mg values are in the ratio 0, 1, 2....5; for even 
multiplicities 1, 3, 5.... A direct interpretation is that 
the values give the directions of the magnetic axes with 
reference to the field ; and that, in effect, a system of axes 
of symmetry characteristic of the state of the atom is 
revealed. As would be expected, there is a sharp distinc- 
tion between the symmetry system characteristic of atoms 
with odd and those with even numbers of electrons. 

Atoms with odd numbers of electrons do not give zero 
mg values; this is noteworthy, as it indicates that atoms 
with single unbalanced electron orbits do not set themselves 
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with the plane of the orbit in the field direction—in acree- 
ment with the usual theory excluding such a setting in the 
simple case of the H atom, for example. When there are two 
electron orbits, however, as in singlet, triplet ... systems, 
the zero mg value does occur, even for configurations with a 
resultant magnetic moment. It may be suggested that this 
indicates that the planes of the two orbits concerned do not 
pass through the nucleus. The whole of the Zeeman ettect 
phenomena indicate the need for a fuller investigation of 
possible spatial atomic properties of a more far-reaching 
type than those that have previously been considered. Not 
only must orientation be taken into account, but also the 
possibility that the electron orbit planes do not pass through 
the nucleus. 

Even when there is only a single electron associated with 
a completed diamagnetic core (simple doublet systems), the 
effects observed are quite different from those anticipated 
theoretically for a simple electron orbit. For the s term 
mq=+1,and for p.(max.) mg=2; but considering all the 
magnetic components, the mg values for p2 are +? 2D, 
and for pı+1/3. The electron orbit definitely does nut set 
itself so as to give integral moments in the field direction— 
the presence of the core ; produces a modification, although it 
has. itself no resultant magnetic moment. This might be 
attributed to several causes. The series electron might 
induce a diamagnetic moment in the core, with resultant 
reaction ; this effect, however, would be small, and also 
would appear in the max. values. It must be remembered, 
however, that the core, though it has no resultant Be tennial 
moment, gives rise to strong local magnetic fields, and 
unless the series electron moves with respect to itina 
perfectly symmetrical manner, it will show the intluence of 
these fields. The mutual interaction resulting may be the 
fundamental reason for the observed divergences from 
integral values in the pı case, where the orbit and core have 
moments not in the same direction ; ; bat in the pa case 
there is no escape from the conclusion that there is no 
necessity for magnetic moments in the field direction to be 
integral ; how far this applies to angular moments cannot at 

resent he decided. 

The above remarks are intended to bring iit difficulties, 
in the belief that. a clearer realization of them, in as close a 
relationship as possible to the actual experimental facts, may 
eventually lead to their being solved. A number of special 
points will now be briefly discussed. 
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As has been pointed out, the inner quantum numbers are 
at present assigned in such a way as to enable a more or less 
arbitrary selection principle for possible transitions to be 
satisfied. Although it is quite reasonable to suppose that the 
js so assigned are closely related to the angular moments 
of the atoms as wholes, there is little justification for inter- 
preting the 7’s as giving these directly, unless this leads to a 
satisfactory physical ‘ model.” The Landé, Sommerfeld, and 
Bohr j values are different. Hicks * has recently pointed out 
that by adopting a selection principle y—>j+2, j, s—2, 
and starting from j=0 and 1 for odd and even multiplicities, 
a scheme is obtained which is equally satisfactory ; it avoids 
halt-integral 7 values, and leads to comparatively simple 
expressions for the splitting factor g. 

The anguiar moment of the atom as a whole, provided it 
is controlled mainly by the moments of the electrons, should 
be equal, in the appropriate units, to the magnetic moment ; 
but it cannot be determined directly. Moreover, at present 
the correct mode of applying theory is too much in doubt 
to enable the ratios of the magnetic and angular moments of 
the individual atoms to be deduced from observations on the 
gyromagnetic effect. The difficulty of the vyromagnetic 
anomaly must be cleared up before much further progress 
can be made. 

Tha gyromagnetic effect, however, does certainly suggest 
that for ions and cores 7=4,y; for this reason the classifica- 
tion of Landé, which is equivalent to putting Jmax. = duet+h, 
using the core, values arrived at above, with other values 
accordingly, has probably the closest relation to reality ; 
moreover, it has the convenience of simplicity, for the term 
multiplicities, or statistical weights, are then given by 27. 
The physical fact is that only certain transitions occur; but 
arbitrary j schemes will do little to explain this. 


9, Interval Relations and Inverted Terms. 


Landé has deduced that the intervals between terms of 
a multiplet should be in the ratio 1:2:3... for odd, and 
3:5:7... for even multiplicities. This holds closely in a 
number of cases, but the data collected by Hicks T show 
that in general the agreement is poor, the ratios only serving 
to vive the relative order of magnitude of the intervals. 


Hicks, Phil. Mag. xlviii. p. 1036 (1924), 
t Hicks, Z. e. 
Phil. Mag. S. 6. Vol. 49. No. 294. June 1925, 4 P 
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The relation is deduced on a formal model basis, by 
attributing to the core and series electron mutual magnetic 
energy of amount pepecos A, O being the angle between the 
moments; the relative intervals can then be deduced, cos 0 
being derived, again formally, from the constituent }'s 
involved. The magnetic theory is unable to account satis- 
factorily for the absolute intervals, these, as is well known, 
being given very closely by the Sommerfeld relativity 
formula with an appropriate, admittedly formal, choice of 
k’s*, The treatment of electron orbits and cores virtually 
as magnetic shells is, however, very crude, and a closer 
consideration of the processes involved seems to throw light 
on some of the difficulties, particularly in connexion with 
“inverted ” terms. 

In most of the spectra which have been analysed, the 
kj components with the highest values of j correspond to 
the orbits in which the electrons are most loosely bound to 
the nucleus, the negative energies being smaller. This may 
be expressed by 


r < r 
n l ° 
kj ee 


For inverted terms, on the other hand, 


As an example in the Mn sextet system all the Dand F 
terms are inverted. No satisfactory explanation of these 
inverted terms seems to have been given, though Sommerfeld 
has pointed out that they occur when the ground term would 
be a p term, as in N, P, ete.f 

Consider a simple idealized case in which the core consists 
of a nucleus with a single electron going round it. A series 
electron will suffer magnetic perturbation as it passes through 
the field of the core. The perturbations will be greatest 
where the electron is moving with its greatest velocity in 
regions where the field is strong. For elliptical orbits 
in general, the energy changes arising from the magnetic 
perturbations, which control the interval relations, will thus 
depend mainly on the inner parts of the orbits. The energy 
correspondiny to orbits of different orientations, moreover, 
will change progressively owing to the change in the field 
through which the electron passes ; but whether the change 
the electron orbit depends on the extent to which the electron 
will correspond to an increase or a decrease in the energy of 


* Landé, Zeit. fiir Phys. xxiv. p. 88; xxv. p. 46 (1924). 
t Sommerfeld, Phye. Zeit. xxvi. p. 70 (1925), 
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penetrates the core; for the field due to the core electron 
has a different direction inside and outside its orbit. 

For complicated cores the details would be exceedingly 
difficult to work out; but the above considerations may 
be expected to apply in a general way, and terms may be 
expected to be normal or inverted according to the extent 
to which the series electron orbits concerned penetrate the 
core, or the eftective magnetic part of it. If they only 
penetrate to regions where the field is inverted, the terms 
will be inverted. Actually the orbit generally passes 
through both normal and inverted parts of the core field, 
and the resultant energy change depends on which produces 
the greater effect, the predominating influence usually being 
that due to the field where the series electron is moving 
closest to the nucleus. 

The observations may now he considered *. First it may 
be noted that definitely penetrating orbits give rise to 
normal terms; and that inverted terms tend to appear for 
higher azimuthal quantum number orbits (d, f...), and for a 
given k for higher values of n (corresponding to a relatively 
greater non-penetrating portion of the orbit). Among the 
alkali metals, Kd terms are probably inverted, with small 
intervals ; Cs d terms are normal, but f terms are inverted. 
Na d terms are doubtful, but the corresponding Mg II and 
Al III d terms are inverted. CalII d terms, and Ball f 
terms are normal. It would appear that for similar electron 
configurations, the higher the nuclear charge, or the higher 
the resultant core charge, the more persistent is the tendency 
to “ normality ” ; the extent of penetration roughly corre- 
sponds. Li p and d terms, also B III p terms are all normal. 
This is true also of the p terms of Al, Ga, In, TI. 

At the other end of the periodic table where the cores are 
smaller, owing to the higher nuclear charge, and where the 
series electron can be sharply differentiated from the core 
electrons, inverted terms become much more prominent. 
Practically all the Fe terms are inverted. The quintet 
g group is interesting in that g3... gs are inverted, 
qs g,normal. The main effect on the a5, gẹ orbits presumably 
occurs where the electron traverses a normal region of the 
core field. The Mn octet terms appear to be normal, but 
the sextet D and F terms are all inverted, as also the P 
terms with the exception of the first two members. The 
possibilities of inversion are to be expected in this case, for 
the sextet core (pe= 4) has less than its maximum moment, 


# The data are collected in Sommerfeld, Atomban, p. 685 ff. 


4P2 


1308 Siynisicance of Spectroscopic Magneton Numbers. 


owing to the balancing of the magnetic effects of core 
electron orbits. This will give rise to ymarked local inverse 
fields. 

With the data available further discussion would be of 
little value. It seems probable, however, that on the lines 
sketched out it may be possible to link normal and inverted 
terms into a single and coherent scheme. ‘‘ Correct” normal 
and inverted intervals are of course limiting cases; in 
between, “anomalous” intervals will occur. The question 
is connected with that of term magnitudes in general, and in 
particular with the anomalies occurring in the intervals 
in passing from lower to higher members of a given series, 
such as the f series of Bal *, investigated by Saunders. Qn 
the whole it seems that the incompleteness in the magnetic 
explanations of many presumably magnetic spectral effects 
is due to the extreme difhculties confronting attempts at 
precise mathematical calculation, rather than to fundamental 
inconsistencies in the theory itself. : 


10. Summary. 


A brief outline is given of the Landé-Sommerfeld schemes 
coordinating observations on the multiplet structure of 
spectral lines and their Zeeman effect. The artificial and 
anomalous features in the attempted physical interpretations 
are pointed out. 

Simple cases are then considered. From these it is con- 
cluded that electron orbits and cores are characterized by 
integral magnetic moments (in terms of the Bohr unit). 
The magnetic moment of an electron orbit is given bv its 
azimuthal quantum number. The maximum magnetic 
moment of a core is equal to the number of electrons 
it contains in uncompleted groups. This determines the 
maximum term multiplicity (2 greater than the core 
moment). Magnetic balancing in pairs of core electrons 
gives rise to lower multiplicities, all odd or all even for 
odd or even numbers of core electrons. 

The magnetic moments deduced spectroscopically are in 
agreement with those found directly in the Gerlach and 
Stern experiments, and the core values are simply corre- 
lated with the ionic moments deduced from susceptibility 
measurements. 


The question of angular moments, and the assignment of 
j values is discussed. 


* Atombau, p. 690. 
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Finally it is shown that a consideration of the motion of 
the series electron in the magnetic field of the core leads to 
a general qualitative explanation of the physical significance 
of inverted terms, and interval anomalies. 


April, 1925. 


Note added to proof.—In a recent paper on the connexion 
between the completing of electron groups in atoms with the 
multiplet structure of spectra, Pauli has discussed in detail, 
with important conclusions, several questions closely related 
to those here considered, particularly in section 5. Pauli, 
Zeit. fiir Phys. xxxi. p. 765 (1925). 


CXXX. Electrical Properties of Neon, Hydrogen, and Ni- 


troyer. By S. P. McCauiumn, B.A., Hertford College, and 
C. M. Fockes, Rhodes Scholar, Lincoln College, Orford *. 


1. J“ a recent paper f J. S. Townsend and S. P. McCallum 
describe an investigation of some of the electrical 
properties of helium by a new method. This investigation 
was undertaken primarily to decide by a direct experiment 
whether there was any appreciable effect due to radiation, 
comparable with the effect of ionization by collision, during 
the earlier stages of the development of large currents in 
gases, and whether the rate of increase of current with in- 
crease ot potential between the electrodes was the same where 
the source of electrons was a heated filament and where the 
electrons were produced by ultra-violet light falling on a 
silvered plate. This paper describes further investigations 
with the same apparatus on neon, hydrogen, and nitrogen. 


2. A detailed description of the apparatus was given in 
the paper already mentioned, and we give here only such 


Fig. 1. 


B 
F 


A 


details as are essential for the understanding of the method 
used. This involves the measurement of the currents to two 
silvered plate electrodes A and B (fig. 1). 


* Communicated by Prof. J. S. Townsend, F.R.S. 
¢ Phil. Mag. xlvii. (April 1924). 
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A short filament F of fine platinum wire was supported by 
two silver wires between A and B atu fixed distance a from 
the lower plate A. The upper plate B was mounted on an 
axle with a micrometer so that it was capable of adjustment 
at any distance « from the plate A between 10 and 18 milli- 
metres. A, B, and F were accurately parallel, and the distance 
a of F from A was 7 millimetres. In each experiment the 
lower plate A was kept at zero potential ; the filament F was 
maintained at a negative potential V ; the upper plate B was 


maintained at the negative potential vE, This establishes 


a uniform field je between the plates except near the 


filament and its supporting wires. It is important to notice 
that, when the distance x is changed from «x, to 2, and the 
potential of B from X.r, to Xz», there will be no appreciable 
change in the distribution of the electric force in the space 
near the filament F and its supporting wires. 

The upper plate B was usually adjusted in the experiments 
at three different distances, and for convenience the distance 
£ was made a simple multiple of the distance a, e.g., 
wy=Ldoa; rg=2a; 23=2°5a. By means of a potentiometer 
the ratios of the potential of the upper plate B to the filament F 
could be adjusted very accurately; this is very necessary in 
determining current-potential curves, as the emission current 
from a filament is very sensitive to changes in the distribution 
of the field around it. The filament was heated to a dull red 
bya battery of large accumulators, and small emission currents 
of the order of 10~?* to 10-"' ampere were used, in order to 
avoid the disturbing effects of large numbers of electrons or 
positive ions in the field between the plates. With the small 
currents used the relative values of the currents for different 
forces were independent of the filament emission. The fall 
of potential down the filament was about a quarter of a volt, 
but no appreciable error is made in these experiments by 
taking the potential of the filament as V. 

An induction balance, using a sensitive electrometer as 
indicator, was used to measure the currents to the plates, and 
it was arranged so that the ratio of the currents to both the 
plates could be measured over the same interval of time. 
This ratio would then be independent of the filament emission, 
and could be used to check the ratio of the ordinates repre- 
senting the currents to the two plates obtained with a constant 
filament emission. 


3. The following method was adopted in carrying out the 
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experiments :—The filament was thoroughly glowed out and 
heated for several hours until the emission had become con- 
stant and the positive ions ceased to be emitted. The gas in 
the apparatus was then pumped out quickly and flushed out 
with samples of pure gas. A fresh sample at the required 
pressure was then admitted on which the experiments on 
conductivity were made. The upper plate B was then set at 
the distance «w, and the potentials of the filament and the 


upper plate adjusted to V and v“ respectively. Measure- 


ments were then made of the negative currents to the plate A 
and the positive currents to the plate B for the different 
valuesof V. The ratios of the positive and negative currents, 
obtained during the same intervals of time, were also mea- 
sured by the induction balance for the different values of V, 
and the determinations were used to check the ratios of the 
ordinates of the current-electromotive force curves. The 
results of these two methods were in very good agreement. 
The upper plate B was then set at another distance 2, and 


the potential of B was adjusted to vo. The negative 


and positive currents for this distance were then measured 
for the same values of V as were used for the distance 2, and 
for the same filament emission. The results of the experi- 
ments are given in the form of current-potential curves in 
which the ordinates represent the currents in arbitrary units 
and the abscissw the potential in volts between the filament 
and the lower plate A, this being the potential through 
which the electrons, emitted from the filament, fallin passing 
to the plate A. The curves show the ratio of the positive 
current to the negative current for each distance œ and 
potential V. 

The curves given in fig. 2 represent the results of the 
experiments with neon at 20 millimetres pressure. Curve Noo 
gives the negative currents to the plate A, and curve næ the 
positive current to the plate B. The experiments were made 
with two different distances between the plates «j= 12 mm, 
and 2,=175 mm. The currents were exactly the same for 
the two distances, for the smaller potentials of the filament 
up to 45 volts. For larger potentials from V= bo to V=50 
the currents obtained with the larger distance 7, were greater 
than those obtained with the smaller distance wp In fig. 2 
the branches of the curves marked a correspond to the 
distance w,;=12 mm., and those marked b to the distance 
vg=175 mim. This increase in the currents with the increase 
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of the distance corresponds to the effect observed in experi- 
ments on photo-electrie currents where the rate of increase 
of the current with the distance between the plates exceeds 
the rate of increase of the quantity Ae?. As was pointed 
out in the previous paper, the results of the experiments are 
completely different from what would be expected if the 
electrons, emitted from the filament, were capable of exciting 
radiation in their collisions with the molecules of the gas, 
which would set free an appeciable number of electrons from 


Fig. 2. 
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the upper plate B. If the increase in the current with 
potential be due to photo-electric emission from the upper 
plate B, it is possible to calculate approximately the effect ut 
the two different distances. Thus at the point V =35 volts, 
when œ is changed from 12 mm. to 17:5 mm. electrons from 
the upper plate would have their paths increased in traversing 
the distance between the plates with an increase of potential 
along the path of 27°5 volts. The current to the upper plate 
when x=17:5 mm. would then be about twice the current 
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with the distance c=12 mm. But as no difference was 
observed between these currents, it is evident that any effect 
due to radiation must be small compared with the principal 
effect to which the increase of the current must be attributed. 
Also, on the radiation hypothesis a large continuous discharge 
should take place with the plates at 17°5 mm. apart when 
the potential V is about 50 volts; but no such effect was 
obtained. 

Further, it can be shown that at the higher potentials, 
when the currents between the plates are increased by in- 
creasing the distance between the plates, the additional 
process of ionization rises in importance as X/p increases in 
the same way as the values of the current i exceed the 
quantity Ae% in the experiments with photo-electric currents. 
This is in aceordance with the effect which would result 
from the ionization of the molecules of the gas by the 
impact of positive ions or from electrons set free from the 
negative electrode by the impacts of positive ions, but is not 
in accordance with the assumption that the effect is due to 
electrons set free from the negative electrode by radiation 
from the molecules of the gas. 

The neon used in the experiments was very carefully 
purified by means of charcoal maintained at the temperature 
of liquid air for about 12 hours. As it was found that the 
gas was sensitive to traces of impurity, a tube containing 
charcoal was connected to the apparatus and maintained at 
the temperature of liquid air during the experiments. The 
experiments were carried out as soon as possible after fresh 
gas was admitted to the apparatus, so as to avoid the effect 
of impurities emanating from the surface of the metal case 
of the instrument. ý 

A set of curves is shown in fig. 3 for neon at 7 millimetres 
pressure for two different distances between the plates 12 mm. 
and 17°5mm. These curves, the positives being distinguished 
by the letter n; and the negatives by the letter N,, coincide 
up to the point where V is 42 volts, but above that voltage 
the currents for the larger distance 17°5 mm. are greater 
than those for the smaller distance 12 mm., the branches 
being marked b and a respectively. 

In the table given below are shown the values of the 
potential for different pressures at which the curves show 
appreciable divergence, that is tle point at which some 
process of ionization becomes appreciable, in addition to the 
lonization by collision of electrons with the molecules of 
the gas. 


1314 Messrs. McCallum and Focken on Electrica! 
Fig. 3. 


350 


p V filament X | Potential between plates 


in mm. potential, p | V2 (x=175 mm.). 
| | pa 


| | 
——————— | m Á aM—————— _—.'{ KA e el 


20 45 volts. 3'2 113 volis. | 

El G 86 105 , 
| 

25 40, | 2249 100, 


No accurate experiments have as yet been published on 
the photo-electric currents between parallel plates in neon, 
hut some preliminary experiments we have made show that 
an additional process of ionization becomes appreciable when 
X/p=5'5 at about 115 volts, and when X/p=15 at about 
105 volts. 


5. Experiments were also made with hydrogen. It was 
obtained by electrolysis of barium hydrate, and passed 
through a heated palladium tube into the apparatus. Before 
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each experiment, pure gas was passed through the apparatus 
and pumped out so as to remove any impurities which may 
have been present during the glowing-out of the filament. 

The curves in fig. 4 represent some of the results for 
hydrogen. Curves H, and 4, show the value of the negative 
and positive currents to the electrodes A and B respectively 
in the gas at £ mm. pressure for different values of V up to 
85 volts. Similarly, the curves H, and h, represent the 

Fig. 4. 
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results for hydrogen at 1 mm. pressure, With the pressure 
of 4 mm. the curves obtained for the different values of the 
distance œ from 10°5 mm, to 17 mm. coincided up to the 
highest value of the potential used, ¿. e. V=85 volts, which 
corresponds when v=17°5 mm, to a potential difference 
between the plates of 212°5 volts and a value of X/p of 30-4. 
At a pressure of 1 mm. a divergence between the currents 
was obtained in changing the distance between the plates 
from 10°5 mm, to 1775 mm. It became appreciable when 
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V=72 volts, which corresponds to a potential difference 
between the plates of 180 volts for the largest distance of 
17°5 mm. and the value of X/p is 103. The curves giving 
the positive and negative currents with hydrogen at 1 mm. 
pressure for the two different distances between the plates 
of 10°5 mm. and 17°5 mm. are distinguished where they 
diverge by the letters a and b as in the curves for neon. At 
a pressure of °53 mm. the divergence between the curves 
occurred at a lower filament potential, V=60 volts, than at 
the pressure 1 mm. The points at which an additional 
process of ionization becomes appreciable is shown in 


Table II. 


TaBLe II. 
oP V filament X Potential between plates | 
in mm. potential. p i ve (x=17-5 mm ). 
1 72 volte. 103 | 180 volts, 
I 
53 60, 163 | 150 .. | 


From determinations of the number of ions generated by 
collision in hydrogen * we have calculated that the current! 
between parallel plates first exceeds the quantity Ae~ by an 
appreciable amount, when the potential difference between 
the plates is 200 volts for X/p=88 and 140 volts for 
N/p=175. These values are in good agreement with those 


shown in Table IT. 


6. Some experiments were also made with nitrogen. We 
are indebted to Mr. Lambert for providing us with a very 
carefully prepared sample of the gas. 

In fig. 5 are shown the curves obtained with two of the 
pressures used, viz. "15mm. and 1'2 mm. ras and Rn; re- 
present the values of the positive and negative currents in 
the gas at °15 mm. pressure, while the letters a and b dis- 
tinguish the curves (after they diverge) obtained for the 
currents at the two different values of x» of 105 mm. and 
175 mm. It will be noticed from the curves for the pres- 
sure l-2 mm. that no additional process of ionization becomes 
appreciable for the values of the potential used, i.e. up to 
185 volts between the plates ; but for the pressure *15 mm. the 
curves show a divergence when V=46 volts, AX/p=438, and 
the potential ditterence between the plates is 115 volts. From 
experiments fT on ionization by collision between parallel 


è J. S. Townsend, Phil. Mag. Nov. 1903. 
t H. E. Hurst, Phil. Mag. xi. p. 535 (1906). 
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plates in nitrogen we have calculated that i first exceeds the 
quantity Ae* by an appreciable amount when the difference 
of potential between the plates is 120 volts for a a 
and 105 volts when X/p=525. Here again the results show 
good agreement. 
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7. In figs. 6 and 7 are plotted the ratios of the positive 
current to the plate B to the negative current to the plate A 
for the three gases at different pressures. For example, 
the curves in figs. 6 and 7 are denoted ; in the case of 


P 
hydrogen at 1 mm. pressure by (i the ordinate at any 


point giving the ratio of the positive current to the negative 

current, while the abscissa gives the potential between the 

filament and the lower plate. Similarly, the curves for 

neon at 2° mm. pressure and nitrogen at 1'2 mm. pressure 
r 


are denoted respectively by (x) and (i) . In order 
25 A/y2 


not to complicate the figures, the effect of increasing the 
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distance between the plates for the higher values of V is 


shown only in the case of (a) and (5). 


It will be seen from the curves in figs. 6 and 7 that the 
rate of increase of ionization with increase in electric force 
(X=V/a) is very much greater in neon than in the two 
diatomic gases hydrogen and nitrogen. Further, in neon 


‘| 
i 
; 
x 


as in helium there is only a very small change in the rate 
of increase of ionization with electric force for large 
changes of pressure (for example, from 2 mm. to 20 mm. 
pressure), whereas in the diatomic gases increases from 
1 mm. to 4 mm. in hydrogen and from ‘5 mm. to 2 mm. 
in nitrogen produce large changes in the electrical con- 
ductivity. This is the result to be expected if the electrons 
lose large amounts of energy in collisions which do not pro- 
duce ionization, which is in accordance with the results of 
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other experiments made in this laboratory on the loss 
of energy of electrons in collision with the molecules of 
gases, 


Fig. 7. 
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8. The investigation does not indicate the exact cause of 
the additional ionization which becomes appreciable for the 
higher values of the electric force, except that it cannot be 
attributed to the photo-electric action of radiation of a type 
which has been suggested. Since the effect of the additional 
process of ionization increases continuously with the ratio 
X/p, it appears to be due to positive ions which become more 
active as their velocity increases, or to radiation excited by 
collisions of electrons when moving with velocities much 
greater than that required to ionize the molecules of the gas. 
The experiments show that this action is much larger in 
monatomic gases than in diatomic gases. In helium it is 
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appreciable in currents between parallel plates when the 
potential difference is 108 volts and X/p is 30, and in neon 
for a potential difference of 105 volts when X/p is 15. But 
in hydrogen the effect does not become appreciable until 
the potential difference between the plates is 200 volts and 
X/p is 88, while in nitrogen it takes place at 210 volts when 
the ratio X/p is 130. It is probable, then, that the action 
is due to positive ions, which should lose less energy in 
collisions which do not produce ionization in monatomic 
gases than in diatomic gases while falling through the same 
electric force. 


9. The authors wish to thank Professor Townsend for his 
unfailing interest in the experiments and his ever-ready help 
and advice. 


CXXXI. Semi-optical Lines in the X-ray Spectra. 
To the Editors of the Philosophical Magazine. 


GENTLEMEN,— 
| the April issue of the Phil. Mag. Messrs. A. Dauvillier 


and L. de Broglie’draw attention to some previous investi- 
gations by themselves *, where some of the results given 
in our paperf are said to be obtained. It seems to us 
that the ideas underlying their paper are so fundamentally 
different from ours that there was no reason for giving the 
reference. Messrs. Dauvillier and de Broglie operate with 
a system of 6M and 10N levels, whereas our conclusions 
refer to the generally-accepted number of levels, 5M and 
7 N, and to the distribution of the electrons among those 
levels as given by Stoner f. 

It is, however, interesting to note that Messrs. Dauvillier 
and de Broglie also, on the basis of their system, find it 
possible to explain the experimental results given in the 
diagrams (figs, 1 and 2) of our paper. 

Yours sincerely, 
E. BackLiy, 
M. SiEGBAHN, 
Upsala, Physical Laboratory, R. Toorvs. 
May 5, 1925. 


* Journal de Physique et le Radium, Jan. 1924. 
t Phil. Mag. Feb. 1925. 
t Phil. Mag. Oct. 1924. 


[The Editors do not hold themselves responsible for the 
views expressed hy their correspondents. | 
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